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Micellar surfactant solutions are generally assumed to undergo restructuring via stepwise monomer loss following a dilution.
This process is captured by the Becker–Döring equations, an infinite-dimensional system of ordinary differential equations for
the concentration of each aggregate in solution. We reveal certain classes of surfactants, such as the non-ionic familyCnEm, for
which the predicted re-equilibration times via stepwise monomer loss are far greater than those observed experimentally. We
investigate two alternative pathways for re-equilibration, first allowing for micelles to break down into two aggregate fragments
rather than stepwise monomer release, and secondly by allowing aggregates to merge together to form largesuper-micellesthat
exceed the size of a proper micelle. While the former shows nodiscernible difference in the predicted time to re-equilibration,
the latter provides an alternative pathway to re-equilibration: the formation of unstable super-micelles that break down to proper
micelles via a cascade of stepwise monomer release. The new theory is shown to describe the re-equilibration ofanysurfactant
system, with the conventional Becker–Döring theory forming a subset of the model that describes thebehaviour of a small range
of surfactant systems with high critical micelle concentrations and low aggregation numbers. The pathway proposed provides an
essential mechanistic route to equilibrium.

1 Introduction

When surfactant exceeds a particular bulk concentration inso-
lution, termed thecritical micelle concentration(CMC), it be-
comes energetically favourable for aggregates ormicellesto
form. The micelles can have various sizes and shapes but for
many simple surfactants with a single hydrocarbon chain the
aggregates are approximately spherical and contain of the or-
der of 100 monomers.1 The distribution of aggregate sizes is
localized around this optimum value with a half-width of the
order of the square root of the aggregation number. Aggre-
gates that are much smaller than the mean aggregation num-
ber are significantly less energetically favourable and conse-
quently appear in much lower concentrations.2–5

Following dilution of the solution, for example by adding
pure water, micelles must break down to replenish the
monomer to the CMC. The breakdown process is conven-
tionally assumed to occur via stepwise monomer gain or
loss. This leads to the Becker–Döring description, an infinite-
dimensional system of coupled nonlinear ordinary differential
equations (ODEs) that describe the evolution of the concen-
tration of each aggregate size.6,7

The re-equilibration process is characterized by two distinct
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stages, commonly referred to as theτ1 andτ2 processes. In
the τ1 process, following dilution, the depleted monomer is
replenished by the shedding of individual monomers from ag-
gregates near micellar size, leading to a decrease in the domi-
nant aggregate size. This occurs on a timescale of the order of
microseconds.8 The τ2 process is characterized by the entire
breakdown of some aggregates via stepwise monomer loss.
Here, some of the monomers released remain in this form to
replenish the monomer to the equilibrium, while the remain-
der associate with some of the aggregates that have not dis-
sociated. This has the simultaneous impact of increasing the
dominant aggregate size while decreasing the total concentra-
tion of surfactant contained in aggregates.

The relative timescales of theτ1 andτ2 processes are related
to the proportion of the energetically unfavourable aggregates.
For typical surfactants, the concentration of these aggregates
is often many orders of magnitude lower than the concentra-
tion of proper micelles. This leads to extreme separation of
timescales as a result of their high free energy, which severely
restricts the flow of material through this region as micelles
break down.6,7 For some surfactants, experimentally observed
re-equilibration timescales are very much shorter than this
model would suggest: while the Becker–Döring theory pre-
dicts re-equilibration over timescales of the order of hundreds
of years for certain polyoxyethylene glycol alkyl ether surfac-
tants (such as C12E8), stopped-flow experiments exhibit re-
equilibration on the order of seconds.6,7,9 The mechanism by
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which a system re-equilibrates when subject to a non-small
dilution, but one that leaves the bulk concentration above the
CMC (so the system remains micellar), is thus unclear.

In this paper we explore the underlying breakdown kinet-
ics of a surfactant system and propose a new pathway for
complete micelle breakdown which does not involve aggre-
gates in the low-concentration, high free-energy region. We
begin in§2 by outlining the full discrete model for micellar
aggregation and breakdown kinetics and the distributions ob-
served in typical surfactant systems. In§3 we propose a con-
tinuum description which simplifies the model, providing a
tractable model for analysis. Potential alternative pathways to
re-equilibration that do not rely solely upon the conventional
stepwise monomer loss route to re-equilibration are proposed
and investigated in§4. We conclude by comparing the predic-
tions of the model with the conventional theory that assumes
only stepwise monomer loss, to determine the regimes under
which the original theory accurately characterizes the route to
equilibrium, and those for which re-equilibrium can only oc-
cur on a sensible timescale by including our new pathway.

2 A discrete model

2.1 The Smoluchowski equations

The Becker–D̈oring theory for aggregation and breakdown ki-
netics of micellar solutions makes the principal assumption
that the process occurs via only stepwise monomer loss and
gain. This assumption may be relaxed to allow for the coagu-
lation of any two aggregates and likewise the fragmentationof
an aggregate into any two components through the reversible
reaction

Xi+ j

κ−
i, j
⇋
κ+

i, j

Xi +X j . (1)

HereXn denotes the (molar) concentration of an aggregate
containingn monomers, andκ±

i, j are the association and dis-
sociation rate coefficients withκ±

i, j = κ±
j,i by symmetry. The

time evolution of such a system may be described by the gen-
eralized Smoluchowski theory,10

dXn

dt
=

n−1

∑
i=1

1
2

(

κ+
i,n−iXiXn−i −κ−

i,n−iXn

)

−
∞

∑
i=1

(

κ+
i,nXiXn−κ−

i,nXi+n

)

, (2)

for n ≥ 2, whereXn(t) denotes the concentration at timet.
The first summation corresponds to reaction (1) withj = n− i,
which constitutes the formation of aggregates of sizen from
smaller aggregates (and the corresponding reverse reaction);
the factor 1/2 appears to avoid double counting of equivalent

reactions withi and j interchanged. The second summation
corresponds to reaction (1) withj = n, which represents the
formation of aggregates of sizen by the breakdown of a larger
aggregate into two smaller components (and the correspond-
ing reverse reaction).

The net bulk concentration of monomer contained in all ag-
gregates is given by

Cb =
∞

∑
n=1

nXn. (3)

Under the assumption thatCb is conserved for all time, the
free monomer concentration is determined by

X1(t) = Cb−
∞

∑
n=2

nXn(t) = X1(0)−
∞

∑
n=2

n
(

Xn(t)−Xn(0)
)

.

(4)
Along with (2), this provides an infinite-dimensional sys-
tem of ODEs forX2(t),X3(t), . . .. The solution of this
system requires us to specify all the initial concentrations
X1(0),X2(0), . . ..

Settingκ±
i, j = 0 when bothi, j 6= 1 corresponds to a sys-

tem in which the coalescence between two aggregates (species
composed of two or more monomers) cannot occur and (2) re-
duces to the Becker–D̈oring equations,11

dXn

dt
= κ+

1,n−1X1Xn−1−κ−
1,n−1Xn−κ+

1,nX1Xn+κ−
n Xn+1,

(5)

studied in this context in Griffithset al.6,7

In this paper we propose modified mechanisms for the re-
equilibration of a micellar solution following dilution, which
lead to new forms for the association and dissociation rates,
κ±

i, j . The method by which these rate coefficients are deter-
mined is discussed below.

2.2 Determining the reaction rates

Diffusion-controlled reactions between two speciesXi andX j

occur with a rate constant10,12

R+
i, j = 4πNAσi, j (Di +D j) , (6)

whereNA is the Avogadro number,Dn represents the diffusion
coefficient of an aggregate of sizen, andσi, j is the collision
radius. We may takeσi, j to be the sum of the aggregate radii,
r i + r j (with rn proportional ton1/3), and the Stokes–Einstein
equation provides a relation between the diffusion coefficient
of an aggregate and its size, namely

Dn =
kBT

6πµrn
, (7)
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wherekB is the Boltzmann constant, andT andµ are the tem-
perature and viscosity of the solution. This provides

R+
i, j =

(

2kBNAT
3µ

)

(

i1/3+ j1/3
)2

i1/3 j1/3
. (8)

The estimate (8) predicts rather weak dependence of the as-
sociation rates upon aggregate size and we assume henceforth
in this paper that the diffusion-controlled association ratesR+

i, j
are all equal.

Ultrasonic adsorption studies suggest that monomer associ-
ation proceeds at a rate close to the diffusion-controlled limit
so that we can setκ+

i, j = R+
i, j .

13,14 Such reaction rates are in
line with spectroscopic stopped-flow experiments on the poly-
oxyethylene glycol alkyl ether surfactant CnEm series, where
rapid re-equilibration is observed to occur before data acquisi-
tion begins, that is, on a timescale less than 10 ms.9 However,
while monomer association generally proceeds at a diffusion-
controlled rate, it is anticipated that the association of two
aggregates of sizei, j ≥ 2 will have an additional activation
barrier to overcome. Thus while it is safe to suppose that
κ+

1,n = κ+
1,1 =R+

1,1 for all n (there is no physical reason why the
additional reactions should affect the rate of monomer uptake
for any aggregate size), the form thatκ+

i, j for i, j 6= 1 should
take is less clear, and this forms the focus of our study in this
paper.

The dissociation rates,κ−
i, j are not well characterized but

may be determined by the following method, provided we
know the association rates,κ+

i, j and the equilibrium distribu-
tion before dilution,Xn = X

∗
n say. At equilibrium, the princi-

ple of microscopic reversibility requires that each mechanistic
step in a reversible reaction must itself be in equilibrium,that
is, each of the terms in the summations in (2) must be equiva-
lently zero, and so we have that

κ+
i, jX

∗
i X

∗
j = κ−

i, jX
∗
i+ j . (9)

Equation (9) may be rearranged to provide an expression for
the dissociation rates in terms of the association rates andequi-
librium distribution,

κ−
i, j =

(

X
∗
i X

∗
j

X∗
i+ j

)

κ+
i, j , (10)

for i, j ≥ 1.†

2.3 The equilibrium distribution

Determination of the equilibrium size distribution,X
∗
n, for dif-

ferent surfactants and different micelle shapes is a subject of
extensive debate. Since concentrations in the intermediate

† The magnitudes of the dissociation rates predicted by (10)are discussed in
Appendix A.

aggregate region are orders of magnitude smaller than those
close to the optimum aggregation number, there are no direct
experimental methods available for their measurement. It is,
however, possible to calculate an equilibrium aggregate size
distribution from knowledge of the chemical potential differ-
ences between monomers in different sized aggregates. This
may be done via Molecular Dynamics (MD) simulations15–17

or by Molecular Thermodynamics (MT).5,18,19Either method
predicts a distribution characterized by the following keyfea-
tures. Almost all surfactant material is contained within a
region ofoligomers(monomer, dimers, trimers, etc.) and a
region ofproper micellesclose to the peak aggregation num-
ber. These are connected by anintermediate regioncontaining
a very low concentration of aggregates; see the solid line in
Fig. 1.

The model we will present in§3 is valid for any equilib-
rium distributionX∗

n resembling that shown in Fig. 1, with
surfactant concentrated in narrow neighbourhoods ofn = 1
andn= m (the peak aggregation number), separated by an in-
termediate region of very low concentration. However, to fix
ideas here we focus on a particular fit to the equilibrium dis-
tribution, namely

X
∗
n

X∗
1
= Aexp(b−bn)+

B

m3/2
exp
(

−βm(n/m−1)2
)

+
C
m2 exp(−dn/m), (11)

whereA, B, C, b, β , d andm are fitting parameters. The first
term represents the spike atn = 1 and the small number of
oligomers. The second term captures the distribution of proper
micelles with a spread determined byβ . The third term is a
slowly decaying exponential which represents the concentra-
tion of intermediate aggregates: the value ofC andd can be
used to control the ratio of maximum to minimum aggregate
concentrations. The scaling of the second and third terms by
m−3/2 andm−2, respectively, ensures that the importance of
these terms, relative to each other and to the monomer con-
centration, depends on the coefficientsA, B andC and not on
the most probable aggregation number,m. The distribution
(11) captures the key features predicted by MT illustrated in
Fig. 1. In particular, the largeness ofm ensures the high rel-
ative concentration of monomer to aggregates, as well as a
narrow Gaussian spread aroundn= m.

We can fix two parameters, for exampleA andB, by requir-
ing the right-hand side of (11) to be equal to 1 whenn= 1 and
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by specifying the net concentration:

1= A+
B

m3/2
e−β (m−1)2/m+

C
m2 e−d/m, (12)

Cb =
Cb

X∗
1
=

A

(1−e−b)
2 +

B

m3/2

∞

∑
n=1

ne−βm(n/m−1)2

+
Ce−d/m

m2
(

1−e−d/m
)2 . (13)

Here we have introduced for convenience the dimensionless
bulk concentrationCb, scaled with the equilibrium monomer
concentrationX∗

1.
It was shown in Griffithset al.6 that approximating the equi-

librium distribution by the simpler representation

X
∗
n

X∗
1
=



















1 n= 1,

B

m3/2
exp
(

−βm(n/m−1)2
)

+
C
m2 exp(−dn/m)

n≥ 2,
(14)

as illustrated in Fig. 1, provides no discernible difference
to that observed for the distribution (11) (except for the be-
haviour in the very narrow region of small aggregates). We
use this alternative representation in the derivation of our con-
tinuum description in§3. In calculating the kinetics of re-
equilibration we will initially use the parameters appropriate
to the non-ionic surfactant C10E8, which has a CMC (1 mM)
lying in the middle of the range of surfactants typically used
in practical applications. We will then explore the effect of
varying the parameters describing the surfactant distribution.

3 A continuum model

3.1 Introduction

It is usual to solve the infinite system of ordinary differential
equations (2), (4) by truncating at a suitably large value of
n. Determining the solution to the resulting system is thus
numerically intensive and so it is extremely advantageous to
exploit the largeness of the optimal aggregation number,m,
to derive a continuum model for the system, as adopted in
Griffiths et al. and Richardsonet al.6,7,20

The distribution (14) is appropriately repre-
sented by a continuum function for the aggre-
gate concentrations (becoming exact in the limit
1/m≡ ε → 0). We thus letx = n/m and define the con-
tinuum order-one functionY(n/m) = m2

X
∗
n/X

∗
1 for n≥ 1, and

treat the monomer concentration separately. The prefactorm2

is chosen to ensure thatY is an order-one function when the
proportion of surfactant in aggregate form is comparable with
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n

oligomers

intermediate
region

proper
micelles

Fig. 1 An equilibrium aggregate size distribution predicted by MD
simulation for the polyoxyethylene glycol alkyl ether surfactant
C10E8 at a bulk concentrationCb = 10 mM (solid line).9 The dashed
line shows the fit (11) and the dot-dash line shows the
approximation (14), withA= 1, b= 7, B≈ 4.82,β ≈ 0.9, m= 63,
C≈ 3×10−13, d ≈ 5.

the concentration in monomer form. Eqn (14) thus gives

Y(x) =
B√
ε

exp

(

−β
ε
(x−1)2

)

+Ce−dx. (15)

Conservation of mass indicates that

1+
∫ ∞

0
xY(x)dx=Cb, (16)

whereCb is the dimensionless bulk concentration scaled with
X
∗
1. By fixing β , ε , C, d andCb, (16) provides the value ofB,

B=
2(Cbd−C)

√

β

d
√

π
(

1+erf

(

β
ε

)) . (17)

We dilute the system by a factor ofD and analyse the evo-
lution of the resulting distribution to the new equilibrium. For
simplicity we choose to scale all concentrations with the post-
dilution equilibrium monomer concentration, sayX

∗
1 ≡ νX∗

1,
where ν = X

∗
1/X

∗
1 is the ratio of the pre-dilution to post-

dilution monomer concentrations. Provided the system re-
mains micellar,ν is typically close to (but slightly less than)
unity. This reflects the fact that the monomer concentrationis
approximately constant (and equal to the CMC) for any bulk
concentration that exceeds the CMC, when the system is in
micellar form. The scaled initial monomer concentration in-
stantaneously after dilution,X1(0), and new equilibrium dilu-
tion, X1, are then

X1(0) =
1

νD
, X1 = 1. (18)
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The corresponding initial distribution instantaneously after di-
lution, y0(x), and new equilibrium distribution,y(x), are given
by Griffiths et al.6,7 as

y0(x) =
Y(x)
νD

=
B0√

ε
exp

(

−β
ε
(x−1)2

)

+C0exp(−dx) ,

(19a)

y(x)=Y(x)νx/ε−1=
B√
ε

exp

(

−β
ε
(x−ω)2

)

+Cexp
(

−dx
)

,

(19b)

where the parameters in (19) are related to the pre-dilution
distribution by

B0 =
B

νD
, C0 =

C
νD

, B= Bν1/ε−1 exp

(

log2 ν
4εβ

)

,

C=
C
ν
, ω = 1+

logν
2β

, β = ωβ , d = d−mlogν . (20)

The precise value ofν for a dilution by a factor ofD may be
determined via the expression for conservation of mass:

1+
∫ ∞

0
xy(x)dx=

Cb

νD
, (21)

which may be evaluated explicitly using (19b) to give

Cb

D
−ν =

B
2

√

π
β

ωe−β (1−ω)2/ε

(

1
ω

√

ε
πβ

e−ω2β/ε

+erfc

(

−ω
√

β
ε

))

+
C

d
2 , (22)

with ω andd defined in (20).

3.2 Governing equations and boundary conditions

Since the concentration of monomer is much larger than the
concentration of all other species we choose to separate (2)
into reactions involving monomer loss and gain, and reactions
involving two general aggregates:

dXn

dt
= κ+

1,1X1Xn−1−κ+
1,1

X
∗
1X

∗
n−1

X∗
n

Xn

−κ+
1,1X1Xn+κ+

1,1
X
∗
1X

∗
n

X∗
n+1

Xn+1

+
n−1

∑
i=2

1
2k+i,n−i

(

XiXn−i −
X
∗
i X

∗
n−i

X∗
n

Xn

)

−
∞

∑
i=2

k+i,n

(

XiXn−
X
∗
i X

∗
n

X∗
i+n

Xi+n

)

, (23)

where we have used (10) to eliminateκ−
i, j and we

recall we have chosenκ+
1,n = κ+

1,1. We then set

y(n/m, t) = m2
Xn(t)/νX∗

1 andt= t/εκ+
1,1νX∗

1, and Taylor ex-
pand terms in (23) for smallε to yield the continuum repre-
sentation of (23)

∂y
∂ t

= (1−X1)
∂y
∂x

+
ε
2
(1+X1)

∂ 2y
∂x2 − ε

∂
∂x

(

y′

y
y

)

+
∫ x

0

1
2k(s,x−s)

(

y(s, t)y(x−s, t)− y(s)y(x−s)
y(x)

y(x, t)

)

ds

−
∫ ∞

0
k(s,x)

(

y(s, t)y(x, t)− y(s)y(x)
y(s+x)

y(s+x, t)

)

ds.

(24a)

Here

k(i/m, j/m) =
κ+

i, j

κ+
1,1

,

which represents the possibility of the fusion of two aggre-
gates. In the case when we permit only monomer loss or gain,
k(ξ ,η) = 0 for all ξ ,η and we recover the governing contin-
uum description for the Becker–Döring equations derived in
Griffiths et al.6,7

The continuum version of (4) is

X1(t) = 1−
∫ ∞

0
x(y(x, t)−y(x)) dx. (24b)

The appropriate boundary conditions for the system (24) are
given by,6

y(0, t) = X2
1 y(0), y→ 0 as x→ ∞, (25a,b)

which capture the behaviour near the monomer spike and en-
sure that the total amount of surfactant is finite, and the initial
post-dilution condition is

X0 =
1

νD
, y0(x) =

B0√
ε

exp

(

−β
ε
(x−1)2

)

+C0exp(−dx) .

(26)

We consider the evolution of a surfactant solution with
an initial distribution given by (15) following a dilution that
leaves the system micellar. We choose to solve the system
(24) subject to the boundary conditions (25) and initial post-
dilution condition (26) via the method of lines, discretizing
space and using the variable coefficient ODE solver VODE.21

As demonstrated in Griffithset al.6,7, allowing only for
monomer loss or gain withk(ξ ,η) = 0 for all ξ ,η leads to re-
equilibration times far longer than observed experimentally.
In the remainder of the paper we discuss realistic mechanis-
tic routes for re-equilibration following dilution to determine
a sensible form for the association rate constants, and thus
expression fork(ξ ,η), that yields re-equilibration timescales
that are in agreement with experiment.
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4 Alternative pathways to re-equilibration

4.1 Sub-micellar fission

The formation of ionic micellar aggregates was proposed by
Kahlweit22 to take place not only via stepwise monomer gain
but through the combination of aggregates. Initially, ionic re-
pulsion causes the overall formation process to occur through
stepwise monomer gain, but as the aggregates grow, the effect
of the electrical double layer is reduced, allowing larger aggre-
gates to fuse together. Since all reactions must be reversible,
this suggests that an alternative route for the breakdown and
subsequent re-equilibration of micelles may be offered by the
fission of sub-micellar aggregates. This provides two distinct
reaction pathways for the breakdown of micelles: one via step-
wise monomer loss from aggregates (as described by Becker–
Döring theory) and a second via their fission into smaller ag-
gregates.23 These ideas are used by Waton24 and Shchekinet
al.25 to study the effect of micelle shape on the fusion and
fission kinetics, with transitions from spherical to cylindrical
micelles arising as the aggregation number increases.

Fusion of aggregates may be represented mathematically
by settingκ+

i, j to be non-zero fori, j 6= 1. However, to pre-
vent the coalescence of two aggregates to form a species
larger than a proper micelle,κ+

i, j must only be non-zero when
i + j < m. In the continuum description, this corresponds to
settingk(ξ ,η) = 0 for ξ +η > 1 andk(ξ ,η) = δ 6= 0 other-
wise, whereδ ≤ 1 represents the magnitude of the activation
barrier presented for the fusion of two aggregates relativeto
the fusion of an aggregate and a monomer. For simplicity we
suppose here thatδ is constant and examine the system be-
haviour governed by (24) following a dilution. We find that,
even whenδ = 1 and no activation barrier is present, for re-
alistic aggregate distributions, accounting for this additional
mechanistic route yields no discernible difference to the be-
haviour whenk(ξ ,η)≡ 0 for all ξ ,η and only monomer loss
or gain is permitted (Fig. 2). One reason that micelle fissionis
not a significant pathway is that the maximum in the free en-
ergy curves as a function of aggregation number is much less
than half the mean aggregation number. Consequently, one
or both of the aggregates formed by fission of proper micelles
will tend to relax by accretion of monomers to reform a proper
micelle. As detailed in Griffithset al.6,7, the system initially
responds to the dilution by a rapid loss of monomers from
the proper micelles which shifts the peak of the micelle size
distribution to lower aggregation numbers while the monomer
concentration rises, in theτ1 process. The system then relaxes
to a highly stablepseudo-equilibriumstate, returning to equi-
librium over an exponentially longer timescale, as a resultof
the high energy barrier set by the extremely low concentra-
tion of smaller aggregates. In fact we find that we must set
C & 10−4 before realistic re-equilibration times are observed

10
−2

10
0

10
2

10
4

0.5

0.6

0.7

0.8

0.9

1

t

X1

Fig. 2 Evolution of monomer concentration,X1, with time for an
initial pre-dilution distribution given by (15) withCb = 10,B given
by (17),β = 0.9, m= 63,C= 3×10−13, d = 5 andD = 2, with:
k(ξ ,η) = 0 for all ξ ,η (dashed); andk(ξ ,η) = 1 for ξ +η < 1 and
k(ξ ,η) = 0 otherwise (solid).

(Fig. 3). This corresponds to aggregate distributions for which
the ratio of concentration of intermediate aggregates to proper
micelles is typically 10−7, many orders of magnitude larger
than we would expect for C10E8, but which might be reached
for surfactants with much higher CMCs.

Hence incorporating the fusion and fission of only small
aggregates does not enable micelle breakdown to occur on a
sensible timescale. It is thus evident that micelle breakdown is
unable to occur via any method that involves aggregates pass-
ing through the high energy region of intermediate aggregate
sizes, and so there must be an alternative route to equilibrium.

4.2 Super-micelle formation

In this section we explore the possibility of permitting the
combination of two aggregates to form an aggregate larger
than a proper micelle as a possible route to equilibrium. Al-
though it is rare that any attention is paid to the region be-
yond the proper micelles, the aggregation of two micelles to
form transient larger species has been demonstrated exper-
imentally for the surfactant Triton X-100.26,27 In this case
such aggregates persist at least for the time interval necessary
for exchange of the solubilized pyrene-labelled triglyceride
tracer molecule. While it is shown that the formation of these
larger aggregates, which we shall termsuper-micelles, occurs
at a rate approximately 5000 times less than the diffusion-
controlled rate, such a rate is still remarkably fast when con-
sidering the necessary re-organization required for aggregate
merging. The kinetics of micellar formation has very recently
been studied via a free-energy approach by Hadgiivanovaet
al.28. Here it was shown that micelles form via a series of
stages on well-separated timescales, beginning with the con-
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Fig. 3 (a) Evolution of monomer concentration,X1, with time for an
initial pre-dilution distribution given by (15) withCb = 10,B given
by (17),m= 63,β = 0.9, d = 5, D = 2, k(ξ ,η) = 1 for ξ +η < 1
andk(ξ ,η) = 0 otherwise, andC= 10−3,10−4,10−5,10−6,10−7,
and 10−8; (b) Dependence onC of real time taken for the
distribution in (a) to reach equilibrium, chosen to be the time at
whichX1 reaches 0.99,teq≈ 7×10−3C−0.822seconds. The
corresponding pre-dilution distributions are shown in (c).

ventional nucleation of monomers to form critical aggregates,
but then switching mechanism to a lower energy route to reach
the resultant equilibrium. In some cases this second process
was shown to involve the formation of aggregates that exceed
the size of a proper micelle, which subsequently break down
to the complete the formation of the proper micelles.

We account for the coagulation of aggregates to form
species that exceed the size of a proper micelle by setting
k(ξ ,η) = constant= δ for all ξ ,η , whereδ ≤ 1 again corre-
sponds to the magnitude of the activation barrier. The system
dynamics illustrated in Fig. 4 clearly show a marked increase
in the concentration of aggregates generated that exceed the
size of a proper micelle when compared with the evolution
via stepwise monomer loss or gain alone. Hence a proportion
of super-micelles are indeed formed via the fusion of aggre-
gates that lie to the left of the equilibrium aggregation number
when such reactions are permitted. Once formed, these super-
micelles break down quickly via a cascade of monomer re-
lease due to their instability. However, crucially, as displayed
in Fig. 5, the timescale of re-equilibration via this new mech-
anism is now much faster than via monomer loss alone, even
for the case whenδ = 1/5000 and the merging of aggregates
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Fig. 4 Evolution of an initial pre-dilution distribution given by(15)
with Cb = 10,B given by (17),β = 0.9, m= 63,C= 3×10−13,
d = 5, andD = 2, with k(ξ ,η) = 1/5000 at (a)t = 0.05, (b) 10,
(c) 1.5×104, (d) 5×104 (each depicted by the solid line) towards
the equilibrium distribution (dotted curve). The dashed curve shows
the profile at equivalent times whenk(ξ ,η) = 0, corresponding to
re-equilibration through monomer loss or gain only, which fails to
reach the equilibrium distribution.
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initial pre-dilution distribution given by (15) withCb = 10,B given
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shown by the dashed curve; (b) Dependence onδ of real time taken
for the distribution in (a) to reach equilibrium, chosen to be the time
at whichX1 reaches 0.99,teq≈ 2.44×10−4δ−0.858seconds.

occurs at a rate 5000 times more slowly than the diffusion-
controlled rate of monomer gain as predicted by Rharbiet
al.26,27. As a result, unlike the stepwise monomer loss model
governed by Becker–D̈oring theory, this additional pathway
for re-equilibration now allows the system to re-equilibrate
on a timescale of the order of seconds, in line with stopped-
flow experiments.9 Fusion of proper micelles to form super-
micelles is not restricted to non-ionic surfactants, but has also
been observed in MD simulations of the ionic surfactant de-
cyltrimethylammonium bromide.16

The distinct two-timescale evolution of the system during
re-equilibration is still clearly present in Fig. 5. A rapidrise
in monomer concentration over an order-one timescale (cor-
responding to theτ1 process), before reaching a plateau be-
low the equilibrium value at which the concentration remains
relatively constant, is followed by a recommencement in the
journey towards the equilibrium concentration at a slower pace
(the τ2 process). We notice that the system evolution during
theτ1 process and the monomer concentration attained at the
plateau are almost entirely unaffected by allowing for super-
micelle formation. Hence we conclude that this process be-
comes significant only on theτ2 timescale of re-equilibration.
As the relative activation barrier,δ , is reduced, the time taken
to reach equilibrium is reduced, as we would anticipate, andis
shown to follow a simple power-law relation in Fig. 5(b). The
exponent found is slightly smaller than−1 since not all super-
micelles decay by sequential monomer loss. Asδ increases,
so does the probability of fission of a super-micelle back into
two proper micelles.

4.3 Limitations of the Becker–D̈oring theory

While it is clear that Becker–D̈oring theory explains theτ1

process it is important to determine the regimes for which
this reduced model provides an accurate description of the
entire system behaviour. As discussed, re-equilibration via
stepwise monomer loss is significantly compromised when
the concentration of aggregates in the intermediate regionis
low. The evolution predicted by Becker–Döring theory is
shown to provide an accurate description of the behaviour
observed when we allow all possible reactions (by setting
k(ξ ,η) = δ = 1/5000) whenC is suitably large (& 10−3) and
the relative concentration of intermediate aggregates to proper
micelles is not too low (around 10−6) (Fig. 6(a,b)). In this
case the re-equilibration process favours the route of entire
micelle breakdown through stepwise monomer loss. How-
ever, asC increases and the relative concentration of inter-
mediate aggregates is reduced further, the deviation between
the predicted evolution by the Becker–Döring theory and that
when all aggregation reactions are permitted increases and
Becker–D̈oring theory becomes less valid (Fig. 6(c,d)). This
demonstrates that the route to equilibrium offered by stepwise
monomer loss rapidly becomes unfeasible when the relative
concentration of intermediate aggregates is small. The struc-
tural composition of the majority of surfactant species is such
that the probability of existing as an intermediate aggregate
is typically many orders of magnitude lower than the distri-
butions considered in Fig. 6. As a result Becker–Döring the-
ory is likely to fail to describe the re-equilibration of a wide
spectrum of realistic surfactant systems. Thus our new theory
is essential, providing a description of the re-equilibration be-
haviour ofanysurfactant distribution, with the Becker–Döring
theory forming a subset of our model.

We have shown that, although the energetic favourability
of the coagulation of two sub-micellar aggregates to form a
super-micelle is low, this process is still able to generatea
non-negligible proportion of super-micelles that subsequently
allow re-equilibration via rapid monomer loss. However, the
nature of the surfactant distribution and the relative favourabil-
ities of the different aggregates suggests that only a smallpro-
portion of aggregates smaller than proper micelles are likely
to play a part in the re-equilibration mechanism: the energy
penalty for the coagulation of two larger aggregates grows
rapidly with increasing aggregate size, while the concentra-
tion of smaller aggregates quickly falls with decreasing size.
This supposition may be confirmed by reducing the number
of additional aggregate reactions that are allowed. In Fig.7
we compare the re-equilibration behaviour exhibited when
k(ξ ,η) = 1/5000 when 0.63< ξ ,η < 0.74 andk(ξ ,η) = 0
otherwise with the behaviour whenk(ξ ,η) = 1/5000 for all
values ofξ ,η and we see that the behaviour is essentially iden-
tical. This confirms that only aggregates that lie in a small
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Fig. 6 Evolution of monomer concentration,X1, with time for an
initial pre-dilution distribution given by (15) withCb B given by
(17),β = 0.9, m= 63,d = 0.2 andD = 2 and (a)C= 10−2,
(b) C= 10−3, (c)C= 10−4, (d)C= 10−5. In each figure the solid
line shows the evolution whenk(ξ ,η) = δ = 1/5000 and the
dashed line the evolution whenk(ξ ,η) = 0.

range, centred about a typical aggregation number of around
70% of the size of a proper micelle, actually contribute to the
super-micelle route to equilibrium.

The width of the region of stable proper micelles may be
reduced by increasing either the value ofβ or m while retain-
ing the bulk concentration and relative proportions of micel-
lar and intermediate aggregates. In both cases we uncover a
simple power-law relation for the dependence of the time to
equilibration on the two respective parameters as illustrated in
Figs. 8(d) and 9(c). Upon varyingβ we find that the value
of the monomer concentration attained at pseudo-equilibrium
following theτ1 process is also shown to be reduced. On the
other hand, as the value ofβ is reduced we find the relative
concentration of aggregates in the intermediate region rises
(as depicted in Fig. 8(c)), and a switch in the favourable re-
equilibration route from super-micelle formation to conven-
tional stepwise monomer loss will take place. Surfactants with
short alkyl chains (especially so for ionic surfactants) tend to
have high CMCs, small aggregation numbers and broad distri-
butions (which corresponds to small values ofβ ) all of which
favour relaxation by stepwise monomer loss. The Becker–
Döring pathway is therefore more likely to be the dominant
relaxation mechanism for such surfactants.

As we might expect, increasing the dilution factor,D, re-
sults in longer recovery times, since the proportion of proper
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Fig. 7 Evolution of monomer concentration,X1, with time for an
initial pre-dilution distribution given by (15) withCb = 10,B given
by (17),β = 0.9, m= 63,C= 3×10−13, d = 5, andD = 2, with
k(ξ ,η) = δ = 1/5000 for allξ ,η (solid), andk(ξ ,η) = 1/5000 for
0.63< ξ ,η < 0.74 andk(ξ ,η) = 0 otherwise (dashed).
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Fig. 8 Evolution of monomer concentration,X1, with time for an
initial pre-dilution distribution given by (15) withCb = 10,B given
by (17),m= 63,C= 3×10−13, d = 5, D = 2,
k(ξ ,η) = δ = 1/5000 and (a)β = 0.5,0.7,0.9,1.1,1.3,
(b) β = 0.1,0.2,0.3. The dashed curves in (b) show the
corresponding evolution whenβ = 0.1,0.2,0.3 andk(ξ ,η) = 0.
The corresponding pre-dilution distributions are shown in(c);
(d) Dependence onβ of time taken for the distributions in (a) and
(b) to reach equilibrium,teq≈ 0.34β 3 seconds.

micelles that must undergo the complex breakdown and super-
micelle restructuring processes to replenish the monomer to
the CMC increases (Fig. 10). The time taken for the sys-
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teq≈ 2.55×10−8m4 seconds.

tem to re-equilibrate is shown to follow the power-law relation
teq ≈ 0.0850D2 (seconds). As the bulk surfactant concentra-
tion following dilution falls below the CMC and the result-
ing system is no longer micellar the time taken for the sys-
tem to attain its equilibrium rises dramatically, deviating from
this power-law relation. Adjusting the bulk surfactant con-
centration leads to a similar result, with the re-equilibration
time obeying the power law approximationteq≈ 13.47C−1.75

b
(seconds) provided the system remains micellar following di-
lution, and taking significantly longer to re-equilibrate if the
solution falls below the CMC following dilution (Fig. 11).

5 Conclusions

We studied the mechanism for the re-equilibration following
dilution of a surfactant system whose typical concentration
of intermediate aggregates in equilibrium is much lower than
the typical concentration of proper micelles, as is the case
for the majority of real-life surfactants. This process is con-
ventionally assumed to occur via stepwise monomer loss or
gain, leading to the well-known Becker–Döring theory. It was
shown in Griffithset al.6,7 that if the restructuring of such a
system occurs via this mechanism then the timescales for re-
equilibration are far longer than those observed experimen-
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Fig. 10Evolution of monomer concentration,X1, with time for an
initial pre-dilution distribution given by (15) withCb = 10,B given
by (17),,β = 0.9,C= 3×10−13, d = 5, m= 63,
k(ξ ,η) = δ = 2×10−4 andD = 2,3,4,6; (b) Dependence on D of
time taken for the distribution in (a) to reach equilibrium,chosen to
be the time at whichX1 reaches 0.99,teq. The dotted line shows the
fit teq= 0.0850D2 seconds.

tally for CnEm surfactants.
We exploited the largeness of the typical optimum aggrega-

tion number was exploited to enable a continuum approach.
This vastly simplified the complexity of the problem, reduc-
ing the task from solving a large system of nonlinear coupled
ordinary differential equations to a single integro-differential
equation governing the aggregate distribution, and an integral
relation that provides the monomer concentration.

We relaxed the assumption of stepwise monomer loss or
gain and analysed two potential alternative mechanistic routes
to equilibrium. Firstly, we allowed for micelles to break
down into smaller aggregates, the reverse route of which was
shown by Kahlweit22 to be key in the formation of ionic mi-
celles. However, this situation was shown to produce no dis-
cernible difference when compared with solutions to the orig-
inal Becker–D̈oring theory. Re-equilibration was thus con-
cluded to be unable to proceed via any mechanistic route that
involves the low-concentration region of intermediate aggre-
gates.

Secondly, we allowed for the combination of aggregates to
form super-micelles, that is, aggregates that are larger than
proper micelles and are thus much more unstable. Although
the role of super-micelles is generally ignored when study-
ing re-equilibration behaviour, recent experimental observa-
tions of the formation of such species suggest that such re-
actions are at least possible.26,27 The early time behaviour of
the system during theτ1 process was shown to be almost en-
tirely unaffected by the allowance of super-micelle formation.
Here the behaviour is dominated by the stepwise monomer re-
lease from micelles, which is well-represented by the simpler
Becker–D̈oring theory. However, super-micelles, which form
by the fusion of aggregates smaller than proper micelles, were
found to play a vital role during theτ1 process when some of
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the aggregates must supply monomers to the remaining aggre-
gates to increase their aggregation number and stability. The
instability of these super-micelles led to their rapid breakdown
via stepwise monomer loss to produce stable proper micelles
while simultaneously driving the monomer concentration back
to the CMC.

Conventional entire micelle breakdown via stepwise
monomer loss, and re-equilibration via the formation of super-
micelles which rapidly dissociate by stepwise monomer loss
into proper micelles and monomers, thus provide two possi-
ble routes to achieving equilibrium. Allowing for both path-
ways leads to system re-equilibration on timescales that are
consistent with those observed in practice, for example via
stopped-flow experiments. The second route is accelerated
by monomer depletion and the corresponding shift to smaller
aggregation numbers that follows a dilution, but, unlike the
Becker–D̈oring mechanism, is still possible even when the
concentration of aggregates in the intermediate region is ex-
tremely small. The time taken for the system to re-equilibrate
via this new mechanism was shown to depend on the key pa-
rameters via simple power-law relations.

The combination of much lower concentrations of smaller
aggregates and the energetic unfavourability of the fusionof
larger aggregates for typical surfactant systems results in only
a narrow range of aggregate sizes that are actually able to par-
ticipate in super-micelle formation. We showed these aggre-
gates to be localized to a small window centred around aggre-
gates typically 70% of the size of a proper micelle.

We examined the regimes under which the conventional
Becker–D̈oring description sensibly describes the breakdown
and re-equilibration of aggregates in a micellar solution.For
systems where the relative concentration of intermediate ag-

gregates is no less than around six orders of magnitude smaller
than the concentration of proper micelles, Becker–Döring the-
ory provides an accurate description of the system behaviour
predicted by the full model that allows for aggregate fusion.
The Becker–D̈oring system is thus a subset of our new theory,
which describes the re-equilibration ofanysurfactant distribu-
tion. However, the energetic favourability of surfactant aggre-
gates is such that in practice the proportion of surfactant resid-
ing in the form of intermediate aggregates is typically many
orders of magnitude lower than that considered here. As a re-
sult, those regimes that the Becker–Döring theory are able to
accurately describe are unlikely to represent the distribution
and thus re-equilibration behaviour of the majority of surfac-
tant systems in practical use. This therefore rules out stepwise
monomer loss as a universal route to equilibrium, rendering
super-micelle formation a new but essential mechanistic route
in the overall re-equilibration of a micellar surfactant solution
following dilution.

Implicit in our model is that the formation of micelles in a
supersaturated solution proceeds by accretion of monomersto
a proper micelle to form a super-micelle followed by fission
of the super-micelle to two proper micelles; the formation of
micelles is catalyzed by micelles. For typical surfactants, ex-
treme levels of supersaturation would be required to form a
micelle by the Becker–D̈oring mechanism, so it is likely that
the first micelles are formed by a heterogeneous mechanism,
as is common in most nucleation processes.

A A comment on the values ofκ−
i, j

The ratio of the rate constants for formation of super-micelles
from two micelles, and for fission of a super-micelle, is deter-
mined by the equilibrium constant for the reaction. The rate
constant for fission cannot rise without bound, however, since
it is constrained by the time taken for the surfactants to reorga-
nize on a microscopic scale. A practical upper bound onκ−

i, j is

1010 s−1, corresponding to a reorganization time of 0.1 ns. We
have calculated the implicit fission rate constant for diffusion-
controlled micelle fusion (δ = 1) as a function of micelle size
for the surfactant C10E8 with distribution shown in Fig. 1. We
find that the fission rate constant is less than 1010 s−1 for all
processes leading to super-micelles with aggregation numbers
less than 100. For a value ofδ = 1/5000, all processes in-
volving super-micelles up to a size of around 112 have physi-
cally reasonable rate constants. However, we have shown that
the reactions that are responsible for the super-micelle route
to equilibrium are those involving the fusion of aggregates
with sizes 63–74% of the size of a proper micelle (which cor-
respond to aggregation numbers of 40–47 for the surfactant
C10E8). Such reactions thus fall within the maximum values
for dissociation rates that could be realistically expected, even
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when we assume diffusion-limited aggregation for all reac-
tions and no activation barrier is present for the fusion of two
aggregates.
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