
Solution (#1256) (i) Let φ be a step function on [a, b]. Then there are subintervals J1, . . . , Jn and real numbers
c1, . . . , cn such that

φ =
n�

k=1

ck1Jk .

Let a1, a2, . . . , am be the points where φ changes value — there can only be finitely many such points as φ can only
change value at an end of a subinterval Ji. The function φ is constant on each of the subintervals

[ai, ai] and (ai, ai+1)

say taking values ri and si and these subintervals are disjoint by construction. So

φ =
m�

k=1

rk1[ai,ai] +
m−1�

k=1

sk1(ai,ai+1)

as desired.
(ii) Now let φ and ψ be step functions on [a, b]. There are finitely many points b1, b2, . . . , bm be the points where

φ or ψ change value. Thus φ and ψ are both constant on each of the subintervals

[bi, bi] and (bi, bi+1).

So we may take these subintervals as I1, . . . , IN and we have

φ =
N�

k=1

yk1Ik and ψ =
N�

k=1

Yk1Ik

for some scalars y1, . . . , yN , Y1, . . . , YN .


