Mathematical physiology

PROBLEM SHEET 1.

1.1 Derive a suitably scaled form of the Michaelis-Menten model for the reaction

k1 ko
S+ FE kF\ C — E+P,
-1
and show that it depends on the parameters
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where Sy and Ej are the initial values of S and E. If ¢ <« 1, show that the solution consists
of an outer layer in which ¢t = O(1), and an inner layer in which ¢ = O(¢), and find explicit
approximations for these. Hence show that S decreases linearly initially, but exponentially
at large times.

1.2 An enzyme has n binding sites for a substrate S. If the enzyme complexes with j bound
sites are denoted as Cj, write down the rate equations for the concentrations of S, P and
Cj, 3 =0,1,...,n, where Cy = E, satisfying the reactions

ki k:+

S+Ciq k;\ C; 5 Ci_1+P.

Deduce that "
Co=FEo— ) Cj
1

where Ej is the initial enzyme present. Use the quasi-steady state assumption to show that
R;=0,7=1,...,n, where

R, = k;,SC;_1 — (k}_i + kj)Ci,
and deduce that the reaction rate » = dP/dt is given approximately by

1+ 30 687

where ,
J +
R —, K;= i
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Deduce that if k; — 0 with kik, finite, the reaction rate is approximated by the Hill
equation
B ki EoS™
I K+ S
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1.3 A substrate S reacts with an enzyme to form a product P by the reaction scheme

k1 ks
S+ FE k:;\ i — EF+ P
-1

An inhibitor I prevents the reaction by binding to the enzyme, as

k3
I+ E = (Cs.
k—3

Use the quasi-steady state hypothesis to show that the rate of reaction is approximately

o ko EySK;
- K, I+ K;S+ K, K;’
where ko ks &
2 —1 -3
K,=—— " K =—-—,
m kl ) 2 kS

If different initial values Iy, Sy are used, can a Lineweaver-Burk plot be used to find K,,,
K; and k2?7 Why, or why not?
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PROBLEM SHEET 2.

2.1 Carrier-mediated transport of a substrate S by a carrier protein C is modelled as the
(rapid) reaction system

Si + C; k;\ P,=P v S.+C,,

|
x>
ol
+

C; = C..
k

Explain the meaning of these reactions. If a substrate flux J is supplied to the exterior
membrane surface and removed from the interior surface, use steady state kinetics to show

that
K*(Se — S;)

(Km + Sz)(Km + Se) - K(%?
where K*, K; and K, should be defined.

J=

2.2 (a) A membrane ion channel has two gates activated by a protein. If n denotes the

fraction of open gates in a cell membrane, explain why the fraction of open channels is n?.

(b) An ion channel has three gates, two controlled by an activating protein A, and the
other controlled by an inactivating protein B. If the density of open B gates is h, explain
why the density of open channels is m?h. How does this result generalise to r proteins
controlling s gates?

2.3 Write down the Hodgkin-Huxley model of trans-membrane conduction, and explain its
derivation. Non-dimensionalise the model, and show that with certain parametric assump-
tions (which you should explain) it reduces to

n = ne(v)—n,
ev = I"—g(v,n),
where v is membrane potential and n is a gating variable, and show that g can be written
as
9=k +vin' + (v —vf) = (1= v)(h —n)m®(v).
Give typical values of vx, vz, h, v}, Vi, €. Giving reasons, derive the graphical form of the

v nullcline, g = 0. Hence deduce that (if n. is large enough) the membrane is ezxcitable,
defining also what this means.

2.4 The Fitzhugh-Nagumo model for an action potential is

ev = I"+ f(v) —w,
b= e, 1)

and you may assume € < 1. Explain the meaning of the terms in these equations, and
describe where the equations come from.

Suppose f = v(a —v)(v — 1), where 0 < a < 1. Show that the system is excitable if
I* = 0 and + is large enough, and that it may spontaneously oscillate if I* > 0. Give an
explicit criterion for such oscillations to occur, in terms of I*, v and a.
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PROBLEM SHEET 3.

3.1 If the membrane potential of an axon is V' and the transverse membrane current is [ |,

derive the cable equation

oV 1 0%V
A -vv
o Lt R

explaining also the meaning of the terms. What is meant by the resting potential V,?
Suppose

V—‘/eq:’UNa’U, tNT’rH ‘/Z:Nl) IL :pgNa’UNag(n,U),
such that v and n satisfy the dimensionless equations

vy = —g(n,v)+52vm,

n = Neo(v) — M. (2)
How must [ be chosen to obtain this form? What is the definition of €7
3.2 The Fitzhugh-Nagumo model for signal propagation in nerve cells is

vy = f(v)—w+521)m,

wy = v —w. (3)
Explain the origins of this model, and explain in detail why travelling waves exist if £ < 1.

3.3 Describe the basic cell physiology of intracellular calcium exchange which is used in the
two pool model:

dc
a = r—kjc—[J+—J__kscs]7
dcs
— = - —_ks Sy
dt Je = ‘
Vlc"
Jp = =
+ K+ ¢’
( o )( . )
Jo = m p )
K"+ ) \ K5+

Non-dimensionalise the model to obtain the equations

U = U—u—y0,

ev = f(u,v),

7= () () () -

and define «, 3, v, 9, €.
Givenk =10s71, K1 =1 uM, Ko = 2 uM, K3 = 0.9 uM, Vi = 65 uM s~1, V5 = 500 uM
sTh ks=1s"Y m=2,n=2 p=4, find approximate values of , 3, 7, 6, €.
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PROBLEM SHEET 4.

4.1 Using the model of 3.3 with ¢ < 1, explain why v =~ g(u), and derive an approximate
(graphical) representation for g(u), assuming § < 1. Hence show that there is a range of
values of y for which periodic solutions are obtained, and give approximate characterisations
of the form of the oscillations of the cytosolic Ca?* concentration w; in particular, explain
the spikiness of the oscillation, and show that the amplitude is approximately independent
of u, but that the period decreases as u increases.

What happens if n > p?

4.2 Show that the model of 3.3 has a unique steady state (with u,v > 0). Show that it is
oscillatorily unstable if

E_fv < _’qu

at the fixed point, and deduce that if g(u) is defined by f[u, g(u)] =0, and € < 1, then this
criterion is approximately

g'(p) <=1/
Deduce from the form of the graph of g(u) that periodic solutions will exist in a range

o < < iy
What might the instability region be in the (u,d) plane?

4.3 The dimensionless two-pool model of CICR,

up vy = p—u

evg = f(u,v),

is considered in a one-dimensional spatial domain. Explain why the model may be modified
by a diffusion term in w but not in v, and explain also why the natural length scale to
choose is such that the scaled term is eug,.

Supposing that f(u,v) = 0 defines a function v = g(u) with ¢g(0) = 0, ¢’ > 0 for
u < p1, u > pg, and ¢’ < 0 for pup < w < pg, where po > 1 > 0, use phase plane analysis
to show plausibly that periodic travelling wave trains will exist for p_ < p < py, where
g (pne) = —1/7 (assuming ming’ < —1/7).

Will such waves exist in two or three dimensions?
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PROBLEM SHEET 5.

5.1 Describe the sequence of events which occurs in the human circulatory system during a
single heart beat. Your description should include a schematic illustration of the circulatory
system, how filling and emptying of the atria and ventricles is effected by valve opening and
closing, and how this affects the pressure and volume of the left ventricle.

5.2 What is meant by stroke volume and heart rate? How does the cardiac output depend
on these?

A simple model of the circulation consists of a (left) ventricle (with mitral and aortic
valves), arteries, veins and capillaries. Show that a simple compartment model for this
system which describes the volumes of the arteries, veins and ventricle can be written in
the form

Va:Q—i-_Qca
‘./;):QC_Q—a
VLV:Q*_Q“F?

and describe the meaning of the variables. What assumption is made about the capillary
volume in writing these equations?

5.3 What is meant by compliance, elastance and resistance of blood vessels?

In the model of question 5.2, let p,, p, and pry denote the pressures in arteries, veins
and left ventricle, respectively. Denoting resistances and compliances of compartment k£ by
Ry, and C}, respectively, write down expressions for )i, where @), is the blood flow from
compartment j to compartment k, and hence derive a model consisting of three ordinary
differential equations for the three compartment pressures.

Ilustrate on a diagram of py, versus Vi how you expect the pressures to oscillate during
a heart beat.

5.4 What is meant by systole and diastole?

Write down a model of the circulation which describes the volumes of separate compart-
ments representing left atrium, left ventricle, arteries, capillaries and veins. Assume that
three valves (e.g., pulmonary, mitral and aortic) separate the veins, left atrium, left ventri-
cle and arteries. By assuming compliances and resistances C and Ry for compartment k,
write the model in the form of differential equations for the pressures in each compartment.

5.5 What are the four valves of the heart, and what is their purpose?

The blood flow rates to and from the heart (i.e., to the right atrium and from the left
ventricle) are taken to be equal, and denoted by Q(t). Write down a four compartment
model of the pulmonary circulation for the volumes of left and right atria and ventricles,
assuming that the pulmonary flow provides resistance but has no volume. Using appropri-
ate compliances and resistances, derive equations for the pressure of each chamber of the
heart.
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PROBLEM SHEET 6.

6.1 A one chamber model of the circulation having a left ventricle, arteries, veins and
peripheral resistance is written in the form

C

) R
R.Cypa = _(pa - pv) + Rf [pLV - pa]+ )

S]

R,

R.Cypy = (pa — pv) + R, [pv — pLV]+ )
(pﬁv > _ o —pwly v —paly
Ery R, R,

Describe the meaning of the terms, and explain briefly how the model is derived.

The effect of cardiac contraction on the ventricle elastance is modelled by assuming
that Ery jumps rapidly between a low diastolic value F4 and a high systolic value Es. The
systolic value is held for a time interval Atr ~ 0.3 s, and the diastolic value is held for a
time interval Atg =~ 0.5 s.

Suppose that the end diastolic arterial pressure is p/ and that the end diastolic ven-
tricular volume is V. (so that pry < p}). Suppose also that R.C, = 1.8 s, R.C,, = 60 s,
R.Cs=04s, R.C; =192, R./R, =75, and R./R, = 20.

Show that during systole, where Ery jumps rapidly from E; to Es and is maintained
there for an interval of duration Atg, there is a period of isovolumetric contraction until
prv reaches p and the aortic valve opens, followed by a period of ejection, during which
PLV = P, and p, rapidly jumps to the peak systolic value

NCap;r"i'VJr_‘/O
Pa =~ Ca+cs ’

(Vo is the resting ventricular volume at zero pressure), after which

Rccapa + Rc< Pa > ~ —DPa-
A%

(Assume that p, < pq.)
Deduce that the end systolic arterial pressure is

Pa = DPg ~

Cavt +VH—Vo [ —Atp }
C. +C. PlR(C. 1 C)”

and thus that the stroke volume is

C

s _AtF
Co+Cs

R.(Cy + Cy)

AV%V*‘—%—( )[Cap;'—l—V"’—Vo]exp{ )

6.2 In the model of question 6.1, suppose that the end systolic ventricular volume is V.
Show that systole is followed by a rapid isovolumetric relaxation period, and then a filling
period of duration Atg, in which firstly pry — E4(V ™~ — V) rapidly, and then p, decays



exponentially. (Assume p,, prv < pq, explaining why.) Deduce that if p; is the end systolic
arterial pressure, then the end diastolic arterial pressure is

—AtR}
R.C, |~

pit ~p, eXp{

If the venous pressure is p, and is taken to be constant, show that V, — Vy = Cyp,, and
deduce (using also the results of question 6.1) that

Py~ Ap; + B,

and give definitions for A and B. Use the numerical values Vj = 17 ml, R, = 0.06 mm Hg s
ml™!, R, =0.016 mmHg s ml~!, R, = 1.2 mmHg s ml~!, C, = 1.5 ml mmHg~!, C, = 50
ml mmHg™!, Cy = 16 ml mm Hg~!, Cy; = 0.34 ml mm Hg~!, p, ~ 7 mm Hg, to find values
of A and B; hence determine the behaviour of successive values of p;.
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PROBLEM SHEET 7.

7.1 In respiratory physiology, what is meant by the minute ventilation? Describe the way in
which respiration is controlled by the blood gas concentrations at the central and peripheral
chemoreceptors.

The Mackey-Glass model is a one compartment model of respiratory control, and can
be represented by the equations _

Kp=M —pV,
V =V(pr);

explain what the various terms represent, and their physiological interpretation.

Suppose that

V - G[p - p0]+7

and that M = 200 mm Hg 1(BTPS) min~!, py = 35 mmHg, K = 40 I(BTPS), G = 2
1(BTPS) min~! mmHg™!, 7 = 0.2 min. Show how to non-dimensionalise the equations to
obtain the dimensionless form

p=all = (1+ pup)vl,
v = [p1]+,

and give the definitions of @ and p. Check that they are dimensionless, and find their values.

7.2 The original Mackey-Glass model was written in the form
p =A- KpV?

_ Vip?
SOty

Mackey and Glass assumed normal steady state values of p = p* = 40 mmHg, V =
V* =71 min}, dV/dp|p* = G* =41 min~! mmHg™! and also that A = 6 mm Hg min~!
and V,, = 80 1 min~—!. Use these to infer values of x, n and #. Are the values of A and &
consistent with the values of M and K in question 7.17

7.3 The Mackey-Glass model of question 7.1 is written in the form

p=afl = 1+ pp)o(p1)],

where v is taken to be a monotone increasing positive function of its argument, and « and
1 are positive constants.

Show that there is a unique positive steady state p*.

By linearising about this steady state, show that the steady state is unstable if Reo > 0,
where

0= _ﬂ - ’7670-7

and 8 = ap(p®), v = ol + pp*)v'(p).

Show that this equation has (two) real roots if and only if v < 1 and § < In(1/v) — 1,
and that these are both negative.



7.4 Picard’s theorem states that a holomorphic function f(z) having an isolated essential
singularity at z = zo takes on every possible complex value in any neighbourhood of zg,
with at most one exception. Use this to show that the equation for o,
o=—f—7e,

where 8 and « are positive constants, has an infinite number of complex roots in a neigh-
bourhood of oc.

Show that if ¢ — oo, then also Reoc — —cc.

Show that the complex roots vary continuously with v (for example show that do /0~y
exists for complex o).

Show that Reo < 0 for all roots if v is sufficiently small.

Deduce that instability occurs for v > ~., where

Y
7T S
and € is the smallest (positive) root of
Q
tan Q) = ——.
g

Use Maple or some other graphical software to plot v, as a function of 3.

7.5 A simplified version of the Grodins model describes COs partial pressures in arteries,
veins, brain and tissues by the equations

K1.Paco, = —VPaco, + 863Kc0,Q[Pyco, — Paco,);
Kco,KBPsco, = MRpco, + Kco,QB[Paco,(t — TaB) — PeCo,]
Kco,KrPrco, = MRrco, + (Q — QB)Kco,[Paco,(t — Tar) — Prco,),

with the venous pressure being determined by

QP.co, = QBPrCO,(t — ™vB) + (Q — @B)Prco,(t — Tvr).

Explain the meaning of the equations and their constituent terms.

Use values K = 3 1, V* = 863Kc0,Q = 26 1 min™!, Kp = 11, Q = 6 1 min},
Qp = 0.75 1 min™', K7 = 39 1, to evaluate response time scales for arterial, brain and
tissue CO4 partial pressures.

Deduce that for oscillations on a time scale of a minute, one can assume that the arterial
pressure is in quasi-equilibrium, and that the tissue (and thus also venous) partial pressures
are approximately constant.

Hence derive an approximate expression for P,co, in terms of the ventilation V.

10



Mathematical physiology

VACATION SHEET.

8.1 Describe the way in which blood cells are produced, describe the different types of blood
cell and explain their function. In what ways are cell numbers normally controlled?

For red blood cells, explain the role of hypoxia and erythropoietin in the control of
differentiation.

A mathematical model of red blood cell numbers is given by the equation

dE
2 F(E,) —~E,
i (Er) —~

where F(E) is assumed to be given by the Hill function

EFpom

F=_—-2_
E"+ 0"

In what way does this represent the effect of erythropoietin control?
Non-dimensionalise the model to obtain the form

and give the definitions of p and §. Use the values v = 2 x 1072 day !, Fy = 10 cells pl™*,
n=28, 60 =3.5x10° cells ul~!, 7 = 6 days, to evaluate p and .

Show that there is a unique steady state ¢ = ¢*, and find approximate formulae for £*
when § < 1 and § > 1. Draw a rough graph of £* as a function of 4.

Hence show that |f/(£*)| varies non-monotonically with §, where f(§) =1/(1+£&™), and
that |f/(£*)] is maximum when

5 (n—i—l)l/”n—i—l
—P\n 2n

8.2 What is meant by the Gg model of stem cell proliferation? Describe the way in which
a simple model for the populations P of proliferative cells and N of resting cells can be
written in the form

pP= P+ ﬁ(N)N - e_PYT/B(NT>N7'7
N = —B(N)N — 6N + 2¢7 7" 3(N,)N;.
Suppose that S(N) is given by the Hill function

0TL
) =

By suitably non-dimensionalising the model, derive the dimensionless form
N = g(N1) = g(N) + e[pg(N1) — NJ,

where

bN
90N = 15w

and give the definitions of the parameters u, b and &.

11



Use the values = 2 x 10° cells ul™!, By =1.8d ', v=02d7 1, 6§=0.05d"", 7 =22
d, to find typical values of b, i and &.

Show that there is a unique positive steady state if uG > 1, and show that it is unstable
if Reo > 0, where

oc=—a—~ve 7,

and
a=g+e, y=-(1+ep)d.

8.3 Suppose that o satisfies

o=—a—vye 7,
where a and 7 are (not necessarily positive) constants.
Show that if « > 0, Reo < 0 if |7| < «, and that 0 =0 if v = —a.
Show that 0 = £iQ2 # 0 if v = 1 (), where
Q Q
t Q = — = —
o o T s
for © € [0,7]. Show that v;(«) is a positive monotone increasing function of o which
terminates at a = —1, where v; = 1.

By consideration of the graph of o — (1 — e~7), show that when v+ a =0, 0 = 0 is
the only real root if v < 0, there is a second which is negative if 0 < v < 1, and a second
which is positive when ~ > 1.

Show that when ~ > 0, the two real roots collide when v = ~.(a) = exp[—(a + 1)].

Use the above facts to show that, if o4 and o_ denote the two roots +i{2 when v = ~1,
then

o+ are complex for a € (v71(7),77 ' (7)), and Reoy > 0;
o+ are complex for v € (y.(a),v1(e)), and Reoy < 0;
o+ are real for v < 7.(a), and:

ot >0 for v € (—a,ye(a)) when o < —1;

ot <0 for v € (—a,v.(a)) when a > —1;

0+ >0>0_for0<y< —a, a<0;
there is only one real root o for v < 0, and:

o+ >0fory < —a, o4 <0 for v > —a.

Hence sketch the stability regions (i.e., where Reo < 0) in (7, «) parameter space.

Use the definitions in question 8.2 to show that v+ « > 0, and deduce that the positive
fixed point is oscillatorily unstable for large enough p if 0 > ¢’ > —1 — ¢, and that it is
unstable for ¢’ < —1 —¢.

8.4 Red blood cell precursors are produced from pluripotential stem cells in the bone marrow

at a rate F'. They mature for a period of 7 days before being released into the blood, where
they circulate for a further A days. If the apoptotic rates in bone marrow and blood are o

12



and -y, respectively, show that the developing cell density p and circulating RBC density e
satisfy the equations

dp  Op

ot T am - P
de , de _
ot  da e

for0<m < 7and 0 < a < A, where
p(t,0) = F[E(t)], e(t,0) =p(t,7),

and we assume F' depends on the total circulating blood cell population,

A
E:/ eda.
0

Solve the equations using the method of characteristics, and hence show that for ¢ >
T+ A, E satisfies

E = F[E]e % — F[Epi)e " —qE, t>714A.

Compare this model to that which assumes no age limit to the circulating RBC. Under
what circumstances does the model reduce to the no age limit model?

Suppose that F' = Fyf, where f is O(1) and is a positive monotone decreasing function.
Show how to non-dimensionalise the model to the form

E = p[f(E1) — f(Exs1)e ™ — B,

where 1 = y7 and A = A/7. Supposing that A = 120 days and 7 = 6 days, explain why
you might expect p to be small.

Write down an equation for the exponent ¢ in solutions o exp(ot) describing small
perturbations about the steady state, and show that if o ~ O(1), then the steady state is
stable if |f/| < 1.

13



