Solution (#588) (i) Let A be an n x n matrix. For n x 1 column vectors v, w we have v -w = vI'w. So
Av-Aw =v-w <= (Av)T(Aw) =vIw <= vIATAw =vTw.
If ATA =1, it follows that Av - Aw =v - w.
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Conversely, suppose that Av - Aw = v - w for all n x 1 column vectors. In particular when v = e;, and w = e;
then #563 (iii) shows that

[AT A];; = eiATAe;fF = (Ae;fF)T(Ae;fF) = (AeT) - (Aef) —el - ef = di;

and hence ATA = I,.
(ii) Let A be an m X n matrix. Suppose that A is orthogonal. The jth column of A is Ae;fr’ and we have
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It follows from this that the columns are of unit length and mutually perpendicular.
Conversely suppose that the columns of A are mutually perpendicular unit vectors. Then, by #563 (iii)

0ij = (Ael) - (AeJT) = (AelT)T(Aef) = eiATAeJT = eiATAef = [ATA]ij
and hence ATA =1,.

(iii) Let A be an n x n matrix such that [Ax| = |x| for all x. Recall that |v|* = v - v. So for any vectors v and w

we have
Av+w) - Av+w)=(v+w): (Vv+w).

This expands to
(Av) - (Av) +2(Av) - (Aw) + (AwW) - (AW) =V - vV+2Vv- W+ W-W.
(

As |Av]® = (Av) - (Av) = v - v = |v|? and similarly (Aw) - (Aw) = w - w then
(Av) - (Aw)=v-w
for all vectors v and w. It follows that A is orthogonal by (i).
Conversely if A is orthogonal then

|Ax|? = (Ax) - (Ax) = (Ax)T (Ax) = xTAT Ax = xTx = [x]*.



