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This paper derives sharp estimates of the error arising from explicit and implicit approximations of the
constant-coefficient 1D convection—diffusion equation with Dirac initial data. The error analysisis based
on Fourier analysis and asymptotic approximation of the integrals resulting from the inverse Fourier
transform. This research is motivated by applications in computational finance and the desire to prove
convergence of approximations to adjoint partial differential equations.
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1. Introduction

This paper is concerned with adetailed error analysis of two different discretizations of the 1D constant-
coefficient convection—diffusion equation on an infinite domain. Both are based on a second-order
central space discretization; one uses the forward Euler time discretization and the other uses Crank—
Nicolson, with or without a Rannacher startup in which one or more Crank—Nicolson timesteps are
replaced by two half-timesteps of backward Euler discretization to improve the convergence.

The novelty in this paper is in the focus on Dirac initial data. One reason for this focus is the
concern with the convergence of adjoint discretizations. Adjoint methods are being used heavily for
optimal design (Jameson, 1988; Jameson et al., 1998), error analysis and correction for integral outputs
(Barth & Deconinck, 2002; Giles & Suli, 2002; Pierce & Giles, 2004) and optimal grid adaptation
(Becker & Rannacher, 2001; Darmofal & Venditti, 2003). In applications in which the original partia
differential equation (PDE) is nonlinear, the adjoint discretization is usually obtained in one of two
ways, either as a discretization of the adjoint PDE corresponding to the linearization of the original
PDE or as the transposed equation corresponding to the linearized discretization of the original PDE. In
either case, if the original nonlinear solution is smooth, then the coefficients of the adjoint discretization
will be smooth, and it is possible to prove convergence in both steady and unsteady applications as
the mesh spacing and timestep approach zero (Ulbrich, 2002, 2003). However, when the underlying
nonlinear solution is discontinuous, as in the case of shocks in compressible flow, there is numerical
evidence (Giles, 2003) showing that one must be careful in the treatment of the discontinuity to obtain
convergence for the adjoint discretization.

To understand the connection between Dirac initial data and adjoint equations, consider the follow-
ing system of linear equations:

Un+1 — AnUn

arising from the discretization of an unsteady linear 1D PDE. Here, U" represents the approximation to
ascalar variable u(x, t) on a1D grid with uniform spacing h at timet" = nk. If oneisinterested in the
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value of an integral output
J =/ g(xu(x, T)dx,
—00

this may be approximated as
Ih=h> gx)u},
j

where T = Nk. Alternatively, but equivalently, it can be evaluated as

Jh=h va’u}’,
j

where the adjoint solution Vjn satisfies the adjoint discrete equations
Vi = (ANTVMH,
subject to the final data
VN =g(x).
The equivalence follows immediately from the identity
(VOTUO = (VN TAN-LAN=2. . ATAOO — (yvNyTyN.

This adjoint approach to evaluating the output functional is advantageous when there is a single
output functional of interest, but many different sets of initial data. Under these circumstances, the
standard approach would require a separate forward analysis for each set of initial data, whereas the
adjoint approach requires just one adjoint calculation plus an inexpensive inner product evaluation for
each set of initial data.

In the particular case of Dirac initial datawith

h=1, j=0,
Ujo = h_léj,o = )
0, otherwise,

one obtains
Vg =h> g(xpu.
]

Thus, convergence of the integral output for Dirac initial data is equivalent to pointwise convergence
of the adjoint discretization. The results for the explicit forward Euler discretization in this paper will
be used in future research to prove the pointwise convergence of adjoint discretizations when there are
discontinuities in the solution of the underlying nonlinear PDE.

A second motivation for the analysisin this paper is the applications in mathematical finance which
require the numerical solution of variants of the Black—Scholes equation (Wilmott et al., 1995)

oV v 1 , ,0%V

pm =rV rSaS 20 S Pk
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This is an equation which is solved backwards in time, from atermina timet = T to an initia time
t = 0. Thevaluefor ¢ issufficiently large so that the diffusion plays a significant rolein the evolution of
the solution; it is not a convection-dominated problem. Hence, second-order central space differencing
and Crank—Nicolson time integration are widely used to approximate this equation. On a uniform grid
with spacing h and timestep k, this results in the discrete equations

1 n+1 1 n

k k
D| = _Wgz(sj)zag = o f Sides 1k

where

with 5§ and o5 being the standard second-difference and central first-difference operators, respectively,
and t"+1 = t" — k, where n isthe time level index which increasesfromn = Oattimet = Tton = N
atimet =0.

For European call options, the ‘initial’ data at the terminal time are

V(S T) =max(S— K, 0).

The topleft plot in Fig. 1 shows the numerical solution V (S, 0) at timet = O obtained on a uniform
grid 0 < S < Syax = 5, using parameter valuesr = 0.05,0 = 0.2, K = 1and T = 2. The boundary
conditions which were used are Vj; = 0 at S= 0 and 52Vj = 0at S = Spa. The agreement between
the numerical solution and the analytic solution (Wilmott et al., 1995) appears quite good, but in the
financial application the first derivative, 4 = 6V /S, and the second derivative, I' = 92V /oS, are
both important quantities. Their numerical values obtained by central differencing are in much poorer
agreement with the analytic solution, as shown in the other two left-hand plots in Fig. 1. In particular,
note that the maximum error in the computed value for 1" occurs at S = 1, which is the location of the
discontinuity in the first derivative of the initial data.

The left-hand plots in Fig. 2 show the behaviour of the maximum error as the computational grid
is refined, keeping the ratio 4 = k/h fixed. It can be seen that the numerical solution Vj exhibits first-
order convergence, while the discrete approximation to 4 does not converge and the approximation to
I diverges.

At first sight, this may appear surprising as the Crank—Nicolson method is well-known to be con-
sistent and unconditionally stable, and hence one expects convergence. However, it is unconditionally
stable only in the L>-norm, and this, together with consistency, ensures convergencein L only for ini-
tial datawhich liein L, (Richtmyer & Morton, 1967), and the order of convergence may be less than
the second order achieved for smooth initial data. For example, the L, order of convergence for discon-
tinuousinitial datais % With the European call, theinitial datafor V liein L2, asdoesitsfirst derivative,
but the second derivative does not. This then is the root cause of the observed failure to converge as the
grid is refined. Furthermore, it is the maximum error, the L o-error, which is most relevant in financial
applications.

Rannacher (1984) analysed this problem from the perspective of Lo-convergence of convection—
diffusion approximations with discontinuous initial data. His objective was to recover second-order
convergence in the context of Crank—Nicolson time marching (he also considered higher-order time
integration schemes), and using energy methods, he proved that this could be achieved by replacing the
Crank—Nicolson approximation for the very first timestep by two half-timesteps using backward Euler
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1.5

timeintegration. This solution, often referred to as Rannacher time-stepping, has been used with success
in approximations of the Black—Scholes equations (Pooley et al., 2003a,b). The right-hand plotsin Figs
1 and 2 show that replacing the first two Crank—Nicolson timesteps by four half-timesteps of backward

Euler, for which

(-3

V-n+l/2 — V.n

J b

results in second-order convergence for V, 4 and I". The purpose of the analysis in this paper isto ex-
plain this behaviour by analysing the implicit discretization of the convection—diffusion equation subject
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to Dirac initial data, corresponding to the initial datafor /7. Thiswill prove that four half-timesteps of
backward Euler time marching are the minimum required to recover second-order convergence; the use
of more than four half-timesteps will probably lead to an increase in the overall error, and therefore four
half-timesteps can be regarded as optimal.

The numerical analysis is based on the Fourier transform of the discrete equations (Strang, 1986;
Strikwerda, 1989) and asymptotic approximation of the inverse Fourier transform to bound the resulting
discretization error. Numerical results confirm the sharpness of the error bounds which are derived.
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2. Model problem and discretizations

The model problem to be analysed is the convection—diffusion equation
au N 20U _ o%u
ot~ Tox  ox?’

on—oco < X <ocoand0 <t < 1, subject to the Dirac initial data

2.1)

u(x, 0) = o(x).

The generalization to nonunit diffusivity and terminal times other thant = 1 will be discussed later.
Defining the Fourier transform pair

oo .
ﬁ(zc,t):/ u(x, t)e " * dx,

—00

1 o =~ i X
U(X’I)ZZ/ U(x, t)e™* d,
o0

the Fourier transform of (2.1) yields

da
d—‘: = —(iax + ),
subject to the initial datali(x, 0) = 1. The solution to thisis

U(x, t) = exp(—(iax + x2)t),

1 _(x—ap?) 1 o (x-—at
u(x’t)_«/4nteXp( 4t )_ 2tN(JE)’

1 x?

is the standard normal distribution with zero mean and unit variance.
The forward Euler central space discretization on a uniform grid with spacing h and timestep k is

and hence

where

Uit = - Dy, (2.2)
where
B > _k _ak
D - _déx + 552x, d - ﬁa r= F;

with 5§ and dox being the usual second-difference and central first-difference operators, respectively.
The Crank—Nicolson discretization is

1 1
(I +§D) up+1= (I —ED) up, (2.3)
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and the half-timestep backward Euler discretization used in the Rannacher startup is

1
(| +§D)an+l/2=Uj”. (24)

Assuming the grid pointsare at x; = | h, the discrete approximation to the Dirac initial datain both the
casesis
h=t, j=o0,
Ujo = h_léj,o =
0, otherwise.
The objective of the error analysis will be to quantify the error UN — u(xj, 1) for N = 1/k. First,

however, there is an important point to clarify, which is (2.3) and (2.4) do not have unique solutions
because the homogeneous equation
1
(I + > D) Vi =0

has nontrivial solutions of the form Vj = wl, where w satisfies the quadratic equation
1 1
w— Eol(u)2—2w+1)+ 5r(w2—1) =0.

It can be shown that one root has magnitude greater than unity, leading to exponential growthas j — oo,
while the other has magnitude less than unity, leading to exponential growth as j — —oo. Hence, there
isat most one solution of (2.3) or (2.4) which remains bounded. We will now show that such a bounded
solution does exist, and thus by requiring boundedness we obtain a unique solution.

To construct this bounded solution, we consider the use of periodic boundary conditions U J” L3 =U J”
for j = —J3/2,—-J/2+ 1 (with J even) and al n. Using the discrete Fourier transform pair

1 J/2
n_ _— (TN 46
UJ T hJ Z Umel ™
m=—J/24+1
J/2 N
Un=h > ulelfm
j=—J/2+1

where 0 = mA46 = 2zm/J, the Fourier transform of (2.3) gives

1—3irsinfm —2dsin =

1+ 3ir sinfm +2dsin? %o "

UrfT11+l —

forn > R, where R isthe number of initial Crank—Nicolson timesteps replaced by 2R half-timesteps of
backward Euler time integration, while for n < R the Fourier transform of (2.4) gives

1 _
(1+ Lir Sin6m + 2d sin? %)

n

(Tn+1 _
uptt =



SHARP ERROR ESTIMATES FOR DIRAC INITIAL DATA 413

These can be combined to give
On = 20 6m) 2™ P (0m) T2,

where
1 1 -1
71(0) = (1— Sir sindy — 2d sin? %m) (1+ Sir sind +2d sin? %m) ,

1. . 5 0m\ 1, . L, Om\ 7t
22(0) = 1—§|rsm0m—2dsm > 1+ Elrsmam+2dsm >

For the Dirac initial data, U2 = 1 and hence

J/2
1 min(n, R) ii6)
uf = o Z 2} (0m)Z, (Om)€1% 10

m=—J/2+1

T . ,R ..

— 5] 210)23" ™R 0)e1? do

as J — oo with h held fixed; the limit clearly exists because of the continuity of z1(0) and z2(#). By
making the substitutions & = xh and x; = jh, thelast integral can also be expressed as

z/h

uf=—— U (k)€ dk, (2.5)
2r —r/h

where
0" () = Z)(ch) 2™ (ich),
This has the correct initial data and satisfies the discrete equations on an infinite domain since for each

j the periodic solution satisfies the discrete equations for all J > . It is also bounded because of the
discrete Parseval identity

J/2 1 J/2
h > |U?|2:% > 10R240,
j=—J/2+1 m=-J/2+1

whichinthelimit J — oo becomes
1
h> U2 =_—

A final comment is that the same transform pair of (2.5) together with

T/h
|Un(lc)|2d1c.
h

_7[/

o0
U")=h > ule™ (2.6)

m—

applies equally to the forward Euler error analysisin Section 3. Note that U”(zc) is periodic with period
27/ h, which corresponds to the integral in (2.5) being over the single period [—z / h, =/ h].
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3. Forward Euler error analysis
3.1 Analysisof Fourier transform error
The Fourier transform of (2.2) yields
UN o) = 2N(o),
where
z(x) = 1 —iadhsinkh — 4d sin® %
We now compare thisto the analytic solution u(x, 1), whose Fourier transformis
U(k, 1) = exp(—iax — «2).

The comparison is split over two wave number regions: alow wave number region in which |x| < h™™
for some constant m satisfying the constraint 0 < m < % and a high wave number regionh™ < |x| <
z/h.

PROPOSITION 3.1 (Low wave number region) For |x| < h™™ ash — Owith Nk = 1andd = k/h?
held fixed,

UN(x) — Uk, 1) = h? exp(—iax — «?){p(a, d; k) + O(h?(x? + &)},
where
K) == — - — = . 1
p(a, d; k) 2dazc +(6 d)lalc +(12 2d)x (3.1)
Proof. Performing a Taylor series expansion,
logUN = Nlogz = —iax — k2 + h?p(a, d; x) + O(h*(x? + «®)).

The restriction m < % ensures that both the leading-order error term and the remainder term tend to
zeroash — 0, and hence

ON = exp(—iax — x?) {1 +h2p(a, d; k) + Oh*(x? + KS))}
—T(k, 1) + h? exp(—iax — «?) {p(a, d; k) + O(h2(x2 + x8))} .

A more detailed proof (Giles, 2004) gives precise bounds on the remainder term. O

PROPOSITION 3.2 (High wave number region) For h™™ < |x| < z/h,ash — 0with Nk = 1 and
d = k/h? held fixed with d < % UN = o(h%) forany q > O.

Proof. For h sufficiently small so that |alh < 1,

1 sger ™ (1 gaar ™ Lanae ™
|z]>=1- 8dsin 5 (1 2d sin 5 2(ah)dcosz2

h
<1—8d(1—2d)sin? "7
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Setting @ = xh, then since sin?(0/2) > (9/x )2 for 0 € [0, =], it follows that for |«| < 7 /h,

121> <1

8d(1 — 2d)x2h? 8d(1 — 2d)x2h?
———z S\ )

T T

and hence for fixed Nk = Ndh? = 1, we obtain

— 2 _ —om
0w < eXp(_@) < exp(_w)_

/4

3.2 |y andlq error estimates

The inverse Fourier transform of exp(—iax — «x?) p(a, d; ) is

__ 4 2@ (ﬂ‘)_(i_ﬁ) @ (E)
e(x) = 4\/éaN 7 i aN 7

1 d X—a
+(——= - ——=)N@® (—) , 3.2
()" (7 42
where N denotes the mth derivative of the normal distribution N (x). Using the notation q(h) ~ r (h)
to denote that

@—1=0(h) ash— 0,

r(h)

we obtain the following bounds for the | .- and I1-norms of the error U jN — u(xj, 1) at the discrete grid
points.

PROPOSITION 3.3 For the discretization (2.2), with fixed d = k/h? < % ash — 0,
IUN —u(xj, Dl = h2llell.,
and

IUN = u(xj, Dy, = h?jellL,,

except for the specificcasea = 0and d = % for which e(x) isidentically zero.

Proof. We outline the proof; for additional details see Giles (2004). For any grid point X;j, the inverse
Fourier transform gives

UN —u(xj,1) = 1 (UN (k) = T(x, 1)) di
! 2r

x| <h—m

1 . — 1 .-
+— (ON@x) =Tk, 1)) dx — — U(x, 1) dr.
21 Jh-m<jk|<x/h 27 Jx/h<x]
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Both the last two integrals give contributions which are o(h%) for any g > 0, and hence

UN—uxj,1) = i/ h? exp(—iax — x2) p(a, d; )& dk + O(h%)
] 27 k] <h—m

= i/ h? exp(—iax — x2) p(a, d; x)€"% dr + O(h*)
21 J_o

=hZe(xj) + O(h%.

Thel error bound followsimmediately; thel, error bound requires the additional observation that due
to the explicit nature of the discretization, U jN has compact support in aregion of width 2Nh = O(h~1),
and u(x, 1) isnegligibly small outside this region. |

Figure 3 presents convergence results obtained on the truncated domain —10 < x < 10 and thetime
interval 0 <t < 1using a = 2. Asthe grid spacing h is reduced, the timestep is related to the grid
spacing h through k = dh? with d = 1/8. For al but the very largest values of h, there is very good
agreement between the numerical errors and the asymptotic analysis of Proposition 3.3.

4. Crank—Nicolson and Rannacher error analysis

The Fourier analysisin Section 2 gives the solution at the final iteration level N = 1/k (assumed to be
greater than R, the number of Crank—Nicolson timesteps replaced by two half-timesteps of backward
Euler time marching) as

/

h .
Ul =_— UN ()€ d,
2r —x/h
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FIG. 4. Numerical results for the implicit discretizations.

where
UNG) = 2 (0)Z5(0),
with & = xh as before.

Figure 4 plots comparisons between the numerical and analytic solutionsto the convection—diffusion
problem with a = 2 at the final timet = 1 for two grid resolutions, h = 1/3 for the upper half of the
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figureand h = 1/6 for the lower half. The timestep is chosen so that 1 = k/h = 3/4 in each case. The
plots on the left are for Crank—Nicolson without any Rannacher startup, whereas the plots on the right
are for R = 2, replacing the first two Crank—Nicolson timesteps by four half-timesteps of backward
Euler integration.

The main feature of the resultsin physical space (i.e. the plots of U and u versus x) is the high wave
number error near x = O for the Crank—Nicolson time marching. Asymptotic analysis will show that
its width is proportional to h and its magnitude is proportional to h=1. Looking at the comparison in
Fourier space (i.e. the plots of |U] and [0] versusd = xh), in the Crank—Nicolson results there appear to
be three regions: an O(h) region on theleft inwhich T ~ U,an O(1) regionontherightinwhichT « 1
but U = O(1) and acentral regionin which both T < 1and U < 1. Thisisthe basis for the asymptotic
analysis, which considers a low wave number range defined by |x| < h~™, a high wave number range
defined by h™9 < |x| < z/h and theintermediaterangeh™™ < |x| < h~9, with m and q satisfying the
constraints 0 < m < % and 3 < g < 1 for reasons to be explained later.

The convergence analysis considersthe limit h, k — 0with 1 = k/h held fixed. The reason for this
choice of limit isthat the truncation error due to the spatial central differencing and the Crank—Nicolson
time integration is O(k? + h?), and so k = ih keeps the spatial and temporal approximation errors of
the same order. We now analyse the Fourier error U — T in each of the three regions.

PROPOSITION 4.1 (Low wave number region) For [x] < h™™, ash — 0with A = k/h held fixed,
OGN — UGk, 1) = W exp(—iax —x?) { p(a, 2, Rix) + O(h(e + k%) |,
where

1. 1 1 . 1 .
p(a, 1, R k) = élax3 + 1—2x4 - 1—2/12x3(|a+ ©)3 + ZRizxz(laJr )2,
Proof. Settingd =«xh, N =% = ;-,r =alandd = £, aTaylor series expansion in h gives

logUN = Nlogz; + Rlogz, = —iax — k2 + h?p(a, 4, R; k) + O(h3(x3 + «%)).

The restriction that m < % ensures that the h%x® term and the h3x® remainder both tend to zero as
h — 0, and hence

ON = exp(—iax — ) {1 +h2p(a, 4, R; i) + O(h3(c® + xg))} .
O

PROPOSITION 4.2 (High wave number region) For h™9 < || < z/h, ash — 0with 2 = k/h held
fixed and with @ = kh,

ON = (-pN-R ™ exp| — ! (1+ O(ho~2))
(22sin? §)*R 22€in? '

NI
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Proof.
z1(0) =1 Lir sino 2dsin29 1+1irsin6+2dsin29 N
w= 2 2 2 2
. . -1
B 1 ir cota 1 1 n ir cot6+1
“\2dsn?§ 2d T2 2dsn?§ " 2d 2
— -1 asd— oo,
and similarly

-1 _1
0\ 2 1 ir 0 1 ir 0
0) =|2dsin® = ———— ——cot-—1 ——— +—cot=+1
20 ( 2) (2ds‘n2§ 2d 2 )(2dsin2§+2d 2+)

2
— —(stin2 g) asd — oo.

Hence, expressing d and N as functions of h as in the proof of Proposition 4.1, Taylor series analysis
gives

. h 1 h
log{(=1)N-RUN} = 2RI0 - +0 .
9((=D } g2/lsin2§ /lzsinzg sinzg

The restriction that q > % ensures that the remainder term tends to zero ash — 0, and therefore we
obtain the result in the proposition. O

PROPOSITION 4.3 (Intermediate region) For h™™ < |x| < h™9, ash — 0with 2 = k/h held fixed,
UN(@x) =o(h") foranyr > 0.

Proof. Defining s = sin“ 3,

2 (1—ds)2+r2s(1—s)

™ =7 ds)2 +r2s(l—s)’

Differentiating, one finds that d|z1|?/ds = 0 when s? = (d? — r2)~1. Substitutingr = al andd = £,
this shows that ash — 0, |z;| hasamaximum at s = 0, 1 and aminimum at s ~ d—1, corresponding
to x = O(h~1/2) which lies within the intermediate region. Noting that for any r > 0, Propositions 4.1
and 4.2 prove that |z1|N = o(h") at bothx = h™™ and x = h~9, it follows that |z,|N = o(h") within
the entire intermediate region. Since |z} z5| < |z|N~R, it followsthat UN = o(h") foranyr > 0. O
Defining
E'% = h2 exp(—iax — x?)p(a, 1, R; k)

and

Ehigh _ (—l)N_R hZR op 1
(225in? §)?R T\ 428in* G
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then since E'™ « EM9" in the high wave number region and EN9" « E' in the low wave number
region, the results above can be combined to give

UN@x) =Tk, 1) ~ E™ 4+ EN x| < z/h.
Theinverse Fourier transform then gives
UN —u(xj, 1) ~ E 4 B9,

where the low wave number error is

Elow _ 2 Ra?;? N (xj - a) _ 2a+a%1?+6Rai? NE (xj — a)
: 82 V2 48 V2

N 1+3a2/12+3R,12N(4) (Xj —a) B %ZN@ (Xj —a) N 22 N© (Xj —a)
482 V2 32 V2 9612 V2

and the high wave number error is

hlgh ( l)N Rh2R 1(2/1) 2Rf]7

where
h z/h e—iKXj 1
fi =—/ ———expf — dx
'~ 2n _n/hsin“R% P izsinz%
1 (7 ell? 1
=— ———eXpl ———— |9
2r /_;f sin*R g p( ,12§n2§)
COSJH 1
)
hlgh

clearly has awidth which is O(h), and has a maximum magnitude at j = 0 where x; = 0, which
explains the observed behaviour in Fig. 4. The integral for j = 0 can be evaluated analytically (see
Appendix) giving

hlghl _ |Ehlgh| h2R—1(2/1)—2R

erfc(f B,

mJaX |E d ﬂZR
where § = 172 and erfc(x) is the complementary error function.
The fact that the low wave number is O(h?) and the high wave number error is O(h2R-1) is con-
firmed by the results in the upper plots of Fig. 5, which show convergence results for the convection—
diffusion case with a=2. It can be seen that for the standard Crank—Nicolson time marching, the results
exhibit O(h?) convergence until h reaches a sufficiently small value so that the O(h—1) high wave num-
ber error becomes dominant. The plots show the sensitive dependence of the high wave number error
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Crank-Nicolson time—marching

Rannacher startup with 4 half-steps
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FiG. 5. Convergence results for the implicit discretizations.

?igh becomes significant for quite large
values of h. On the other hand, for small values of 7, erfc(1~1) is extremely small, and so E"" does
not become dominant until h is extremely small. With the Rannacher startup with four half-timesteps
of backward Euler integration (R = 2), the high wave number error is O(h®) and so the low wave
number error remains dominant for al h. The sharpness of the error analysis is demonstrated by the
lower plots in the figure, which compare the numerical error with the maximum magnitude of E'jOW
and E?'gh.

on the value of A. For large values of 1, erfc(A™1) ~ 1and so E
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5. Extensions
5.1 Diffusion coefficient and terminal time

The error analysis of the convection—diffusion equation

au au 2%u

_ a_ = €——
ot Fabe ox2
and theterminal timet = T ishandled through the nondimensionalization
_ t X — k — h T —n —
t:_y X = 5 k:_s h: 5 a= —a, U, = ETUn’
T JeT T JeT Ve : :

which reduces the more general problem to the one which has already been analysed.

5.2 Alternative initial data

The analysis so far has assumed that the grid is perfectly aligned with the Dirac initial dataat x = 0.
Suppose instead that the grid pointsare at Xj = (j —a)hwith0 < a < 1. The appropriate discretization
of theinitial datain thiscaseis
(1-wh™, j=0,
UIO = ah_l’ J = 1’
0, otherwise.

The Fourier transform pair (2.5) and (2.6) remains valid for these displaced grid points, and therefore
U%%k) = (1 — a)e™ N 4 o dA=0h — 1 4 Ox2h?).

Thisleadsto the result that the low wave number error remains second order. Further analysis shows that
the convergence order of the high wave number error in the implicit discretizations is also unaffected.

Although the focus of our analysis so far has been on Dirac initial data, there are other sets of initial
datawhich are a'so of interest. Oneisthefirst difference of the discrete Dirac initial data. If we take the
grid pointstobe at xj = (j — %)h, then we have

—-h=2, j =0,
UP=1h2 j=1
0, otherwise,
for which
_ h
0%) = 2i h~tsin’,
2
leading to
i (/" xh -
U= — in— z"(xh) €% d
i nhz/_n/hanZ(K) i,

for the forward Euler discretization.
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Another isadiscrete equivalent of H (x) — % where H (x) isthe Heaviside step function. If we again
useagridwith x; = (j — 3)h, then using the initial data

UO—{_%’ J <O9
7)1 ;
2> J>07

leads to

z/h -1 .
J- F’\// (sn —) 2" ()€ i dx,
Ari z/h

for the forward Euler discretization, where PV denotes the Cauchy principal value about x = 0 where
the integrand is singular.

For both these sets of aternative initial data, the error in the forward Euler discretization remains
O(h?). With the implicit discretization, the low wave number error will still be O(h?) but the high wave
number error will be one order worse in the first case, O(h~2+2R) where R is again the number of
Crank—Nicolson timesteps replaced by two half-timesteps of backward Euler integration, and one order
better in the second case, O(h2R).

6. Conclusions

In this paper, we have derived sharp estimates of the error arising from explicit and implicit discretiza-
tions of the constant-coefficient 1D convection—diffusion equation subject to Dirac initial data.

The extension of the Fourier analysis to multiple dimensions would pose no particular difficulties.
To extend the analysis to varying coefficients would not be so easy, but could be performed using a
matched inner and outer asymptotic analysis, with the inner analysis in the neighbourhood of the Dirac
initial data being performed using the analysis in this paper, treating the coefficients as being locally
approximately constant. The inner solution would then have to be matched to an outer solution describ-
ing the subsequent evolution of the solution and the discretization error in the outer region in which the
solution iswell resolved, at least asymptotically.

Regarding the use of Rannacher time-stepping, replacing each of the first R Crank—Nicolson
timesteps by two half-timesteps of backward Euler integration, the analysis proves, and the numerical
results confirm, that there is a low wave number error which is O(h?) and a high wave number error
which is O(h?R=1). Hence, R = 2 is the minimum to give O(h?) convergence, and it is likely to be the
optimum in general since larger values will increase the low wave number error.
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Appendix. Evaluation of theintegral

:_/ ( /lzsng)dg

Making the substitutionst = cot‘% and o = 4271, one obtains

2 o0
-2
T Jo

Consider the integral

—a?(t? + 1)dt,

and hence

o = ﬂ/o exp(—a(t“ + 1))dt = ﬁexp( a‘).
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Since lg » 0asa — oo, integration gives
lo=—= exp(—s)ds = erfc(177),
0= = / p(-s?) G

where erfc(x) isthe complementary error function.
Switching to anew variable 8 = 172 = a2, 19(B) = erfc(y/B) and

1 /7 1 B d?Rlg
R(B) o /_7r (sin2 %)ZR exp( Sinz%) dp2R



