Solution (#474) (i) Certainly Tp(cosf) = 1 = cos(00) and Tj(cosf) = cos§ = cos(10). If similar results hold for T,
and 7,1 then

Thi1(cos@) = 2cosOT,(cos@) — T, _1(cosb)
= 2cosfcosnf — cos(n —1)0

2 cos 6 cosnf — {cosnb cos § + sinnf sin f}
cos cosnf — sinnfsin d
= cos(n+1)6,

and the result follows by induction.
Likewise Uy(cosf)sin® = sin(16) and U;(cosf)sinf = 2cosfsinf = sin(26). If similar results hold for U, and
U,,—1 then
Up+t1(cos@)sinf® = {2cosQU,(cos@) — U,_1(cos)}sind
= 2cosfsin(n + 1)0 — sinnd
= 2cosf(sinnb cosd + cosnf sin f) — sinnd
= sinnf(2cos?@ — 1) + cosnb(2 cos O sin )
= sinnf cos 20 + cosnf sin 20
sin(n + 2)6.
The result follows by induction.
It follows that T;, has roots

cos<k—7r) for k=1,3,5,...,2n — 1.
2n

These are n distinct real roots between —1 and 1. As T,, is a polynomial of degree n then these are all of T},’s roots.

Similarly U, has roots )
cos( T > fork=1,2,3,...,n
n+1

These are n distinct real roots between —1 and 1. As U, is a polynomial of degree n then these are all of U,,’s roots.
(ii) Note that

T (T (cos ) = Ty, (cosmb) = cosnmb = T, (cos 6).
-1

This means that T,,(T),(x)) = Ty (z) for
number of points it follows that

< z < 1. As distinct polynomials cannot agree at more than a finite

To(Thn(x)) = Thm () for all real x.
(iii) Let m > n. Note that
2T, (cos )T, (cosf) = 2cosmb cosnd
= cos(m +n)f + cos(m —n)o
= Tnan(cosf) + Ty —pn(cosb).
Arguing as in part (ii) it follows that It follows that
2T ()T () = Tongn(z) + Tinen () for all real x.



