Solution (#1246) (i) As |u| < ¢ we can write u = ctanh ¢ for a unique ¢. Then

(u) = 1 _ 1
! _\/1*u2/62_\/17tanh2¢

_ 1 ufe ) _ 1 tanh¢ \ [ cosh¢ sinh¢
L(u) = (u) < ufe 1 ) o COSh¢< tanh ¢ 1 ) o ( sinh¢ cosho¢ )’
and note any matrix of this form is a Lorentz matrix. Now for real ¢ and 1) we have
cosh¢ sinh¢ cosh®y sinhvy
sinh¢ cosh¢ sinh coshy
. cosh ¢ cosh ¢ + sinh ¢ sinh i)  cosh ¢ sinh ¢ + sinh ¢ cosh ¢
o sinh ¢ cosh ¥ + cosh ¢ sinh )  sinh ¢ sinh ¥ 4 cosh ¢ cosh ¥
_ [ cosh(¢+17) sinh(¢+1)
o sinh(¢ + 1) cosh(¢ + )
which is another Lorentz matrix, and we can also note

cosh¢ sinh¢ -t ~( cosh(—¢) sinh(—¢) \ cosh¢ —sinh¢
sinh¢ cosh ¢ ~ \ sinh(—¢) cosh(—¢) |\ —sinh¢ coshg )’

= cosh ¢.

Hence

is a Lorentz matrix.
(ii) Let g = diag(1,—1) and let
[ cosh¢ sinh¢
o < sinh¢ cosh¢ >

Then
1Tl — cosh¢ sinh¢ 1 0 cosh¢ sinh¢
gL = sinh¢ cosh¢ 0 -1 sinh¢ cosh ¢
_ cosh¢ —sinh¢ cosh¢ sinh¢
o sinh¢ —coshg sinh¢ cosh¢
_ cosh? ¢ — sinh? ¢ cosh ¢psinh ¢ —sinh¢coshg \ (1 0 _
B sinh ¢ cosh ¢ — cosh ¢ sinh ¢ sinh? ¢ — cosh? ¢ “\o -1 )79
(iii) Say now that M is a 2 X 2 matrix such that
MTgM =g, [M]11 >0, det M > 0.
If we write

b
= (1 a)
c d
then M7* gM equals

a c 1 0 a b\ [a —c a b\ [ ad*—c ab—dc
(5 )0 S)(ea)=00 ) (e a)-(ate #F)
So if MTgM = g then
a? - =1=d*-b.
So we can write a = +cosh @, ¢ = sinh ¢ and d = £ coshp, b = sinh ¢ for some unique ¢,v. As a = [M]y; > 0 then
a = cosh ¢. Further as

0<det M = ad — bc
= =cosh¢cosh — sinh ¢ sinh ¢
= =cosh(¢F9),
then we need to take the positive choice and so d = cosh . Finally as
0 = ab — dc = cosh ¢ sinh ) — cosh ¥ sinh ¢ = sinh (¢ — ¢)

and so ¢ = 1. So
M= < cosh¢ sinh¢ >

sinh ¢ cosh ¢
and M is indeed a Lorentz matrix.



