Solution (#1365) For a natural number n, define

I, = / (2 —1)"e " da.
1
If n > 1, then by IBP we have

L= 0] - [ ol - e

= Qn/ z(z® — )" e " du.
1
Applying IBP again we find

;—ZL = [z@* -1 (= )] - /100 {(@® =" +2(n—1)2*(® — 1)"?} (—e ") dz

= [H@ -y DR e -1t

= /Oo {@n-1)2"-1)+@2n—-2)} (2* - 1)" e " da

= (2n - 1)[71,1 + (271 - 2)[71,2.

Now o) 1
Iy = / e "dr=[—e"]] = -,
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and

I, = /Oo(ch — e *dz
= [(2®- 1)(6_96)](;0 — /100 2z(—e ") da

= / 2zxe " dx
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= [Qx(fe_m)]io+/ 2¢ " dw
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As it is true that ely and el; are positive integers it follows from the recursion

el, =2n(2n — 1)el,—1 +2n(2n — 2)el,,—o

that el,, is a positive integer for all n.
To find I5 specifically we see

I, = 121, +8I = (12 x 4+ 8 x 1)/e = 56/¢;
Is = 30l + 241 = (30 x 56 + 24 x 4) /e = 1776 /e;
I4 = 5615+ 481, = (56 x 1776 + 48 x 56) /e = 102144 /¢;

Is = 90I; + 8013 = (90 x 102144 + 80 x 1776) /e = 9335040 /e.



