Solution (#758) We may identify the space V of polynomials in x of degree 3 or less with R* by ax®+bz?+cr+d «——
(a,b,c,d).
(i) Let Wy = {p(z) € V : p(1) = 0} . Note that the zero polynomial is in W1. If p(x),¢(z) are in W7 and «, 3 are

real scalars then
(ap + Bq) (1) = ap(1) + Bq(1) = a0 + B0 = 0.
Hence W is a subspace. For any p(x) in W; we can write p(z) = (x — 1)(a + bz + cz?) for some a, b, c. A basis for W,

is then
(1’71), SU(SC*l), xz(xil)v

and we have dim Wy = 3.
(i) Let Wy = {p(z) € V : p(1) = p(2) = 0} . Note that the zero polynomial is in Wa. If p(x),q(z) are in W and
«, 3 are real scalars then
(ap+Bg) (1) = ap(l)+Pq(1) = a0+ 50 =0;
(ap+Bq)(2) = ap(2)+6q(2) = a0+ 50 =0.
Hence Wj is a subspace. For any p(x) in Wa we can write p(z) = (z — 1) (z — 2) (a + bx) for some a,b. A basis for W,

is then
(z—1(x—-2), z(x—1)(z—2),

and we have dim Wy = 2.

(ili) Let W3 = {p(z) € V : p(1) = p’(1) = 0} . Note that the zero polynomial is in W3. If p(x), ¢(z) are in W5 and
«, 3 are real scalars then

(ap+Bg) (1) = ap(l) + Bg(1) = a0 + 50 = 0;
(ap+pq)' (1) = ap'(1)+ B4 (1) = a0+ 50 =0.
Hence W3 is a subspace. For any p(x) in W3 we can write p(z) = (z — 1)?(a + bx) for some a,b as the conditions
p(1) = /(1) = 0 are equivalent to p(z) having = 1 as a double root. A basis for W is then
(z—17%,  (z—1)%,

and we have dim W3 = 2.

(iv) Let Wy = {p(z) € V : zp/(z) = 2p(x)} . Note that the zero polynomial is in Wy. If p(x), ¢(x) are in Wy and
«, 3 are real scalars then

z(ap(z) + Bq(x)) = axp'(z) + Brq (z) = a(2p(x)) + Bz(2¢(x)) = 2 (ap(z) + Bq(z)) .
Hence Wy is a subspace. If p(x) = a + bx + cx? + da® is in Wy then
x(b+20x+3dw2) = 2(a+bx+ca:2 +dw3),
so comparing coefficients we find 0 = a = b = d with no condition on c¢. Hence
W4 = <562>,

so that a basis for Wy is 22 and dim W, = 1.

Remark: Alternatively we could have done each part as we did (iv) above. For example with W5, the conditions
p (1) = p(2) =0 correspond to linear homogeneous conditions in the coefficients a, b, ¢, d. In this case

a+b+c+d=0, a+2b+4c+8d =0.

Thus W5 is the solution space of these two equations and hence a subspace. We could have found a basis for the
solutions space by row-reducing in the usual way and assigning parameters.



