THE HASSE PRINCIPLE AND THE BRAUER-MANIN OBSTRUCTION FOR
CURVES

E.V. FLYNN

ABSTRACT. We discuss a range of ways, extending existing methods, to demonstrate violations of the Hasse
principle on curves. Of particular interest are curves which contain a rational divisor class of degree 1, even
though they contain no rational point. For such curves we construct new types of examples of violations
of the Hasse principle which are due to the Brauer-Manin obstruction, subject to the conjecture that the
Tate-Shafarevich group of the Jacobian is finite.

1. INTRODUCTION

Let K be a number field and let Ax denote the adeles of K. Suppose that A is a smooth projective
variety over K violating the Hasse principle; that is, X'(K) = () even though X (A ) # 0. Global reciprocity
applied to the Brauer-Grothendieck group Br(X') defines a certain subset X' (Ax)B" C X (Af) which contains
the diagonal image of X (K) (see [27], p.101). When X (Ax)B" = () we say that the violation of the Hasse
principle is explained by the Brauer-Manin obstruction. When X is a surface, examples have been constructed
(see [27], §8) where X violates the Hasse principle in a way not explained by the Brauer-Manin obstruction.

When & is a curve C it is an open question whether the Brauer-Manin obstruction is the only obstruction

to the Hasse principle. When X is of genus 1, we have the following result of Manin (see [27], p.114).

Lemma 1. Let C be a smooth proper curve of genus 1 defined over K, with Jacobian £. Suppose that the
Tate-Shafarevich group ILL(E) is finite. Then the Brauer-Manin obstruction is the only obstruction to the
Hasse principle for C. That is, if C(K) = 0 and C(Ak) # 0 then C(Ag)B" = 0.

Regardless of the genus of C, we also have the following result (see [27], Cor. 6.2.5).

Lemma 2. Let C be a smooth proper curve defined over K, with Jacobian J, and suppose that III(J)
is finite. If C has mo K-rational divisor class of degree 1 then the Brauer-Manin obstruction is the only

obstruction to the Hasse principle for C.

For simplicity throughout, we shall write our curves in affine form, but will always mean the corresponding
smooth projective curve. Isolated examples of Lemma 2 are known: there are three such curves over K = Q,
including X4 + Y% = 2412, given in [9], and a curve over K = Q(v/—13) given in [26]. All of these are
of genus 3 and have reducible Jacobians, with maps to elliptic curves. There is also the genus 2 curve

Y? = —37(X? +1)(5X? — 32)(32X? — 5), given in Prop. 28 of [22], which has reducible Jacobian J; it
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has points everwhere locally, but Picé is nontrivial in IT1I(7). The previous rarity of genus 2 examples is

explained by the following result (see [24]).

Lemma 3. Let C be a smooth proper curve of genus g defined over Q with points everywhere locally. Let J
be the Jacobian of C, and suppose that ILL(T)[p] = 0 for each prime p < 2g — 2. Then C has a Q-rational

divisor class of degree 1.

Proof Since C has points everywhere locally, Picé represents an element of III(7). If C does not have a
rational divisor class of degree 1, then this element is nonzero. On the other hand, this element is killed
by 2g — 2, since the canonical class makes Picég*2 a trivial homogeneous space for 7. O

In genus 2, this means that any potential example of Lemma 2 must have nontrivial 2-part of III(7).
Since, as we shall see, the main available technique for testing whether there exists a rational divisor class
of degree 1 requires an initial computation of the rank of 7(Q), and since there are currently no methods of
second descent available, it is difficult to find such an example. One conceivable method is to try to show
analytically that the rank is 0 or 1 assuming the conjectures of Birch and Swinnerton-Dyer; a 2-descent
could then give examples with nontrivial 2-torsion in III(7). However, we shall instead shortly explain an
alternative and unconditional way this can be overcome in the case where the Jacobian admits a rational
Richelot isogeny.

When such a divisor class exists, we can embed the curve in its Jacobian and gain some insight into the
Brauer-Manin obstruction. Note that all of the curves we shall consider here have points everywhere locally;
for such curves, every K-rational divisor class contains a K-rational divisor, by the local-global principle
for the Brauer group [13]; therefore, in the statement of the following theorem (which is a consequence of
Proposition 6.2.4 of [27]; see also p.36 of [23]), the existence of a K-rational divisor class R of degree 1 is

sufficient.

Theorem 1. Let C be a smooth proper curve defined over K, with Jacobian J. Suppose that ILI(J) is
finite and that C has a K-rational divisor A of degree 1. Define the embedding ¢ : C — J : P — [P] — R,
where R = [A] and where | | denotes class modulo linear equivalence. Then inside the group I, HY(K,,J)
we have
(1) c(r) = ¢([Jey) n T (x) c ¢(J]CKy) N TE) = c(hr)™,

p p

where the product is taken over the set of all places of K, and J(K) denotes the topological closure of J(K).

For the special case when J(K) has rank 0, we have that J(K) is finite and so J(K) = J(K). This
forces the above to be an equality, giving the following result of Scharaschkin (see p.37 of [23] or p. 127
of [27]).

IWe shall typically use the letter A to denote a divisor, and D, E, R to denote divisor classes.
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Corollary 1. Let C be a smooth proper curve over K, with Jacobian J, and suppose that LIL(T) is finite.
If C has a K-rational divisor class R of degree 1 and J(K) is finite then the Brauer-Manin obstruction is

the only obstruction to the Hasse principle for C.

Only a few examples have been computed where there exists a rational divisor class of degree 1, such as
the curve 3X* +4Y* = 19 (discussed in [3], on p.48 of [23], and on p.128 of [27]), which again has reducible
Jacobian, with maps to elliptic curves; the arguments are only applicable to this special situation. Similarly,
the discussion in [13] and [25], which considers the genus 2 curve Y2 = 2(X? +7)(X? —7), is only applicable
to curves with reducible Jacobians and maps to elliptic curves, as are the techniques in [2].

The aim here is to contribute to work on these themes in several ways. First, in Section 2 we present
a straightforward way of deciding whether a genus 2 curve has a rational divisor class of degree 1, once
generators for J(Q) are known; this allows the computation of many violations of the Hasse principle due
to the Brauer-Manin obstruction in the case where there does not exists such a divisor class, with a style of
proof more widely applicable than those for the isolated examples mentioned above. Second, in Sections 3,4,
we shall extend the range of techniques available for proving that a given curve has no QQ-rational points, by
combining the ‘flat” and ‘deep’ information rather than the standard procedure of considering each separately,
and — when available — by using a rational divisor class of degree 1 to embed the curve in its Jacobian; we shall
derive some associated algebra to assist others who may wish to perform similar computations. Furthermore,
we shall present examples (again due to the Brauer-Manin obstruction) of a new type, where the Jacobian
is simple (the previous literature having concentrated on cases where the Jacobian is reducible, with maps
to elliptic curves) and where there does exist such a divisor class; we shall include cases when J(Q) is
finite (and so are automatically due to to the Brauer-Manin obstruction), and cases when 7 (Q) has nonzero
rank (when our new techniques must be applied). In all cases, the proofs that C(Q) = () are unconditional,
but the results that they are due to the Brauer-Manin obstruction are subject to the conjecture that the
Tate-Shafarevich group of the Jacobian is finite. Finally, as the techniques presented here are amenable to
the mass production of examples, we take the opportunity to perform some rather heavy computations on
a large number of curves. This should be viewed as a first step towards gaining statistical insight as to the
rarity of any violations of the Hasse principle that might not be due to the Brauer-Manin obstruction.

Theorem 1 gives rise to the computational procedure which will be used in our examples, as follows. Note
that, if we project from K, to the residue field &y, in (1) then we are led to consider 77 (g(]‘[; C(kyp))) NJ(K),
where H; is over primes p of good reduction and 7 is the natural map from J(Ag) to H;(J(kp)). For
computational purposes, it is helpful to use the fact that m is the same as the profinite completion
of J(K). Suppose we have found generators Dq,..., D, of the free part of J(K) so that any member
of J(K) can be written as D =T + ni1D1 + ...n,.D,., for some T € J(K)iors and ny,...,n, € Z. Then,
for each p, the mod p component of the requirement that 7 (¢ (H;g C(ky))) N T (K) # 0 induces congruence
conditions on (nq,...,n,) modulo (Nl(p), . .,NT(-p)), where each N® is the order of the reduction of D;

K2

modulo p. This is the ‘flat’ information which will be used in the majority of our examples; when (for
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each T) the information for several p give contradictory congruences, then we have a proof that C(K) = 0.
We shall also illustrate in Example 7 how the deeper p-adic part of the obstruction can be used.

Each of our test curves was of genus 2 with coefficients in Z,
(2) C:Y? = F(X) = feX° + fsX° + fuX* + f5X° + f2X° + 1X + fo.

Let J denote the Jacobian of C. We first ran through all such curves for which fy was in the range —3,...,2,
and each of f1,..., f¢ was in the range —2,...,2. We then ran through all curves for which fg was in the
range —2,...,2;, each of f5,..., f5 was in the range —5,...,5, and f1 = f3— f5 +2, fo = fos — f1+ 2, ensuring
that the point (7,1 + i) was on the curve. This was with the idea of encouraging the rank upwards while
having control over one of the members of J(Q), namely [(i,1+14)+ (—i,1—1i) — oot —0o™], where oo™, 00~
denote the points on the non-singular curve that lie over the singular point at infinity. Similarly, we ran
through all curves for which fs was in the range —2,...,2, each of fo,..., f5 was in the range —5,...,5,
and fi = —4fs — 2fs, fo = —8fs — 4f1 — 2f> + 1, ensuring that the point (v/2,1) was on the curve. This
gave 210878 curves in total. We concentrated on the curves which had points everywhere locally, but had no
Q-rational points with -coordinate n/d for n, d in the range —1000, ...,1000. We then, over several months,
tried to compute the rank of J7(Q) in each case, using the magma [20] routines written by Michael Stoll [30].
For some of the curves, even after 4 hours of computer time per curve on a Sparcstation, we were unable to
compute the Selmer bound or were unable to find sufficient independent members of J(Q) to achieve the
rank bound; such cases were discarded. These could be due either to the Selmer bound not equalling the
rank, or to the generators of J(Q) being large in height. After checking for birational equivalence over Q,
we were finally left with a selection of 134 inequivalent curves, which we proved to have points everywhere
locally, and for which the rank of J(Q) was found; of these, 10, 38,73, 13 were of rank 0, 1,2, 3, respectively.
For each of these curves the known generators of J(Q)/27(Q) were shown to be actual generators of 7(Q)
using the methods of [29],[31]. These curves are listed in the appendix, indexed by a number and a letter,
the number indicating the rank of 7(Q); for example, the curve Cs, has J3,(Q) of rank 3. One of the curves,
Cor has reducible Jacobian; all of the other 133 curves were shown to have absolutely simple Jacobian, using
the method in [28].

Since these 134 examples have no nontrivial 2-part of I1I(7), they must each have a Q-rational divisor
class of degree 1, and so Lemma 3 tells us that none are examples of Lemma 2. In order to construct
examples of Lemma 2, we require curves where II1(7)[2] # 0. Even though generally applicable second
descent techniques have not been developed in genus 2, there remains the option (suggested by Nils Bruin)
of using a Richelot isogeny and comparing the ranks obtained for the Jacobians of the original curve and

that of the Richelot isogenous curve. We remind the reader of the type of curve to which this applies.
(3) C:Y? = G1G2G3 = (912X° + 911X + 910) (922 X° + 921X + 920) (932 X” + 931X + gs0)-
The curve with 4-isogenous Jacobian (see [1] for a description of the isogeny) is

(4) D : AY? = (G)Gs — G2GS)(G4G — G3G))(GLGs — G1GY),
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where A = det(g;;). If one obtains differing 2-Selmer bounds on the Q-ranks of the Jacobians of C and D,
then this demonstrates members of the 2-part of III, giving potential examples of Lemma 2. We have
included 11 examples of this type in our list. Since these few curves were specifically hand picked and
constructed to provide examples of this type, we shall not include them in our final summary.

The author acknowledges the helpful advice of Nils Bruin, Victor Scharaschkin and Michael Stoll.

2. CONSTRUCTING A RATIONAL DIVISOR CLASS OF DEGREE 1 OR PROVING ITS NON-EXISTENCE

Let C be a curve of genus 2 of the form (2), with Jacobian 7. We shall adopt the customary shorthand
notation {P, P} to denote the divisor class [Py + P, — co™ — 0co™], which is in J(K) when P, P, are
points on C and either P, P, are both K-rational or P, P, are quadratic over K and conjugate. We
regard oo™, 00~ € C(K) when the coefficient of X° is a square in K. Suppose that we have found the rank
of J(K) and generators for J(K)/2.J (K), using the methods described in [30]. Let F(X) = F1(X) ... Fin(X)
be the factorisation of F/(X) into irreducible polynomials over K; for each i, let 6; be a root of F;(x) and let
L; = K(6;). Following p.49 of [10], we define the homomorphism
i T = (L2 % L /(L))

H@, 1), (w2,92)} = [(21 = 01) (22 = 01), ., (21 = On) (22 — )],

where the equivalence relation ~ is defined by

(5)

(6) [a1,. .. am]~[b1,...,b;m] <= a1 =wby,...,ay = wby,, for some w € K*.

Since p is a map to a Boolean group, its kernel clearly contains 2.7 (K). It also contains members of W given

by the following definition (see p.58 of [10]).

Definition 2. Let C : Y2 = F(X) be as in (2) defined over K, with Jacobian J, and let O denote the
canonical divisor class on C, which is of degree 2. Let W denote the set of elements { Py, P>} in J(K') with the
following property: there is an effective divisor Ay of degree 3 which is either defined over K or defined over

a quadratic extension of K and linearly equivalent to its conjugate Ay and such that Py 4+ P+ Ag + Af € 40.
The following lemma is also from [10], pp.53-55, and describes the kernel of .

Lemma 4. Let p be as in (5) and C, T, W be as in Definition 2. The difference of any two members of W
is in 2J (K) and the kernel of . consists precisely of the union of 2J(K) and W. The index of 2J(K) in
the kernel of u is either 1 or 2. Suppose that W is not empty. Then W C 2J(K) precisely when at least
one of the following holds:

(i) F(X) has a root § € K.

(ii) The roots of F(X) can be divided into two sets of three roots, where the sets are either defined

over K (as wholes) or defined over a quadratic extension and conjugate over K.

It is easy to decide whether Criterion (i) of Lemma 4 is satisfied. There is a useful method for deciding

whether the more subtle Criterion (ii) is satisfied; namely, to construct the polynomial (see p.56 of [10])
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MX) =T[(X — 00,6, — 0,0,,0,,), where the product is taken over the ten unordered partitions of the six
roots 01, ...,0 of F(X) into two sets of three. Provided that h(X) is square free, Criterion (ii) of Lemma 4
is satisfied exactly when h(X) has a root in K. If h(X) is not square free, then one can compute F(x + ¢)
for some ¢ € Z and derive the resulting new h(X); for some ¢ = 1,...45 this guarantees to give at least
one instance where h(X) is square free. It is therefore straightforward in practice to determine whether
Criterion (i) or (ii) is satisfied (see p.258 of [30]).

We now wish to establish a connection between the above theory and K-rational divisor classes of degree 1.

We first consider the easiest case, when Criterion (i) or (ii) of Lemma 4 is satisfied.

Lemma 5. Let C : Y2 = F(X) be as in (2) defined over K, with Jacobian J, and suppose that either

Criterion (i) or (ii) of Lemma 4 is satisfied. Then there exists a K-rational divisor class of degree 1 on C.

Proof 1If Criterion (i) is satisfied then [(6,0)] is a K-rational divisor class of degree 1. If Criterion (ii) is
satisfied, then we can divide the roots of F(X) into {01,02,603} and {04, 05,0}, where either both sets are
defined over K or they are defined over a quadratic extension K (v/d) and conjugate. On the former case, the
divisor (61,0)+(62,0)+(03,0) is defined over K, as must therefore be the divisor class [(01,0)+ (62, 0)+ (03, 0)].
In the latter case, the divisors (61, 0) + (62,0) + (03,0) and (64,0) 4 (05,0) + (¢, 0) are linearly equivalent,
since their difference is (61,0) + (02,0) + (05,0) + (64,0) + (05,0) 4 (05, 0) — 2(04,0) — 2(65,0) — 2(bs, 0), which
is linearly equivalent to (01,0) + (62,0) + (63,0) + (84,0) + (65,0) + (6s,0) — 30, which is the divisor of the
function Y; hence [(A1,0) + (62,0) + (63,0)] is equal to its K (v/d) : K-conjugate [(64,0) + (65,0) + (66,0)],
and so again [(61,0) + (62, 0) + (03, 0)] is defined over K. In either case, [(61,0)+ (62,0) + (03,0)] — O is then

a K-rational divisor class of degree 1. O

Example 1. The curves Cp; : Y? = (X2 + X +1)(2X3 —1) and C1p: Y2 = — (X3 + X +1)(X3 +2X? - 2)
have Q-rational divisor class of degree 1 given by
(7) R =1[(61,0) + (02,0) + (03,0) — 0o™ — 00~ ], where 01,064,035 are the roots of X> + X + 1.

Since Jo;(Q) has rank 0 and no nontrivial torsion, we have that Co; violates the Hasse principle.

Proof If there existed P € Cy;(Q), then [P] — R would give a member of Jy;(Q) distinct from the identity
element, a contradiction. O
The same argument applies to any of the 10 curves Cy,, ..., Co; listed at the beginning of Table 1 in the

appendix. Already we therefore have examples of Corollary 1.

Corollary 2. There exist, in genus > 1, absolutely simple examples of Corollary 1. Specifically, there exist
curves C of genus 2 defined over Q, which violate the Hasse principle, which have Q-rational divisor classes of
degree 1, and whose Jacobians J are absolutely simple and of Q-rank 0. If IIL(T) is finite then C(Ag)B" = ()

and so the Brauer-Manin obstruction explains the violations of Hasse principle for these curves.

We shall see in Sections 3,4 how to deal with curves like Cqp, where the Jacobian has nonzero Q-rank.
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When neither (i) nor (ii) is satisfied, the existence or otherwise of a K-rational divisor class of degree 1 is

determined by whether or not the kernel of u is larger than 27 (K).

Lemma 6. Let C : Y2 = F(X) be as in (2) defined over K, with Jacobian J, and suppose that neither
Criterion (i) nor (ii) of Lemma 4 is satisfied. If the kernel of u is 2J(K) then there does not exist a
K -rational divisor class of degree 1 on C. In particular, C(K) = 0.

Proof Imagine there were a K-rational divisor class R of degree 1 on C. Then R+ R — O € J(K) is
clearly in the kernel of y. However, the 16 members S of J(K) satisfying 25 = R+ R — O are of the form
R+ 1[(0;,0)] — O or R+ [(6;,0) + (65,0) + (6k,0)] — 20, where 0;,0;,0), are distinct roots of F(X). Neither
of these can be defined over K since neither Criterion (i) nor (ii) is satisfied; this gives that R+ R — O is
not in 27 (K) even though it is in the kernel of u, a contradiction. ]

The above gives a slick way of showing in many cases that C(K) = (), once generators for J(K)/2J(K)
have been found. One merely has to run through all members of the finite set J(K)/2J(K) and check
whether any are in the kernel of y (it is described in [30] how to check whether a given member of J(K) is
in the kernel of u). If only the identity element is in the kernel of p then we can immediately deduce the
nonexistence of a K-rational divisor class of degree 1 and that C(K) = §; if C(K) also has points everywhere
locally, then we can further deduce a violation of the Hasse principle which is due to the Brauer-Manin

obstruction — subject, as usual, to the finiteness of I1I(7).

Example 2. The curve C3p : Y2 = F3,(X) = —3(2X? — 19)(2X? + 4X + 5)(X? + 8) has no Q-rational
dwisor class of degree 1 and so C3,(Q) = 0. The Jacobian Jsp, has Q-rank 3.

Proof First note that, after performing a 2-descent directly on [J3,, one merely obtains a 2-Selmer bound

of 5 for the rank of J3,(Q), and one finds
Ti ={(/%.0.(-/2.0} T = {(V=5,0), (-V5,0)},

(8) Dy = {(i,42 + 213), (—4,42 — 219)}, Dy = {(v/2,60 + 15v/2), (—/2,60 — 15v/2)},

Dy ={(\/%, %2 +35,/1), (-/% 2 -35,/1),
where T1, T generate the torsion group of J3,(Q), and Dy, Do, D3 are independent points of infinite order
in J3,(Q), giving that 3 < rank of 75,(Q) < 5. On the other hand, applying (4) to Cs, gives the curve
D3y, : Y2 =3-8402X(2X2% + 24X +19)(2X?% — 11X — 16); applying a 2-descent gives a 2-Selmer bound of 3
for the Q-rank of the Jacobian of Ds,. Since this is Richelot-isogenous over Q to J3p, the rank of J3, must
also be 3 (and so #I11(J3,)[2] > 1), with T3, T», D1, Do, D3 generating all of J3,(Q)/2J3,(Q). Applying
the map p of (5) to n1Ty + noTs + ngDy + nyDy + ns D3, for all 32 choices of n; = 0,1, we find that only
the case ny = ng = ... = ny = 0 is mapped by p to the identity, and so the kernel of p is 273,(Q). Since
clearly the roots of F3,(X) satisfy neither Criterion (i) nor (ii) of Lemma 4, we can deduce from Lemma 6

that there does not exist a Q-rational divisor class of degree 1 on Csy,, and so Cs,(Q) = 0. |
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The same argument applies to all of the rank 1 cases Cias,Cin, Ci0,Cip, the rank 2 cases Cay, Cay, Cay, Cow,
and the rank 3 cases Cs;,, Cs,, C3p, given at the end of Tables 1, 3,4 in the appendix. As with all of our curves,

these have been checked to have points everywhere locally. This gives us nontrivial examples of Lemma 2.

Corollary 3. There exist, in genus > 1, absolutely simple examples of Lemma 2. Specifically, there exist
curves C of genus 2 defined over Q, which violate the Hasse principle, which do not have Q-rational divisor
classes of degree 1, and whose Jacobians J are absolutely simple and of Q-ranks 1,2 and 3. If ILI(7) is
finite then C(Ag)E" = 0 and so the Brauer-Manin obstruction explains the violations of the Hasse principle

for these curves.
The reverse direction of Lemma 6 is also straightforward.

Lemma 7. Let C : Y? = F(X) be as in (2) with Jacobian J, and suppose that neither Criterion (i) nor (ii)
of Lemma /4 is satisfied. If the kernel of p is larger than 2J (K) then there exists a K -rational divisor class
of degree 1 on C.

Proof Let D € J(K) be in the kernel of u, but not in 2J(K). It follows from Lemma 4 that D € W,
where W is as described in Definition 2, and so there must exist an an effective divisor Ag of degree 3 which is
either defined over K or defined over a quadratic extension of K and linearly equivalent to its conjugate Aj.
Then R = [Ap] — O is a K-rational divisor class of degree 1. O

In practice, given D in the kernel of p but not in 2J(K), finding Ay is quite hard, and so the above
proof does not tell us how to find R, a K-rational divisor class of degree 1. Suppose that D = {Pp, P}},
where Py, P € C(K(V/d)) for some quadratic extension K (v/d) of K, and where Py and P} are conjugates

over K. In this case, it is helpful first to consider the twist

(9) C™ :Y?=dF(X), with Jacobian J™.

Then there is the map

(10) tw:C—C™: (z,y) = (2,9)™ = (z,Vdy)

and the induced map on the Jacobian

(11) tw: T —= T {1, 90), (@2,92)} = {(@1,51), (22, 92)}™ = {(21, Vd ), (w2, Vd o) }.

We note in passing that, for any D € J (K (V/d)), we have (D+D’, (D—D")*") € J(K)xJ"(K). Conversely,
for any (Ey, E3) € J(K) x J™(K) we have E; + EY € J(K(v/d)). Since the composition of these, in

either order, is duplication, we have that
(12) rank(j(K(\/Zl))) = rank(J(K)) + rank(J"™(K)).

In order to compute the divisor class R, the following version of Lemma 7 was pointed out by Michael Stoll,

which gives a construction, provided that J(K)/2J(K) has been found and #J(K)[2] = 1.
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Lemma 8. Let C:Y? = F(X) be as in (2) defined over K, with Jacobian J. Suppose that #J(K)[2] = 1
and that there exists D which is in the kernel of p but is not in 2J(K). When D = {Py, Py}, where
P, P, € C(K), then R = [Py] or [P2] is a K-rational divisor class of degree 1. Otherwise D = { Py, P}},
where Py, Py € C(K(V/d)) for some quadratic extension K(v/d) of K, and where Py and P} are conjugates.
In this case, {Py , P[}™ € 2™ (K) and {Py , Pj}'™ = 2Eq for some Ey € J™(K), where Py denotes the
image of Py under the hyperelliptic involution (x,y) — (z,—y). Let Dy = ES . Then R = [Py] + Dy is a

K -rational divisor class of degree 1.

Proof The case D = {P;, P»}, where Py, P, € C(K), is trivial. Suppose now that we are in the second
situation D = {Py, P}}, where Py, P} € C(K(v/d)) and are conjugates over K. It follows from Lemma 4
that D € W, where W is as described in Definition 2, and so D € Wy, where W, is the same as W but
for the field K(v/d). Also, {Py, Py} € Wy and so, again by Lemma 4, the difference {Py, P}} — {Po, Py} =
{Py, Py} € 2J(K(Vd)). Hence {P; , Py} = 2Dy for some Dy € J(K(V/d)). Now,

(13) (P, Po3™)" = {((Pe)™)', (Po)™)'} = {(P))™, (P )™} = { Py, Pg}™,

so that {P;, PJ}*™, and so also Ey = D", are in J™(K), given that #J™V(K)[2] = #J(K)[2] = 1
and {P; , P}}" = 2E,. Now, let R = [Py] + Do. Then D}y = (EY* ') = —(E})™ ' = —Dy, so that

(14) R = [Fo] + Dy = [Pyl = Do = [Pg] = 2Do + Do = [Po] = {Fy , Fo} + Do = R,

so that R is defined over K, as required. O

Example 3. The curve Cory : Y2 = Foyp(X) = —2X6 — 2X5 4+ 2X* + X3 —2X? — X + 2 has a Q-rational
divisor class of degree 1 given by

1888 3465

(15) R=[Py+(0,v2) — (-1,-V?2)], where Py = (117 + %ﬁ’ “ao13 T 013V Y

Proof The Jacobian Joy has no nontrivial torsion over Q, and has Q-rank 2, with Joy (Q) generated by
Dy ={(—§+ V13, -5 + §V13),(—¢ — §V13, -4 — §V13)},
" Dy = {(-3+ BB - BV, (-3 1R B
Applying the map p of (5) to D1, Dy, D1+ Do, one finds that the kernel of p contains D = D1+ Dy = { Py, P}},
where Py is as in (15). Following the proof of Lemma 8, we define the curve C3 : Y2 = 2F,;(X), with
Jacobian J3, and the maps tw : Coy — C8Y and tw : Joy — Japf as given in (9),(11) with d = 2.
Then {P;, Pj}*™ € 275(Q) and one can either use a search or the inverse image of the morphism of mul-
tiplication by 2 to obtain Ey = {(0,2),(—1,2)} € J37(Q) which satisfies { P, , P} = 2E,. Furthermore,
Ey = D", where Dy = {(0,v2), (—1,v2)} € Jou(Q(v2)) satisfies {P; , Pj} = 2Dy. Then, by (14) we see
that R = [Py] + Dy is defined over Q. Finally, R = [Py] 4+ Dy = [Py + (0,v/2) + (—1,v/2) — 0ot — 0o~], which
is the same divisor class as [Py + (0,v/2) — (=1, —v/2)]. O
If we are able to find J(K)/2J(K) and if #J(K)[2] = 1, then the above discussion gives an effective

procedure which either finds a K-rational divisor class of degree 1 or proves its nonexistence. First, one
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checks whether Criterion (i) or (ii) of Lemma 4 is satisfied, in which case one easily constructs a K-rational
divisor class of degree 1 using the roots F(X). If neither criterion is satisfied and the kernel of p is the same
as 2J (K), then there is no such divisor class by Lemma 6. If neither criterion is satisfied and the kernel of
is larger than 27 (K), then there is such a divisor class, and Lemma 8 gives a way of constructing it. Note
that the step of the above proof where one finds Ey € J™(K) such that {P;, PJ}™ = 2Ey, can clearly be
effectively performed, either by finding the inverse images of Ey under the morphism of multiplication by 2,
or by using the explicit theory of heights in [14],[16],[29],[31]. We suppose that a modification of the proof
of Lemma 8 can be made to deal with the existence of nontrivial 2-torsion, but this was not required for any

of our examples.

3. THE MAP P — {P,P} =[P+ P — oot — 00|

Given a genus 2 curve C of the form (2) which is a suspected violation of the Hasse principle, one option is
to use the map P — {P, P} = [P+ P —o0o" —o0o~] from C to its Jacobian J. This is not quite an embedding,
since all Weierstrass points are mapped to the identity; one first needs to perform a straightforward check
that F'(X) has no roots in K. If so, then determining C(K) is the same as finding all members of J(K) of
the form {P, P}. In the context of Chabauty’s Theorem (see [11],[12],[21]), where the rank of J(K) is 1, this
is discussed in [15]. We shall briefly discuss here the generalisation in arbitrary rank. Suppose that J(K)
has rank r with generators Dy, ..., D, of the free part of J(K), so that any D € J(K) can be written

(17) D=T+nDy+...+n.D,,

for some T € J(K)tors, the torsion group of J(K). First, fix a place of good reduction p and let k, be the
residue field of Ky ; further, let J and 51 represent, respectively, the reductions mod p of 7 and D;. Define

(18) NP = order of D; in J(ky), E® =N®'D;, i=1,...r,

so that each Ei(p) € J(K) is in the kernel of the reduction map from J(K) to j(kp). Suppose there
exists D = {(x1,y1), (z2,y2)} in the image of our map, so that D = {P, P}, for some P € J(K). Then the

elements x1 4+ x9, z1x9 € K satisfy
(19) ($1 + .’E2)2 - 41’1£C2 = 0,

as do the 1,y of D. For each T € J (K )tors, one can then see when this is satisfied for all possibilities

of (ni,...,n,) modulo (Nl(p), ce Nr(p))7 giving a set of congruence conditions of the form
(20) (n1,...ymy) € {OF), b8 =1, 0%} mod (N{”),... NP).

If it turns out, for every T € J(K)tors, that there exists a set of places p such that these congruences are

contradictory, then we can conclude that C(K) = ()

Example 4. The curve Cy¢ : Y2 =2X6 - 2X* — X3 4+ X2 + X — 2 violates the Hasse principle and has
Jacobian Ja¢ of Q-rank 2.



THE HASSE PRINCIPLE AND THE BRAUER-MANIN OBSTRUCTION FOR CURVES 11

Proof There is no nontrivial torsion in Jo¢(Q), and generators of Jo¢(Q) are given by
Dy = (-4~ 43,4+ B30,
Dy = {(% + i V21 ’_4493153 - % —217), (g - i V=217, _4493153 + 9683296 V—217)},
so that any D € Joc(Q) satisfies D = n1 Dy + na Dy for some ny,ng € Z. Let 52( and jgg be the reductions

of Ca¢ and Jo¢ modulo 3. Then D; and Dy reduce modulo 3 to Dy =Dy ={(1+i,0),(1—i,0)} € jgc(Fg).
The orders of D; and Dy are therefore Nl(g) = N2(3) = 2. It follows that any D = ni1 Dy + neDa € Joc(Q)

(21)

must reduce modulo 3 either to the identity element when ny + ny is even, or to {(1+14,0), (1 —¢,0)} when
ny + ny is odd. Now imagine that there exists P € Cyc(Q), which must reduce modulo 3 to P = (0,1)
or P = (0,2), since these are the only members of 52< (F3). Then {P, P} € J2¢(Q) would have to reduce
modulo 3 either to {(0,1),(0,1)} or to {(0,2),(0,2)} in jzc(]Fg,), neither of which is the identity element
or {(1+14,0),(1—1:,0)}, a contradiction. Hence, no such P exists, giving that Co¢(Q) = 0, as required. O

It was fortunate in the above example that reduction modulo a single prime gave an immediate contra-
diction (that is, in the notation of (20), the set of congruences corresponding to the prime 3 was the empty
set); normally, it is necessary to combine information from different primes. A more typical example will be
given in the next section.

When finite field reductions fail to show the nonexistence of rational points on C, we can make use of

(»)
N

deeper local information by describing locally the multiples of E%p), ceey We first write each n; as

le(-p) + mEP)Ni(p)7 where ﬁz(-p) denotes the reduction of n; mod Ni(p), so that any D € J(K) can now be

written

(22) D=T+a"Dy+...+a® D, + mPEP 4 mPE®.

Since E%p), ..., E® are in the kernel of reduction, one can use the formal group (as in [15]) to find, for each
choice of T' € J (K )tors and ﬁgp), ... ,ﬁ&'“), a triple of power series,

(23) @ ), P, m®), G i miP)),

equal to (1:z1 + 22 : z122) for D in (22). Combining this with (19) gives a power series

(24) G mP L m®)2 = P P ) PP m®) =,

which gives conditions on m§p>, . ,mfﬁ’) modulo p®, where p = char(ky) is a rational prime. These induce

congruence conditions of the form
(25) (n1,--one) € {60, 6P) s j=1,..., 0P} mod (p°,....p%),

where s can be made arbitrarily large, depending on the accuracy our computations. For s > 1 we can regard
this as ‘deep’ information for a particular prime, as opposed to the ‘flat’ information of (20). In the special
case when r = 1 Chabauty’s theorem applies and this gives us a bound on #C(K), as described in [15].

It is clear that no two deep conditions of the form (25) can ever give a contradiction for different primes,

whereas several flat conditions might do so. A more subtle idea is that the flat and deep information might
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be usefully combined, when the Ni(p) for one prime has a prime factor at the place of the deep information.

We shall give examples of these types in the next section.

4. THE EMBEDDING P +— [P] — R, WHERE R IS A RATIONAL DIVISOR CLASS OF DEGREE 1

The map of the previous section has clear inefficiencies due to the fact that it is not an embedding. In
particular, any set of primes modulo which there are Weierstrass points can never show C(K) to be empty,
since the identity element in J(K) will be of the form {P, P} modulo all such primes. This can often mean
that one needs to compute modulo much higher primes than are computationally viable. Furthermore, for
the purposes of investigating the Brauer-Manin obstruction and applying Theorem 1, we wish to use an
actual embedding of C in J. Embeddings that have previously been employed in the literature are either
of the form P — [P] — [Py, for some fixed Py € C(K) or they rely on J being reducible and having an
elliptic curve as a factor [23]. Neither of these are available in our case, since we wish our methods to apply
when C(K) is empty and when J is absolutely simple. If the methods in Section 2 establish that there
is no K-rational divisor class of degree 1; then, as we have seen, C(K) is empty and the Brauer-Manin
obstruction is the only obstruction to the Hasse principle. Suppose instead that the methods of Section 2
establish that there does exist a K-rational divisor class R of degree 1 and compute it. Then we can use
P — [P] — R to embed C into J. We mention the following trivial result merely to clarify why such an

embedding is guaranteed to be at least as strong as that of the last section.

Lemma 9. Let R be a K-rational divisor class of degree 1. Suppose that D € J(K,) is of the form [P]— R,
for some P € C(K,). Then 2D + 2R — O is of the form {P, P}.

Proof Since D = [P] — R, we must have 2D +2R - O =[P+ P] - O = {P, P}. O

The above tells us that a genuine embedding like P — [P]— R will be at least as successful as the methods
of the previous section; as we shall soon see, in many cases it is an improvement. We first need to describe
the embedding explicitly, which is simply a matter of algebra. One takes a general point P = (u,v) and
performs the group law in J(K) to compute the representative of the degree 0 divisor class [P] — R in the
form D = {(z1,y1), (z2,y2)}, giving x1,y1,22,y2 as functions of w,v. This induces a polynomial relation
satisfied between x1, y1, T2, y2, which will perform the same role as (19) in the previous section.

To give a general idea of the algebra involved, we illustrate this first for the simplest case, when our
curve C : Y2 = F(X) is such that F(X) is the product of conjugate cubics. In this case, Criterion (ii) of

Lemma, 4 is satisfied, and so C has a K-rational divisor class.

Lemma 10. Let C be a curve of genus 2 of the form
(26) C:Y? =G(X)H(X) = (g3X> + g2X* + 1 X + g0) (h3 X® + ha X? + hy X + hy),

where G(X), H(X) are either both defined over K or are quadratic and conjugate over K, so that the
diwisor class R = [(61,0) + (02,0) + (05,0) — oot — co™| is K-rational and of degree 1, where 01,605,603
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are the roots of G(X). Let ¢ be the embedding of C into J defined by (u,v) — [(u,v)] — R, and suppose
that D = {(x1,vy1), (22,y2)} € C(C(K)). Then x1,x2 satisfy

(gsha — g2h3)(w122)? + (g93h1 — g1hs)z122(21 + T2) + (93h0 — gohs) (w1 + 22)?
+(g2h1 — g1ha + gohs — gsho)w122 + (92h0 — goh2) (w1 + 22) + (91ho — goh1) = 0.

Proof Let D = ((P), where P = (u,v) € C(K). Then D = {(u,v), (61,0)} + {(62,0),(fs,0)}. First note
that the function G(u)Y — vG(X) intersects C at (u,v), (61,0), (62,0), (5,0), and at the roots z1, 22 of the

(27)

quadratic in X given by ga(u)X? + ¢1(u)X + go(u), where

g2(u) = (gshs — g2h3)u® + (gsh1 — g1hs)u + gsho — gohs,

(28) q1(w) = (gsh1 — g1ha)u® + (g3ho — gohs + gah1 — giha)u + gaho — goha,
qo(u) = (gsho — gohs)u® + (g2ho — goh2)u + g1ho — goha.

)

From these, we obtain x1 + 22 = —q1(u)/g2(u) and z122 = ¢o(u)/g2(u). The relation (27) is then obtained
by taking the resultant of (z1 + 22)g2(u) + ¢1(u) and (z1x2)g2(u) — go(u) with respect to w. O

Note that (27) is weaker than the condition that D € ((C(K)); the condition equivalent to D € ((C(K))
combines (27) with equations involving y;,y2. When the K-rational degree 1 divisor class has been obtained

using Lemma 8, the same idea applies for describing the embedding explicitly.

Example 5. Let Coy and R be as in Example 3, and let Joy be the Jacobian of Corr. Define the embedding
(:Coy — Jov : P— [P] = R. Then

C((w,v)) = {(z1,11), (x2,y2)}, where x1,z2 are the roots of
(4u4+8u378u2712u+17)X2 —+ (4u4+2u3712u2+7u74v+10)X — (6u4+10u3715u2+4uv712u+4v+7),

(29) and y1 = L(x1),y2 = L(x2), where
LX) = 32u®+64u” —24u’v—40u® —40u’v—96u’ +128u’v+48u° +88u v+ 48u’ ~158uv—122u+500+62 y
16u®+64u” —224u” +8u’ +464u® —128u” —408u+289

+= 16u8 +32u"4+160u’ +8u’v—120u°4+-20u* v—284u? —40u>v4+88u>+96u?v—16u> +198uv—94u—239v+62
16u®+64u” —224u° +8ut+464u> —128u% —408u+289 ’

Proof Recall that R = [Py + (0,v/2) — (—1,—/2)], where Py is as in (15). So, our embedding is given
by ¢((u,v)) = [(u,v)] = R = {(u,v), (=1,—v2)} + {P;, (0, —v/2)}, where as usual P, is the hyperelliptic
involute of Py. One now merely performs the group law on Joy, as follows. Let I'(X) be the unique cubic
polynomial such that ¥ = I'(X) passes through (u,v), (—1,—v/2), Py, (0,—+/2). Then Y = I'(X) and Cors
have six points of intersection, namely (u,v), (=1, —+v/2), Py, (0, —+/2) and two further points Q1, Q2. The
points (z1,y1), (z2,y2) in (29) are then the hyperelliptic involutes of Q1, Q2. a

The techniques available, both for using finite fields to obtain congruence conditions (the flat information)
and for working with local power series (the deep information) are now precisely the same as described in
the previous section, but adapted so that equations such as (27) now perform the role previously performed
by (19). The appendix provides pointers to the programs written to adapt these techniques. Armed with
our explicit descriptions of the Q-rational degree 1 divisor class R and the embedding ¢ : P — [P] — R, we
are now in a position to perform applications of the Brauer-Manin Obstruction, using the description (1)
in Theorem 1. The following example shows how using a genuine embedding of the form P +— [P] — R can

strictly improve on the P+ {P, P} = [P + P — co™ — co™] map of the previous section.

Example 6. Let Coyy and R be as in Example 3, and let Joy be the Jacobian of Coy. Then Joy(Q) has
rank 2 and Coy (Q) = 0.
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Proof Recall from Example 3 that the Jacobian Joyy has no nontrivial torsion over Q, and has Q-rank 2,
with Jopy(Q) generated by the Dy, Dy given in (16). Let R be the Q-rational degree 1 divisor class given
n (15), and as usual define the embedding ¢ : Coy — Jov : P +— [P] — R. Since ( is defined over Q,
any P € Copy(Q) must map to {(P) € J2v(Q), and so ((P) = n1 Dy + na2 Do, for some ny,ng € Z.

First, let (ZU7 sz, 51, 527 E, 5 be the reductions of Corr, Jou, D1, D2, R, modulo 3, in particular, the divi-
sor class R = [(—1—14,1)+(0,i) — (—1,—i)]. Then Cyy (F3) contains only the points: (1,1), (1, —1), 00T, 00,
where the points oo™, 00~ refer to the branches at infinity where Y/X3 is 1, —1, respectively, modulo 3.
Any P € Copy(Q) must have P equal to one of these, and so the possibilities for EE\P/) =({(P)=1[P|-R
can be obtained by computing ¢((1,1)),¢((1,—1)),((c0t) and ((co™). For example, the image of (1,1)
can be computed as C((1,1)) = [(1,1)] = R = {(1,1), (=1 — i, —1)} + {(0, —i), (=1, =)} in oy (F3). We
perform this sum in Jy (F3) by finding y = — (23 + (1 + )22 + iz + i), defined over F3(i), which meets Car/
at the points (1,1),(—1 —4,—1),(0,—i),(—1,—1%), together with the additional two points (1,1),007. It
follows that {(1,1), (=1 — i,—1)} + {(0, =), (=1,—i)} + {(1,1),00"} is the identity in Joy(Fs) and so
C((1,1)) = —={(1,1), 00"} = {(1,—1), 00" }. Similarly, one can compute ¢((1,—1)) = {(=141i,1), (=1—i,1)},
C(oot) = {(1+1i,—i), (1 —i,4)}, and C(c0o™) = {(1,-1), (1,—1)}. In summary, any P € Coy(Q) must satisfy

(30)  C(P)={(1,~1),00"}, {(~1+4,1), (=1 =i, 1)}, {(1+4,—0), (1 —i,i)} or {(1,~1), (L, ~1)}.

Further, the reductions of Dy and Dy modulo 3 are Dy = {(1,1),00%} and Dy = {coT,00™}. On taking
multiples of ﬁl, 52, we find that 1351 and 1352 are the identity in jZU(]Fg;), so that the orders of 51 and 52
are Nl(s) = N2(3) = 13. The other multiples of D, are

1D, = {ooT, 00"}, 2Dy = {(=1+i,—1), (=1 —i,—1)}, 3Dy = {(1,-1),00" },

4Dy = {(1,-1), 00"}, 5Dy = {(141,i), (1 —i,—i)}, 6Dy = {(1,1),(1,1)},

7Dy = {(1,-1),(1,-1)}, 8Dy = {(1 + i, —i), (1 —4,i)}, 9Dy = {(1,1),00" },
10Dy = {(1,1),00%}, 11Dy = {(=1+1i,1), (=1 —i,1)}, 12Dy = {00, 00" }.

The only overlap between the above list and (30) are the multiples 4132,7152,852, 11D,. Since we also
have 51 = 1052, we see that n151+n252 is a member of (30) exactly when 10n;+ne = 4,7,8 or 11 (mod 13).
Since ((P) = n1Dy 4 naDy for some ny,ny € Z, we must also have that C/(\]B/) = nlﬁl + ’I’Lzﬁg, and so we
need only consider nq,no satisfying this condition. Unlike Example 4 we have not shown an immediate

contradiction, but we have found congruence conditions which must be satisfied by n1, ns.
(31) P € Coy(Q) = ¢(P) =n1 Dy + naDs, some ny,ny € Z with 10n; +ne =4,7,8 or 11 (mod 13).

If we now perform the above process, but with reductions modulo 19, we find that D; has order 26 and D
has order 104, with 51 = 3652. The only multiples of 52 which intersect with the possible values of &\P/)
are 23D, 44Dy, 83 D5, 88D, so that

(32) P € Coy(Q) = ((P) =n1D;1 + naDsy, some ny,ng € Z with 36n; + ny = 23,44, 83 or 88 (mod 104).
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However, reducing this last equation modulo 13 gives that 10n; + ny must be 5 or 10 (mod 13), which
contradicts (31). Hence Cop(Q) = 0, as required. O

It is apparent in combining the above sets of congruences that not all of the information is needed,
merely the information after reducing all sets of congruences modulo 13, which we refer to as smoothness
bound B(13). For example, in Table 3 in the appendix, we summarise the entry for Cory as: F1(3,19),B(13),
to indicate that the congruence information obtained at %U(Fg) and ng(IFlg) is sufficient, even after further
reducing all sets of congruences modulo 13. This can be important for examples such as Car,Ca, and Cay,
where five primes are required, and where computing the intersections of the congruence sets would be time
consuming without a smoothness bound. In writing the programs associated to these computations, care
has been taken to quotient out redundant information iteratively as the sets of congruence conditions are
intersected.

Example 6 illustrates how the genuine injection ¢ can improve upon the P — {P, P} map of Section 3. Had
we applied the technique of Example 4 to the curve Coyy the congruence conditions obtained from \%U(Fg)
and \72(](16‘19) would not have been contradictory. Indeed, the collection of congruence conditions using all
primes of good reduction below 100 would still be insufficient. Of the 67 curves resolved by this method,
the improvement using { was computationally crucial for 24 curves, in the sense that their status could be
changed from Unresolved to Resolved using primes of good reduction up to 100. Even for the remaining 43
curves solved by either approach, using ¢ reduced the size of the primes required for a further 13 curves.

The same argument as in Example 6 applies to any of the 38 curves Cy4,...,C1z in Table 1, each with
Jacobian of Q-rank 1, the 28 curves Car,...,Ca4 in Table 3, each with Jacobian of Q-rank 2, and the curve
Csm in Table 4 with Jacobian of Q-rank 3, given in the appendix. Since, as always, we have checked that all
of these curves have points everywhere locally and have absolutely simple Jacobians, we now have nontrivial

examples of Theorem 1.

Corollary 4. There exist, in genus > 1, absolutely simple examples of Theorem 1 using (1) to show
that C(Q) = 0. Specifically, there exist curves C of genus 2 defined over Q, which violate the Hasse prin-
ciple, which have Q-rational divisor classes of degree 1, and whose Jacobians J are absolutely simple and
of Q-rank 1,2 and 3. If II(J) is finite then C(Ag)®" = 0 and so the Brauer-Manin obstruction explains

the violations of Hasse principle for these curves.

Note that in Example 6, we have only used the flat information, by which we mean the information
obtained from (1) after projecting to the residue fields k, of K, at the finite places. Of course, useful
information can also be obtained p-adically beyond that of merely the projection to the residue fields — that
is to say, the deep information. Indeed, one can sometimes combine flat information from one prime and the
deep information from another prime. This is done the following example at two primes, where merely the

flat information would be insufficient.
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Example 7. Let C1p and R be as in Example 1, and let J1p be the Jacobian of C1p. Then J1p(Q) has rank 1
and C15(Q) = 0.

Proof The Jacobian Jj;, has no nontrivial torsion over Q, and has Q-rank 1, with J1,(Q) generated by
Dy = {(—$ + 4 V101, 2200 + 299../101), (— 23 — 4101, 2257 — 599../101)}. Let R be the Q-rational
degree 1 divisor class given in (7), and as usual define the embedding ¢ : C1, — J1p : P — [P] — R. Since ¢
is defined over Q, any P € C15(Q) must map to {(P) € J1,(Q), and so ((P) = ny Dy, for some n, € Z.

First, let 511” jlb, ﬁl, Jif be the reductions of Cyp, J1p, D1, R, modulo 3, in particular, the divisor class
R = [(1,0) 4+ (1 44,0) — (1 — i,0)]. Then Cy,(F3) contains only the point: (1,0); any P € C1,(Q) must
have P = (1,0), and so the only possibility for C/(}S = ((P) = [P] — R is {((1,0)) = {(1 +,0), (1 —i,0)}.
In summary, any P € C1,(Q) must satisfy

—

(33) C(P) = {(1+4,0),(1—,0)} in Jip(Fs).
Further, the reduction of Dy modulo 3 is Dy = {(=1+i,1—4),(—1 —i,1 4 i)}, with multiples given by

1Dy = {(=141i,1—1i), (=1 —4,1+4)}, 2Dy = {(1+4,0),(1—14,0)},

3Dy = {(=141i,—1+1), (=1 —i,—1 — i)}, 4D; = identity,
so that the order of Dj is Nl(g) = 4. The only overlap between the above list and (33) is 2D, giving
(34) P € C1p(Q) = ((P) =n1 Dy, some ny € Z with ny =2 (mod 4).

If we now perform the above process, but with reductions modulo 37, we find that the reduction of D,

modulo 37 has order N1(37) = 27, and imitating the above computations gives
(35) P € C13(Q) = ¢(P) = ny1 Dy, some ny € Z with ny =7 or 20 (mod 27).

Unlike Example 6 we do not have a contradiction from the above flat information at our two primes p = 3, 37,
and indeed no contradiction was ever possible since the orders of the reductions of Dy are 4 and 27, which
are coprime. However, the latter order suggests that we should now go back to the case p = 3, and consider
the deep information there. From (34), we know that ny = 2 4 4m;, for some m; € Z. Let E; = 4D;.
Then FE; is in the kernel of reduction modulo 3, and so the formal group of J1; can be used to describe
n1Dy = (2+4m1)D1 = 2Dy +my E; in terms of power series in m; defined over Zs, using the method in [15].
Computing (23) modulo 3* gives the following initial parts of the power series.

There exist 11(m1), ¥2(ma), ¥s(m1) € Zz[[m1]], congruent (mod 81), respectively, to
(36) 2+ 72my + 54m? + 54m3, 58 + 27my + 18m3 + 54m3, 37 + 45m?2, such that, for all m; € Z,
(2+4m1) D1 = {(z1,51), (T2, ¥2) } = (Y1(m1), Y2(ma), Y3(ma)) = (1,21 + 22, 2122).

To be in ((C15(Q)), we know that (1,21 + x2,x122) satisfy (27) which, for our curve Cy, specialises to
the equation —2(x122)% + z122(21 + 22) + 3(21 + 22)% — 2129 + 2(z1 + 22) + 2 = 0, and so our ¥;(my)
must satisfy —213(m1)? + o (m1)yhs(ma) + 3vha(ma)? — 1 (ma)ihs(ma) + 241 (ma)2(m1) + 241 (m1)? = 0.
Substituting (36) into this last equation and reducing modulo 81 gives 27(1 + m? + m$) = 0 (mod 81). In
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summary, the deep information at p = 3 tells us that
(37) P €Ci(Q) = ¢(P) =n1 Dy, some ny = 2+ 4my with m; € Z and 27(1 +m? +m?) = 0 (mod 81).

Now, this last equation implies 1 +m? 4+ m3 = 0 (mod 3), which is only satisfied when m; =1 (mod 3), and
sony; =24 4m; =0 (mod 3). But this contradicts (35), and so the deep information at p = 3 contradicts
the flat information at p = 37. Hence C1,(Q) = 0, as required. O

5. SUMMARY OF RESULTS

As has been mentioned, an open question (see [27], p.133) in this context is as follows.

Question 1. Is the Brauer-Manin obstruction the only obstruction to the Hasse principle for smooth pro-

jective curves?

We do not intend to claim any evidence in either direction; our aim here has been methodological: to
show how to implement the obstruction in practice, and to find new types of examples with absolutely simple
Jacobians, proving Corollaries 2,3,4. However, it is worth making a few general observations based on these
experimentations. The use of only flat information (as in Example 6) places us at the mercy of whether
there are nontrivial common factors between the orders of the generators modulo different primes; the above
Example 7 shows the potential benefit of combining flat and deep information, since there is a guarantee
that we can construct sets of congruence conditions whose moduli have nontrivial common factors. In that
example, the order of the reduction of D; at p = 37 was 27, which was guaranteed in advance to have a
nontrivial common factor with the modulus of the deep information at p = 3. However it should also be
confessed that for none of our examples did the use of deep information change the status of the curve; even
curve Cyp in Example 7 can be resolved with purely flat information at the prime p = 5. This gives rise to

an associated question.

Question 2. Is the flat information of the Brauer-Manin obstruction the only obstruction to the Hasse

principle for smooth projective curves?

By this we mean, when there does exist a rational divisor class of degree 1, is the technique used in
Example 6 always sufficient? In our computations, this was certainly the case for all rank 1 examples, and so
we can claim some mild evidence for Question 2, at least for genus 2 and rank 1. For these 38 cases, there was
a strong bias towards success using small primes, with 34 of the 38 curves requiring only the flat information
from primes up to 20. The remaining 4 stubborn curves Cir,Cis,Ciy,C1p then required the information
up to 23,29,53,67, respectively. The rank 2 cases also showed a similar reduced benefit per prime as the
size of the primes increase. It is difficult to know to what extent our remaining unresolved examples might
constitute evidence against Question 1; the mere fact that we are not able to resolve a given curve using
Brauer-Manin obstruction information from primes up to some bound, tells us nothing. It is always possible

that the use of a further prime beyond our bounds of computation might show that C(Q) = 0. It is also
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possible in principle that C(Q) # @ for some of our unresolved curves; however, since we know generators
for J(Q) in each case, we were able to run through linear combinations of generators (whose heights increase
exponentially in the multiples) and check that these are not in the image of (. One can then check that there
are no members of C(Q) up to a much larger naive height bound than a direct search on the curve. In this
way, it can easily be checked that none of our unresolved curves have a Q-rational point (z,y), with = a/b,
a,b € Z, ged(a,b) = 1 and |al, |b| < 103°.

If it turns out that the Brauer-Manin obstruction does not explain all violations of the Hasse principle on
curves, then it is natural to ask what other obstructions might be available which are stronger. One possibility
is in the covers literature, such as [5],[6],[7], where techniques to try to find all of C(Q) are described,
which involve towers of 2-covers, some abelian and some nonabelian. If, on further more comprehensive
experimentations, there seem to arise likely negative examples to Question 1, then the techniques in [5],[6],[7]
(also applied in [17],[18],[19]) provide an alternative route for resolving such curves; in such cases, the hard
part of the problem would then be to prove that the Brauer-Manin obstruction fails. This contrasts with
the literature on diagonal surfaces (such as [4],[32]), where the computation of at least the arithmetic part

of the Brauer-Manin obstruction is a finite problem.

APPENDIX: TABLES OF CURVES

The following tables give the current status of our 145 curves of genus 2. For each curve, it was checked
directly that there exists a point over R and Q,, for every prime p < 13 and every prime of bad reduction.
For any prime p > 13 of good reduction, the Hasse-Weil bound |#5(1Fp) —(p+1)] < 2g9,/p, where g =2 is
the genus [33], shows that there is automatically at least one point over the finite field F),, which by Hensel’s
Lemma must lift to a point on C over QQ,. Therefore, all of the following curves have been checked to have
points everywhere locally. Furthermore, all of the curves have been checked not to have any Q-rational
point (z,y), with z = a/b, a,b € Z, ged(a,b) = 1 and |al, |b] < 103°.

The Jacobian of the curve Cor in Table 3 is not absolutely simple, since there is a map
(X,Y) = (—((X +1)/(X — 1)) 8Y/(X —19)*)

from Car to the elliptic curve Y2 = (4 — 34) X3 + (60 — 23¢) X2 + (60 + 23i) X + (4 + 3i). The Jacobian of Cor
is isogenous to the Weil restriction of scalars from Q(i) to @ of this elliptic curve. For the other curves,
the technique in [28] tells us that the Jacobian is absolutely simple if any prime p of good reduction can be

2_
found such that a2 — 4(b, — 2p) is not a square in Q and X* — b";sz?’ + 22 22p+2pX2 - ZWTZI)X +1#0 for

all X equal to an nth root of unity, for n € {1,2,3,4,5,6,8,10,12}. Here, a, and b, represent the standard
quantities a, = p + 1 — #C(F,) and b, = #C(F,2) + L(#C(F,))? — (p + 1)#C(F,) + p. We found that, for
all curves except Cor, this condition was satisfied for at least one of p = 3,5,7,11,13,17,19. Therefore, all
curves except Cor have been proved to have Jacobians which are absolutely simple, that is to say, which are

geometrically non-isogenous to the product of elliptic curves.
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The tables are sorted in order of increasing rank of J(Q). In each row, the left hand entry gives the
name of the curve; this is followed by the equation of the curve, the rank of J(Q) and the status of the
curve. When the status is listed as Unresolved we do not know whether there exists a member of C(Q).
The status #J(Q) = 1 = C(Q) = 0 means that the rank of J(Q) is 0 and there is no nontrivial torsion;
it can then be shown that C(Q) = ), using the same argument given for Cy; in Example 1. The status No
Deg-1-Div-Class/Q = C(Q) = (), means that C(Q) has been proved to be empty by showing the nonexistence
of a Q-rational divisor class of degree 1, in the style of Example 2. When the status is listed in the form
Fl(p1,...,pk), B(N) = C(Q) = 0, this means that there does exist a Q-rational divisor class R of degree 1,
and that the flat information from ¢ : P — [P] — R at pi1,...,pg proves that C(Q) = 0, in the style
of Example 6. The entry B(NV) gives a smoothness bound which eases the computations; it indicates that
the combined flat congruence information is sufficient even after reducing all sets of congruences modulo N.
Of course, the choice of R is not unique; however, any two Q-rational divisors classes R, R’ of degree 1
satisfy R — R’ € J(Q). Replacing R by R’ in the definition of { merely translates the computations by a
fixed member of J(Q) and does not affect whether the resulting congruences are contradictory. Therefore,
the choice of R does not affect the result of the computation.

More details of the computations have been placed in files available at

www.maths.ox.ac.uk /~flynn/genus2/manin/

These include more information about each curve, such as sets of generators for each J(Q), and a range of
programs written in magma [20], which perform computations such as those in Example 6. Some attempts
at efficiency have been made in these programs, since a purely naive combining of the sets of congruence
information would rapidly explode. In particular, out of our entire set .S of congruences, we iteratively focus
on the current highest prime power p” which occurs as a factor of more than one modulus, and combine the
associated subset T of congruences (whose moduli are divisible by p") into a single congruence modulo m,
say; once this has been completed, it is safe to reduce this congruence modulo m/p, since no other modulus
will now be divisible by p”. We then adjust S by replacing all of T" by this single congruence. The new
version of S will not have congruences with moduli divisible by p” and so we can repeat the process, but
concentrating on the new (and smaller) largest prime power dividing more than one modulus.

There are also independent subroutines available at the above site, which perform the prerequisite pro-
cesses — for example, computing a Q-rational divisor class R of degree 1, when given D € kery which is not
in 27(Q), as in Example 3, and computing the corresponding map ¢, as in (29). Examples are given in
the files where the programs are used to show that C(Q) = ) by computing the Brauer-Manin information.
By imitating these, it should be straightforward for readers to use these programs to compute their own
examples. The programs make regular use of routines (such as CosetIntersection) by Nils Bruin, which will

appear in Magma 2.11, and are included in the routine library [8].
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C f
| Co | Y2 = (X0t X° e Rk | Status |
i S B BT i
COc Y2 _ (Xg +X2 1 X3 2 - ) 0 #jOb(Q) =1 = COb(Q) = @
Coa |Y? = —(X°— ¥ )&3 ++2§(2 +;{ 2 0 #Joc(Q) =1 = Coc(Q) =0
COe Y2 — (X3 + XQ )( - X +2 ) 0 #ﬂ)d(@) =1 = COd(Q) = (Z)
Cop |Y? = —(X*+X241)(X? X+2) ’ #J0(Q) =1 = Coo(Q) =0
Cog |Y? = (X3- 2X —2)(2x3 — ox? )QX X #Jor(Q =1 = Cor(Q) =0
o v Z owonev-xen o £(@ =1 = Coy(Q) =0
CO' Y2 — (XB X2 1 2X3 9 ) 0 #jOh(Q) =1 = COh(Q) = @
Co;‘ Y? = (XP*+X +_1)2§X3 _+1§( —X+ 8 #J0i(Q) =1 = Cou(Q) =0
Cia 2 _ 2 #J0;,( Q) =1 = C(Cu;(Q) =0
Cib 3};2 = —E§3 j——§ 1)(§§ i X32+ X+ X+2) L FIJ(3)’ B(2) = C(l)iz((Q)) =0
o R T i i P Fl(?Fl()5), Ao
Cig | Y2 = —X6_x5_ 13),B(77) = Ci1(Q) =0
Ci V2o o= —fg(?’ +)§(2 +22X4X_32X3 PN . FI(3,11), B(7) - = CidEQ)) =0
Cif |Y? = —X0-X°— Xgl(—k X—g X); K ! FI(5,7,19), B(30) = C1c(Q) =0
Ciy | Y2 = —X6_X5_ x3_ X2 - X s ! F1(11),B(20) = Ci7(Q) =10
Cip |Y?2 = —X6_X54 X144 X3 N tQ ! FI(3),B(2) = (14(Q) =0
Cii |Y? = —X6—X4f2X3+ QX_; 2K — X2 ! F1(19),B(11) = Cin(Q) =10
Ciy |Y? = —(X°+X- 1)(X;+ 2) R i FI(19), B(11) = Ci(Q) =0
Cor | Y2 = 2X6_2X% _2X% 4 X34+ X2 X — ! FI(5,13),B(3) = C1;(Q) =0
Cu |Y?2 = (2X3-2X24+1)(X3—-X—1) ! 1 FI(5,7),B(19) = Cix(Q) =10
Com | Y2 = 2X6_2X5 —2X4 4 X3 42X2 42 FI(3,5),B(4) = Cu(Q) =0
G|V 2 0 x e ox ) . FIOL 13).B(3) = Cim(Q) =0
Cio |Y? = 2X6-2X5_-2X3 9x? - B 1 FI(3,5),B(4) = Cin(Q) =0
> _ ox® R S 1 FI(19),B(5) = C1,(Q) =0
Cip, |Y? = 2X6_2X54 X*—2X% - 2X2 92X — Lo
Ciy | Y2 = (X*—X2-1)X°+X 1 FU6T). B250) = Cn(@) =0
o ly2 — oxe_oxs +X+2) 1 FI(3,13),B(8) = Ciy(Q) =0
Clr ; = 2X6 - 2)§ +2X4-2X3 - X2 -X -1 1 Fi(5,11),B(11) = clq(Q) 0
s = _ _ 4 ’ ’ 1r =
CL L 2X2 X5 —2X*—2X34+2X%2-X -1 1 F1(29),B(28) = C1,(Q) =10
Lt = (X2+X+1)(2X" -2X° - X? +2X —2 ’
Ciu |V2 = 2X6 X4 X34 X2_-X -1 e FI(11),B(10) = Ci(Q) =0
Cio |Y?2 = 2X04 X4 X3_2X2_92X -1 . FI(13),B(12) = (1, (Q) =0
Ciw | Y2 = 2X5_2X° 42X -3 ! FI(3,5),B(3) = C1,(Q) =10
Cio |Y? = 2X6_ X5 X2 42X -3 : FI(7), B(17) = C1u(Q) =0
o |y = oxe_ x5 oxe ! FI(3),B(1) = C1,(Q) =0
ly 2X0 — X% 42X —2X3 - X2-2X -3 ®
9 6 4 1 F1(17,53),B(87) = C(C1,(Q) =10
Ci, |Y?2 = 2X6_X*_-2X3_-2X24+2X -3 1 15(Q)
Cp | Y2 = —(X3+X+1)2X3 - 3X2 : FI(3),B(4) = C1a(Q) =0
Cic | Y? = —(2X%-2X? (X ;3X3 _ 3)2 L FI(5),B(33) = Cip(Q) =0
Cip | Y2 = —X5_2X° :5FX4 _ 4))(()3( X AXAD L FI(5),B(9) = Cic(Q) =0
Cip |V = —(X°+ X7 42X 11 AR ! FI(3,13,17),B(21) = Cip(Q) =0
Cr | Y2 = —(X°-X%-1 ;3 ) 2_X FX-3) )1 F1(7) B(l4) = Cip(Q) =0
Cio | Y2 = (X7 - 2x? PR IR 1 FI(7,19),B(3) = Cir(Q)=0
R 2X5 - X = 2)(X° 4 X +1) 1 FI(5),B(15) = Cic(Q) =0
ur | YO = (X3 —X24+X+1)2X3+2X24+3X+2) | 1 FI(5),B(3) = C _
Cir |Y? = (X3+X24+X+3)(2X°-2X2+3X-2) | 1 ’ 1(Q) =0
ClJ Y2 = (2X3 +2X — )(X3 X2 ) F1(5)7 B(7) = Cll(@) = (b
Cig |Y? = (XP4+X-1)(2Xx3 ++3X2 X+1) 1 FI(3,19),B(2) = C1;(Q) =10
cr v 2 St 7 ' FIG),B(7) = Cix(Q) =0
Civ | Y? = —2(X?2+X+1)(X? ) 2 ! FI(7,11,23),B(18) = (1.(Q) =0
en [ve 2 e x s e San(x ) L | No Degrd-Div-Class/Q = Cu(@) =0
- 1 | No Deg-1-Div-Class/Q = C _
Cio | Y2 = —2(X+ X 4 1)(X? 4 40)(X? - 38) 1 o 1.Div-Class w(Q) =1
9 No Deg-1-Div-Class/Q = C -
Cip |Y? = —2(X?+ X +1)(X? - 54)(X? +56) 1 | No Deg-1-Div-Class/Q = CLO,E% - 3

Table 1. All Rank 0 and 1 Examples
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’ C | Equation | Rk | Status ‘
Coo |Y? = —(2X°+X+2)(X°+X%2-1) 2 | Unresolved
Cop |Y? = —2X0-2X°4+X*—-2X3-X24+X+2 2 | Unresolved
Cope |Y?2 = —2X0_2X°4 X4 X3 _-X24+X+2 2 | Unresolved
Cog | Y2 = —2X0_2X5°42X*—X3-2X+2 2 | Unresolved
Coe |Y2 = —2X0_X5_-2X*_-2X3-X+2 2 | Unresolved
Cop |Y? = —2X0—-X5—X*4+2X34+X2+2X+2 2 | Unresolved
Cog |Y? = —XO0-—2X5—_2X1_- X34 X2-2X+2 2 | Unresolved
Cop |Y? = —X0_-2X5—-X*_X3+4+2 2 | Unresolved
Coi |Y2 = —X6_92X5_X4_X34+X2_-2X+2 2 | Unresolved
Coj | Y2 = —X0-—2X5-2X3_-X+2 2 | Unresolved
Corp Y2 = —X6_-2X5-_X3_-X242 2 | Unresolved
Coyy |Y?2 = X0 _2XP4+X*—-X34+X2_X+42 2 | Unresolved
Com |Y? = —X60_-2X5_-2X4_X3_-X+42 2 | Unresolved
Cop |Y? = X0 _X542X*—-2X3_X+42 2 | Unresolved
Coo |YV2 = —X0_X542X*_-2X2_X+42 2 | Unresolved
Cap Y2 = —X042X* - X34+X+42 2 | Unresolved
Cog | Y2 = 2X°0-2X°+X3-X-1 2 | Unresolved
Cor |Y? = 2X6—-2X54+2X4-2X24+X+2 2 | Unresolved
Cos |Y? = 2X6 - X5—-2X44+2X3-2X -2 2 | Unresolved
Coy |Y?2 = 2X0_2X* - X34+X2-X-1 2 | Unresolved
Cow |Y2 = 2X6_X342X242 2 | Unresolved
Cop |Y?2 = 2X6-X342X24+X -1 2 | Unresolved
Cow |Y? = —2X0_-2X%_-4X*4+4X3+3X2+8X+5| 2 | Unresolved
Cop |Y? = —2X0_-X5_5X*—-X24+3X+2 2 | Unresolved
Coy | Y2 = —2X6_-3X*4+4X%24+2X+5 2 | Unresolved
Ca. | Y2 —2X6 - 3X* +4X3+4X2+6X +5 2 | Unresolved
Con |Y? = —(X?-X24+X-3)(2X3+2X?2+3X+2)| 2 | Unresolved
Cop | Y?2 = —2X042X5—-4X*4+4X3+4+3X2+4X+5| 2 | Unresolved
Coc |Y? = —2XO044X5-3X*—-4X3+4X2-6X+5| 2 | Unresolved
Cop | Y2 = —X0_-2X5_3X*—-5X3—-X+2 2 | Unresolved
Cop | Y2 —X64+3X34+3X%24+5X+2 2 | Unresolved
Cor |Y? = 2X60 —4X° + X* 4+ 5X3+5X%2+11X+6 2 | Unresolved
Coz | Y? = 2X0-92X%_-3X*4_-2X34+3X24+2X+38 2 | Unresolved
Cor |Y? = 2X6-2X543X*-X3-5X2+3X—-6 2 | Unresolved
Cor |Y? = 2X0-4X*4+2X24+2X+38 2 | Unresolved
Coy |Y?2 = 2X045X44+3X34+X24+5X -2 2 | Unresolved
Cox | Y? = 2X045X*4+4X34+6X -3 2 | Unresolved
Cor |Y?2 = 2X644X5-4X*4+2X2-2X+38 2 | Unresolved
Cormi | Y? = 2X644X5-3X*-X34+X?2-3X+6 2 | Unresolved
Con |Y? = 2X044X5+X3-3X2-X-1 2 | Unresolved
Coo | Y? = 2X0 44X° + X4 +4X% -3X2+2X -2 2 | Unresolved
Cop | Y2 = (2X34+2X24+X+2)(X?+X2+X —1) 2 | Unresolved
Cag |V? = —X0—-2X°-2X*—- X34+ X?+10X+15 | 2 | Unresolved
Cop |Y? = —X0_-X5_5X*—-2X34+4X24+8X +21 2 | Unresolved
Cos |Y? = —XO43X54+3X%—-4X3-4X2—-4X+5 2 | Unresolved

Table 2. Unresolved Rank 2 Examples

21
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’ C | Equation | Rk | Status ‘
Cor [ Y2 = —2X°%-2X°-X3-2X+2 2 F1(3,13,17,37,41),B(90) = Caor(Q) =10
Coy | Y2 = —2X0-2X5+4+2X%4+ X3 -2X%2-X+2 2 F1(3,19),B(13) = Coww(Q) =0
Cov | Y2 = —2X0 - X5-2X*-2X3-X2+2X+2 2 F1(5),B(9) = Cov(Q) =10
Cow | Y2 = —X6-2X54+ X442X3+2X2+ X +2 2 F1(79),B(80) = Cow(Q) =0
Cox | Y2 = —(X2+1)(X*+2X3+X? - X —2) 2 FI1(3),B(20) = Cox(Q) =0
Coy |Y?2 = —X0_-2X°_-2X44+X342X%2-X+2 2 F1(3,19,43),B(30) = Coy(Q) =10
Coz |Y?2 = —X6-X°-2X4-2X34+2X2 - X +2 2 FI(7),B(11) = C22(Q)=10
Coo |Y?2 = —XO64+2X5-X34X+2 2 FI(7),B(8) = (2. (Q)=10
Coyp | Y2 = 2X0-2X° - X4+ - X3 - X +2 2 F1(5),B(9) = C3(Q) =10
Coy | Y2 = 2X6-2X°-—X34X?-X-1 2 FI(11),B(17) = (2,(Q) =10
Coys |Y?2 = 2X0-2X°+ X4 - X3 -X24+X -1 2 F1(3,5,7,19),B(15) = C25(Q) =10
Cae |YV? = 2X6-2X° 42X -X3-X -1 2 FI(3),B(3) = (C2(Q) =10
Coe | Y2 = 2X6-2X4 - X34+ X%2+X -2 2 FI(3),B(2) = C(Cx(Q) =0
Coy | Y2 = 2X6-2X34+2X2+X+2 2 F1(5),B(8) = (2,(Q) =0
Co |Y? = 2X0-X3-X2-X-1 2 FI(3),B(4) = (C2(Q) =0
Co |Y? = —2X®4+2X5-2X1-3X3+3X2-3X+3]| 2 F1(29),B(149) = (2,(Q) =10
Cow | Y2 = —X6-2X° 4X*+5X2 44X +8 2 FI(7),B(11) = C2.(Q) =10
Con |YV? = —(X3-X?2+X-2)(X3+X2+3X+1) 2 F1(3,11,13,37),B(380) = (o (Q) =10
Cop |Y? = —(X3-X?2-X-1)(X*+X2+X+2) 2 | FI(7,19,23,53,67),B(308) = (3,(Q) =0
Co |Y?2 = —XO642X5—4X*+4X3 44X +3 2 F1(13),B(16) = C2,(Q) =10
Coe |Y? = 2X65—-4X°-3X'+6X+5 2 FI(53),B(40) = C2(Q) =10
Cor |Y? = 2X6—4X°+X*—4X34+5X2+2X+6 2 FI(11),B(29) = Cor(Q) =10
Cop |Y? = 2X0—XP42X%+4X3-3X2+7X -3 2 F1(5),B(3) = (C2,(Q) =0
Coy | Y? 2X0 +2X5+2X% - 5X3 +3X2 -5X +3 2 FI(11,31,59),B(6) = C2,(Q) =10
Coe |Y?2 = —X6-3X5—4X*+2X3-X2+8X+27 | 2 FI(3,13,41),B(18) = C(Cac(Q) =10
Cor |Y?2 = —X6-4X%-2X3+5X24+4X+15 2 F1(3,19,23),B(70) = (2, (Q) =0
Cop |Y?2 = —X6_-3X4-4X34+X248X+19 2 F1(11,13),B(7) = (2,(Q) =10
Cop |Y?2 = —XO6—-2X* - X345X%+2X+7 2 | FI1(3,29,43,47,59),B(396) = C(24(Q) =0
Cop | Y2 = —2(X24+ X +1)(X?—20)(X%+22) 2 No Deg-1-Div-Class/Q = C2,(Q) =10
Coy | Y2 = —(7X%+34)(2X?% +4X +5)(X? — 26) 2 No Deg-1-Div-Class/Q = (2, (Q) =0
Cop | Y2 = —3(4X2—29)(2X2+4X +5)(X?+12) 2 No Deg-1-Div-Class/Q = Cou(Q) =10
Cow |Y? = (2X2+4X +5)(11X2 +20)(4X2 + 13) 2 No Deg-1-Div-Class/Q = Ca,(Q) =10

Table 3. Resolved Rank 2 Examples

’ C | Equation | Rk | Status ‘
Cs, |Y?2 = —2X0_2X° —X*T_X3_X+2 3 Unresolved
Cyp | Y2 = —2X0_-2X5_X342X2_2X+42 3 Unresolved
C3e |Y?2 = —2X0_X*_X3_2X2_X+2 3 Unresolved
Csqg | Y? = —X60—2X*—X3-2X2+42 3 Unresolved
Cse |Y? = —X6_X3_X2_X+2 3 Unresolved
Cap |Y? = 2X6-2X°-2X*-2X3-2X2-X+2]| 3 Unresolved
Cag |Y? = 2X642X5+2X*+X3-2X2-X+2 3 Unresolved
Csn | Y2 = 2X6_-2X°—2X*44+2X3-2X24+X-3| 3 Unresolved
Cyi |Y?2 = 2X6_X°_2Xx%42Xx3-2X2-3 3 Unresolved
Cs; Y2 = 2X6-X5+2X3-2X2-3 3 Unresolved
Csr, |Y? = 2X0-—X54+2X4_-2X3-2X-3 3 Unresolved
Cy |Y? = 2X0—X54+2X*44+2X3-X24+2X-3 | 3 Unresolved
Cam |Y? = 2X6-X*-X?-X?2-X-3 3 F1(3),B(10) = C(3,(Q) =10
Can | Y2 = —2(2X2+4X +5)(X2 - 17)(2X2 +11) 3 | No Deg-1-Div-Class/Q = C3,(Q) =0
Cao | Y2 = (2X%2+4X +5)(7TX2+16)(2X% +11) 3 | No Deg-1-Div-Class/Q = C(C3,(Q) =10
Cap | Y2 = —3(2X?—-19)(2X2 +4X +5)(X? +38) 3 | No Deg-1-Div-Class/Q = (3,(Q) =10

Table 4. All Rank 3 Examples
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