1. Roth’s theorem on progressions of length 3

In this chapter our aim is to prove the following theorem of Roth from 1953.

Theorem 1 (Roth’s theorem). There is an absolute constant C' such that any subset
A C{1,...,N} with cardinality at least CN/(loglog N)*/® contains a nontrivial
three-term arithmetic progression (that is to say, a triple x, z+d, x+2d with d # 0).

Note, in particular, that 1/(loglog N)'/® is eventually smaller than any fixed pos-
itive constant. Thus, for example, if N is large enough then every subset of
{1,..., N} of cardinality at least N/100 contains a three-term progression. Roth
actually proved his theorem with loglog N in place of (loglog N)/5, a stronger re-
sult. We will present the weaker bound stated because it ties in with generalisations
to longer progressions in a more obvious fashion. On the example sheet you will
find some pointers to a proof of Roth’s original bound.

1. THE DENSITY INCREMENT STRATEGY

Roth’s theorem proceeds via the so-called density increment strategy, and the key
proposition which drives this is the following.

Proposition 1. Suppose that 0 < o < 1 and that N > Ca~%. Suppose that P C 7
is an arithmetic progression of length N and that A C P is a set with cardinality
at alN. Then one of the following two alternatives holds:

(i) A contains at least f—oa?’N 2 nontrivial three-term progressions and in par-
ticular at least one;

(ii) There is an arithmetic progression P’ of length N > N'/3 such that, writ-
ing A" := AN P and o/ :=|A’|/|P’|, we have o/ > a + Ca®.

Theorem 1 follows by iterating this proposition. Set Py := {1,..., N} and let us
suppose that we have a set A C Py with |A] = N and containing no nontrivial
3-term progression. Then we attempt to use Proposition 1 repeatedly to obtain
a sequence Py, Py, P, ... of progressions together with sets A; := AN FP;. The
length of P; will be N; > N(/3)" and the densities oy := |A;|/|P;| will satisfy
i1 > o+ CO[?

Now this iteration cannot last too long: after C'/a® steps the density has already
doubled, after a further C'/32a” steps it has doubled again, and so on. Since no
set can have density greater than one, there can be more more than C’/a® steps in
total. We conclude that our applications of Proposition 1 must have been invalid,
which can only mean that the condition N; > Ca; ¢ was violated. Since

Ny > N/ 5 /a9

and (very crudely)
Q; 2 a,
1



we infer the bound .
N < 0a=C.

Rearranging gives
loglog N < loglog(Ca™%) 4+ — < —
o

which immediately gives the claimed bound. L]

Remark. The most important parameter by far is the number of times we performed
the iteration, which was roughly C/a®.

2. A DICHOTOMY INVOLVING THE GOWERS UZ2-NORM

It remains, of course, to establish Proposition 1. Suppose that P is a progression
of length N and that A C P is a set of size aN. By linearly rescaling (which does
not affect either the density a or the number of 3-term progressions in A) we may
assume that P = {1,...,N}. We shall now employ a technical device which is
convenient but, in my opinion, a little ugly and unnatural: set N’ := 2N + 1, write
G = Z/N'Z and regard A as a subset of (half of) G in the “obvious” way. Write
A for this set, just for now: we shall shortly drop the tilde. The key point to note
is that the number of three-term progressions in A is precisely the same as that in
A, because the size of N’ ensures that there are no wraparound issues.

Let us, then, identify A with A. In order to count 3-term progressions, we introduce
the 3-term progressions operator AP3. Given functions fi, fa, f5: Z/N'Z — R, set

AP3(f1, f2, f3) = By acz/nzfi(x) fo(z + d) f3(x + 2d).
The quantity
AP3(14,14,14)
counts progressions in A; in fact it is 1/N’? times the number of such progressions,
including the trivial ones x, z,x. We shall compare this with

APg(al[N],al[N],al[N]).

The function aljy)(z) featuring here is defined to be a if 1 < 2 < N and zero if
x€Z/N'Z\{1,...,N}.

To compute the difference between the two we introduce the balanced function
f =14 — alyy;. Since AP3 is multilinear, we may expand AP3(14,14,14) as a
“main term” APg(al[N],ozl[N],al[N]) =ad APg(l[N], 1[N], l[N]) phlS seven other
terms AP3(g1, g2, g3) with at least one of the g; being equal to f.

Lemma 1. Suppose that N > Ca~% and that A contains fewer than %O&SNQ
nontrivial 3-term progressions. Then there are 1-bounded functions g1,92,93, at
least one of which is equal to the balanced function f, such that |T(g1, g2, 93)| = ca®.

Proof. We proceed as suggested in the preceding paragraph. The “main term”
ol AP3(1jny, 1 w5 1v)) can be calculated quite explicitly (see the example sheet)
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but it is fairly clearly at least §a®(N/N’)? since whenever one chooses x,d < N/3
the progression z, x+d, x +2d is wholly contained within {1,..., N}, giving at least
N2/9 progressions in total. Taking account of the NV trivial progressions x, z,
we have, on the other hand, the bound

1 N aN

AP3(14,14,14) < Ea?’(ﬁ)z + Nz
If N satisfies the condition N > Ca~¢ for appropriately large C' then the second
term is negligible and this is at most %a®(N/N’)2. Comparing these two pieces
of information, it follows that the sum of the seven terms involving f must have
magnitude at least (3 — -2)a®(N/N’)2. Since N’ < 3N, one of these terms must

9~ 19
be larger than ca®, where ¢ > 0 is some absolute constant, as claimed. ]

The balanced function f has average value 0 by construction, and so it is surprising
that AP3(f, *, *) (say) is large. To handle this information we introduce the Gowers
UZ2-norm.

Definition 1 (Gowers U?-norm). Suppose that f : Z/N'Z — C is a function.
Then we define

[fllo2 == (Bany hoca f (@) f(x+ hi) f(z + ha) f(z + k1 + hy))

1/4

Remarks. At this point it is not particularly important to know that ||f||yz is
indeed a norm: we have indicated the proof on the example sheet. It is not, in fact,
immediately obvious that the quantity whose fourth root is to be taken is real and
non-negative, but this will follow from the proof of the next lemma. The U?-norm
belongs to a whole family of norms, the U*-norms, and we will study them later.
For now let us remark that the U*-norm plays much the same role in the theory of
(k — 1)-term progressions as the U2?-norm does here.

The relationship between the progression operator AP3 and the Gowers U?-norm
is provided by Lemma 3 below, known as a “generalized von Neumann theorem”.
The proof of it involves two applications of the Cauchy-Schwarz inequality in the
following guise.

Lemma 2 (Cauchy-Schwarz inequality). Let X,Y be any finite sets. Suppose that
b: X — C is a I-bounded function, and let F : X xY — C be any function. Then

|EaceX,erb($)F(zyy)‘2 < ExEXEy,y/GYF(Ivy)F(zvy/)-

Proof. The usual Cauchy-Schwarz inequality may be rephrased using expectation
notation in the form
Epexa(z)8(z)]* < (Erex|a(@)]?) (Erex|8(2)]?),

this being valid for any functions «, 3 : X — C. To obtain the lemma, apply this
with a(z) = b(z) and G(x) = Eyey F(z,y). L]

Lemma 3 (Generalized von Neumann theorem). Suppose that f1, fo, f3 are 1-
bounded complex-valued functions. Then

| AP3(f1, f2, f3)| < || filloe



fori=1,23.

Proof. We indicate the proof for i = 1; the other proofs are extremely similar. All
expectations are over G. We begin by observing that

AP3(f1, f2, f3) = Euy [1(22 — y) f2(2) f3(y).

This is because the triple 2x — y, x,y ranges over all 3-term progressions as x,y
range over G: here we have used the fact that 2 N'.

Applying the Cauchy-Schwarz inequality together with the bound |f2(x)| < 1 we
obtain

| AP3(f1, fa, f3)[? < EoEyy f1(22 — y) f1(22 — ') f3(y) fs(y/).-

Applying the same inequality once more, this time together with the bound | f5(y) f3(y')| <
1, we obtain

| APs(f1, f2, f3)|* < BBy f1(20 — y) 122 — y') 1 (22" — y) f1 (22" — o).

The right-hand side here, however, is simply a rewriting of || f1/|7:- ]

Remark. Note, incidentally, that we have confirmed the positivity of the quantity
whose fourth root was required to be taken in the definition of the U%-norm.

It is a very simple matter to combine Lemma 1 with Lemma 3 to obtain the following
corollary, which is a significant staging post en route to Proposition 1.

Corollary 1 (Gowers norm dichotomy). Let o, 0 < « < 1, be a real number.
Suppose that N > Ca~C and that A is a subset of {1,..., N} with cardinality aN
and fewer than %00131\72 nontrivial 3-term progressions. Let f : G — R be the
balanced function of A. Then ||f||v2 = ca?.

3. INVERSE RESULTS FOR THE GOWERS UZ2-NORM

To conclude the proof of Proposition 1 and hence of Roth’s theorem itself, we must
study 1-bounded functions f for which || f]|yz = . The tool used to do this is the
(discrete) Fourier transform.

For r € Z/N'Z we write

Fr) i=Egeq f(x)e(—ra/N').

Recall that e(#) is the same thing as 2™, The following lemma encodes the
properties of the Fourier transform that we need here. There is more to the theory
— for example we are not mentioning the inversion formula at this stage. We shall
develop the theory further in Chapter ?7.

Lemma 4 (Some properties of the Fourier transform). Suppose that f,g: G — C
are two functions.
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(i) Write [fll = (Baealf@))"* and |fl> = (3, [F(r)[?)""*. Then

1fll2 = 1Ifll2-
(ii) Define the convolution of f and g, f x g, by

[rg(x) =Eyeaf(y)g(z —y).

Then (f * g)"(r) = ]:”:(r)ﬁ(r) for (i” T ~ »
(iii) We have || fllg= = ||flla. where | flla = (3, 1F(r)1)"".

Proof. All three parts of this lemma may be verified by straightforward calculation.
Parts (i) and (iii) require the orthogonality relation

]E:EEGB((T - S)I/N) = 57",37

which may be verified using the formula for the sum of a geometric series. Though
it can be proved by direct computation, the most natural way to prove (iii) is to
note that, in view of (i) and (ii), it suffices to prove that | f||}= = || f * f||3. To see
this, expand the right hand side as

E.Ey o f(y)f(x —y)fy) [z —y)

and note that the quadruple (y,vy’,z — y',x — y) ranges uniformly over the 2-
dimensional parallelepipeds in the definition of the U?-norm as x,y,%’ range over

G. U

Comment for those interested. Our definition of the norms || - ||z and || - ||+ looks
rather haphazard, sometimes involving E and other times Y. This reflects the
fact that the function f is defined on the group G = Z/N'Z, whereas its Fourier
transform f is defined on the dual G defined abstractly as the group of characters
or homomorphisms from G to C*. Though this dual group G is isomorphic to G,
it turns out that the normalised counting measure on G is dual to the counting
measure on G. Thus integration with respect to the normalised counting measure,
for which we have been using the symbol E, is dual to > . We tend to use this
notation in the subject not because we are purists, but rather to avoid the necessity
to take account of normalising factors of N’ throughout the proofs.

We are now in a position to prove an “inverse theorem” for the U2-norm. In words,
this states that a function with large Gowers U2-norm correlates with a linear phase
function. Here is the precise statement.

Theorem 2 (Inverse theorem for the UZ?-norm). Suppose that f : G — C is a
1-bounded function with || f||yz = 6. Then there is some r such that

[Eseaf(@)e(—rz/N')| > 82

Proof. The conclusion is equivalent to the assertion that ||]?||OO > 62. To prove this,
we use Lemma 4, obtaining the following chain of equalities and inequalities:

L <If G = 11T < IFII2 < IFIBNFIZ = IFIRNF IR < I1FI15-



The middle bound in an instance of the inequality

n n
2
E aig('max ai) E a;,
. i=1,...,n .
=1 1=1

valid for nonnegative real numbers a; and applied on this occasion with the a; equal

~

to the squared Fourier coefficients | f(r)|2. U]

By combining this with Corollary 1 we can show that if a set A C {1,..., N} of
cardinality N contains fewer than 11—0043N 2 3-term progressions then

[Esea f(z)e(—ra/N')| > ca®

for some r € G. Since the function f is supported on {1,..., N} and N’ = 2N +1,
this immediately implies the following proposition in which there is no mention of
the group G, which has now served its purpose.

Proposition 2. Suppose that o is a real number with 0 < a < 1, that N > Ca~¢
and that A C {1,..., N} is a set with cardinality aN. Suppose that A contains fewer
than %a?’]\f2 S-term APs and let f = 14 — « be its balanced function, considered

now as a function on {1,...,N}. Then there is some 0 € [0, 1] such that
| Z f(z)e(fz)| = calN.
zEN

4. AN APPLICATION OF DIRICHLET’S PRINCIPLE OF THE PIGEONS

To complete the proof of Proposition 1, the density increment step, and hence
of Roth’s theorem itself, we must do the following. We are required to take the
conclusion of Proposition 2, viz

(1) | f@)e(9z)] > calN,
zEN

and use it to find a progression P C {1,..., N} of length at least N'/3 on which A
has density at least a + ca®, or in other words

(2) Y fla) = ea®|P)|.
zeP

Our task, then, is to remove a modulus sign and an e(6z).

The latter task is accomplished by partitioning {1,..., N} into progressions on
which e(fx) is roughly constant. Let us recall first a lemma of Dirichlet.

Lemma 5 (Dirichlet). Suppose that 6 € R and that 0 < 6 < 1. Then there is a
positive integer d < 1/9 such that [|df||r/z < 6.

Proof. Consider the numbers 0,0, 26, ..., mf where m = |1/6]. By the pigeonhole
principle some pair of these, let us say j6 and 5’6, have fractional parts differing by
at most 6. We may then take d = |j — j'|. ]
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Lemma 6. Let 0 < n < 1 and suppose that § € R. Suppose that N > Cn~°
and that € R. Then it is possible to subdivide {1,... N} into progressions P;,
i=1,...,k, each of length at least N*/3, such that sup, ep, le(0z) —e(fz')] < n
for each i.

Proof. Take § = 2%77]\[*1/3 in the previous lemma and select a d < 20N'/3 /5 for
which [|0d||r/z < %nN /3. If P is any progression with common difference d and
length at most 2N'/3 then, by the triangle inequality,
sup |e(0z) — e(0z)| < 2NY/3|e(0d) —1].
z,x’'€P
Using the inequality |e(t) — 1| = 2| sin7t| < 27[|t||r/z it follows that

sup le(fz) — e(0z')] < 4rN3|0d||p/z < 1.
z,x'€P

If N > Cn~% then d is at most v/ N, and it is clear (though ever-so-slightly tedious
to write down properly) that {1,..., N} may be partitioned into progressions P; of
common difference d and length between N'/3 and 2N1/3. ]

Recall that our task was to go between (1) and (2). For the rest of the argument ¢
is the same absolute constant as appears in (1). Let us apply the previous lemma
with 7 = ca®/2; we shall take P to be one of the progressions P;. Equation (1)
manifestly implies that

k k
DD f@e(ah)| > ca® Y|P,
i=1

i=1 z€eP;
By the triangle inequality and the bound |f(z)| < 1, the left-hand side is at most

k k
ST f@)+ ) |P sup le(0) — e(0z")],
i=1 Tt

i=1 z€P;
and so
k k
DI f@) = ety |
i=1 zeP; i=1
To get rid of the modulus signs we employ a rather dirty trick, which is to note

that .
Z Z f(z) =0.

i=1 zE€P;
Adding this to the preceding inequality and applying the pigeonhole principle, we
see that there is some ¢ such that
1D f@)+ ) fla) = Seal|Ry,
TEP; zeP;
which can only mean that

Z f(z) > icaG\Pi\.

zEP;



This is (2), and so the proof of Proposition 1 and hence of Roth’s theorem is now
complete. ]

5. FURTHER REMARKS AND READING*

One traditionally writes r3(N) for the cardinality of the largest subset of {1,..., N}
not containing three distinct elements in arithmetic progression. We have shown
that r3(N) < CN(loglog N)~1/5; a major open problem in additive combinatorics
is to obtain reasonably close upper and lower bounds for r3(N). As we remarked at
the start of the chapter, Roth originally proved the rather better bound r3(N) <
CN (loglog N)~t. This was subsequently improved to r3(N) < CN(log N)~¢, for
a small constant ¢ > 0, by Szemerédi [?]. Bourgain [?] showed that any ¢ < 1/2 is
acceptable. Later, in a technical tour de force, he improved this to obtain r3(N) <
CN(log N)~¢ for any ¢ < 2/3.

The most obvious nontrivial lower bound is that r3(N) > CN'€&2/1983  obtained
by noting that the set

S={> &3 e €{0,1}}

consisting of numbers whose base three expansion contains only zeros and ones is
free of three-term progressions. In particular, contestants at the 1983 International
Mathematical Olympiad were asked whether or not there are 1983 numbers less
than 100000: that the answer is yes may easily be shown using this construction.

A better construction is that of Behrend [?] from 1946, which has not subsequently
been improved in any substantial way. Here is a sketch of the argument, which is a
sketch only in that we have been rather carefree in our use of the ~ notation. The
reader should have little trouble in filling in the details.

The key observation is that a sphere in R does not contain any nontrivial 3-term
progressions, on account of its being convex. We will choose an appropriate d later;
let L > 1 be a further parameter to be chosen later. If a point (z1,...,74) € R?
lies in the box [1, L]? then the square of its distance from the origin is a positive
integer less than or equal to dL?. It follows by the pigeonhole principle that there
is sphere containing at least LY~2/d of the integer points in [1, L]%. Let S C Z% be
the set of points on this sphere, which is of course free of three-term progressions.

To turn this into a subset of Z, consider the map 1 : [1, L] — Z defined by
¢($1, coosxg) =x1+ (2L)zs + - + (2L)d_1$d-

The set A = 1(9) is a subset of {1,..., N}, where N = (2L)%, and it is also free
of 3-term progressions (since there are no “carries” — we leave the details as an
exercise). Now

a1 o

N ddr2 " 2dr2’



The fact that N = (2L)? implies that log N ~ dlog L. Therefore

Al o (X 4105 1)
)

at which point it becomes clear that we should choose log L ~ +/log N to get a
bound of the shape |A| > Ne=CVies N, U]



