Solution (#1387) Let 0 < a < m/2. The sector bounded by the curve r = R(6) and the half-lines §# = 0,0 = « can be
divided into a triangle and remainder and so has area

A== x R(a)cosa x R(a) sina+/ f(z)dz.

2 =R(a)cosa
Now
f(z) = R(#)sind and x = R(0) cos .
Hence
dz = (R'(0) cos§ — R(0) sin 6) d6.
So

z=R(0) 0=0
/ flx)dz = / R(0)sin® (R (0)cos® — R(H)sin ) do
T 6

=«

0=0 0=0
= / R(0)R'(0) sinf cos 6 d — R()?sin? 0 dé.
0=« =«
Now applying IBP to the first integral we see
6=0 2 0 0=0 2
/ R(O)R'(0)sinfcosfdl = [R(QH) sin 6 cos 9] — / R(g) (cos® 0 — sin® 0) do
0 o Jo

=«

=«

5 0=0
= - (o) sin acos o — % / R(6)” (cos® @ —sin* §) d.
0

2

=«

Hence overall we have that A equals

2 2 =0 0=0
R(;) sin acos o + { R(g) sin acos o — % / R(0)? (cos® § — sin® 0) dO} - / R(0)%sin” 0 do
0= O=a
0= 0=a
= / R(0)? (cos® — sin® 0) df + / R(0)*sin? 0 do
=0 6=0

0= 0=a
/ R(6)? (cos® 0 + sin® ) df = 1 / R(6)*de,
6=0 2 0=0

as required.



