Solution (#745) (i) Let A = (a;;) be an upper triangular n x n matrix. Note that

Ae{ = allef, Aeg = alze{ + agzeg, , Ae3T = algef + 02365 + 1133(3%1
and in general
Ae! isin (ef,el,...,el)
and
Ael isin (e el,... ,e% when ¢ < j.
So if we set W; = (e, el,... el) then W; is A-invariant, dim W; = i and W; is contained in Wi, 1.
(ii) Let B be an n x n matrix such that there are are B-invariant subspaces V; of R,,, for ¢ = 1,...,n, such that

dimV; = i and V; is contained in V;y; for 1 < i < n. If there were an invertible matrix P such that P"!BP = A is
upper triangular then we know from #744 (ii) that the B-invariant subspaces are PW where W is A-invariant. By
the first part then we would see that the columns of P, which equal Pe! have the property that Pe! is in V; and not
in V;,l.

So given such B-invariant subspaces V; we will choose for each i a vector v; in V; that isn’t in V;_;. By #723 such
vectors will form a basis and so P = (vi|va|...|v,) is invertible. As the subspaces V; are B-invariant then we have

Bvy = a11vi, Bvy = a12v1 + a2V, Bvsz = a13v1 + az3va + azzvs,
and so on. Hence
BP = (Bvy|Bvsy]|...|Bvy)

= (a11v1|a12vi + agava|...|a13vy + agsva + azsvs)
a1 a2 a3
0 axp ax
= (vilvel-orlva) | 0 0 ag --- | =PA

Hence P~'BP = A as required.



