Solution (#1531) (i) We can parametrize a circle of radius a as r(6) = (acosf,asin§) where 0 < 6 < 27. Its length

equals o o
/ \/(—a sinf)” + (acos0)2 df = / adf = 2ra.
0 0

(ii) A sketch of the curve y? = 23 is given below.
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Setting f(x) = we can find the arc length from (0,0) to (4, 8) to equal

23/2
/ / 9 \*? 8
/ 1+ ZL‘ dx / 1+ xda: l27 (1+ 4x> L o> [10 1} .

In a similar fashion setting f 2 we can find the arc length from (0,0) to (1, —1) to equal

/\ll—i- __$1/2 dx—/ Jl—l—idx—[w (1+Z$>3/2L 287 l(143)3/2 1].

So the total arc length equals
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7[10 —1}+2—7 (—) —11:5(80\/ﬁ+13\/ﬁ—16).

(iii) If z(¢t) = t? and y(t) = ¢3 with —1 < ¢ < 2 then the arc length equals

2 2 0 2
/ \/(2t)2+(3t2)2dt:/ |t|\/4+9t2dt:—/ t\/4+9t2dt+/ tV/ 4492 dt
-1
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_ 1 2\3/2 i 23/22_i _
- [27(4+9t) 71+ 5 (4+9¢°) 0_27(80\/E+13\/ﬁ 16).

(iv) Let @ > 0. The curve r = a(1 + cos ) can be parametrized by 6 as
x =rcosf = a(l + cosb)cosb; y =rsinf = a(l + cos)sinb,

and so its length equals

27
/ \/(12 (—sinf — 2cos Osin0)* + a(cos O + cos? O — sin” §)2 d6.
0

Now
(—sinf — 2 cos @sin B)* + (cos § + cos? § — sin? )2
= (sin® 4 sin260)? + (cos § + cos 26)>
= sin? 0 + cos? 0 + sin? 20 + cos? 20 + 2 sin 0 sin 20 4 2 cos 6 cos 20
= 2+2cos(20—0)

= 4cos’ ;.
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Hence the cardioid’s length equals

2
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cosg d9:4a/ cosgd9:4a 2sing = &a.
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