Solution (#722) Let vq,..., vy be k independent vectors in R™ and v be a further vector in R™.
Suppose that v is not in (vq,...,vy) and that

a1vy + agve + -+ apvi +av =0,

for some scalars aq, ag, ..., o, a. If o # 0 then
1
ve=-—= (1vi + agvy + - + Vi)
is in the span (vi,...,vg), a contradiction. So v = 0 and then a3y = s = --- = @ = 0 by the independence of
Vi,...,Vg. We have shown vy,...,vg, v are independent.
Conversely say vi,..., Vg, v are independent. If v is in (vy,...,vy) then there exist scalars 8, 5,,..., 5 such
that

v =01V + Byva+ -+ BV,

So
Bivi+ Byva+ -+ Brvi —v =0,

contradicting the independence of vy, ..., vg, V.



