
Solution (#863) Let P be an n× n permutation matrix expressible as

P = R−1diag(Σr1 ,Σr2 , . . . ,Σrk)R

where R is a permutation matrix. Note that

PN = In ⇐⇒ diag(Σr1 ,Σr2 , . . . ,Σrk)
N = In

⇐⇒ (Σri)
N = Iri for each i.

Further we can note that
(Σr)

r = Ir
and that this is the first positive power of Σr which returns to the identity for
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k
e
T

1 = e
T
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T

1 for 1 � k < r.

More generally we will have (Σr)s = Ir if and only if s is a multiple of r. Hence the smallest positive integer N such

that (Σri)
N = Iri for each i equals the smallest positive integer N which is a multiple of each ri, their so-called least

common multiple
N = lcm(r1, r2, . . . , rk).

It again follows that PM = In for every multiple M of N. As rk � n then each rk divides n! and in particular n! is a
multiple of N. Hence

Pn! = In
as required.


