
THE GELFAND FORMULA*

TRISTAN GIRON

The Gelfand formula for finite dimensional operators is a nice illustration of how
Jordan normal forms can yields interesting results about matrices that are not
obvious at first sight.

I. Matrix norms

Definition 1. Let V be a vector space. A norm is a map N : V → R+ such that

• N(x) = 0⇒ x = 0.

• N(λx) = |λ|N(x).

• N(x+ y) ≤ N(x) +N(y).

An example of a norm is the Euclidean norm on Rn. It is a particular case of the
following fact:

Exercise 1. Let (V, 〈·, ·〉) be a inner product space. Show that

v 7→
√
〈v, v〉

is a norm.

there are many other norms on Rn. We recall that all norms of the Euclidean space
are equivalent.

We are interested in studying norms over matrices (V = Mn(R)). Since V is a
finite-dimensional vector space, up to a choice of basis it is isomorphic to RN

(here with N = n2) and so all norms on V are also equivalent — but some have
interesting properties.

Exercise 2. Let A ∈Mn(R).

• Show that TAA is diagonalisable and its eigenvalues are non-negative. They
are called singular values of the matrix A.

• Show that the Frobenius norm, defined by

‖A‖2F = tr(TAA)

is a norm on Mn(R), for instance by showing that

〈A,B〉F := tr(TAB)

is an inner product.
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• For 1 ≤ p, q <∞, show that the (p, q) Hilbert-Schmidt norm defined by

‖A‖p,q =

 n∑
j=1

(
n∑

i=1

|Aij|p
)q/p

1/q

,

is a norm, and that
‖A‖2,2 = ‖A‖F .

There is a particular kind of norm that we are interested in, variously called
operator norms, natural norm, or induced norms, which relate matrix norms to the
norm of the underlying vector space.

Definition 2. Let ‖ · ‖ be an arbitrary norm over V . The operator norm of the
matrix A ∈Mn(R) is defined by

‖A‖ = sup
v 6=0

‖Av‖
‖v‖

= sup
‖v‖=1

‖Av‖.

Notice that we use the same notation for the matrix norm and the norm of
the underlying vector space. Indeed, operator norms satisfy additional useful
properties:

• ‖I‖ = 1.

• ‖Av‖ ≤ ‖A‖‖v‖.

• ‖AB‖ ≤ ‖A‖‖B‖.

We record a few example.

(1) Assume Rn to be equipped with the l1 norm. Then ‖A‖1 =
maxj=1,...,n

∑n
i=1 |Aij|.

(2) Assume Rn to be equipped with the l∞ norm. Then ‖A‖∞ =
maxi=1,...,n

∑n
j=1 |Aij|.

(3) Assume Rn to be equipped with the l2 norm. Then ‖A‖2 = maxj=1,...,n σj,
where σj are the singular values defined above (and so in particular
‖A‖2 ≤ ‖A‖F with equality if rank(A) = 1).

II. Spectral radius and the Gelfand formula

Let A ∈ Mn(C). The spectrum of A is defined to be the set of eigenvalues of A,
denoted here by λ1, . . . , λn (with multiplicities).

Definition 3. The spectral radius of A is defined by

ρ(A) = max
i=1,...,n

|λi|.

Exercise 3. Show by means of an example that ρ(·) is not a matrix norm (find a
matrix such that A 6= 0 but ρ(A) = 0).

We want to prove
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THEOREM 4 (Gelfand). Let ‖ · ‖ be a matrix norm. Then

ρ(A) = lim
k→∞
‖Ak‖1/k.

The spectral radius should be interpreted as a bound on how far apart the
eigenvalues can be. In some sense, it is a rough statement of localisation of the
eigenvalues.

We shall derive this result from a kind of d’Alembert principle.

PROPOSITION 5.
ρ(A) < 1⇔ lim

k→∞
Ak = 0.

ρ(A) > 1⇔ lim
k→∞
‖Ak‖ =∞.

Exercise 4. Prove this proposition. For the ⇒ direction, use Jordan normal form.
Consider a Jordan block Jd(λ). Show that for k > 0, Jk is an upper triangular
matrix with all entries at most k-th power of λ.

In fact, it is possible to show exactly that the entries of the p-th superdiagonal are
given by (

k
p

)
λk−p,

for 0 ≤ p ≤ d and k ≥ d.

Deduce that as k →∞, Jk → 0 (componentwise).

For the ⇐ direction, use the eigenvalue equation Av = λv.

We can now prove the Gelfand formula.

Let ε > 0 and consider the matrices

A±ε =
1

ρ(A)± ε
A.

One easily verifies that

ρ(A±ε) =
ρ(A)

ρ(A)± ε
.

Thus we have ρ(A+ε) < 1, whence limk→∞A
k
+ε = 0. Thus for k large enough, we

have
‖Ak

+ε‖ < 1,

that is, expanding out,
‖Ak‖ < (ρ(A) + ε)k.

Similarly for A−ε, we get

(ρ(A)− ε)k < ‖Ak‖ < (ρ(A) + ε)k.

As ε > 0 is arbitrary, we obtain the conclusion.

Thus the Gelfand formula, in the case of finite dimensional operators, is a
consequence of the Jordan theorem. It admits considerable generalisations to more
abstract contexts of functional analysis, which are way beyond the scope of this
document.
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Please let me know of any typo or mistake!
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