
DIFFERENT PERSPECTIVE ON THE SPECTRAL THEOREM(S)

TRISTAN GIRON

I. The Spectral theorem

We aim to give an alternative proof of one of the landmark results of the Linear
Algebra course.

Here we consider V to be a (real or complex) inner product vector space. For a
endomorphism α ∈ End(V ), let α∗ be its adjoint.

THEOREM 1 (Spectral theorem). Let α : V → V be a self-adjoint endomorphism.
Then V admits a basis of orthonormal eigenvectors of α.

For the proof, we can use directly the Jordan theorem.

Exercise 1. Let A be a Jordan form matrix associated to α (unique up to re-
arrangements of basis vectors).

• Show that a Jordan block can only be self-adjoint if it is diagonal.

• Deduce that the Jordan form of α is diagonal, or equivalently that α admits
a basis of eigenvectors.

• Deduce that there exists a basis of orthonormal vectors (hint: one cannot sim-
ply rescale the basis vectors! What happens if an eigenvalue has multiplicity
2 or more?)

Your course also has a second spectral theorem for unitary transformations
γ : V → V i.e. such that γ ◦ γ∗ = id = γ∗ ◦ γ.

THEOREM 2. Let γ be unitary. Then V admits a basis of orthonormal eigenvec-
tors of γ.

Exercise 2. Show that a Jordan block can only be unitary if it is diagonal (hint:
show that the inverse of an upper triangular matrix is upper triangular). Deduce as
above the spectral theorem.

II. Normal transformations

Actually, both families of endomorphism satisfy the spectral theorem and that
is not by chance. One can generalise the spectral theorem to a wider class of
operators:

Definition 3. Let α ∈ End(V ). α is normal if

α ◦ α∗ = α∗ ◦ α.
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THEOREM 4. Let α be a normal endomorphism of V . Then V admits a basis of
orthonormal eigenvectors of α.

Exercise 3. Show that a Jordan block can only normal if it is diagonal. Conclude
as above.

Exercise 4. Another proof of the same theorem based on the ideas of your course:

• Let λ be an eigenvalue of α, and Eλ the corresponding eigenspace. We write
V = Eλ ⊕ E⊥λ .

• Show that Eλ is α∗-invariant.

• Show that (α∗)|Eλ = λ̄id.

• Show that E⊥λ is both α- and α∗-invariant.

• Conclude as in the course.

Exercise 5. Deduce the existence of a spectral decomposition for α normal: there
exists a family of subspaces of V , say Ej, and scalars λj, j = 1, . . . , r such that

α =
r∑
j=1

λjπEj ,

where πEj is the orthogonal projection onto Ej.

The spectral theorem can be vastly generalised but this would go beyond the content
of the course (and in its full generality beyond an undergraduate degree).

III. A geometric perspective

Interestingly, before its algebraic formulation was proposed by Weierstraß, it
was first invstigated by French mathematicians Lagrange, Laplace, and especially
Cauchy. Their interest in this field came mainly from considerations of celestial
mechanics, and for Cauchy, differential geometry. He proved the following statement
(which, to modern eyes, is a new disguise for the spectral theorem):

THEOREM 5. Let V be a real inner-product space, and β a bilinear form on V .
Then V admits a basis of orthonormal vectors that is also orthogonal with respect
to β.

Exercise 6. Prove the statement.

Cauchy’s approach was analytic in nature. We illustrate their general flavour by
showing how to use analysis to handle these questions.

PROPOSITION 6. Let A be a symmetric real matrix. Then A admits a real
eigenvalue.

The approach is a so-called variational approach. Consider the map φ : Rn → R
defined by

φ(v) = TvAv.

The idea is to minimise the map φ over the sphere and use the constraints at the
minimisers to deduce the existence of eigenvalues.
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LEMMA 7. The sphere Sn−1 is a compact subset of Rn.

Proof. The sphere is clearly a bounded set of Rn. Moreover, it is the pre-image of
the closed set {1} by the continuous map x 7→ ‖x‖2 − 1, and so it is closed as well.
By the Heine-Borel theorem it is compact. q.e.d.

This implies that φ|Sn−1 has an extremum, say v. Since φ is a smooth function,
this implies that by the Lagrange multiplier theorem, there exists a λ ∈ R such
that

∇φ(v)− λ∇(‖ · ‖2)(v) = 0.

Using symmetry of A, this is equivalent to the equation

(2A− λ)(v) = 0,

that is, 1
2
λ is an eigenvalue of A.

Please let me know of any typo or mistake!
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