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Chapter 1

Enzyme kinetics

Suppose that two chemicals, A and B say, react together on collision to produce the
product C. The law of mass action states that the rate at which the reaction takes
place is proportional to the number of sufficiently energetic collisions between the
molecules A and B per unit time, which in turn is taken to be proportional to the
concentrations of A and B. Thus we write

k
A+B—=C (1.1)

and, taking A, B, C to be the concentration of A, B and C respectively,

dC

pr kAB. (1.2)
The constant of proportionality k£ is known as the rate constant for the reaction, and
depends on the geometrical shapes and sizes of the reactant molecules or ions, and
on the temperature of the mixture.

While the law of mass action is extremely useful, there are many reactions to which
it cannot be applied, usually because the reaction proceeds by a complex mechanism
involving many elementary steps of the form (1.1). Often for biochemical reactions
things are further complicated by the fact that many of the intermediate steps are
unknown.

1.1 Michaelis-Menten kinetics

Many biochemical reactions are catalysed by enzymes. A catalyst is a molecule that
helps to convert other molecules (called substrates) into products, but is not itself used
up in the reaction. Enzymes are proteins which are extremely efficient catalysts, often
giving increases in the rate of reaction by a factor of 107 or more. Just as importantly,
they are highly specific, catalysing only one reaction of one specific substrate or family
of substrates. Enzymes are also regulated, responding to a complicated network of
positive and negative feedback mechanisms, thus allowing the rate of reaction to be
precisely controlled.



Figure 1.1: Schematic representation of the Michaelis-Menten reaction scheme

An enzyme works by lowering the activation energy of the reaction. This it may
do by a number of different mechanisms. For example, it may aid in overcoming the
electrostatic repulsion of like-charged molecules, or it may help in breaking existing
bonds within the substrate.

A simple model for the action of an enzyme on a single substrate was formulated
by Michaelis and Menten in 1913. They proposed that the reaction proceeds in two
steps, as shown in figure 1.1. Firstly, the enzyme E may bind with the substrate S
to form a complex C. Secondly, the complex C may break down into the product P,
releasing the enzyme at the same time. The basic Michaelis-Menten reaction scheme

18
k1 ko
S+E=C 3 E+P. (1.3)

—1

Applying the law of mass action to each of the steps separately, with S = concentra-
tion of S, etc., gives

ds

E - k_lc—klsE,

E

Cf:l_t = (k_1+4 k2)C — K, SE,

‘fi—f = kSE — (k2 +k 1)C,

dP

— = k(. 1.4
= kC (14)

In writing down equations such as (1.4) (and indeed (1.2)) we are assuming that
the medium in which the reaction is taking place is well-stirred, so that the concen-
trations of reactants are uniform in space. If this were not the case then we would
need to allow the concentrations to be functions of position as well as time (so that we
would have partial differential equations rather than ordinary differential equations)
and we would need to take into account the diffusion and convection of reactants.

The overall reaction may be denoted as

S5 P, (1.5)

where r denotes the overall reaction rate. Although (1.5) has the appearance of a
first order reaction, the reaction rate r = koC' is not constant (we shall see that it is
effectively a function of S); this is a consequence of the fact that the overall reaction
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consists of a number of intermediate steps. Often biochemical reactions are modelled
by the Hill equation on
"= Kn L gn (1.6)
an example being in the modelling of blood cell production in chapter 8. A particular
example of this can be derived in models of enzyme kinetics, and in particular for
those of cooperative enzymes, where the case n > 1 may be derived.
The set of four equations in (1.4) is nonlinear and apparently intractable, but it
may be simplified by noting firstly that the equation for P uncouples from the others,
i.e., it can be found by direct integration once the other three equations for £, C' and

S have been solved. Secondly, if we add equations (1.4); and (1.4)s, then we see that
E+C=E, (1.7)

is constant. This expresses the conservation of enzyme, and is a consequence of the
observation that the enzyme is neither produced nor consumed, the total of bound
and unbound enzyme being a constant quantity. This, together with the uncoupling
of P, allows the system to be reduced to just two equations for C' and 5;

% = k.1C —kS(Ey—C),
dcC
= hiS(Bo—0) = (ke +k-1)C. (1.8)

Typical initial conditions for the system (1.4) would consist of given concentrations
of substrate and enzyme, and no product or complex, that is, P = C =0, S = S,
E = E,. For (1.8), we therefore have

S=8S, C=0 at t=0. (1.9)

The first step in a systematic mathematical analysis is to nondimensionalise the
system. We set

tl
= = F = — 1.1
S S()S, C oC, t klEO, ( 0)
to give
ds - _ —s+c(s+ K —)) (1.11)
' ’ '
d
ad—; = s—(s+K')c, (1.12)
with initial conditions
s(0) =1, c(0) =0, (1.13)
where koi+k k E
K=ttt A= 2 -0
kiSo k1So’ © So

The remarkable effectiveness of enzymes as catalysts is reflected in the extremely
small concentrations needed in comparison to the substrate. Thus the parameter

3



reaction
rate

Figure 1.2: A typical Michaelis-Menten reaction rate

is small, typically in the range 1072 to 10~7. This means that the reaction (1.12)
equilibriates very rapidly by comparison with (1.11), and remains near equilibrium

dc
even as s changes. Thus, to a first approximation we may take e— = 0, so that

dt’
S
= Sr K (1.14)
ds S
N (1.15)

The approximation above is known as the quasi-steady state approximation. Note
that we are not claiming that dc/dt’ = 0; ¢ will vary through equation (1.14) as s
varies.

The quasi-steady state approximation was first used by Briggs and Haldane in
1925, and is the basis for most present-day descriptions of enzyme reactions!. Equa-
tion (1.15) describes the rate of transformation of the substrate, and is known as
a Michaelis-Menten law. It has the general property of enzyme-catalysed reactions
that for small concentrations of substrates the reaction rate is linear in the substrate
concentration, as in the law of mass action, but for large substrate concentrations the
reaction rate approaches a constant value (as the enzyme is working at full capac-

ity). Dimensionally, under the quasi-steady state approximation, the rate of reaction

_ 4P _ = dS —SoEok1— ds and thus

Todt - dt dt!’
ko EoS
= 1.16
K+ S’ (1.16)
where the Michaelis constant is
K=tk (1.17)
ky

Although the individual reaction rate constants are difficult to measure, the ratio K
can be measured relatively easily due to the observation that the initial reaction rate

!In fact Briggs and Haldane arrived at the approximation by the erroneous argument that the
rates of formation and breakdown of complex were essentially equal at all times, so that dC/dt
should be zero.



Figure 1.3: A Lineweaver-Burk plot

ro at t = 0 is given by
1 1 K 1

To kyEo Sy’

To B k‘QEO

so that 1/rg is a linear function of 1/Sy. Plots of 1/ry against 1/Sy are known as
Lineweaver- Burk plots; from them K and ko Fy can be found. Data such as that indi-
cated in figure 1.3 is obtained by repeating the experiment for a number of different
initial substrate concentrations, and then plotting the initial (apparent) reaction rate
as a function of initial substrate concentration.

Note that with ¢ given by (1.14),

_oos(0) 1
O=T+r 13K

£0, (1.18)

so that the initial condition is not satisfied. There is an initial rapid transient (a
boundary layer in time) when ¢ = O(¢), during which the quasi-steady state approx-
imation does not hold. To examine this transient we rescale the time variable by
writing ¢’ = e7 to give

Zj N (1.19)
dc

& s (s+K'e 1.2
o s—(s+ K')c (1.20)

Thus to leading order ds/dt = 0, so that s is constant. Since s(0) = 1 we therefore
have s = 1, giving
dc
% 11+ K, 1.21
& 1 (4K (1.21)
so that
1

1+ K
This short-time behaviour satisfies the initial condition ¢(0) = 0, and gives ¢ —

1/(1 + K') as we move out of the boundary layer (as 7 — oc0) in agreement with
(1.18).

c (1—e 7). (1.22)



1.2 Inhibitors

An enzyme inhibitor is a substance which inhibits the catalytic action of the enzyme.
Inhibition is a common feature of enzyme catalysed reactions, and is a means by
which the activity of enzymes may be controlled.

There are many different types of enzyme inhibitors. Two common types of en-
zyme inhibitor which may be easily modelled are competitive inhibitors and allosteric
inhibitors. To understand the way that an inhibitor works, and the distinction be-
tween competitive and allosteric inhibition, it is useful to recall that enzymes are
usually large proteins (usually much larger than the substrate molecule), and that
their catalytic properties are believed to arise from active sites embedded in the
enzyme to which the substrate can bind. The active sites arise as a result of the
three-dimensional structure of the enzyme molecule, and are highly specific, with
the substrate matching the site in a “lock-and-key” fashion. However, if another
molecule has a similar structure to the substrate molecule, it may also bind to the
active site, preventing the binding of the substrate, and decreasing the effectivity of
the enzyme. Because the inhibitor molecule binds to the active site in competition
with the substrate, such inhibition is called competitive inhibition.

However, enzymes usually have many other binding sites, distinct from the active
site. These other binding sites are known as allosteric or regulatory binding sites.
When a molecule binds to one of these other sites it may alter the three-dimensional
shape of the enzyme, thus affecting the binding of the substrate at the active site. The
molecules that bind at the allosteric sites are called effectors or modifiers. They may
increase the effectiveness of the active site, in which case they are called allosteric ac-
tivators, or they may decrease the effectiveness, in which case they are called allosteric
inhibitors.

1.2.1 Competitive Inhibition

The simplest model example of a competitive inhibitor is one in which the substrate
cannot bind when the inhibitor is bound to the enzyme, so that the reaction stops.
Labelling the inhibitor as I, and denoting the enzyme complex with the substrate Cg
and the enzyme complex with the inhibitor Cj, the reaction scheme is

k1 ko
S+E = Cs 3 E+P,
1

k3
E+1 = G (1.23)
k_3
Using the law of mass action gives
ds
— = k1Cs— Kk SE
dt 1vs 1 )
dl
— = k_3C; —k3lE
dt 3vI 3 )



dE
= (k',l + kg)CS — leE + k',gc[ — k3IE,

dt
dcC'
d—ts = kSE — (ky+k_1)Cs,
dCy
— = k3lE —k_3C
dt 3 3Vr,
dP
— koCls. 1.24
dt 7S (1.24)
dE+Cs+C
As before the equation for P decouples and (B+ dts +Cr) = 0, so that enzyme is
conserved and
E+Cs+ Cr = Ey. (1.25)
Under the quasi-steady state approximation
K;EyS
CS = )
K.,I+ K;S+ K, K;
K,,Eol
= 1.2
Cr Kl + K;S + K K’ (1.26)
where o+ k .
K, —2""1 g -3 1.27
ky ks’ ( )
and the rate of reaction is
ko EgSK;

= 1.28

"7 Kl + KiS + KK (1.28)
(see also question 1.3). The effect of the inhibitor is to increase the effective equilib-
rium constant of the enzyme by a factor of 1+ I/K; from K,, to K,,(1+ I/K;).

1.2.2 Allosteric Inhibition

If the inhibitor binds at a different site from the active site (i. e., at an allosteric site),
then it is possible for the enzyme to be bound to both the inhibitor and the substrate
at the same time, and there are four possible states for the enzyme, which we denote
by E (unbound), Cg (bound to the substrate only), C; (bound to the inhibitor only)
and Cig (bound to the substrate and the inhibitor). The reaction scheme is then

k1 ko
S+E = Cs 3 B+P,
1

k3
E+1 = C
k_s3
k3 k_1

Cs+I = Csg = Ci+S. (1.29)
k_3 k

1



Figure 1.4: Schematic representation of an enzyme with two active sites

The possible states of the enzyme and the rates of transition between these states are

kls k2
E ];=\ Cs — E+P
-1
ksl |1 k_s ksl |1 k_s (1.30)
k1S
CI = CIS .

=
-

The analysis of the model now proceeds in much the same way as before. Under the
quasi-steady state approximation the rate of reaction is

. (T‘maXK3> S(k_l + k3[ + k:lS + k_g)
- NI+ K3/ \ki(S+ K1)? + (S + K1) (ksl + k_3 + k) + kok_3/k:
where K3 = k_3/k3 and Kl = k_l/kl.

) . (1.31)

1.3 Cooperative systems

Often the reaction rates of enzyme-catalysed reactions are more sigmoidal in nature
than is predicted by the simple Michaelis-Menten law. This can result from cooper-
ative effects.

Many enzymes have more than one active site, so that many substrate molecules
can bind to the enzyme at the same time. Moreover, if a substrate molecule is bound
at one active site, this can affect the binding of substrate molecules at other active
sites (as in allosteric activation/inhibition).

Consider the simplest cooperative system of an enzyme with two active sites, as
shown in figure 1.4. Assuming the two active sites to be identical, and denoting the
enzyme complex with one substrate molecule (at either site) by C; and with two
substrate molecules by C,, the reaction scheme is

k1 k
S+Ek;‘ Ci 2 E~+P,
—1

k
S+C = G e +P. (1.32)
-3
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As usual P will uncouple and enzyme will be conserved, so that F 4+ C; + Cy = Ej.
Thus we only need to write down the remaining equations for S, C; and C5. These

are
ds
— k_1Cy — k1SE + k_3Cy — k3SCh,
dt
dCy
o k1SE — (ks + k—1)C1 — k3SCy + (k4 + k_3)Ca,
dcC.
d—; ksSCy — (kg + k_3)Cs. (1.33)
Nondimensionalising by setting
S = SS(), Cl = ClEo, Cg = CQE(], t= tl/klEo, (1.34)
gives
ds ]{J_l k—S k3
ek — (1 —¢ — 2T ey 22
o klsocl s(1—cp—co)+ k150c2 klscl,
6@ = s(l—c —c)—%c—@sc +k4+k73c
ar e kiSo ki k1So
d(32 k‘g k4 + ]{3_3
=2 B, M T 1.
€ o » scy TS Co (1.35)

As before, we suppose € < 1, whence we deduce the quasi-steady state approximation

k? + k—l k3 k4 + k_g
0 ~ s(l—cj—cp) — 2 “lg— 3 TS,
s(1—c1 —cg) TS c1 klscl + 7150 Co
ks ky+k 3
0 ~ — - 1.36
51 mSe (1.36)
i.e.,
B Kis
“ T P K+ KKy
- i (1.37)
T P Kps+ KKy '
where
K k_1 4+ ko K ks + k_3 (1.38)
Y kS 27 kS, '

Dimensionally, under the quasi-steady state assumption, the rate of reaction is found

after some algebra to be
(ko Ko + k4S)EoS

= 1.39
’ KKy + KyS + 82’ ( )
Where koi+k ky + k
Ki=—1"2 Kg,="21"3 (1.40)
ky k3



|
1
1

conformational change

Figure 1.5: A schematic diagram of the reaction scheme for a simple Monod-Wyman-
Changeux model.

If the rates of binding (and reaction) at each site are identical and independent
then
kl - 2k3, k_3 - 2k_1, k4 - 2]{32 (141)

The reaction rate is then given by

 2kyE,S

TS kLS (1.42)
where ok ;
K= % (1.43)
1

Thus, as expected, the reaction rate is exactly twice that for an enzyme with a single
active site.

If cooperativity is large then the rate of binding of the first substrate molecule is
small, but the rate of binding of the second once the first is attached is large. This
corresponds to the limit &y — 0, k3 — oo, with ki ks finite, so that K; — oo, Ky — 0,
with K7 K, finite. In this limit the reaction rate

kyEyS?

N ———— 1.44

which is a Hill equation with exponent 2.

If the enzyme has binding sites for n substrate molecules, then in the same limit
of large cooperativity k; — 0 for i < n, k, — oo, with [, k; finite (so that K; — oo
for i < n, K,, — 0 with [T, K; finite) the reaction rate is approximately

TmaxO "
r= K, 1o (1.45)

which is a Hill equation with exponent n (see also exercise 1.2). Such a Hill equation
is often used to model the reaction rate when details of the intermediate steps are
not known, but where cooperative behaviour is suspected, with the parameters ryax
and n fitted from experiment.

While the model (1.33) can predict the overall reaction rate given the individual
rate constants, it gives no explanation of why cooperative behaviour should occur,

10



i.e., why the rate constant k3 should be larger than %k’l. One of the first models that
was proposed to explain cooperativity was the allosteric theory of Monod-Wyman-
Changeux, which is illustrated in figure 1.5. It assumes that the protein has two
conformational states (denoted in the figure by a circle and a square), and that these
two states differ in their ability to bind to the substrate molecules. In the simplest
model (shown in the diagram), only when the protein is in one of the conformational
states (the square) can the substrate bind to the active sites. However, the protein
can only switch between conformations when no substrate molecules are bound, so
that once one substrate molecule is bound the protein is “locked” in that confirmation
until the substrate molecule unbinds.

It is straightforward to write down rate equations for the reaction scheme illus-
trated in figure 1.5. The rate of reaction is again a sigmoidal function of substrate
concentration S. This is illustrated in detail in section 1.4 below.

1.4 Glycolysis

We have seen that the Michaelis-Menten law for the rate of enzyme-catalysed reac-
tions differs from the simple law of mass action, and that cooperative and inhibitory
effects may lead to even more complicated reaction rates as functions of substrate
concentration. However, with some reactions things may be more complicated still,
with positive or negative feedback loops leading to oscillations in the concentrations.

PFK

inhibition
Figure 1.6: A part of the glycolytic path of reactions involving glucose. ATP is

converted to ADP; however, this is acted on by the allosteric enzyme PFK forming
the complex ADP-PFK which then produces ATP.

An example of a biochemical pathway in which oscillations can occur is glycolysis.
This is part of the sequence of reactions converting foodstuffs to energy — e.g., the
oxidation of glucose:

C6H1206 + 602 — 6002 + 6H20 + energy. (146)

In some circumstances, oscillations can occur in the concentrations. One part of
the pathway consists of the transformation of the substrate ATP (adenosine triphos-
phate) to ADP (adenosine diphosphate) via the action of the allosteric enzyme PFK
(phosphofructokinase). The rate of this reaction is, however, inhibited by the ADP
itself.

11



We consider as an example the precise situation shown in figure 1.5, in which we
suppose that the allosteric enzyme is a dimer consisting of two sub-units (protomers)
which can exist (together) in either of two conformations, T and R. We suppose that
ATP can only bind to PFK in the R form, and that each protomer of R can bind
one molecule of ATP. We denote the concentration of ATP by s and that of ADP by
p. There are four states of the enzyme, which we denote as Ty, Rg, R; and Rs, with
the substrate denoting the number of molecules of ATP bound to the enzyme. The
reaction scheme between these different states is thus

kf 2k+s k+s
TO \; R0 I: Rl E, Rz, (1.47)

where the factors of two arise through the number of bound or unbound sites available.
It is straightforward to write down the rate equations for these variables, and
these are

To = —Fk;To+ kyRo,
Ry = kfTo— kyRo — 2k sRo + k_Ry,
Ry = 2k,sRy—k_Ry —kysRy + 2k_R,,
Ry = kysRi—2k_R,,
$ = —2kysRy+k_Ry—kyisRy+2k_R,. (1.48)

In keeping with the quasi-steady state assumption, we assume the first four of these
equations are in equilibrium, and then after some algebra, we find that

LK? K? 2K
To = 2R2, Ry = 2R2, R, = RQ, (1.49)
S S S
where . L
L=2" K= 1.50

Ry + 2R,
Q(Tg + Ro+ Ry + RQ),

The fraction of bound sites on all forms of the enzyme is Y =

and using (1.49) we find that this is

S(1+95)
- 1.51
L+(1+8) (1.51)
where 5

Now suppose that the product ADP (denoted P) with concentration p is produced
at a rate k£ per bound site. Then we have the additional reactions

k
Rl — R0+P,
2k
Rg — R1+P, (153)

12
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Figure 1.7: Reaction scheme for the Monod-Wyman-Changeux dimer with product
inhibition.

and these modify the model in (1.48) simply by replacing k_ by k + k_. Thus in this
case the fraction of bound sites is still given by (1.51), but where now

s
= — 1- 4
and . .

K,—=1F (1.55)

k.

The rate of reaction r in the overall reaction S — P is
1

r = kRy + 2kRy = 2kR, (1 + g) . (1.56)

We can relate this to Y by noting that the enzyme is conserved; To+ Ro+ R1+ Rs = €
is constant, so that, using (1.49), we find

r = 2kegY. (1.57)

Because Y is a sigmoidal function of S, so also is r, as we mentioned earlier.

Now let us add in the effect of auto-inhibition, that is we allow the product P to
bind as a second substrate to the enzyme, but suppose that binding of P prevents
further binding of S. No production of P is yet invoked. The reaction scheme is shown
in figure 1.7, and it is a simple if tedious matter to write down the corresponding rate
equations. This is deferred to question 1.4. Assuming the corresponding ten enzyme

13



equations are in equilibrium, we find, after some algebra, that the fraction of bound
sites is now given by

S(1+8)(1+ P)?
= (1+5)1+P) , (1.58)
L+ (1+5)%(1+ P)?
where s P

S=—, P=—-— 1.59
K,’ K, (1.59)

and in terms of the reaction rates indicated in figure 1.7,

k k* k_
L=2" K,=-=, K,=—. (1.60)

kg k% ki

If we now add production of P to the scheme via reactions involving enzymes with
bound S such as

k
Rio = Roo + P, (1.61)

this adds terms to the equations of the form
p:kR10+..., Rloz—kR10+..., ROOZkR10+.... (162)

These latter terms combine with the dissociation reactions such as
k_
RlO — Roo, (1.63)
and it is clear that the effect of production of p is simply to change k_ to k_ 4+ k in

r
the enzyme model of figure 1.7. Hence the overall reaction rate in the reaction S — P
is just

r = 2ke)Y (1.64)
as before, the bound site fraction is still given by (1.58), but S is now defined by
s
= — 1.
S K (1.65)
where . .
K,=— + (1.66)
k.

We can now write a model for the ATP-ADP reaction scheme indicated in figure
1.6. If, as indicated, S is produced at a rate v, while P is removed by first order decay
with rate coefficient £,, then a suitable model is

§ = v—r,
p = —kp+r, (1.67)

where 7 is the reaction rate in (1.64). It is convenient to write these equations in
dimensionless form by scaling

s~Ky,, p~K, t~—. (1.68)
kp

14



From this we derive the dimensionless model

S = u—o(S P)

P = —P+K¢(S,P), (1.69)
where
5= BSU+S)1+ P _2%e v L Kmo ok
T L+(0+52(1+P2 T kK. YT RK. T K, Uk
(1.70)

As we shall see, this model supports self-sustained oscillatory solutions.

1.4.1 Glycolytic oscillations

It is straightforward in principle to analyse the solution in the (S, P) phase plane, but
this is complicated by the complexity of the rate function ¢; and this function is even
more complicated for more complex models of the enzyme. Simplification ensues by
using realistic values for the dimensionless parameters u, L, 8 and K. Typical values
of these (for example, for ATP-ADP conversion in yeast) satisfy L > g > 1, with
u ~ K ~ 1, and we shall assume these orders of magnitude. Typical quoted values
are in the range L ~ 10°, 3 ~ 103, for example.

It is simple to see from (1.69) that S and P remain positive since S > 0 on S =0
and P> 0on P = 0, S > 0. Further, there is a unique fixed point in the positive
quadrant, since we must have P = Ky, and ¢ is certainly an increasing function of S
if L > (. Next, we study the shape of the nullclines (where the derivatives of S and
P are zero), assuming L > > 1 and K ~ y ~ O(1). The S nullcline is given by

BS(1+S)(1+P)*
L+(1+82a+pe "

(1.71)

Suppose that S, P > 1. Then this is approximated by

BS%P?

S 1.72

i.e., the S nullcline at large P is given by the hyperbola

/,LL ‘| 1/2
B—u|
Note that this is consistent with the assumption that S, P > 1, since the right hand
side is of O(L/3)"/? > 1. The approximations break down, but not dramatically,
if S—>0o0or P— 0. As P — 0, the asymptote at P = 0 is in fact at P = —1,
uL
B—p
large P (> L'/?), we see that S — u/B < 1. Thus the S nullcline is monotonically
decreasing as P increases, and reasonably approximated everywhere by (1.73).

SP ~ l (1.73)

1/2
and as P — 0, S cuts the S axis at S =~ ( ) > 1. As S becomes small at

15



The P nullcline where P = 0 is given by

_ BKS(1+S)(1+ P)?
L+ (1+8)?21+P)*

(1.74)

Now we see in the S nullcline from (1.73) that SP < v/L, and with this assumption,
the P nullcline takes the approximate form

L p

2N——
SN ER WPy

(1.75)
Since the left hand side is an increasing function of S, this gives S as a unimodal
(one-humped) function of P, increasing from zero at P = 0 to a maximum, and then
decreasing towards zero as P — oco. While P ~ O(1), S is large, thus

1/2
L P
Sa |2/ = 1.76
bK%1+PV] ’ (1.76)
and SP <« VL as assumed. As P becomes large, the approximation becomes
. 12
S~ |—x 1.77
kr] .7

and the assumption that SP < /L remains valid until P > 3.
For P 2> 3> 1 and while S is still large, we anticipate that then SP > V'L, and

KS?p?
the nullcline is approximated by P ~ %, i.e.,
1 SP

= ) 1.78
BKS L+ S?P? (1.78)
The right hand side is a unimodal function of SP, so that S decreases from oo to
a minimum and then increases again as SP increases. This then implies the same
behaviour for S as P increases (think graphically!). Further, as P — 0, then S — oo

P
5KS ~ ST which is identical to (1.75),

which is itself the large P limit of the unimodal approximation when P < O(f). Thus
these two approximations match to each other and provide a uniform approximation
for the P nullcline, which has a pseudo-cubic shape as shown in figure 1.8. A uniform
approximation which is also approximated by both (1.76) and (1.78) is

and SP — 0 in this approximation, so that

1/2

LP

5% | BR3Py = P3

(1.79)

Note from (1.79) that S — oo as P — K, approximately. In fact this can be seen
from (1.74) since the maximum of the right hand side is SK when S — oo.

We denote the local maximum of the P nullcline as U and the local minimum as
V (see figure 1.8). The stability of the fixed point then depends on whether the fixed
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Figure 1.8: S and P nullclines (linear and log plots) when u = 2, K = 1, 3 = 104
and L = 0.75 x 107.

point of the system lies to the left of U, to the right of V, or between U and V. It
is easy to use the approximations described above to estimate the locations of these
points. This is deferred to question 1.6; the results are that U is approximately at
L 2L1/2 BK
P—l,S—<45—K ﬁ—K’P_T'
If we linearise the equations (1.69) about the fixed point (S, Py) by writing S =
So + o, P = Py + m, then we find

(i):@fi K;g)}:1><;‘r> (1.80)

The determinant of the matrix in this equation is ¢g which is positive, and therefore
instability occurs (as a Hopf bifurcation) if and only if the trace of the matrix is
positive, i.e., K¢p > ¢g+ 1. Since the slope of the P nullcline S% is easily computed

to be K
sp= 20,
Kos

1/2
) , while V' is approximately at S =

(1.81)

1
we can deduce that instability occurs if and only if —S% > 7 In particular the P

nullcline must have negative slope for instability, i. e., the fixed point must lie between
U and V.

We use (1.73) and (1.76) to calculate the values of S, P and S} at the fixed point.
P is given implicitly by

P3
and 12
S~ (%) %, (1.83)
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Figure 1.9: Limit cycle solution of (1.69) with p = 2, K =1, L = 0.75 x 107, and
8 =10%

whence I P
—1
288, = — | ———| . 1.84
55p BK l(1+P)3] (1.84)
Instability thus occurs if
PP —1) B
> 24— 1.
(1+P)3 ” L’ (1.85)

and thus approximately if P > 1. Bearing in mind (1.82), this implies that instability
occurs for

pK > (1.86)

1
1

1.4.2 Limit cycles

Figure 1.9 shows the limit cycle oscillation which ensues when we use the values
pu=2 K=1,L=0.75x 107, and 8 = 10*. The presence of the large parameters
L and B suggest the possibility of asymptotic methods for the solution of (1.69),
although figure 1.9 itself shows no sign of any limiting behaviour (such as a relaxation
oscillation).

The periodic orbit shown lies close to both nullclines, and this suggests a rescaling
in the form

Y

S’

d= \/g < 1 (1.88)
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Figure 1.10: Limit cycle solution of (1.69) with y =2, K =1, L = 0.75 x 107, and
8 =102

With this definition,

P +0)(1+ P)?
_ 1.89
O e+ 0P+ P (1.89)
where
c=1«n (1.90)
3 . .
In addition, we rescale ¢ ~ %, to find
Q.L = K= ¢7

0P = —P+ Ko, (1.91)

and the overdot now denotes differentiation with respect to this rescaled time.

This is now in the classic form of a relaxation oscillation. Since § < 1, we expect
P to relax rapidly to the P-nullcline, and since this curve has the classic pseudo-cubic
shape (similar to the ‘slow manifold’ of the Van der Pol oscillator), we might expect
a similar kind of switching behaviour. In reality, we can see from figure 1.9, for which
the value of § ~ 0.04, that this behaviour is not attained. The orbit stays relatively
close to the P-nullcline, but does not drift past the turning points.

However, if we reduce the value of 3 to 102, for which § ~ 0.004, then the motion
becomes more clearly relaxational, as shown in figures 1.10 and 1.11. The trajectory
hugs the left part of the P-nullcline, but is unable to reach the right part, which lies
in P ~ > 1. (Further reduction of 8 does not help, since then the P-nullcline loses
its non-monotonicity.) As seen in figure 1.11, the solution for S becomes relaxational,
while that for P develops a series of isolated pulses.
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Figure 1.11: Time series for S and P in the solution of (1.69) with y = 2, K = 1,
L =0.75x 107, and B = 102, as in figure 1.10.

It is easy to see that the slow branch of the oscillation where P is small is described
by the quasi-steady approximation for (1.89) and (1.91), where we put § = 0. It is
less obvious how to describe the rapid pulses of figure 1.11. Apparently, 1) remains

1
O(1), but P is large. If P ~ 3 = — as we might expect, then ¢ ~ — is constant, and

P would approach K. Eviden’d;, this is prevented in figure 1.18 by the fact that
the trajectory crosses the P-nullcline.

We need to keep P and ¢ the same size in the pulse, and this requires that formally
1 is small. Tt is not then difficult to show that a distinguished rescaling which keeps
the P-¢ balance in the P equation, while also allowing 1 to decrease on the same
time scale, can be found by defining

_ <1/3 _ _ _
=630, P_W, t = 6T, ¢_W’ (1.92)
whence we obtain
‘I’I — 52/3/1/ _ @’
I = -1+ K3, (1.93)
and & is given by
U 4 63)(IT 4 6%/3)? (1.94)
T 14 y(U 4 02/3)2(IT + 62/3)2° '
where 13
€ L

for L = 0.75 x 107 and 8 = 10%, v = 0.42. This rescaling is appropriate if ¢ < §2/3,
i.e., L < f3*. Neglecting terms of O(6%3), we find that at leading order (1.93) reduces
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to

RV i
1+ U212’
K212

Numerical simulations of (1.96) show that it gives a very good approximation to
the pulse, providing the initial condition is chosen appropriately (for example, with
S =154, P = 4). Formally, the initial conditions must come from matching the pulse
to the slow phase of the oscillation.

1.5 Notes and references

Michaelis and Menten (1913)
Briggs and Haldane (1925)
Much of the discussion of glycolysis is based on the book by Goldbeter (1996).
Pulses: in Lorenz, delayed logistic, spruce budworm, etc.

Exercises

1.1

1.2

Derive a suitably scaled form of the Michaelis-Menten model for the reaction

k1 ko
S+FE = C — E+P,

-1
and show that it depends on the parameters

k_q1+ ko \ ko Ey

K= — <= - _c —
k1Sy Sy S,

where Sy and Ej are the initial values of S and F. If ¢ < 1, show that the
solution consists of an outer layer in which ¢ = O(1), and an inner layer in
which ¢ = O(¢), and find explicit approximations for these. Hence show that S
decreases linearly initially, but exponentially at large times.

An enzyme has n binding sites for a substrate S. If the enzyme complexes
with j bound sites are denoted as Cj;, write down the rate equations for the
concentrations of S, P and Cj, j = 0,1,...,n, where Cy = FE, satisfying the

reactions
S+Ci1 = C; - Ci1+P.

—1

>

Deduce that .
Co=Ey— ) Ci,
1
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1.3

14

where Fj is the initial enzyme present. Use the quasi-steady state assumption
to show that R; =0,72=1,...,n, where

Ri = kiSCi_l — (k_z + k:_)Cz,
and deduce that the reaction rate r = dP/dt is given approximately by

_ EO E?:l kjgbrsr

where _

1 ki + ki
Deduce that if k&, — 0 with k;k, finite, the reaction rate is approximated by
the Hill equation

- kI EyS™

A substrate S reacts with an enzyme to form a product P by the reaction

scheme
k1 ko
-1

An inhibitor I prevents the reaction by binding to the enzyme, as
k3

I+ FE = C,.
k—3

Use the quasi-steady state approximation to show that the rate of reaction is
approximately

B ko EySK;
"TK.I+KS+ KK,
where o+ k "
K, =21 g =23
by ks

If different initial values Iy, Sy are used, can a Lineweaver-Burk plot be used to
find K,,, K; and k;? Why, or why not?

Write a reaction scheme for the ATP-ADP reaction scheme indicated in figure
1.6, and described in figure 1.7.

By assuming that the enzyme reactions are in equilibrium, show that the frac-
tion of bound sites on the enzyme is

S+ 8)(1+P)?

L+ (1+85)?%(1+ P)¥
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1.5

where S = s/K,,, P = p/K,, S and P are concentrations of substrate and
product, and the constants K,, and K, should be defined. Hence show that the

effective rate of the reaction S —r> Pis
r = 2k60Y,

and define eg.

If, as indicated in figure 1.6, S is produced at a rate v, while P is removed by
first order decay with rate coefficient k,, show that a suitable model is

s = v-—r,
p = _pp+ra

and show how to derive the dimensionless model

S - M—¢(S,P),
P = —P+K¢(S,P),

where

¢_/%u+$u+PP
L+ (1+8)2(1+P)¥
and give the definitions of u, K, L and (.

[Oxford FHS 1997] What is meant by an allosteric enzyme?

Consider the model of the MWC dimer with two conformational states R and
T, which consists of two protomers, each having a binding site for a substrate S.
Assuming T is inactive and cannot bind the substrate, explain why the kinetics
of the enzyme system can be written as

kg

To = Ry,
b
2k s

Ry = Ry,
k_
kys

R; = Ry
2%_ ’

where s denotes the concentration of S.

Write down the rate equations for the concentrations of Ty, Ry, R; and Rs, and
by assuming a quasi-steady state, deduce that the fraction of bound S-sites is

given by
QU+
L+ (1+Q)*
where 5 L
+5 b
=—— L=—.
@ k.’ kg
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1.6 The S-nullcline of the glycolysis model is given by

BS(1+S)(1+P)*
L+(1+92a+pe *

Assume that L > > 1 and that u ~ K ~ O(1). Show that for 1 < S < VL,
P ~ 1, the S-nullcline is given by

SN & 1/2 1
A\ 14+ P’

1/2
L
and show that this approximation remains valid until P ~ (B) .

The P-nullcline is given by

BsS1+s8)1+P?* P
L+(1+92(1+P2 K’

Show that with the same assumptions for S and P, this is approximately

L\ VP
Sm(ﬁK) 1+P

Hence show that the local maximum of this curve at U is given by P ~ 1,

1/2
S~ L .
48K

Show that the above approximation for the P-nullcline breaks down when S ~

L L
% and P ~ (. If we write A = 7 and P = fII, show that if A = O(1) then
IT is given by
KS+ {K25% — 4)\}1/?
H p—t
21+ 9)
(and S = O(1)), and deduce that the minimum of the P-nullcline at V' is given
by S ~ ﬂ, P ﬁ
BK 2(1+9)
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Chapter 2

Trans-membrane ion transport

2.1 Membrane transport

The cell membrane is a phospholipid double layer about 7.5nm thick separating the cell
interior (the cytoplasm) from the extracellular environment (see figure 2.1). The term
lipid refers to a class of water-insoluble, energy-rich macromolecules, typically fats,
waxes and oils. The most important property of the cell membrane is its selective
permeability; it allows the passage of some molecules but restricts the passage of
others, thereby regulating the passage of materials into and out of the cell.

The membrane contains water-filled pores with diameters of about 0.8nm, and
protein-lined pores, called channels or gates, which allow the passage of specific
molecules. Both the intracellular and extracellular environments comprise (among
other things) a dilute aqueous solution of dissolved salts, mainly NaCl and KCI,
which dissociate into Nat, K™ and Cl~ ions. The cell membrane acts as a barrier to
the free flow of these ions and to the flow of water.

The many mechanisms that exist for transporting molecules from one side of the
membrane to the other can be divided up into active and passive processes. An active
process is one which requires the expenditure of energy (for example, convection),
while a passive process is one which results solely from the random motion of molecules
(for example, diffusion).

Passive mechanisms by which molecules are transported across the cell membrane

gate protein

Figure 2.1: Schematic diagram of the cell membrane
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‘ extra intra
Nat | 437 50
K+t 20 397

Table 2.1: Typical intracellular and extracellular ionic concentrations for the squid

giant axon. Units are mM = millimolar = 10 3M. 1M = 1 molar = 1 mole litre 1.

include osmosis, diffusion, and carrier-mediated mechanisms. Osmosts is the mecha-
nism by which water is transported across the cell membrane. Small molecules such as
chloride ions may diffuse through pores in the membrane, while lipid-soluble molecules
such as oxygen and carbon dioxide may diffuse directly through the membrane itself.
Carrier-mediated diffusion refers to a process by which a molecule “hitches a lift”
by binding to a carrier molecule which is lipid soluble and can move readily through
the membrane. Carrier-mediated transport occurs when a protein which sits in the
membrane has an active site which may be exposed either on the exterior or inte-
rior side of the membrane depending on the conformational state of the protein. A
substrate may bind to the protein in one conformation, the protein undergoes a con-
formational change, and the substrate unbinds on the other side of the membrane.
The transport of glucose and amino acids across the cell membrane is thought to be
by a carried-mediated process.

The concentration differences that exist between the intracellular and extracellular
environments are set up and maintained by active processes. One of the most impor-
tant of these is the Na™-K* pump, which uses the energy stored in ATP molecules
to pump Na™ out of the cell and Kt in. There are also a variety of exchange pumps,
which use the concentration gradient of one ion to pump another ion against its
concentration gradient, such as the Nat-Ca?* exchanger, which removes Ca?" from
the cell at the expense of allowing Na* in. Differences in interior and exterior ionic
concentrations create a potential difference across the cell which also drives an ionic
current down ion-specific membrane channels. Typical intracellular and extracellular
ionic concentrations are shown in Table 2.1.

Ca2+
extra
OOOO0O000OO0O OOOOO0O00OO
exchange | | [ | [[]]] RERRRER
pump | ] ] ISNRNNNS
OOOO000000O 000000000
intra \
Nat carrier molecule

2.1.1 Carrier mediated transport

We describe here a simple model for carrier mediated transport. We suppose that the
carrier protein has two conformational states, and that in the first state, labelled C},
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LLLLLEL L L S L I11|1]1]] carrier protein
000000000 000000000 000000000 000000000

intra AN o .

binding site
Ce C;

Figure 2.2: A schematic representation of carrier mediated transport

the substrate binding site is exposed on the cell interior, while in the second state,
labelled C., the substrate binding site is exposed on the cell exterior (see Figure
2.2). We suppose that substrate molecules outside the cell (concentration S.) can
bind to C, to produce a complex P,, and that substrate molecules inside the cell
(concentration S;) can bind to C; to produce a complex P; . Furthermore, we assume
that P; can conformally change into P. and vice versa, and at the same rate as the
conformal changes of C; and C, (so that the binding of the substrate does not affect
the conformal changes of the protein). Thus the reaction scheme is

k_

= S+ C,

ky

.y
S;i+C; =

s,

U

Q
9

where we have assumed that the binding affinity of 5; to C; is the same as that of S,
to C¢, and that the two conformational states C; and C, are equally likely. To avoid
the system simply settling down to a steady state with zero flux, we assume that the
substrate is supplied at a constant rate J on the exterior and taken away at the same
rate from the interior, and we wish to determine this flux of substrate through the
membrane as a function of the interior and exterior concentrations.

Using the law of mass action the reaction kinetics are given by

as;

S L (2.1)
dj;e = k_P,—k,S.C. + J, (2.2)
d;:i = kP.— kP, + k. S;C; — k_P, (2.3)
dcg * = kP,—kP,+k,S.C.— k_P,, (2.4)
dii = kC, — kC; — kyS;C; + k_P, (2.5)
d;e = kC;—kC, —k;S.C. + k_P.. (2.6)
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Adding (2.3)-(2.6) gives

d
%(R+Pe+cz+ce)zoa
so that
P,+ P, +C;+ C, = Cy= constant, (2.7)

i.e. the total amount of carrier is conserved. Adding (2.1)-(2.4) gives

d
— (Si+Se+ P+ P.) =0,
dt
so that
S;i+S.+ P, + P, =Sy, = constant, (2.8)

i.e. the total amount of substrate is conserved. In the steady state, assuming J
is unknown, we have 6 equations for 7 unknowns, so that there is a one parameter

family of solutions, even when Cj and Sy are given. However, solving the linear
system (2.2)-(2.5) and (2.7) for J, P;, P,, C;, C, in terms of S; and S, gives

k_kCy Se — S;
J = 2.9
s (Kt S)(Em+ 80— K2’ (2:9)
where 5 5 "
K,="TF g5
ks ks

There are also other, more complicated, mechanisms for carrier-mediated trans-
port. The carrier molecule may have binding sites for more than one substrate
molecule, leading to cooperative behaviour and more complicated kinetics. It may
also have binding sites for different types of substrate molecules. These different sub-
strates may both be transported across the membrane in the same direction (symport
transporters), or may be transported in opposite directions (antiport transporters). A
key assumption in modelling such transporters is that the carrier may only undergo
the conformational change when either all or none of the substrate molecules are
bound. While the different states of the carrier and the transitions between them
are easy to write down, the resulting system of equations is sufficiently large that the
expression for the flux as a function of concentration is very complicated.

2.1.2 Active transport: The sodium-potassium pump

The carrier-mediated transport described above moves molecules down chemical gra-
dients. Any process which move molecules against a chemical or electrical gradient
requires the expenditure of energy, and is known as an active transport mechanism.
One of the most important of these is the Na™-K* pump, which pumps sodium ions
out of the cell against a steep electrochemical gradient, while pumping potassium ions
in. In fact, this pump alone consumes almost a third of the energy requirement of a
typical animal cell.
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The pump uses the energy stored in ATP which is released when it is dephospho-
rylated into ADP, through the overall reaction scheme

ATP + 3Na; + 2K — ADP + P; + 3Na + 2K,

where the subscripts 7 and e denote intracellular and extracellular ions respectively.
The individual components of the reaction are thought to be as follows. When the
carrier protein (Na™-K*ATPase) is in its dephosphorylated state, three sodium bind-
ing sites are exposed to the cells interior. When all three binding sites are filled,
the carrier protein is phosphorylated by the hydrolysis of ATP into ADP. This phos-
phorylation induces a change in conformation, so that the sodium binding sites are
exposed to the cell exterior, and their binding affinity is reduced, causing the release
of the sodium ions. At the same time, two potassium sites are exposed to the cells
exterior. When potassium ions have bound to these two sites, the carrier protein is de-
phosphorylated, inducing the reverse conformational change, exposing the potassium
binding sites to the cell interior and reducing the binding affinity so that potassium
is released. If we simplify the process slightly, assuming that there is a single binding
site for sodium and potassium, leading to a one-for-one exchange rather than the
three-for-two which actually happens, then the detailed reaction scheme is

k1 ATP k—p> ADP k2
Na; + C = NaC  —  NaCP = Na/ + CP,
-1 -2
ks kg
CP + K/ = KCP = P+KC.
-3 —4

ks
KC = K/ +C,
k_s

where the carrier protein is represented by C in its unphosphorylated, unbound state,
CP in its phosphorylated unbound state, NaC when bound to sodium and unphos-
phorylated, NaCP when bound to sodium and phosphorylated, KC when bound to
potassium and unphosphorylated, and KCP when bound to potassium and phos-
phorylated. Using mass action kinetics, assuming that intracellular potassium and
extracellular sodium are removed at a constant rate J, leads to a steady-state flow of

ions through the pump
Jo [Na;][K/]

= WNaf] + alK7] + AKT] (2.10)
where
Jo = C()k3k4k5
k_ak_s[P] + k_sks + kaks’
_ (eaky ks ak )k gkoakos o (koiky o koo + Kok Kshuky
kikaky (k_sk_3[P] + k_sks + kaks)’ ki kooky (k_sk—_3[P] + k_sks + kaks)’

where Cj is the total concentration of carrier molecule, and [Na/ ] denotes the concen-
tration of sodium ions in the extracellular medium, etc. The important thing to note
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is that for both carrier-mediated transport (2.9) and active transport (2.10) pump
fluxes have the same features as enzyme catalysed reactions, that is, they are linear
in the concentrations at small concentrations, but saturate to a maximum value at
large concentrations.

2.1.3 The membrane potential

The differences in the concentration of various ions between the extracellular and
intracellular medium which are set up and maintained by active transoprt mechanisms
can cause a potential difference to be generated between the inside and the outside
of the cell.

Suppose we have two reservoirs containing different concentrations of a positively
charged ion X*. We suppose both reservoirs are electrically neutral to begin with, so
that there is an equal concentration of a negatively changed ion Y~. Now suppose the
reservoirs are separated by a semi-permeable membrane which is permeable to X but
not to Y . Then the difference in concentration of X on each side will lead to the
flow of X' across the membrane. However, because Y~ cannot diffuse through the
membrane this will lead to a build up of charge on one side. This charge imbalance
sets up an electric field, which produces a force on the ions opposing further diffusion
of XT. It is important to realise that the actual amount of X* which diffuses through
the membrane is small, and the excess charge all accumulates near the interface, so
that to a good approximation the solutions on either side remain electrically neutral.
The potential difference at which equilibrium is established and diffusion and electric-
field-generated fluxes balance is known as the Nernst potential. We may derive an
expression for it as follows.

If ¢ denotes the concentration of an ion S then the flux of ions due to diffusion is
J = —DVc¢, where D is the diffusion coefficient. To this we must add the flux due to
the fact that the ion carries a charge and is in the presence of an electric field, which
is given by
=V,
2|
where u is the mobility of the ion (defined as the velocity under a constant unit
electric field), z is the valence of the ion (so that z/|z| is either +1 or —1 and gives
the sign of the force on the ion; positive ions move down potential gradients, negative
ions move up potential gradients), and ¢ is the electric potential, so that —V ¢ is the
electric field. Thus the total flux is given by

J=—

J=-DVc-— lechb. (2.11)

Now, there is a relationship (determined by Einstein) between the ionic mobility and
the diffusion coefficient, which is

B uRT
Jz|F7
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where R is the universal gas constant, 7' is the temperature and F' is Faraday’s
constant. Furthermore, since the membrane is thin we can replace the Nernst-Planck
equation (2.11) with the one-dimensional version

B dc zFcdo

where z is a coordinate normal to the membrane. Now, at equilibrium the flux J is

zero, giving
de n zFcdg
de =~ RT dz '
or equivalently
1dc 4+ zF dp
cdr RTdx
Assuming that the interior of the membrane is at x = 0 while the exterior is at x = L,
we may integrate from 0 to L to give

2F
llog cly + 2 [6ly =0,
i.e. RT
C
i — e = —log (=), 2.1
b b= og(ci) (2.13)

where the subscripts e and ¢ denote extracellular and intracellular quantities respec-
tively. If we follow the standard convention of defining the potential difference across
the cell membrane as V = ¢; — ¢., then the Nernst potential for S is

RT . ¢ RT [Se]

Vo= log e =201 .
STLF 8 ¢ zF ©8 [S:]

Using the values of intra and extracellular concentrations given in Table 2.1, typical
Nernst potentials for the squid giant axon for potassium and sodium are Vx = —77 mV
(millivolt) and Vy, = 56 mV. Note that when more than one ion is present, and
they have different Nernst potentials, the flux of each individual ion will not be
zero even when there is no net current across the membrane. For example, when
-77mV <V < 56 mV there will be a flux of K* out of the cell and Na* into the
cell through ion-specific channels. This flux is balanced by the action of the Nat-K+

pump.

2.1.4 Ionic currents

We have seen that the flow of ions through the cell membrane due to concentration
differences leads to a build up of charge near the membrane and a potential difference
(see Figure 2.3). Thus the cell membrane is effectively acting as a capacitor. The
voltage across any capacitor is related to the charge stored @) by

V=X
C’
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Figure 2.3: Schematic diagram of the build up of charge on the cell membrane
B

Figure 2.4: Schematic diagram of channel gating

where C' is the capacitance. If I is the ionic current out of the cell (the rate of flow
of positive charges outwards) then the stored charge changes according to

dq
dt
Thus, assuming the capacitance is constant,

av
— +1=0. 2.14
Cdt + 0 (2.14)

I =

This equation is the basis for much theoretical electrophysiology. The difference
between the various models arises in the expression used for the ionic current I.

The simplest model to use is to assume a linear dependence of I on V' (as in Ohms
law). For a single ion S, with Nernst potential Vg, this gives an ionic current

Is = gs(V = Vs),

where the constant gg is the ion-specific membrane conductance, since the current
must be zero when V' = V. If more than one ion is present the currents from different
ions are simply added together to produce the total ionic current I.

2.1.5 Gating

It is found experimentally that gg is not constant depends on both V' and time ¢. One
proposed explanation for this is that the channels are not always open, but may be
open or closed, and that the transition rates between open and closed states depend
on the potential difference V' (see Figure 2.4). The membrane conductance may then
be written as ngg, where gg is the constant conductance which would result if all
channels were open, and n is the proportion of open channels.
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Figure 2.5: A channel with two identical gate units

Denoting the open channels by O and the closed channels by C, the reaction
scheme is simply

ag/)
Bv)
giving
dn
i a(V)(1—=n)—B(V)n, (2.15)
or equivalently
dn
Tn(V)E =Ny (V) —n. (2.16)

where n., (V) = a/(a + ) is the equilibrium value of n and 7,,(V) = 1/(a + B) is
the timescale for approach to this equilibrium. Both n., and 7,, can be determined
experimentally.

2.1.6 Multiple gates

The simple model presented in Section 2.1.5 can be generalised to channels which
contain multiple identical subunits, each of which can be in either the open or closed
state (see Figure 2.5). If we let S; denote the density of states with 7 open gates then
the transition between channel states is governed by the reaction scheme

2a a
So = 51 = 5.
B 28

The 2’s arise because there are two possible states with one gate open and one gate
closed. Since each gate is identical we have lumped these two states into one variable
S1. Using mass action kinetics gives

dSy

— =B85~ 208, (2.17)
% = a8 — 285, (2.18)

We could write down an equation for S; also, but this equation is superfluous since
S1 can be determined from the conservation of channels

So+ S1+ 5, =1. (2.19)
Simple substitution shows that (2.17)-(2.19) are satisfied by
So=(1-n)? S =2n(1-n), S=n? (2.20)
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providing

Z—? =a(l —n) — fpn. (2.21)
Thus n satisfies the differential equation (2.15) for a single gate, and the proportion
of open channels is n?.

Equation (2.21) is a first order equation, whereas (2.17)-(2.19) is a second order
system. Thus not all solutions to (2.17)-(2.19) are of the form (2.20); only if the initial
conditions are compatible with (2.20) will the solution be of this form. However, if
we write

S() = (1—n)2+yo,
S1 = 2n(l—n)—yo— v,

S2 — 7’),2 + Y2,
then yo, yo satisfy
d
o _ —2090 — B(yo + ¥2),
dt
dy
d—t2 = —a(yo+ y2) — 20y.

This linear system of equations has eigenvalues —(a + ), —2(a + ) so that yo, o
decay exponentially to zero. Thus even if an initial condition not compatible with
(2.20) is given, the solution will still approach exponentially that given by (2.20)-
(2.21) (that is, (2.20)-(2.21) defines a stable invariant manifold of the full system
(2.17)-(2.19)).

The analysis of a two-gated channel above generalises easily to channels containing
more gates. In the case of k identical gates the fraction of open channels is n*, where
n again satisfies (2.21).

2.1.7 Non-identical gates

Often channels are controlled by more than one protein, with each protein controlling
a set of identical gates, but with the gates of each protein different and independent.
Consider, for example, the case of a channel with two types of gate, m and h say,
each of which may be open or closed. If S;; denotes a channel with ¢ open gates of
type m and j open gates of type h, then the reaction scheme is

2 a
Soo % S1o % S0
R R yTs .
2a a
So1 = S11 = Sa1
B 23

Simple substitution shows that the rate equations are satisfied by

SO(): (1—m)2(1—h), SlO :2m(1—m)(1—h), 520 :mz(l—h),
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Sor = (1 =m)®h, Sy =2m(1 —m)h, Sy =m?h,

so that the proportion of open channels is m2h, providing

ij—? = a(l —m)— pBm, (2.22)
% = (1 —=h)—=dh. (2.23)

As before, the not all solutions of the rate equations (which form a fifth-order system)
are solutions of the second order system (2.22)-(2.23). However, such solutions again
form a stable invariant manifold.

2.2 Hodgkin-Huxley model **

The nervous system is a communication system formed by nerve cells called neurons.
Information is propagated along long cylindrical segments called azons by electro-
chemical signals.

synapses

dendrites

T

A neuron

axon

A

An important property of neurons is excitability. If small current is applied to
the cell for a short time, then the membrane potential changes slightly, but returns
directly to its equilibrium potential (the resting potential) once the applied current
is removed. However, if a sufficiently large current is applied for a short time the
membrane potential undergoes a large excursion (called an action potential) before
returning to its resting value. It is by the propagation of such action potentials along
the axons of neurons that signals are transmitted.

In Chapter 3 we will consider the propagation of an action potentials along the
axon. In building up to that model we first consider here the Hodgkin-Huxley model
of the excitability of an axon without the extra complication of spatial variation in
the membrane potential. Such a situation can be realised experimentally by inserting
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a thin electrode along the centre of the axon, which acts to short-circuit the cell and
keep the membrane potential V' constant along its length (this is known as the space
clamp technique).

If we suppose that we are applying an external inward current I to the cell, then
the total outward current is I; — I, where I; is the outward ionic current as before.
Then equation (2.14) gives
av
dt’
where C,, is the membrane capacitance. In the giant squid axon, as in many neurons,
the most important ionic currents are due to the motion of sodium and potassium
ions. Experimentally it is found that the potassium conductance may be modelled
by a gated channel of the form described in Section 2.1.5 with an exponent of 4, that
is, the conductance is ggn* where

I=1,+C,

dn
dt
While this seems to imply that the potassium channel is controlled by a protein
with four identical gates, it should be noted that the exponent is determined as a
reasonable fit to measured ionic currents, and not from any detailed physiological
knowledge of the potassium channel itself. The equilibrium value n., is found to
be an increasing function of V. Thus at elevated potentials n is increased, thereby
turning on, or activating, the potassium current. The Nernst potential for potassium
is below the resting potential, so that the potassium current is an outward current at
potentials greater than the resting potential. The function n(t) is called the potassium
activation.

For the sodium conductance experimental data suggests that there are two pro-
cesses at work, one which turns on the sodium current and one which turns it off.
The model of Hodgkin-Huxley assumes a channel controlled by two proteins, with a
conductance of the form gn.m3h where

Tn(V)— = ne(V) — n.

dm
Tm(V)E = Moo(V) —m,
Th(V)CZL = hoo(V) — h.

Again, while this seems to imply a channel with three m gates and one h gate, the
exponents are determined as a reasonable fit to measured ionic currents, and not from
a detailed knowledge of the sodium channel itself. At the resting potential m. is small
and hy, is close to one. For elevated potentials h,, decreases and m,, increases. Thus
m is called the sodium activation, and h is called the sodium inactivation. The Nernst
potential for sodium is above the resting potential, so that the potassium current is
an inward current at potentials greater than rest.
The Hodgkin-Huxley model is

Ii = gNamgh(V — VNa) + gKn4(V — VK) + gL(V — VL)
| S ——

—_———
Na' current, activation-inactivation =~ K™ current  leakage (other ions, e.g. Cl7)
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A A
1- Moo 10 ms |
hoo Neoo Th
Tn
I ——
> V - V;q e V - ‘/;q
100 mV 80 mV

The membrane is excitable. The resting potential

Veqg = —70mV
is stable, but a finite perturbation causes an excursion called an action potential.
A
V — Ve
T L
\/ro/ t (ms)
Note that iV
Cn—r =T = (gxam®h + gxn® + g1) (V = Vep)
dt
V. — (gNamShVNa + gKn4VN + gLVL)
eq —

(gnamB3h + gknt + g1)
so the time constant for V is
Cm

= ~ lms.
gnam3h + gknt + g1,

A%

Therefore 7, < 7v K T ~ T

Thus: increase V = increase m rapidly (Nat gates open). Na® floods in = V
increases until h gets deactivated and K gate opens = V decreases again followed
by slow recovery.

2.3 Fitzhugh-Nagumo equation

A simple model. Write V' — V,, = v. 7, is small = m & mq(v).

Td_n = n —n
ndt - o0 )
dh
P . —h
(L



Assume 7,, & 7, and note n., + heo ~ constant = h say (~ 0.8 in practice). Then

d . _
—(n+h)mh—(n+h)=n+h=h.

" dt
Then we obtain a 2-D model
av . .
Cma = J— (gK(U —vg)n” + gna(v — vna)m> (V) (R —n) + gr(v — UL)) ’
d
() S = Meo(v) =1

Experimental values of vx = Vkx — V., etc are
gNa=120 gxk=36 g, =0.3 mScm 2 (1S =1 Siemens)

UNg = 1150 vx =—-12 v =10.6 mV
VNa. =45 VK = —82 VL = —60 V;q = —70mV
Crm ~ 1uF cm™2.
1 C (coulomb) = unit of charge
1 A (amp) = 1Cs!
Units | 1 VA (volt-ampere) = 1W (watt) =1Js!
1 F (farad) = 1Ccv!
1 (ohm) = 1 VAT
L 1 S (siemens) = 1Q'=1Fs!

Non-dimensionalise v ~ vy,, t ~ 7, = 5ms, (taken as constant) =

d
d—?; = Ne(v) —n,
d
5d—:: = I"—g(v,n)
* I * 4 * 7 3
I = , 9(v,n) = k(v +vg)n® + (v —vy) — (1 = v)(h — n)m*(v)
gNaUNa
=T 003, =25 00008, vi=-—t 0, ) =2 ~0,
gNa 9gNa UNa UNa
€= Cm ~ 0.2 x 1072
gNaTn

At rest state
n~03 m~005 h~05 = n‘~107% m?*~10"*

ygvgnt ~ 0.3 x 1073

—pvp ~ —0.3 x 107§ — give rest state v =~ 0 not v ~ —vj

(h—n)m?® ~ 0.5 x 107*
€ € 1 = v is a fast variable. Neglect y;. Take I* = 0. Then g — 0 rapidly.

Nullclines: curves on which dn/dt = 0 and dv/dt = 0. For v order one neglect 7y
Then g = 0 when
n*  (1—v)m*(v)

h—n" ~x(v+ovk)
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A . .
LHS : RHS

\J

[Inclusion of 7, near v = 0 does not affect this, as then % = w
h—n Yk (v+vg)

Note that when v =1, g >0 forn > 0= v <0.

Phase-plane analysis near equation at v = 0, n = n,(0), linearise n = n,(0)+ N

to get

d(N)\_[ -1 n N

dt v N _gn _g'v v )
Trace T = —1 — g,. Determinant D = g, + g,n. . Near v =0, g = k(v + vi)n* +
yo(v —v}) = gn >0, g, > 0 while n_ > 0. Hence D > 0, T < 0 = stable node or

spiral.
[ASIDE:



Eigenvalues

det(a;)\ b )zAz—(a+b))\+ad—bc:0,

d— A\
ie.
T T?—-4D
M -TA+D=0, :>)\:§:I:T.
But, a sufficiently large perturbation of v excites an action potential.
ny Moo I 5

v

C
depolarisation .
P
v At

D \recovery

The FitzHugh-Nagumo model is simply (with w = n — ny(0))
ev = I"+ f(v) —w,
w o= Yv—w
ie. g=w— f(v), and e.g. f=v(v—a)(l—v)witha e (0,1).

wll

g>0

g<0 w=f(v)

Limit cycles If we apply a current I* then there may be a range I_ < I* < I,
[depending on the shape of the curve g = 0] where the phase plane is
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Now ¢, < 0, g, > 0, n_, > —g,/gn so that D > 0. T = —1 — g, can be positive =
unstable = relaxation oscillation. Periodic neuron firing.

2.4 Notes and references

Exercises

2.1

2.2

2.3

Carrier-mediated transport of a substrate S by a carrier protein C' is modelled
as the (rapid) reaction system

k_

S;i+C = P+ FP. « S.+C,,

=] =

C; = C..

=1 =

Explain the meaning of these reactions. If a substrate flux J is supplied to the
exterior membrane surface and removed from the interior surface, use steady
state kinetics to show that

K*(S. — S;)
(K + S;)(Km + Se) — K%’
where K*, K4 and K,, should be defined.

J =

(a) A membrane ion channel has two gates activated by a protein. If n denotes
the fraction of open gates in a cell membrane, explain why the fraction of open
channels is n2.

(b) An ion channel has three gates, two controlled by an activating protein A,
and the other controlled by an inactivating protein B. If the density of open
B gates is h, explain why the density of open channels is m?h. How does this
result generalise to r proteins controlling s gates?

Write down the Hodgkin-Huxley model of trans-membrane conduction, and ex-
plain its derivation. Non-dimensionalise the model, and show that with certain
parametric assumptions (which you should explain) it reduces to
n = Ne(v) —n,
ev = I"—g(v,n),
where v is membrane potential and n is a gating variable, and show that g can
be written as
9=k +vi)n" + (v —vp) — (1 = v)(h — n)m’(v).

Give typical values of vk, v, h, v}, vk, €. Giving reasons, derive the graphical
form of the v nullcline, g = 0. Hence deduce that (if n. is large enough) the
membrane is excitable, defining also what this means.
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Chapter 3

Wave propagation in neurons

3.1 Excitable media

The axon acts like a cable.

ext e — :
capacitor
RERRRRERE L 1 /
Bttt Sl I,
) — AN AN AN
int
T I Il
________________________________________
T
resistance

Let I, be the transmembrane current (per unit length), and I be the axial current in
the x direction. If R is the axial resistance per unit length and C' is the capacitance
per unit length then in a segment (z,z + dx) CV dz is the charge.

I,

¢

I Aol
T T+ 0x
So
oV B a1
Caém = —], 6z — B ox,
oV a1
EAMI
=% LT oz
Also
ov
g7 - ]
o ox ||R(5.’E,
ov
~2~ = IR
= Oz ||R



I, = ionic current [- applied inward current]. Thus

oV 1 0%V

Hence cable gives diffusion for V, diffusion coefficient 1/RC.

Units Note that previously I; was the current density (current/unit area of mem-
brane), while C,, was the capacitance per unit area.
To determine I, and C (current/capacitance per unit length of axon) we have
I, = pl;, C = pC,, where p = perimeter of axon. Thus
2
02 g 1OV
ot pR 0x2
Co, I; as before, and R = resistance per unit length, and R = R./A; where R, =
cytoplasmic resistance, A; = cross-sectional area.[ Or, conductivity per unit length is
1/R = A;/R., with 1/R, the conductivity per unit volume.]
Nondimensionalise as before: V — V., ~ WNa, t ~ 7,,; m & m(V), and z ~ [. Use
I; = gnaViNag(n,v) and we find

o, 4 0%V
65 = 1 —g(n,v)+6 w,
on

5% = Neo (V) — n.

[need &2 to resolve the rapid jumps in n, v space] in the reduced model if we define

a 1/2 n A, d
l= (TH IN ) Tn Where rg = — = hydraulic radius = - for circle,d = diameter
R, Cnm P 4

Use values for squid giant axon
d=5x10"2cm = rg=125x10"%2cm; gna=120mS cm™2; R, =300 cm;

Tn=5ms; Cp=1puFcm™> =1~ 35cm (will be less in practice).

3.2 Wave propagation in the FitzHugh-Nagumo
model

ev; = f(v) —w+ vy,
wy = yv—w.
Look for a solution v = v(§), w = w(§), { = ct — x (¢ > 0).
ec' = f(v) —w+e”,
cw = Y —w,

with v = w = 0 at oo (solitary wave).
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recovery

I. Wavefront AB ¢ =¢X,w=0(¢) = cv' = f(v) +v" = phase plane

v’ u,
v o= cu— f(v).
u
A\\ 7!’/’ """" \\\\A\ /—/I/
LTINS i N
2 A B

Choose ¢ so that v goes from 0 to vg (=1 for f =v(a — v)(v —1)).

II. Wavefront BC ¢ =0(1), w ~ f(v), cw’ ~ yv — w. Integrate w from 0 to w¢
(to be chosen). Phase plane
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II1. Trailing v wave CD ¢ =X, w =~ w¢, phase plane
/ u,
v = cu+we— f(v).

Given c, choose w¢ to that v goes from ve to vp.

IV. Trailing w wave DA ¢ = 0(1), w = f(v), cw’ = yv — w. Integrate w back to
Zero.

w !
w <0

N NK

3.3 Notes and references

Exercises

3.1 The FitzHugh-Nagumo model for an action potential is
ev = I"+ f(v) —w,
w o= v -—w, (3.1)
and you may assume ¢ < 1. Explain the meaning of the terms in these equa-
tions, and describe where the equations come from.

Suppose f = v(a—v)(v—1), where 0 < a < 1. Show that the system is excitable
if I* = 0 and ~y is large enough, and that it may spontaneously oscillate if 7* > 0.
Give an explicit criterion for such oscillations to occur, in terms of I'*, v and a.
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3.2

3.3

If the membrane potential of an axon is V' and the transverse membrane current
is I, derive the cable equation

oV 1 0%V
Cor = It Ra

explaining also the meaning of the terms. What is meant by the resting potential
Veq?

Suppose
V —Veg=vnaV, t~Tn, x~Il I =pgngn.g(n,v),
such that v and n satisfy the dimensionless equations

evy = —g(n,v) + 24,
Ny = Neo(v) —n. (3.2)

How must [ be chosen to obtain this form? What is the definition of 7

The Fitzhugh-Nagumo model for signal propagation in nerve cells is
vy, = f(U) —w+ vy,
wy = yv—w. (3.3)

Explain the origins of this model, and explain in detail why travelling waves
exist if ¢ < 1.
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Chapter 4

Calcium dynamics

4.1 Calcium-induced calcium release

Calcium dynamics [K/S 5.1, 5.2; Goldbeter Ch. 9] Intracellular calcium Ca*"
is important in a number of physiological systems, e.g. muscle contraction, cardiac
signalling, etc. Majority of Ca?" is stored in bones, whence it is released by hormonal
stimulation to maintain an extracellular Ca?* concentration of around 10—*M (1M
= 1 molar = 1 mole/litre). But intracellular Ca®>* concentrations are low, around
10~"M. Therefore control mechanisms must exist to (i) keep intracellular levels low,
(ii) enable rapid release when required. In certain circumstances (e.g. under hormonal
stimulation) oscillations in Ca?* concentrations occur.

Calcium is also stored in internal cell compartments, the endoplasmic reticulum
(ER) (in all cells), and the sarcoplasmic reticulum (SR) (e.g. in muscle cells, heart
cells) [or calcium-sequesting compartment in non-muscle cells].

THE CELL

ER: a single compartment with
convoluted interface occupying
hole cell

cytoplasm
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MUSCLE CELL

m membrane
S 1

. myofibrils
SR: a sheath surrounding (contract under Ca?+ stimulation)
myofibrils
Oscillations [e.g. Goldbeter p353 ]
600 -
cytosolic Oscillations in a hepatocyte
2t (liver cell) stimulated by
Ca™" (mM) vasopressin
200
T T T
100 200 300 t(s)

Oscillations occur when cells are stimulated by neurotransmitters or hormones. Note
e Oscillations occur in a limited range of stimulation intensity.

e Oscillations are spiky, frequency increases with stimulation intensity.

The two pool model
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agonist (hormone)

voltage channels

membrane
IPs

RyR

IP;
recept

Calcium transfer occurs through IP; (inositol (1,4,5)-triphosphate) receptors and
Ryanodine receptors. A hormone causes release of IP3, diffusing to IP3 receptors,
opening gate allowing release of Ca?*. Ryanodine receptors are associated with Ca?*
induced Ca?" release (CICR).

Mechanism: Hormone — IP; — Ca?* release from IP; sensitive store — Ca2"
release from Ca?" sensitive store; excess Ca%* is pumped out of cell.

leakage agonist

7

T IP;

L sensitive store
Ca?+ sensitive
leak%ge/ store /
w [ER] j
release
[SR]
J_ release cytoplasm
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4.2 Intracellular oscillations

Let ¢ = concentration of Ca?* in cytoplasm. ¢, =concentration of Ca?" in Ca2"
sensitive store. [Assume Ca?' constant in IP3 sensitive store, so stimulus produces
constant release rate of Ca".] Voltage gate leakage from store and cytoplasm. =

d
_C = T — kC —[ J+ - J— - kscs ]7
dt ~ ~~ NG ~— —~
release from leakage to uptake by CICR leakage from
IP; store outside RyRs Ca?t store
dcs
dt = J+ —J_ - kscs,
and we choose Hill forms for J,:
Vic®
J., = —=
+ K? + ¢’
Vacl cP
J_ = >
K3+ cm K3 +cP
———
the CICR part
Nondimensionalisation
1
c:Klu, Tt~ %, Cs :KQ’U, =

u = ,u—u—lf(u,v),
€

. 1
b= Lfw)
- T _& 5—kK2'
/'[’_kKla ’Y_Klv - Vv2 )
u™ ™ uP
= - )
! ﬁ(l—ku”) <1+vm)<a1’+u1’> v
K Vi ks Ko
““k P v

Use values
E=10s"', K;=1uM, K,=2uM, K;3=0.9uM,
Vi=65uMs™, Voa=500uMs™!, k,=1s"' m=2 n=2 p=4 =
a~09, B~013, ~v~2 § ~ 0.004, €~ 0.04.

Note p = 1if r = 10 uMs~!. (Use p as control parameter).
Define w = u + yv. Then

W= p—(w—1v),
ev = F(w,v),
F(w,v) = f(w—"v,v).
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Phase plane analysis Since ¢ < 1, v rapidly goes to equilibrium f = 0 on time

scale t ~ e.
U

1=5 <1 +nu") a (1—1:,;’") <aplfup> — v,

d < 1,s0 f =0 (v nullcline) is

L) = ™ 5( u" >/( u? ) J(u)
v) = ~ =
1+o0m 1+un aP + up K(u)
uP
aP+uP
1 ....................................
n=2 Note: liznwu” asu 0
Trun p=4 e ~l-hasutoo
/2 fooe s
: __--—"-—_——__Bu" _
oo 1+un J
/ § 1 "
Ue
«

> R=8(%5)/(3%)

R=1at u=u,

o1



whence

But, when v — oo,
dv comes back in.

lj—vm ~1 ﬁ

= o [5 (1) - (2%)]

(=0 at u=mu,)
U u
There will be an overlap region where v > 1 and v ~ u.,. Denote J = ﬁf‘:n,
K = a;fup. Note J(u.) = K(u.). Then

T(ue)+ J () (= )+ - - — (1 _ 1 ) (K () + K () (u = ug) + - -)— 60 = 0

,Um

= J(uc)—i-J'(uc)(u—uc)—l—---—K(uc)—K'(uc)(u—uc)—l—---—i—M—I—---—5v =0,

,Um

and note that K'(u.) > J'(u.),

> U s 1_ yTom (KU(ZC) _ 51}) .

_m_
Overlap region where v ~ Jm%, U — Up ~ m+T
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Thus, overall

Ue U
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u + yv = constant

f>0
v >0

u+y = p—u,
ev = f(u,v);

v rapidly goes to f = 0 (v nullcline), say v = g(u). Then u+ yv = u + yg(u) evolves
slowly.
There are three possible values of v for given u + v in a certain range, bounded
by values v = p_ and v = p;. They correspond to values of u where
dw dw dv

%:0, = —=01ie. — = —



Specifically, for p_ remember that

=) - ()] - b -

1+ aP + uP

Hence p_ satisfies

J(us) — K/ () ~ —% (~0).

For p, remember that

Lv) = 1 :}—W;m ~p <1 j—nu"> /(apt{up) - Ii((qj‘))

so that p, satisfies

, dv  L'(vy)  (JY _ B
Do) g, == = () (), with Liv) =

vl e )] £ () o =o

For i < i there is a stable steady state

R L H RS M

(high internal storage v ~ 1/§).
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u>p=>u+v<0

v u + yv increasing
U + yv = constant
u<p=
u+y0 >0
I
|
|
| f>0
| v >0
I
K U
v

L

u

It is excitable for u < p_. Putting u > p for a long enough time leads to a large
excursion.

For 11 > py there is a stable steady state

u=p, U%L_llj(u)];

(low internal storage).
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u<p=> , u>p=

uw+y0 >0 | U+ 70 <0
|

u -+ yv increasing
|

u'+'7v = constant
|

<0
v<0

f>0
v>0

u

For p_ < p < py periodic oscillations occur in u (and v). Equilibrium is unstable.
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u<pu=

; . US> p=
w40 >0 |
|
|

u+y0 <0

U + ~yv increasing

U + yv = constant

f>0
v>0
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Character of oscillations

, W ="V
/
/
/
/
/
v 7
7/
// 'B
4 V.
. e
/ Vi I
7
’ |
7/
V4
L7 A/ I
. Y
7/
7 | C
7/
7
/
7/
/
/
Z
w=u-+yv

U + yv = constant

u

DA: t~ O(g), u jumps down an O(1) amount (v jumps up an O(1) amount).
AB:

1 P
v 3 (J(u) — K(u)) [m Bu™ — (ﬁ) for small u if 8 is smallish
o

6(p —u)

b=p—u—70 = (Q+w)licp—u = a4~ —— .
(' (u) — K'(u))
Slow rise over timescale t ~ O(1/6) if u is O(1).

BC: t~ O(g), u jumps up to O(1/6) (v jumps down to O(1)).
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CD: u>»1l,v~f,u~r —u=ur 0(1/§e . Thus it takes time t ~ O(log(1/9))
for u to drop to O(1).
Spiky oscillations with asymmetrical shape. Essentially:

A
C

D D
A A B A

\J

I
0(1/8)  O(log(1/9))

O(e) O(e)
If u=wux at A and u=up at B (ug < ug < p) then the period of the oscillation is

approximately
B B u I K
p:/ dt:/ du _ oy e (J - KY)du
A A U 0 Jua L—u
and depends on p with dP/du < 0. Note that

i (1 —u) o 6(p—u)

i =pmumyd, OGS WE W) = 0N g W) S A0 w) = Kw)

On the other hand, the amplitude is u¢, and is independent of y. Periodic solutions
occur in the range pu_ < p < py.
Dimensionally,
period ~ 17 = 1& V2 = Ve
ké kK k,Ky kk,K;’
Tk K, Va W

li ~ Ki—=K — = .
amplitude 1 1 K kK, k.

4.3 Wave propagation

Calcium Waves [K/S 12.1, 12.2 Goldbeter 9.6, Murray 11.6, 12.4, 12.5,
Grindrod 3.3] Ca’" oscillations can cause waves to propagate inside cells at speeds
10-100 ps~!. These are particularly evident in large cells (e.g. oocytes [developing
eggs|) where periodic wave trains can be seen. Spiral waves have been seen in Xenopus
Oocytes.
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The simplest model to describe such waves is the 2 pool model where we also allow
diffusion of cytosolic Ca?>". Thus (nondimensionally), in 1D

Up + YV = = U+ Vg,

ev; = flu,v),

where v = %, I = lengthscale, D = diffusion coefficient. We seek travelling waves
u=1u(), v=0v() £ =z + st. Note, we might expect s > 0 if B — C as £ increases:
4—
C
Spike BC T causes diffusion to left
B
Thus

s(u +y') = p—u+wvd
esv' = f(u,v).

1/2
We need diffusion on spikes of width € so we must have v = ¢, i.e. [ = (%) / .

D ~20um?s~, =004, k=10s' = [~ T7um (reasonable).

= wavespeed ~ [k ~ 70 ums™! for s = O(1).

Spikes BC

u

In BC and DA | £ = eX = s(u' + V') = v” where v’ = du/dX etc. Thus, after one
integration,

v ~ (u—upg+y(v—uvg))),

sv' ~  f(u,v),

2
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while on CD, AB, with v’ = du/d¢, f(u,v) 0 = v = g(u) and
s(1+ v () =~ p— u.
Suppose we are given ug. Then vg = g(up). Write

U = u—up,
V = v—up,
flu,v) = FU,V),

Then, on BC, we have

U = s(U+4V),
sV = F(U,V).

Phase plane
174 A
U >0

U <0 \\, -N\
N

N !
2 A \¥U
N
\

F>0
‘\ V<o FUYV)=
PRt F<0
—<— V>0
U+~+V =0

o

For a particular value of s, there is a connecting trajectory as shown. [As s | 0,

trajectory — stable equilibrium 2. As s — oo, trajectory — horizontal.]

Derivation of phase plane: 3
Linearisation near equilibrium points: U = Uy = U etc.

(2Y=(5 (D)

trace T = s>+ Fy,
det D = Sz(FV — ’)’FU)

<t S
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D

A
STABLE
spirjal
node node
T

saddle

[ASIDE:
!
T a b T
(v)=(2 ) ()
Eigenvalues
a — )\ b N2 .
det( e d) ) =X —(a+bA+ad—bc=0,
i.e.
T JT? —4D

At all equilibrium points Fy < 0.
At 1,3 Fy > 0= D <0 = saddle.

At 2 Fy < 0.
FU 1 2 .
At 2 |F slope| > |U++V slope| = oo D = s*(Fy—vFy) > 0 = node or spiral.
v

Ass |0, T <0 = stable. As s 1 00, T > 0 = unstable.
The same construction will work on the return jump DA, except given s (from
BC'), we have to choose up (thus uy4).

VA

\J

NS
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Thus, given ug = ug, select s for wavefront to form ug to ug. With this s select
up = uy to connect back. Solve s(1 + v¢'(u))u’ = p —u on CD and AB to find
wavelength. This requires up < p < ua and so will work for all u € (u_, 4 ). Thus
oscillatory kinetics = 1 parameter (up or s) family of periodic wavetrains.

If 4 < p_, then we can choose uy = p (stable steady state in kinetics) and there
is a travelling solitary wave (uq — s — upg). Excitable kinetics = solitary waves (c.f.
FitzHugh-Nagumo).

Spiral waves These are rotating waves, and have been observed in Ca?" waves
in oocytes (eggs) e.g. Xenopus oocytes. Spiral waves can be described by periodic

functions
u[Qt — mb — (r)].

[Periodic oscillations in reaction kinetics — periodic travelling waves.|

Example The heartbeat is generated by a pacemaked (oscillator) in the sinoatrial
node which propagates a wave through the excitable atria and ventricles.

Blockage of conduction paths can lead to re-entrant spiral waves and wventricular
tachycardia.



In the diseased heart, spiral waves become chaotic leading to ventricular fibrillation
and death.

4.4 Notes and references

Exercises

4.1 Describe the basic cell physiology of intracellular calcium exchange which is
used in the two pool model:
dc

E = T—kc—[J+_J—_kscs]7
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4.2

4.3

4.4

dcs

= - f_ks S
dt J_|_ J C
Vic®
J = ——
* K} + ¢’
Vac? cP
J_ = > )
Ky +cn ) \ K2+

Non-dimensionalise the model to obtain the equations

U = p—u-—"y0,

ev = f(u,v),

;=5 <1-Z:nu") a <1-Q|)—n;m) (aplf:up) v,

and define o, 3, 7, 4, €.

Given k=105, K; =1 uM, Ky = 2 uM, K3 = 0.9 uM, V; = 65 uM s},
Vo =500 uM s~ !, kg =157, m =2, n =2, p=4, find approximate values of
a’ /37 77 6’ 8'

Using the model of 4.4 with ¢ < 1, explain why v ~ g¢(u), and derive an
approximate (graphical) representation for g(u), assuming 6 < 1. Hence show
that there is a range of values of y for which periodic solutions are obtained, and
give approximate characterisations of the form of the oscillations of the cytosolic
Ca?* concentration u; in particular, explain the spikiness of the oscillation, and
show that the amplitude is approximately independent of i, but that the period
decreases as p increases.

What happens if n > p?

Show that the model of 4.4 has a unique steady state (with u,v > 0). Show
that it is oscillatorily unstable if

8_fv < _’qu

at the fixed point, and deduce that if g(u) is defined by f[u,g(u)] = 0, and
€ < 1, then this criterion is approximately

gk <-1/v.

Deduce from the form of the graph of g(u) that periodic solutions will exist in
arange - < u < g

What might the instability region be in the (u,d) plane?

The dimensionless two-pool model of CICR,

U +Y0: = U — U,

EVy = f(uav)a
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is considered in a one-dimensional spatial domain. Explain why the model may
be modified by a diffusion term in w but not in v, and explain also why the
natural length scale to choose is such that the scaled term is euy,.

Supposing that f(u,v) = 0 defines a function v = g(u) with g(0) =0, ¢ > 0
for u < py, u > po, and ¢’ < 0 for uy < u < pg, where s > puy > 0, use phase
plane analysis to show plausibly that periodic travelling wave trains will exist
for p_ < p < py, where ¢’(u+) = —1/7 (assuming min g’ < —1/7).

Will such waves exist in two or three dimensions?

67



Chapter 5

The electrochemical action of the
heart

The purpose of the heart is to pump blood through the body. The blood carries
nutrients to the tissues and carries away waste products; principally, the nutrient
is oxygen (O3) and the waste is carbon dioxide (COs). Exchange of these gases
between the body and the atmosphere occurs via respiratory exchange at the lungs,
and is effected by a perfusion of the blood through a capillary bed in the pulmonary
circulation.

There are two parts of the heart function which we will focus on in these notes.
The first is the electrochemical action of the heart, that is to say, the way in which
electrochemical signals cause muscle contraction in the myocardium, which enables
the heart to pump blood round the body. The second is the mechanical action of the
heart, i.e., the way in which this contraction enables a uni-directional circulation of
the blood via a system of valves in the heart. We deal with the electrochemical action
in this chapter, and the pump action in the next.

5.1 Action potentials and the heart beat

The heart contains 4 chambers, 2 atria and 2 ventricles. Blood collects in the atria
and is pumped to the ventricles, which in turn pump the blood to the lungs and
around the body. For the heart to act effectively it is necessary for the sequence
of contraction of the chambers to be synchronised. This is achieved by electrical
signals (cardiac action potentials) which are transmitted through the myocardium (see
figure 5.1). The heart is made of billions of individual cells. Each cell is surrounded by
a membrane which is electrically polarised (the membrane potential). The electrical
signals that stimulate contraction cause the membrane potential to depolarise and a
second electrical signal repolarises the membrane. The electrocardiogram (ECG) is a
measurement of these electrical signals on the surface of the body and consists of a
series of waves (see figure 5.2). Each wave in the ECG is linked with a depolarisation
wave or a repolarisation wave in the atria or ventricles. The first wave is the P-
wave and is caused by a depolarisation wave in the atria which originates from the
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sino-atrial bundle of His

node
left branch
bundle
i, 4 Purkinje fibre
.  Nophma® G VR / network
atrio-ventricular A 2k

node
right branch bundle

Figure 5.1: The electric pathways in the heart. The red lines are the Purkinje fibre
network, and the blue arrows show the direction of the electric signal (adapted from
Houghton & Gray 1997).

QRS complex_

P wave —— -

& T wave

. _ o 2 .I..

PR interval QT interval

Figure 5.2: The electrocardiogram viewed from lead-I. The separate P wave, QRS
complex and T wave, signifying atrial depolarisation, ventricular depolarisation and

ventricular repolarisation respectively, are clearly visible (adapted from Houghton &
Gray 1997).
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sino-atrial node (figure 5.1). The sino-atrial node is an electrical oscillator which is
the heart’s pacemaker. The second wave is the QRS-complex and is caused by the
ventricles depolarising. There is a gap between the P-wave and QRS-complex (the
PR interval) which is due a pause in the depolarisation wave in the atrio-ventricular
node. The depolarisation wave is transmitted rapidly though the ventricles by the
Purkinje fibre network which leads to the whole ventricle contracting simultaneously.
The final wave is the T-wave which is caused by the ventricles repolarising.

5.2 Cardiac cells

Similar to neurons (see chapter 2), cardiac cells are electrically active. There are 5
main types of heart cells, each type fulfils a specialised function. The cells are listed
in the order they depolarise during a cardiac activation sequence:

1. Sino-atrial node cells are the pacemaker of the heart and have oscillatory action
potentials. SA node cells do not contract. The SA node is situated on the right
atrium.

2. Atrial myocytes are excitable cells which conduct the action potential (the P-
wave) with a velocity of about 0.5 m s™'. Atrial myocytes are muscle cells and
contract when their membrane potential is depolarised.

3. Atrio-ventricular node cells are excitable cells which which conduct action po-
tentials with a velocity of about 0.05 m s™'. The main role of the AV node
is to create a pause between the contraction of the atria and ventricles (the
PR-interval). However, if the SA node fails, then the AV node can take over as
the pacemaker.

4. Purkinge fibres are excitable cells and conduct action potential rapidly (~ 5 m s™!).
After the action potential has passed through the AV-node, the rapid conduc-
tion in the Purkinje fibres makes the depolarisation of the ventricles synchronous
(this is why the QRS-complex is narrow)

5. Ventricular myocytes are excitable cells which conduct the action potential
slowly (=~ 0.5 m s™'). Ventricular cells are muscle cells and contract when
their membrane potential is depolarised.

In the next couple of section we shall see how the underlying ionic currents give rise to
the distinctive action potentials of the SA-node cells and of the ventricular myocytes.
The Nernst potentials for the different sodium, potassium and calcium in cardiac cells
are approximately: Vn, = +60 mV, Vx = —95 mV and Vg, = +130 mV.

5.2.1 Sino-Atrial-Node Cells

The SA-node is the pacemaker of the heart which is achieved by the SA-node cells
having oscillatory action potentials. The action potential contains three principle
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Figure 5.3: The action potential and principle ionic currents of the SA node cells.
The upward arrows represent depolarising currents, the downward current represent
repolarising currents and the size of the arrow represents the relative size of the
current.

depolarising ionic currents and one principle repolarising current. Note: depolarising
currents are also called inward currents and cause the membrane potential increase;
and repolarising currents are also called outward or rectifying currents and cause
the membrane potential to decrease. Each of the ionic currents is voltage-gated (see
chapter 2) and acts at different times during the action potential (see figure 5.3). The
main currents are:

1. I is the ‘funny’ depolarising current. This depolarising current is activated (i. e.
it contains voltage-gates which open) at low potentials (= —65 mV) and occur
at the beginning of the depolarising phase of the action potential.

2. Icar is the transient Ca** current, which contributes to the depolarisation at
potentials between -60 mV and -45 mV. At higher potentials it is inactivated.

3. Icay is the long-lasting Ca?" current and is the most important pacemaking
current. The current is activated when the membrane potential rises above
-55 mV.

4. Ik is the time-dependent potassium current. This current is responsible for the
repolarisation of the action potential and is activated when the potential rises
above -40 mV. However, the voltage-gates take approximately 100 ms to fully
open.

Individual isolated SA node cells oscillate with different time periods (170 ms —
350 ms). However, in the SA node neighbouring cells are electrically coupled which
synchronises their action potentials. The SA node is electrically coupled to the right
atrium which allows the action potential to spread from the SA node. This electri-
cal coupling has a second effect, during the initial depolarisation phase it acts as a
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Figure 5.4: The action potential and principle ionic currents of the ventricular my-
ocyte. The upward arrows represent depolarising currents, the downward current
represent repolarising currents and the size of the arrow represents the relative size
of the current.

current sink, which slows the rate of depolarisation and thus reduces the frequency
of the pacemaker. The frequency of the pacemaker can be increased by increasing
the size of the depolarising current Ic, 1, Icar and I;. For example catecholamines
(e. g. adrenaline and noradrenaline), which are neurotransmitters released when the
sympathetic nerves are stimulated, dramatically increase Ic,1, and can increase the
frequency of the pacemaker by up to three times. Conversely acetylcholine (Ach),
which is a neurotransmitter released when the parasympathetic nerves are stimulated,
reduces both Ic,1, and It, and decreases the frequency of the pacemaker. Nervous
control of the heart is discussed in detail in chapter 6.

5.2.2 Ventricular Myocytes

The ventricular muscle is made of billions of individual ventricular myocytes. The
ventricles contracts when all the myocytes contract simultaneously. The electrophys-
iology of ventricular myocytes therefore must play two roles. First it must allow
electrical signals to pass between the cells to synchronise the contractions, and sec-
ond it must stimulate the contraction. The resting potential for ventricular myocytes
is typically -90 mV, which is close to the Nernst potential for the potassium ions. The
principle currents involved in the ventricular action potential are shown in figure 5.2.
The action potential starts with a rapid depolarisation phase which is followed by the
long plateau phase where the potential changes slowly. After approximately 300 ms
the plateau phase ends and the cell membrane rapidly repolarises. The exact make-up
and balance of the ionic currents during the plateau phase is still an area of active
research and is known to differ between species.

1. Iy, is the fast inward sodium current which is the main current during the
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depolarisation phase. As the membrane potential rises above -65 mV, this
current is rapidly activated and then inactivated by voltage-gates. The current
is very large leading to the membrane to fully depolarises in less than 1 ms.

2. I, is the transient outward current which is causes a small but rapid repolari-
sation immediately after the initial depolarisation.

3. Ica1 is the long-lasting Ca®" current which is a depolarising current. It is acti-
vated when the potential rises above -40 mV, and is inactivated by the increased
intracellular-Ca%* during an action potential and the membrane potential. The
current triggers the release of Ca’" from the sarcoplasmic reticulum, which
is the internal store of Ca?* (see chapter 4). This processes is called Ca?*-
induced-Ca?*-release (CICR) and is essential in electro-contraction coupling
(E-C coupling) because the high levels of Ca®" it produces causes the cell to
contract.

4. Incx is the sodium-calcium exchanger and is responsible for removing Ca*
ions from the cell (note Ca?" enters the cell through the Ic, 1, so to prevent
a build up of Ca’" it must be removed). The Incx pumps Ca®" against the
concentration gradient (the extracellular [Ca?'] is over 10000 times greater than
the intracellular [Ca?"]) by allowing 3 Na™ ions to enter the cell. When Ca?"
is being removed from the cell there is a net inward current which helps to
maintain the action potential.

5. Ik is the outward potassium current which is a repolarisation current. During
the plateau phase it balances the inward Ic, 1, and Incx.

6. Ik, is the background potassium current and is a repolarisation current which
is inactivated at high membrane potentials. It is responsible for the rapid re-
polarisation at the end of the plateau phase and for maintaining the resting
potential.

The plateau phase ends when the outward currents Ix and [k, become larger then
the balancing inward currents Ic, 1, and Incx.

Mathematical models (e. g. Beeler-Reuter, Noble, Luo-Rudy) of cardiac cells can
be constructed describing these ionic currents and their associated voltage-gates.
These models are similar to the Hodgkin-Huxley model for nerve cells, but involve
more variables due to the greater number of currents involved. However, the basic
feature of cardiac cells is that they are excitable and the the upstroke of the ac-
tion potential is much more rapid than repolarisation during the plateau phase. The
FitzHugh-Nagumo model (chapter 2) also has these properties and can be used as a
first approximation to model cardiac action potential. The FHN equations are

d
e = f)-w, (5.1)
(2—1: = Y —w, (5.2)



where f(v) contains two stable roots and is often represented by a cubic equation. v
is the membrane potential and w is the recovery variable.

5.3 Cardiac Tissue

Ventricular myocytes are very small, typically only 100 gm long and 10 ym wide. The
heart muscle is made of billions of interconnected ventricular myocytes which divides
the tissue into two regions: the intracellular space and the extracellular space. The
myocytes are aligned approximately parallel to each other defining the fibre direction.
The fibre structure of cardiac tissue makes it anisotropic. Adjacent cells form connec-
tions in regions called intercalated discs. Within these discs are gap junctions, which
form electrical connections between the cells. The majority of the gap junctions are
concentrated at the ends of the cells, leading to a larger electrical conductivity in
the direction of the cardiac fibres compared with the direction perpendicular to the
fibres. In theory it is possible to write down equations that model the fine struc-
ture of the intercellular connections, however, in practice solving these equations is
computational impossible. The length-scale over which the potential varies is greater
than the microscopic length-scale of the cellular structure, therefore homogenization
techniques can be used to yield a continuum description of the tissue (see Keener and
Snead p327). The intracellular and extracellular potential are given by V;(x,t) and
V.(x,t) respectively, so the transmembrane potential is V' = V; — V.. The intracel-
lular and extracellular current densities are given by J; and J. respectively, and are
assumed to be Ohmic so

Ji=-—0;VV; and J.=-0.VV, (5.3)

where o; and o, are the intracellular and extracellular conductivity (second rank)
tensors. The total current at each point is given by Jix = J; + J.. Assuming no
external currents are applied, the total current is conserved so V.Ji, = 0, so

V.(0:;VV; 4+ 5.VV,) = 0. (5.4)

Although the total current is conserved, the individual currents in the extracellular
and intracellular spaces are not conserved because the transmembrane current and
the capacitive current stored on the cell membrane. The transmembrane current per
unit area of membrane is I,,,, and
ov 1
Im = Cm— + Ii n — —V. O'ZV‘/z . 5.5
5+ i = ~V(@TV) (55)
where x is the surface area to volume ratio of the cell membrane. Equations (5.4)
and (5.5) form the bidomain model for cardiac tissue. The bidomain model can be
reduced to a monodomain model in the special that the intracellular and extracellular
conductivities are proportional, so 0. = ko; where k is a constant. Eliminating o,

and V, from (5.4) yields
V.(0:VV;) =V.(eVV), (5.6)
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where 0 = ko;/(1 + k). Inserting this expression into (5.5) yields the single mon-
odomain equation

ov
V(O’VV) =X (CME + Iion) . (57)
We will use the monodomain model to examine the propagation of wavefronts in two-
and three-dimensions.

5.4 Geometric theory of wave propagation

In this section a geometrical theory of wave propagation is introduced which allows
the study of wave propagation in more than one dimension. The theory is based on
the assumption that the width of the wavefront is small compared with the radius
of curvature. The tissue is modelled using the monodomain model (5.3) and the
conductivity tensor is assumed to be constant and diagonal. The ionic currents are
modelled using the FitzHugh-Nagumo equations (5.1) and (5.2), and the limit & — 0
is taken so that the recovery variable w is constant throughout the wavefront and set
to 0 (this can always be done by redefining f(v) ). After non-dimensionalisation, the
membrane potential obeys

ev, = &Vi+ f(v) (5.8)

here v represents the membrane potential. The wavefront is defined as the region
where the v changes rapidly and is of width O(g) in the space variable. The function
f(v) has the following properties

fOVo)=f(Vo) = f(Vy) =0, where V. <Vy<V, (5.9)
fo(V2) <0,  fo,(Vo) >0, fo(V4) <0 (5.10)

and v
/V+ f(v)dv > 0, (5.11)

Introduce the travelling wave co-ordinate £ = (x.n — ct)/e, where n is a constant
vector, and look for solutions of (5.8) of the form v = V() i.e.

V'+cV'+ f(V)=0 (5.12)

and
V(¢ — Vy as £ — —o0, (5.13)
V) —=V. as (=0 (5.14)

then condition (5.10) and (5.11) are necessary and sufficient for travelling wave so-
lution to exist with ¢ > 0 (recall problem 3.5). These solutions correspond to plane
wavefronts propagating in the direction n. Note that in the region of the wavefront

n.Vu =0(e™1).
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Figure 5.5: A schematic diagram of the membrane potential in a 2-dimensional wave-
front. The potential is represented by the shade (dark=high potential; light=low
potential). The wavefront has O(1) curvature and is of width O(e).

We shall now consider curved wavefronts in three dimensions where the radius of
curvature is O(1) and the width of the wavefront is O(¢). A useful picture of this
approximation is to consider the wavefront as the skin of an inflated balloon which is
thin compared with the radius of the balloon. The position of the wavefront can be
described by the surface r(Zs, Z3,t) (i.e. v(r) = Vp), where T, and z3 are co-ordinates
which parameterise the (two dimensional) surface. At each point on the surface there
will be a unit normal vector n and two tangent unit vectors é; and &z (see figure 5.5).
Since the vectors €, and €3 are both tangent to surface, the unit normal is

_ 2X% (5.15)
|&2 x &3]
The narrow wavefront approximation implies that n.Vv = O(g 1), &,.Vv = O(1) and
é3.Vv = O(1), see figure 5.5. A second way of considering this surface is to introduce
a generalised co-ordinate transformation

x=x(X,t) and t=t, (5.16)
such that the wavefront is the surface £; = 0. We now define tangent vectors e;

ox

oz;’
and note that without loss of generality we can demand that |e;| = 1, so that n = e;.
The second thing to notice is that the vectors e; and e3 lie tangent to the surface, so

e;, =

(5.17)
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e; = aey X e where ¢ is a normalisation factor. We now consider how the derivatives
transform

0 0 0 0 Ox; 0
= d —=—4+—"2 — 1
oz~ ioe, M % T ot ot oy (5.18)
where J is the Jacobian matrix
e;
J=0% o go|Ter . (5.19)
oz; — T
€3

The inverse transforms are then given by

o ., 0 o 0 Om 0
R R e A A (5.20)

where J,-;l is the inverse of J and is given by

_ €y X €3 e3 X € e; X ey
Jt = : 5.21
<e1.(e2 X eg) el.(eg X eg) el.(eg X e3)> ( )
= (n|aez x n| an X ey), (5.22)

where we have used the properties of e;. The transform of the Laplacian is

0*v 0 ov
o= J5 Ty e 5.23
Vi iy “ik 857]6.’2']9 + 81‘1 ik 857]@, ( )
where the matrix product JiglJijcl is
1 0 0
Tt Tt = (@I =1 0 b by |, (5.24)
0 bs2 b33

where b;; depend upon the details of the transformation, however are not required in
our calculation. Next we define the stretched variable £ = Z;/e and seek a solution
the form v(§, Za, Z3,t) = V(§), so (5.23) becomes

1 v 1[0 av
2 — 7171 o =gt 2= .2
V v 62 J’Ll le d§2 + € (axl il ) dg’ (5 5)
1d*v 1 dv
_ 1 R VAN 2
g2 dg? + 5vnd§ (526)
and (5.20) becomes
Oov 10z; . ,dV
= = _~-=giz 2
ot e Ot T d¢’ (5.27)
10x dV
= ———n— 2
e ot nd§ (5.28)
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Inserting (5.26) and (5.28) into (5.8) yields

vV [(0x dv
— —=. qn | — = 2
d§2+<8tn+6Vn) d§+f(V) 0 (5.29)
which is of the same form of the travelling wave equation (5.12) if
c= %.n +eVon. (5.30)

The travelling wave equation (5.12) had a solution V(&;¢) on the interval (—oo, 00)
corresponding to wavefronts travelling with velocity c. If we consider the finite interval
(—fB,8) where 8 > 1, then (5.12) will have a traveling wave solution with velocity
csg = ¢ plus a small correction term (which is normally exponentially small in 3).
We now take advantage of the fact that the wavefronts are narrow, which allows us
to choose a  where 1 <€ f < 1/g, so that Z; = ¢f < 1 (remember that Z;—axis
is normal to the wavefront). When the curvature is O(1), then moving £ in the
normal direction away from the wavefront at one point will not intersect with the
wavefront at another point, so it is possible to apply the boundary condition at this
distance. However, if the curvature is O(1/¢), then moving £ in the normal direction
away from the wavefront at one point will intersect with the wavefront at another
point when § is large. Comparing (5.29) with (5.12) tells us that (5.29) will have an
approximate where the position of the wavefront x satisfies (5.30). Equation (5.30)
is called the eikonal-curvature equation, the first term on the r.h.s. is the localised
speed of the wavefront and the second term is proportional to the curvature of the
wavefront. The second term describes how the wave speed is reduced by curvature.
Consider wave propagation in two-dimensions so that the wavefront is a line which
evolves with time. In general the position of the wavefront can be written in the form

x(s:t) = < ff((;?f))_ ) (5.31)

Inserting (5.31) into (5.30) and carrying out a change of variables (exercise 5.2)
yields the eikonal-curvature equation for evolution of a generalised wavefront in two-
dimensions:

. XtY:s‘ - Y:‘,Xs YssXs - XssYs

= KTV T (X LV (5.32)

In the following sections we will look at solutions of this equation which gives rise to
wavefronts with different geometries.
5.5 Target patterns

Target patterns are circular or spherical wavefronts which originate from a point.
An example of a target pattern in the heart are the depolarisation waves which
originate from the sino-atrial node (the pacemaker region). Further examples of
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Figure 5.6: Solutions of the FitzHugh-Nagumo equations showing target patterns
(white is v=0; black is v=1). When a large circular wavefront is excited (A), the
wave propagates outwards (B). However, when a small circular wavefront is excited
(C) the wave front decreases in size (D) due to curvature blocking.

target patterns are monomorphic ventricular tachycardia and Wolff-Parkinson-White
disease. A numerically solution of the FitzHugh-Nagumo equations (using a cubic
function for f(v) with stable roots at v = 0 and v = 1) showing a target pattern is
shown in figure 5.6. The initial conditions used were v = 0 when r > rg and v = 1
when 7 < 7 (i.e. a circular region of tissue was excited).

We now demonstrate that circular wavefronts are solution of the eikonal-curvature
equation (5.30). Consider a wavefront in the x-y plane. The radius r(6,t) of the
wavefront is a function of polar angle 8, so the position x of the wavefront is

r(6,t) cos(d)
x= ( r(6,t) sin(0) ) ' (5.33)

The tangent vector t and normal vector n are then

[ —rsin(@) + g cos(8) B 1 7 cos(6) + rg sin(6)
- < rcos(6) + ro sin(9) ) = \/m < rsin(f) — rg cos(6) ) - (834)

Inserting (5.33) into the eikonal-curvature equation for a general wavefront in two-
dimension (5.31) yields (exercise 5.4)

/T2 + 1l — o2 _ 42
o Ll " 2T T (5.35)

r ¢ r(r2 +r2)

re =0¢C
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This is the eikonal-curvature equation in polar co-ordinates. Solutions of this equation
which represent circular wavefronts will be of the form r(6,t) = R(t), so

€
R, =c 7 (5.36)
If the initial circular wavefront is sufficiently large (i.e. R(0) > R. = ¢/c) the wave will
expand outwards, however, if R(0) < €/c then the wavefront will collapse to the origin.
This is an example of the phenomenon of curvature blocking, where wavefronts do not
propagate if their curvature is too high. Figure 5.6A and B show a solution of the
FizHugh-Nagumo equations where the initial circular wavefront is sufficiently large
for the wavefront to expand outwards. However, when the initial circular wavefront
is below a critical value the wavefront shrinks (figure 5.6C and D). This calculation
suggests that the size of the sino-atrial node (pacemaker region) has to be sufficiently
large for a wave to be excited. It should be noted that while the solution of (5.36)
demonstrates the phenomenon of curvature blocking, it occurs when the curvature is
O(e 1) so the asymptotic assumptions used to derive the eikonal-curvature equation
are no longer valid. However, the qualitative behaviour of solutions of the FitzHugh-
Nagumo equations (figure 5.6) are captured by the eikonal-curvature equation.

We have shown that there are solutions of the eikonal-curvature equation which
are circular wavefronts. We shall now demonstrate that these wavefronts are geomet-
rically stable using a linear stability analysis. Consider a small perturbation to the
circular wavefront

r(0,t) ~ R(t) + ur(6,1), (5.37)

where p < 1. A wavefront is geometrically stable if 7#(8,¢) — 0 as ¢ — 0 for all .
Inserting (5.37) into (5.35) and taking the limit y — 0 yields(exercise 5.4)

. E(ﬁt)o + 7:)

fi= =Ry (5.38)

Circular symmetry demands that 7#(0) = 7#(6 + 27), which implies that solution must
be of the form 7 = 3" a,,(t)e™ where n is an integer. Looking for solution of this form

yields ( .

da, ¢e(1—n

i~ R Q- (5.39)
The first thing to notice is that the n = 0 solution appears to be unstable. However,
the coefficient for this solution can always be set to zero by choosing the initial
condition R(0) in the un-perturbed solution. The n = 1 solution is neutrally stable,
which arises because the initial perturbation 7(6,0) can shift the origin circular waves
by an O(u) distance.

Target patterns occur in both physiological conditions and in diseased states of the
heart. One example of the target patterns are the depolarisation waves originating
from the sino-atrial node which act as the pacemaker for the heart. An important
question to ask is how large must the sino-atrial node be for the depolarisation wave
to successfully transmit from the sino-atrial node into the atria. Normally the sino-
atrial node is larger than the critical value R.(= ¢/c). However in conditions such
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Figure 5.7: Solutions of the FitzHugh-Nagumo equations showing spiral waves (white
is v=0; black is v=1). The initial conditions (A) is a plane wave in half the domain
which wraps around a central core forming a re-entrant spiral waves (C) which con-
tinues to re-excite the tissue. In the centre of the domain is a core consisting of a
small disk of 'dead tissue’ (where f(v) = 0) which pins the spiral wave to the centre.

as hyperkalaemia, when the excitability of the tissue is greatly reduced, it is possible
for the wave to fail to transmit from sino-atrial node (sino-atrial block). This will
occur if the decreases in excitability (which increases ¢) increases the critical radius
R, beyond the radius of the sino-atrial node. Other examples of target patterns are
monomorphic ventricular tachycardia and Wolff-Parkinson-White disease.

5.6 Spiral waves

Spiral waves are self-replicating patterns which consist of a rotating spirals and oc-
cur in the heart during certain types of polymorphic tachycardia (e.g. torsades-de-
pointes). Figure 5.7 shows a solution of the FitzHugh-Nagumo equations exhibiting
a spiral wave. The fact that spiral waves rotate means that spiral wave solutions are
periodic in time. Similarly to the target pattern solution, we search for a solution of
the eikonal equation in polar co-ordinate. However, instead of looking for a solution
r(6,t), we look for a solution of the form

O(r,t) = o(r) — wt, (5.40)

so the position of the wavefront is

- ( 313?5((5?8 ::ﬁ)) ) - (5.41)

Note that r is now used to parameterise the curve of the wavefront instead of 6
which was used for target patterns. Inserting this expression this expression into the
eikonal-curvature equation (5.31) yields (exercise 5.5)

wr + €T¢rr + T2¢§ + 2¢'r
V14122 (1+72¢2)3/2
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Away from the core of the spiral the effect of curvature can be neglected, which gives

a first order equation for ¢
(,U2 1 1/2
by = <C_2 — T—2> . (5.43)

This equation can be integrated when r > c¢/w to give (exercise 5.5)
) ~ )
¢ = ﬁ—l—tan1< —2—1> (5.44)

where 79 = ¢/w (the integration constant just shifts the origin of time so is dropped).
This is the equation of the involute of a circle of radius ry. The involute of a circle can
be drawn by tieing a pencil to the end of a thread in a cotton wheel and unwinding
the thread. Note that this theory so far has yet to determine the frequency of the
spiral wave. This is because the frequency is determined by the behaviour in the
core of the spiral. In the core of the spiral the effect of curvature becomes important
(note that our solution ignoring curvature fails when r < c¢/w). The full eikonal-
curvature equation (5.42) can be solved numerically with the boundary conditions
that g is bounded at both r = 0 and r = oco. For any given ¢ and ¢ there is a
unique frequency w(c, ) for which g is bounded at both » = 0 and r = co. It should
be noted that in the core of a spiral the curvature is O(1/¢), so the assumptions
used in deriving the eikonal-curvature equation are no longer valid. However, similar
to the case of curvature blocking in target patterns, the eikonal-curvature equation
successfully determines the qualitative behaviour of FitzHugh-Nagumo equations.

Spiral waves are important because they lead to re-entrant behaviour without
pacemaking cells. Re-entrant behaviour is when one part of tissue is continually re-
excited. Spiral waves are thought to be the cause of polymorphic ventricular tachy-
cardia. Instabilities in spiral waves can lead to them breaking-up forming multiple
wavelets. This is a possible explanation for the breakdown of ventricular tachycardia
into ventricular fibrillation which is fatal if not treated immediately. Scroll waves are
the three dimensional analogue of spiral waves

5.7 Notes and references

1. Physiology and pharmacology of the heart, Brown and Kozlowski, 1997, Black-
well Science.

2. Making sence of the ECG, Houghton and Gray, 1997, Arnold.
3. Mathematical Physiology, Keener and Sneyd, 1998, Springer.

4. Patterns and Waves, Grindrod, 1991, OUP.
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Exercises

5.1

5.2

9.3

5.4

Write an essay on the electrical pathways in the heart. Include details of the
electrical activity of single cells and the different roll of each cell type.

This question calculates the eikonal-curvature equation for an arbitrarily shaped
one-dimensional wavefront (propagating in a two-dimensional space) The posi-
tion of the wavefront at time ¢ is given by

_ [ X(s:9)
xo,8) = ( Y (sit) )
where s parameterises the line. Calculate the tangent (t) and unit normal

(n)vectors of the wavefront? By considering the change of variables (z,y) —
(r,s), where

z =rX(s;t)
y =rY(s;1),
so the wavefront is positioned on the line » = 1, show that

v . YssXs - XssY:s
NGRS

The eikonal-curvature equation is

c=x;.n+eV.n,

show that
_ XtY:s - Y;Xs Y;’sXs - XssY;
S evye e e O
Plane waves. a. Show that a plane wavefront with normal n = (1,0) is a

solution of the eikonal-curvature equation (*).
b. Show that plane waves are geometrically stable by considering a small per-
turbation to the plane wavefront (see section 5.5 of notes).

Target patterns. Consider a wavefront in polar co-ordinates of the form

(note this is a line parameterised by the angle 6).
a. Show that the eikonal-curvature equation (*) for this wavefront is

2
\/7"2 +7p TTog — 213 — 12
= +¢ .

f=c r r(r2 +r2)
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9.5

b. Show that circular wavefronts (R(t) = r(6,t)) are a solution of this equation.
c. Linearise about this solution

r(0,t) = R(t) + pi(0,t)
where 4 < 1 to obtain equation (5.38) from the notes

8(?.99 + 7‘~)
(e A

and explain why the wavefront is geometrically stable.

Spiral waves. Consider a wavefront of the form

= (o)

Using (*), derive the eikonal-curvature equation for these wavefronts

wr + grqsrr + Ir2¢§ + 2(251'
1+ 7262 (1+72¢7)%/2

Away from the core of the spiral curvature can be ignored. Show that if e =0
the solution of this equation is

2 2
o= T—Q—l—tan1< r_2_1>

To To

CcC =

where ro = ¢/w. Show that this is the involute of a circle of radius 9. (The
involute of a circle can be drawn by tieing a pencil to the end of a thread in a
cotton wheel and unwinding the thread.)

)

NI

Hint: What is L in terms of a? You will need the trig relation: acos(z) +

bsin(z) = /a2 + b2 cos(xz — tan 1(b/a)) = Va? + b?sin(z + tan 1(a/b)).
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Chapter 6

The heart as a pump

The rhythmic contraction of the heart described in the preceding chapter causes blood
to be expelled into the arterial system. The heart, together with the arteries (which
carry oxygenated blood to the tissues) and the veins (which carry the de-oxygenated
blood back to the heart), forms a closed system of some five litres in volume, and in
order for contraction of the heart to effect a one way pulsatile flow, a system of valves
is necessary in order to prevent back flow. In this chapter we describe this system,
and also how it is controlled.

6.1 The circulation

A semi-schematic illustration of the human circulation is shown in figure 6.1. Blood is
pumped from the heart through the pulmonary capillary bed, where gas exchange in
the alveoli of the lung (described in chapter 7) removes metabolically produced carbon
dioxide and charges the blood with oxygen. The red, oxygenated blood returns to the
heart where it is then pumped to the tissues of the body via the arteries; the blood
dumps its oxygen in the tissues, and acquires a load of COs, which it takes back to
the heart in the veins.

In order to function in this way, the heart really consists of two parts, the right
heart (which sends the blood to the lungs) and the left heart (which sends the blood
to the tissues). Each side consists of an atrium, where the incoming blood is stored,
and a ventricle, where the blood is pumped. Thus the heart contains four chambers:
the right and left atria, and the right and left ventricles. The wall between the left
and right ventricles is called the septum.

The detailed pathway taken by the blood is shown in figure 6.2; de-oxygenated
blood returns to the heart through the vena cava into the right atrium. From there
it is sucked into the right ventricle, before being ejected into the pulmonary artery.
On returning to the heart via the pulmonary vein, the oxygenated blood flows into
the left atrium, from where it is sucked into the left ventricle before being ejected
into the aorta under high pressure. The ventricular walls are much thicker than the
atrial walls, since they are responsible for creating the majority of the blood pressure.
Additionally the left ventricular wall is much thicker than the right ventricular wall
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Figure 6.1: The human circulation. Blood flows from the heart to the lungs and
back (the pulmonary circulation), before carrying the consequently oxygenated blood
through the arteries to the tissues, and then back to the heart via the veins.
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Figure 6.3: Illustration of the variation of pressure with arterial distance from the
heart. L : left ventricle; C: ena Cava.
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stroke volume.
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scribed with reference to the left ventricular pressure-volume diagram, which repre-
sents how the pressure and volume of the left ventricle vary through the cycle. This
is shown in figure 6.4. The left and right hearts act more or less synchronously, so
that it su ces to describe the cycle in the left heart.

The heartbeat has two phases, called systole and diastole (the last e is pro-
nounced in each word). Systole refers to the contraction phase, when the ventricular
pressure rises, and diastole refers to the relaxation phase, when ventricular pressure
is low. Each of these phases is further subdivided, depending on whether the two left
ventricular valves are open or closed.

The beginning part of systole is the isovolumetric contraction phase (between C
and AO); both valves are shut, so that the volume of the left ventricle remains
constant (beca se the contained blood is incompressible). In this phase the m scles of
the ventric lar myocardi m contract beca se of the cardiac action potential, and as a
conseq ence the left ventric lar press re increases (think of the effect of tightening
amnoose ro nd yo rneck). This contraction phase is rapid, taking abo t 0.0 seconds.
When the press re increases beyond the aortic arterial press re, the aortic valve opens
and ejection of the blood into the aorta begins. Contraction contin es for a f rther
short period before the ventric lar press re starts to decline as a conseq ence of the
ejection. ring this ejection phase, of some 0.3 s d ration, the ventric lar vol me
decreases from abo t 120 ml to abo t 0 ml; the vol me of ejected blood is the stroke
volume, abo t 70 ml.

The end of the ejection phase s ally occ rs at the same time that the action
potential drops, and is d e to the relaxation of heart m scle as the transient intra-
cell lar calci m concentration decreases, and the crossbridges break (see chapter ).
The declining ventric lar press re decreases below the arterial press re once again,
th s closing the aortic valve. There now follows diastole: first an isovol metric relax-
ation phase, d ring which the press re drops sharply in a time of abo t 0.0 s, ntil
the ventric lar press re decreases below the left atrial press re. At this point ( O)
the mitral valve opens (the aortic valve is still closed), and the fo rth phase of the
cycle, the filling phase, begins. In this the ventricle is filled from the atri m, and the
ventric lar vol me increases once more towards its pre-systolic val e. The cardiac
pacemaker fires, and the cycle begins again.
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