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The decontamination of hazardous chemical agents from porous media is an important
and critical part of the clean-up operation following a chemical-weapon attack. Decontam-
ination is often achieved through the application of a cleanser, which reacts on contact
with an agent to neutralise it. While it is relatively straightforward to write down a model
that describes the interplay of the agent and cleanser on the scale of the pores in the
porous medium, it is computationally expensive to solve such a model over realistic spill
sizes.

In this paper, we consider the homogenisation of a porescale model for the interplay
between agent and cleanser, with the aim of generating simplified models that can be
solved more easily on the spill scale but accurately capture the microscale structure and
chemical activity. We consider two situations: one in which the agent completely fills local
porespaces and one in which it does not. In the case when the agent does not completely
fill the porespace, we use established homogenisation techniques to systematically derive
a reaction—diffusion model for the macroscale concentration of cleanser. However, in the
case where the agent completely fills the porespace, the homogenisation procedure is more
in-depth and involves a two-timescale approach coupled with a spatial boundary layer.
The resulting homogenised model closely resembles the microscale model with the effect
of the porous material being incorporated into the parameters. The two models cater
for two different spill scenarios, and provide the foundation for further study of reactive
decontamination.
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1 Introduction

During a liquid-chemical-weapon attack in an urban environment, the chemical agent
often lands on, and seeps into, porous building materials such as concrete or tarmac.
In order to decontaminate the material, any agent present on the surface is removed,
and then a cleaning solution (the “cleanser”) is applied to the top of the porous substrate
(often using a mop), which reacts with the agent trapped within the pore structure. Often
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the agent and the cleanser are immiscible fluids (typically one is oily and one is aqueous),
which means that the decontamination reaction occurs at the interface between the two
fluids. It is crucial for public safety that all the agent is reacted away, but it is difficult
to tell from surface measurements whether or not any agent remains unreacted inside
the material. It is also difficult to predict the time it takes for all the agent to be reacted
away: while reaction times may (or may not) be known for the cleanser—agent pair in the
laboratory, it is unclear how the porous material and initial three-dimensional shape of
the spill affects the process.

The problem of reactive decontamination within a porous medium has been previously
studied in [3] and [6]. In 3], flow of a chemical agent into a porous medium is considered;
the 2-dimensional analogue is studied in |10|E| After a discussion of the flow of agent
into the porous material, |3] and [6] consider the reactive decontamination process in
which the cleanser is assumed to be in aqueous solution and the agent is assumed to
be oil based, and they study the diffusion of cleanser and the (harmless) product of
the reaction through the aqueous solution, and the chemical reaction at the interface.
They derive appropriate interface conditions by conservation of chemical arguments. The
decontamination times are found in two cases: (i) when the limiting step is the diffusion
of product away from the reaction front, and (ii) when the limiting step is diffusion of
cleanser to the front. The key result is that, in certain parameter regimes, increasing the
cleanser concentration does not decrease the overall time to decontaminate all the agent.
However, the models in [6] do not explicitly take into account the porous structure in
which the process occurs.

Given that a typical chemical spill can be tens of centimetres across but the pores
of the material are typically of micron size, it is unfeasible to keep explicit track of
the local concentration of cleanser everywhere within the porous structure. There is a
clear need to build simple models that hold over the whole of the spill, which take into
account the effect of the fine-scale structure of the porous medium and the localisation
of the decontamination front to the cleanser—agent interface. We will use homogenisation
theory to derive “averaged” equations, valid over the entire spill but which take the pore-
scale structure and chemistry into account. Homogenisation techniques have been used
very successfully for numerous diffusion-based problems. For instance, |4] and [5] consider
the diffusion (and advection) of particles suspended in solution through a filter and they
allow the porosity of the filter to change over the macroscale, while in |1] the diffusion
through a medium with varying porosity is studied and the effective macroscale diffusion
coefficient computed, for both periodic and random microstructures. Similar techniques
have been used to study the growth of biofilms within a saturated porous medium. For
example, Schultz et al. [14,[15] use homogenisation to derive macroscale models for the
growth of biofilms and the fluid flow through the medium. The incorporation of chemical
reactions into the body of the fluid is studied in |7], where corrosion of the microstructure
occurs. They homogenise appropriate microscale models and determine effective reaction
and transport coefficients.

Homogenisation methods may also be used to derive macroscale boundary conditions.

1 More generally, the motion of fluids through porous media, often known as “gravity-driven
flows”, are well-studied problems, with notable papers including [9] and [12].
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Figure 1. Schematic of the two possible scenarios that we will consider. On the left the
agent (green) coats the pore walls, while on the right the agent fills the porespace in
some region of the domain. We refer to these as the “unsaturated” and “saturated” models
respectively. The cleanser solution (white) fills the remaining porespace.

For instance, the Beavers and Joseph boundary condition at a (static) boundary of a
porous medium can be derived via homogenisation (see, for example, [13]). However,
the homogenisation of processes happening at a non-static, fluid—fluid interface is a less
standard problem.

The progression of the decontamination reaction through the porous substrate depends
fundamentally on how the agent is distributed in the medium. For example, it might coat
the walls of the pores, or it might completely fill the porespace, as shown in figure[I} We
expect that the resulting macroscale model will be different in each of these two canonical
scenarios.

In this paper, we will build microscale mathematical models for these two scenarios,
which we will homogenise to generate macroscale models that will be applicable on the
spill scale. We will then compare and contrast the behaviour of these models in a simple
scenario. In more detail, in Section [2] we will build the model that holds within the fluid-
filled pores of the substrate. In Section [3] we will perform a homogenisation of these
equations, looking at the case in which the chemical agent coats the solid structure,
while in Section [] we will perform the homogenisation in the case where the agent fills
the pores. In Section [5] we will compare the two models qualitatively. Concluding remarks
are given in Section [6}

2 Mathematical model

In this section we present a model for the decontamination process. We assume that the
agent is a neat oily chemical, the cleaning fluid consists of an aqueous solution of the
cleanser chemical, and that the two fluids are immiscible so that the decontamination
reaction only takes place at the interface between the two fluids. We further assume that
the product(s) of the decontamination reaction are only soluble in the aqueous phase so
that the agent phase remains undiluted and is depleted during the reaction. We focus on
decontamination situations in which the agent has already soaked into a porous substrate
and assume that the transport of cleanser is purely due to diffusion within the aqueous
solution, so that there is no fluid flow of either agent or cleanser.
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We consider a 2D porous medium, with & and g the horizontal and vertical coordinates
respectively, as shown in figure I} Here and henceforth we use hat-notation (") to signify
dimensional variables. We denote the solid structure by the region s, the solid-fluid
boundary by QQS, and the porespace occupied by fluid by ) = R2 \ Q5. We denote the
region of the porespace occupied by cleanser fluid by Q. € Q, and that occupied by agent
by Q, =0 \ .. The fluid-fluid interface between agent and cleanser is denoted 09;. The
concentration of cleanser, é, measured in mol/m3, and the volume fraction of agent, a,
therefore satisfy

1, é=0, in Q, (2.1)
0, é = DV, in Q. (2.2)

Q>
I

Q>
I

where D is the spatially uniform diffusivity of the cleanser within the solution. At any
interface between the agent and cleanser 0f;, the decontamination reaction occurs and
conservation of cleanser at this interface reads

—¢v-n+DVé-n=—j (2.3)

where v is the velocity of the interface, n is the unit normal to the interface pointing into
the chemical agent, and j is the flux of cleanser molecules into the reaction. Assuming
that no voids are created by the decontamination reaction, conservation of volume reads

where ¥ is the molar volume of agent, measured in m3/mol. We assume that the chemical
reaction between agent molecule A and cleanser molecule C is described by

Mg A + A.C — product, (2.5)

where \;, A\ € N are the stoichiometry constants. For simplicity, we assume that A\, =
Ac = 1, although the results could be easily extended to other values. We use the Law of
Mass Action to determine the flux j, and write

j = ke, (2.6)

where k is the mass transfer coefficient for the reaction, measured in m/s. Finally, we
assume that there is no flux of cleanser molecules into the solid, and so we write

Vé-n,=0 on 6@3, (2.7)

where ng is the normal to the solid. In summary, our model reads

¢ = DV%e in  Q, (2.8)
—év-n+DVé-n=—ké on %, (2.9)
—b-n = —ykeé on %, (2.10)
Vé-ng=0 on A%, (2.11)

which must be coupled with appropriate boundary conditions on ¢é (e.g., at the top of
the porous medium), and an initial condition. This model holds within the complicated
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Figure 2. Schematic of the porous structure, and the layer of agent coating the solid in
dimensionless variables, introduced in (3.2)); (z,y) are microscale variables, while (X,Y")
are macroscale variables defined in (3.7]).

domain € around the solid structure of the porous medium. We wish to homogenise this
model, and derive averaged equations that hold over the whole domain and take into
account the solid microstructure.

Before proceeding, we note that the ratio of the pore lengthscale, ci, to the spill length-
scale, Ji, is small, ¢ = cZ/]i < 1, which is necessary for our homogenisation analysis.
As is standard in multiple-scales analyses, we will make the key assumption that the
dependent variables (eg ¢) can vary on both the porescale and on the spillscale indepen-
dently, and we will relate our spatial variables on the macroscale to the microscale using
€. We will zoom in to a single “cell” on the microscale, and analyse the behaviour at this
level, before averaging to obtain equations that hold on the macroscale, with the explicit
microscale dependence averaged out. As described in , the macroscale model derived
by this method holds in the limit as ¢ — 0, and so is a very good approximation for
situations in which € is very small.

In the next two sections, we will consider two canonical scenarios, one in which the
agent coats the solid microstructure and another in which the agent completely fills the
porespace.

3 Agent coats the solid microstructure

In this section, we will use the model 7 to describe decontamination in the
case where the agent has coated the pores (as shown in figure , and we will homogenise
the equations to find the leading-order macroscale behaviour. We will follow the argu-
ment presented in , in which the mathematical problem is similar but the application
(adsorption of particles onto the solid structure in a filter) is fundamentally different.
For simplicity, we suppose that the microscale solid structure consists of a periodic
square lattice of circular solids, each with constant radius 7 and located in the centre of
each cell, size d. The square array periodicity may be relaxed to allow for a more realistic
quasiperiodicity but the methodology is similar . We assume that the solid structure
is coated by a layer of the agent, thickness R, which is reacted away by the surrounding
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cleanser. The interface speed v is thus given by
= —Ryn, (3.1)

since n points into the agent. We note that, while the local normal to the agent—cleanser
interface is in the direction e, (the unit vector in the radial direction from the centre
of the solid circle), we will later allow the interface to depend on both the macroscale
and microscale variables. A key facet of the model will be to allow R to vary over the
macroscale, and the derivatives in the definition of the normal will need to be altered to
account for the dependence of the interface on both the microscale and macroscale; thus
the normal n is not simply e,..

3.1 Dimensionless model

We choose to nondimensionalise the model (2.8)—(2.11)) using the pore lengthscale (since
our equations hold within the fluid region of a pore) but using the timescale associated
with diffusion over the spill scale (since we are interested in overall clean-up), and thus
we choose
L .
(z,9,R) = d(z,y, R), ¢ =c'c, t=—=t, (3.2)
2D
where ¢* is the initial concentration of cleanser in the cleaning solution and subscripts
denote differentiation. The dimensionless model in the cleanser fluid reads:

e, = Ve, (3.3)
while, at the agent—cleanser interface located at |x| = r + R, we have
€2cRy — Ve -n = €2fe, 2R, = —€ B, (3.4)
when R > 0 and

Ve e, =0, (3.5)

when R = 0, where n is the dimensionless normal to the interface. We have introduced
three dimensionless parameters:

ﬂ:%, v = xc*, 7’:2. (3.6)
which represent the ratio of the diffusion timescale over the macroscale to the chemical
reaction timescale on the microscale, the amount the interface moves due to these effects,
and the dimensionless microscale solid structure radius, respectively. We assume that
both  and v are order-one constants, so that the resulting model corresponds to the
distinguished limit in which the diffusion and reaction terms are both present. This regime
also caters for situations in which 8 and v are smaller than O(1). Another asymptotic
limit occurs when 8 ~ €2, in which all the action takes place on the microscale, but we
do not consider this here.
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3.2 Homogenisation

We now homogenise (3.3)—(3.5) to find the macroscale behaviour. We assume that ¢
varies over both the microscale and macroscale and that R varies over the macroscale.
We introduce the macroscale variables

X =ex, Y = ey, (3.7

and thus write ¢ = ¢(z,y, X,Y,t) and R = R(X,Y,t). We expand the spatial derivatives
using the chain rule to account for both sets of variables and replace V with V, 4+ eV x.
Since we assume that the microscale solid structure is periodic, we consider a canonical
microscale problem that consists of a solid particle coated in agent and surrounded by
cleanser solution, as shown in the insert of figure [2 This is called the “unit cell” for this
problem, which we denote by w = [0,1]2. We impose that ¢ is locally periodic in the
microscale variables by enforcing periodicity over w. Since we assume that the microscale
and macroscale variables are independent, this periodicity condition does not affect the
variation of the cleanser concentration over the macroscale. Further, since R = R(X,Y, t),
the part of the cell occupied by cleanser, which we call w.(X,Y,?), is also a function of
X,Y and t.

Substituting this change of variables into 7, and taking care to remember
that the normal to the interface |x| =7+ R is

V(r+ R — |x|) (Vo +eVx)(r+R—|x|)

PV R al] (Ve t eVt B el %)
in this revised coordinate system, the model becomes
e = Vic +e(Ve - Vx+Vx - -Vi)e+ 62V§(C7 (3.9)
in w, x R?, with boundary conditions on |z| = 7 + R, correct to O(€?), reading
e (cRy — Be) = (Vo +€Vx)e: (Vo +eVx)(r+ R — |z)), (3.10)
Ry = —€2 B, (3.11)
when R > 0 and
(Ve+€eVx)c-e. =0, (3.12)
when R = 0. We seek asymptotic expansion solutions of f of the form
c=co(x,y, X,Y,t) +eci(x,y, X, Y, ) + 2ca(z,y, X, Y, ) +-- -, (3.13)
R=Ry(X,Y,t)+eR1 (X, Y, t) + -+, (3.14)

and we note that we apply the boundary conditions (3.10)—(3.12) on dw;p = {|x| =
r + Ry} rather than dw; = {|x| = r + R}. This requires us to Taylor expand

Fliaierin = oiorin, — (€R1+ R+ Yer Vo f| 0 p (3.15)

1
+§((6R1+62R2+---)er~vx) 4+ (3.16)

2
f||w\=r+R0

for any function f depending on z,y in the interface conditions (3.10)—(3.11). We denote
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the cleanser-occupied region of a cell outside of Ow;p by wo(X,Y,t) (instead of the region
w, outside of dw;).
We find that the leading-order problem in wy(X,Y,t) is

Vico =0, (3.17)

with, on dw;g

—e, - Vzcog =0, (3.18)
coupled with periodic boundary conditions on the edge of the unit cell. We note that, at
this order, the interface condition has reduced to the condition of no flux (3.18))

and so the same condition holds whether Ry = 0 or Ry > 0.
We multiply (3.17)) by ¢y and integrate over wo(X,Y,t) to find that

0= // coV2eodady = —/ |Vpco|? dady + / coVaco - nds, (3.19)
wo wo Owo

where the boundary dwo(X,Y,?) is the union of the edge of the cell dw and the inter-
face/solid boundary. By periodicity of cg, the line integral around the edge of the cell
evaluates to zero, and using the no-flux interface condition the line integral along Ow;g
is also zero. Hence for all times ¢,

0=— // |V zco|? dudy, (3.20)
wo (X,Y,t)

and we thus conclude that ¢g = ¢o(X,Y,t) is independent of the microscale. To close
the model for ¢y, we must proceed to higher order in e. The O(e) problem in wo(X,Y,t)
reads

Vie, =0, (3.21)
W‘ith7 on 6wio,

—e, - (Vze1 +Vxeg) =0, (3.22)
again coupled with periodic conditions for ¢; on the boundary of the cell. The linearity
of the O(e) problem means that we can construct a solution of the form ¢; = w - Vxcy,
where we choose the components of w = (w1 (z,y, X,Y,t), ws(z,y, X,Y,t)) to solve the
cell problems

Viw; =0 in wo(X,Y, 1), (3.23)

—e, - (Vow; +€;) =0 on dw;g, (3.24)

with w; periodic over the unit cell, for ¢ = 1,2 where e, es are the unit vectors in the x

and y directions, respectively. Thus, we can determine c; in terms of ¢y and the solution
of the cell problem, which we note depends on Ry(X,Y,1).

The O(€?) problem is more complicated. The governing equation, to be solved in
wo(X,Y,t), reads

cot = Vica + (Vo - Vx +Vx - Vy)er + Vico, (3.25)
with, when Ry > 0, the boundary conditions

coRor — Bco = Vx Ry - (VXCO + ch1) —e- (chz + VXC1), (3.26)
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Ror = —Byco, (3.27)
on OJw;g while, if Ry = 0, we have the boundary condition
(VxCQ + VXc1) -e,. =0, (3.28)

with cg periodic over the unit cell in both cases. We note that we have used the O(e)

boundary condition (3.22) to simplify (3.26). We integrate (3.25]) over wo(X,Y,?), and,
using the fact that cg is independent of x and y along with the divergence theorem,
obtain

V(Ro)cor = /

wo

Vx- (VXCO + Vwcl) dxdy + / (V$CQ + chl) -nds, (329)

dwo

where V(Ry) is the area of the cleanser-occupied region, given by
V(Ro) =V(X,Y,t) := // dzdy =1 —7(r + Rp)? (3.30)
w()(X,Y,t)

in our circular geometry. We first look at the situation where Ry > 0. The area integral
in (3.29) may be rewritten using a transport theorem, namely:

VX-// f(x7y,X,Y7t)d:rdy:/ Vx - fdzdy — VxRo- fds (3.31)
wO(X,Y,t) wo [‘)w,-o

for any function f. The line integral in (3.29) may be split into two parts: the edge of
the cell Jw, and the fluid—fluid interface Ow;g. The integral around the edge of the cell

evaluates to zero because of the periodicity of ¢; and ¢y, while the integral over the
fluid—fluid interface is

/ (VICQ—FV)(CQ “n,ds = / —Beco + coRot — Vx Ry - (VXCO—i-VICl)dS
Awio

Awio

= —L(Ro)(Beo + Bych) — VxRo-(Vxco+ V) ds, (3.32)

Owio
where we have used ([3.26)), , and the fact that ¢y is independent of x and y. We
have also introduced the local length £(Ry) of the agent—cleanser interface dw;g, defined
by

L(Ry) ::/6 ds=2n(r + Ry). (3.33)

in our circularly symmetric geometry. We use (3.31]) to manipulate the double integral
in (3.29) and substitute (3.32) and ¢; = w - Vx¢p to find that (3.29) reduces to the

reaction—diffusion equation
V(RQ)COt =Vx- <£(R0)V<R0)VXCO) — ﬁ(Ro)(l + ’}/C())BCO7 (334)
where the entries in the diffusivity tensor D are given by

1 ow;
Dy = 6i + —— // i dady. 3.35
T U V(Ro) M xviey O (3:35)

We note that D depends on Ry via the integral over wy(Rg) and that, due to the pore-
scale symmetry of the problem, D is proportional to the identity matrix. Had we assumed
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a different pore geometry, we would have obtained the same form for (3.34), but with
different formulae for D, V and L.
Finally, we study the situation with Ry = 0. The analysis is simpler than in the Ry > 0

case and, instead of (3.26)) and (3.27)), we substitute (3.28) into (3.29) and the line integral

immediately evaluates to zero. Since the cell domain wgy no longer depends on X or Y,
the area integral in (3.29)) may be re-written by moving the derivatives to the outside of
the integral, and we find that

cot = Vx - (D'Vxe), (3.36)
where QO is given by (3.35) evaluated at Ry = 0.

3.3 Summary

In summary, we have derived a macroscopic model for the leading-order cleanser concen-
tration ¢ := ¢o(X, Y, t) and the leading-order thickness of the agent layer R := Ry(X,Y, 1),
which depend only on macroscale variables X and Y, but incorporate the microscale ef-
fects. Our model reads

1
V(R)

when R > 0, where F(R) = L(R)/V(R), and reduces to

ct = Vx - (DV(R)Vxc) — F(R) (14 ~c) e, Ry = —Be, (3.37)

¢ =Vx - (D°Vxe), (3.38)

when R = 0. Our model must be solved with appropriate (macroscopic) boundary condi-
tions for ¢ and initial conditions for ¢ and R. These will depend on the decontamination
scenario under consideration.

4 Agent saturates the porespace; sharp interface on the macroscale

In this section, we consider the situation where the agent saturates the porous medium in
some regions and the cleanser solution saturates the porous media in other regions, and
there is a sharp interface between the regions, as shown in figure [I] (right). We assume
that the porous medium has the same microscale structure as introduced in section [3]
but instead of tracking the thickness, R, of the layer of the layer of agent around each
inclusion, we track the position of the microscale interface between the two fluids, which
we assume to be located at § = h(&,f), with cleanser diffusing in § > h and neat agent
ingy <h.

4.1 Dimensionless model

We choose to nondimensionalise the model (2.8)—(2.11)) using the pore lengthscale and an
intermediate timescale lying between that for diffusion over the pore scale and diffusion
over the spill scale,

(&9, h) = d(x,y, h), ¢=cke, t= At (4.1)
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The timescale, d? / eﬁ, is chosen to match the movement of the microscale interface due

to the chemical reaction. The other process present in our model is diffusion, which, on

the pore scale occurs on the much shorter timescale d2/D. Unlike in Section [3| we do not

need to specify the shape of the porous microstructure and only require that it is locally

periodic. The choice of circular microstructure in figures [I] and ] is for illustration only.
The dimensionless model reads

ec; = V¢ (4.2)

in the region of space occupied by cleanser (€, = QN {y > h(x,t)}) with, on the agent—

cleanser interface y = h(x,t),
hy .
—ec————= +ny-Vc=—€f7c, (4.3)

V1+h2

where n is the dimensionless downward pointing normal to the interface which can be
written as

—— s

hy

Vit

Where the cleanser meets the surface of the substrate, 9Qs N {y > h(x,t)}, we have

and

—yB*c. (4.5)

Ve-ns =0. (4.6)

In this case, we have introduced the dimensionless parameter

pr = 5
and v = Yc¢* as in Section[3] As in Section 3] v represents the amount the interface moves
due to the chemical reaction, but now §* is the ratio of the diffusion timescale on the
macroscale to the chemical reaction timescale, also on the macroscale (rather than using
the chemical reaction timescale on the microscale as we used to define 5 in ) This
is because, rather than the cleanser—agent interface moving on the microscale due to the
chemical reaction as in Section [3] we are now interested in the chemical-reaction-driven
motion of a macroscale boundary. If we assume that 8* and 7 are order one, then this
macroscale boundary will move at an order-one velocity over the macroscale.

(4.7)

4.2 Homogenisation

Our aim is to homogenise the equations and derive the leading-order behaviour of the
cleanser concentration and the movement of the macroscale interface over the large
lengthscale of the spill. We use the same macroscale spatial variables as used in Sec-
tion 3] but we also introduce a macroscale time variable T' = et, which is the timescale for
diffusion over the macroscale, and (as we shall see later) also the timescale over which the
macroscale interface moves. Multiple timescales are necessary for this homogenisation as
the timescale T" of the macroscale problem is much longer than the timescale ¢ over which
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Figure 3. Schematic for the agent-saturated model, with the microscale cells both at (wy,)
and away from (w,.) the interface.

)

the interface speed oscillates on the microscale (due to the porous structure interfering
with the chemical reaction at the interface).

If we consider the problem in terms of the macroscale variables, we see that there are
(at least) two different regions in the domain. Firstly, far enough away from the agent—
cleanser interface, the problem becomes the standard problem of diffusion in a porous
medium, which we may homogenise to give an adapted diffusion equation. Secondly,
there is the interface region itself. The agent—cleanser interface is necessarily a microscale
structure, since the interface only exists in the pores between the solid structure. However
we wish to define a boundary for the macroscale problem, moving at an average velocity
which does not vary over the timescale of the microscale interface moving through a cell.
Due to the fast variation in the interface region, we will consider this as a boundary
layer of the macroscale problem. Hence we will refer to the “far-field” region as the outer
problem, and the interface region as the inner problem. We will see that the boundary-
layer width is order € in terms of the outer/macroscale variables. In the outer problem,
we assume periodicity of the microscale problem over a unit cell, as usual. In the inner
problem this clearly cannot hold, and we only assume periodicity across a unit cell in the
direction parallel to the macroscale interface, while the microscale variable perpendicular
to the interface will be matched to the outer problem.

As we will see, we cannot directly match the inner and outer solutions. This is be-
cause, at the interface, the pore lengthscale is too small for the oscillations due to the
interface motion to be smoothed out by diffusion. We therefore require an intermediate
region between the inner and outer problems, with lengthscale ¢!/2 (which is the diffusion
lengthscale over the fast timescale), over which the interface oscillations smooth out to
match to the outer problem. A schematic in shown in figure [3]
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Specifically, we first consider the problem in terms of macroscale variables X = ex,
Y = ey and T = et. For simplicity, we assume that the macroscale fluid—fluid interface
is flat and is given by Y = H(T); a non-flat macroscale interface would be given by
H = H(X,T). The speed of the interface, v(T) := Hp(T), will be determined during
the homogenisation. Note that v is a function of the slow timescale T only, since we will
average over the fast timescale. We change variables to move with this interface, setting
Z:=Y — H(T).

Far away from the interface, now located at Z = 0, we have a standard diffusion in
porous media problem, and hence introduce microscale cell variables n = Z/e, & = X/e.
We must also take into account variation on the fast timescale ¢ = T'/e. In this outer
region, the concentration C' satisfies

0 0
G(Ct +eCr — HTCn — GHTCZ) = VEC + 6(v£ . 6287 + 6287 . Vg)c + EQCZz, (48)

when (£,1, X, Z) € w.(t) x R?, with

0
(Vg + 6628Z> C-ns=0 (4.9)
on the solid surface. Since this coordinate system is moving with the interface, the solid
surface is moving up through the microscale cell w., with speed Hr(T). Here, e is the
unit vector in the Z, or n, direction. We assume that the function s, where s(z,y) = 0
defines the solid boundary Ows, is 1-periodic in both arguments, so that the solid part of
the cell is everywhere periodic. The normal to the solid, ng is given by
VIS(.T,:U) V§S(£an+HTt)

) = Gy T Wes(@on + Hrl)]| (4.10)

and is independent of the spatial macroscale variables. We assume that C is periodic in
¢ and n with period 1 and also in ¢ with period 1/Hr, which will allow us to average
over the microscale.

Near the interface Z = 0, we have a boundary layer where microscale effects are
important. We change variables by defining z := Z/e, and also introduce the microscale
variable z := X/e. We denote the variation in the interface position due to microscale
effects by z = h(x,t), which is independent of the macroscale, and periodic in both x
(period 1) and ¢ (period 1/Hr), so that the interface speed Hp(T) is truly the locally
averaged interface speed. Since none of the variables depend on X, the only spatial
derivatives are V, = (9., 0.). The equations in this inner region are therefore

e(ct + ec — HTcz) = Vic, (4.11)

in wy, () with, on the microscale boundary wy,(t) N {z = h}

(Hr +F)
—ec—F—="+n-Vyc=—€f"c, (4.12)
V1+hZ
(Hr + hy)

= —vf%c, (4.13)
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and with, on the solid surface dws(t),
Ve -ng =0. (4.14)

We further impose that ¢ is periodic in « with period 1, and in ¢ with period 1/Hry.

As previously discussed, it transpires that we also require an intermediate layer be-
tween the outer and inner problems, with lengthscale chosen to balance diffusion on
the t-timescale. In this intermediate layer, fast variations from the inner problem are
smoothed out by diffusion in order to correctly match with the outer problem. For our
intermediate spatial variable, we define Z := ¢ /27, and Z := ¢ 1/2X (although in our
case there is no dependence of any variables on Z, because there is no dependence on
X). We again introduce microscale variables £ and 7 as for the outer problem in order to
homogenise over the microscale effects. The cleanser concentration ¢ in this intermediate
layer therefore satisfies

€(é + eér — Hré, — €' /*Hrés) = Vie + /2 (v5 : egg + e2§ : Vg)é +€Czz, (4.15)
z z
with, on Owsy,
)
(vg + el/QeQag) é-ng=0, (4.16)

and we assume that ¢ is periodic in ¢ and 7, with period 1, and in ¢, with period 1/Hrp.
Since we have €!/2 terms in the intermediate region we expand all the dependent
variables in powers of €/2 in all regions, in the form

f=fotePfiptefi+ 23+l fatem, (4.17)

remembering that ¢ = c(x, z,t,T), h = h(xz,t), C = C(£,n,t,Z,T) and é = &(&,n,t,2,T),
with these forms retained at all orders in the expansion. For ease of notation we drop
the overbar for h. A flowchart showing the information flow through the homogenisation
process is shown in figure [} this may be helpful to refer to through the analysis that
follows.

4.2.1 The outer problem

We begin by considering the outer problem, given by (4.8)—(4.9)) along with the periodicity
conditions. The leading-order problem reads

ViCo =0, (4.18)

in wc(t) with, on dws,
V§C() -ng =0, (4.19)
along with the periodicity of Cy over w,., and in ¢ with period 1/Hy. Multiplying (4.18])
through by Cj, integrating over w,, and applying the boundary condition on dw, and
the periodicity at the edge of the cell, we find that Cy = Cy(t, Z,T) is independent of £
and 7. Appealing to the linearity of the outer problem and the fact that €'/2 does not

appear in the outer problem, we obtain the same problem for (', at (9(61/ 2) as for Cj
at O(1), and likewise conclude that Cy /o = Cy/9(t, Z,T).
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OUTER INTERMEDIATE INNER
oO1): tC}'? is i'ndeperfdent of > EO' is indeipendent of the ¢y is independent of the microscale |
e microscale microscale

(]
O(e/?) : | C1/2 is independent, of ¢oz = 0 for all Z, so:

the microscale

C1/2 is independent of the

/ ) —'| c1/2 is independent of the microscale |
microscale
O(e) : Cy is independent of ¢. a = Wél/ 2z with W the ¢ is independent of ¢, and
C) = WCyy with W solution of the cell problem c12(00) = (14 7ye0) B coL(ho)
the solution of the cell So:
problem. 1 Coz(0) = (1+7Co(0))8* Co (0)
and
Hr = —B*Co(0)
3/2) . ; -
O(e3/?) : (unimportant) Coz(0) = % tlz/gh At)ers (c0) dt

O(e?) : | Cor ~HpCoz = D*Cozz |

Figure 4. A flow chart displaying the information flow for the sharp-interface homogeni-
sation. The arrows show the direction of flow, and the red boxes highlight the crucial
results that form the macroscale model.

At O(e), we have

0 0]
Cot — HTOOW = VgOl + <V§ . 62% + 62% . V§) Co, (420)

in we(t), with, on dws,
(VgCl + 82002) -ng =0, (4.21)

with C; periodic in & and n with period 1, and in ¢ with period 1/Hr. Since Cj is
independent of £ and 7, we integrate (4.20]) over w,(t) to find that

VCyr = / Ve - (VeCy + exCoz) dédn = / (vgcl + egcoz) ‘nds =0, (4.22)
Wc(t) O

we(t)

where we have used (4.21)) on dw, and the periodicity of C; and Cj on the cell boundary,

and we introduce the notation
- // dédn, (4.23)
we(t)

for the cleanser-occupied area of the unit cell. We note that, although the solid is still
moving up through the cell at speed Hp because of the travelling-wave coordinates, due
to the periodicity of the solid structure, the area V is independent of ¢.

From we conclude that Cy; = 0, i.e., Cy is independent of the fast timescale .
This simplifies the O(¢) problem greatly. Appealing to the linearity of this problem and
the fact that Cy is independent of € and 7, we write Cy = WCyz, where W (€, n,t) is the
solution of the cell problem:

VW =0, (4.24)
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in we(t), with, on dw;
(vgw + e2> ny =0, (4.25)
and with W periodic in ¢ and n with period 1, and in ¢, with period 1/Hrp.
By direct analogy with the O(¢) problem, the O(e%/?) equations and boundary condi-
tions give that (C4/2); = 0, and that C3 /o = W /o with W the solution of (4.24)-(4.25)),

although we will not need C /5 or C3/, for the rest of the problem. At O(€?), the problem
reads

0
Cit — HTC“, + Cor — HrCyz = Vgcz + Ve - eyCiz + egﬁ . Vgcl + Cozz, (4.26)

in we(t) with, on Jws,
(VECQ +e2Ciz) -ns =0. (4.27)

Since the solid ws; moves through the cell with velocity —Hres, Reynolds Transport
Theorem gives that, for any function F' which is periodic over the cell,

g (// Fd{dn) = / F,dédn — / FHres -ngds
dt we we(t) dws (t)

- // F, — V¢ - (FHres)dédy = // F, — HrF, dédn. (4.28)
we(t) we(t)

We integrate (4.26)) over w. and then over ¢ from 0 to 1/Hy. Using (4.28)), the first terms
on the left are

1/Hr 1/Hr g
// Cyy — HpCy,y dedn dt = / — // Cydgdn ) dt =0, (4.29)
t=0 We t=0 dt We

where we have used the periodicity of C1 in ¢t. Using the divergence theorem, the boundary
condition (4.27)), the periodicity of C; and Cs, the facts that Cy = Wz and that Cy
is independent of ¢ and &, n, and the independence of w, on Z, the remaining terms are

. (OOT - HTCOZ)

Hr
1/Hr b
= / // (Vg . (Vfc’Q + 62012) + EQﬁ . Vgcl + Cozz) dédndt
0 We

= /OI/HT ;Z<//wc (W77 + 1) d§dn> Coz dt
_ (/OI/HT //w (W, +1) dgdy dt) Cozz- (4.30)

This gives our macroscale convection—diffusion equation for the leading-order cleanser
concentration, and can be written as:

Cor — HrCoz = D*Cozz, (4.31)

where

D* = Hy /t v A)dt,  and  A(t) = % //w | (Wn + 1) dedn,  (4.32)

=0

where we are able to take V through the integral sign because it is independent of ¢.
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4.2.2 Inner region

We now consider the inner problem before continuing with the intermediate problem,
although we note that the two are intertwined (the flow of information between the

regions is shown in figure . At leading order in €, the inner problem (4.11)—(4.14)
becomes:

Vico =0, (4.33)
in wp, (t) :=[—1/2,1/2] x [hg, ) \ ws(t) with, on dws,
Vazco-ns =0, (4.34)
and, on z = hg(z,t),
Ve -mg =0, (4.35)

with ¢y periodic in  with period 1, and where the vector

1 hos
o= 1+ , 4.36
T It he, ( 1 ) (436)

is normal to the leading-order interface z = ho(x,t). At higher orders, Taylor expanding

the boundary conditions about at z = hg introduces new terms which we will highlight
as necessary. We also make use of the matching condition

zlggo co = éllir(l) o, (4.37)

where, as we will see later, ¢ is independent of £ and 7, and hence of x and z. Multiplying
(4.33) by co and integrating over the cell wp, (t), we have

0= // CoViCO daxdz = — //
Why Wh

Applying boundary conditions (4.34) and (4.35]), and using the fact that, as z — oo,
V.co — 0, since ¢y is independent of x and z, the boundary integral evaluates to zero

and we conclude that cg is independent of 2 and z. At O(e!/?), we find that

|V oco|? dedz + / coVzco - nds. (4.38)

Own,,

VZeis =0, (4.39)
in wp, (t), with, on dws,
Vacrja -1y =0 (4.40)
and, on z = ho(z,t)
Vzciy2 - mo =0, (4.41)

with ¢; /o periodic in z. We note that we have already removed the extra terms in
that appear from the Taylor expansion about hg, since these are all zero. We also have
the matching condition

;ig% Coz = lim c1/p.. (4.42)
Integrating @D over wp, (t), and using the divergence theorem, the boundary conditions
and (4.41)), the periodicity of ¢; /5 in z, the matching condition , and the fact
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that ¢ is independent of x = &£, we find that

2

0= / Vicl/g dedz = Vecijz-nds = —/ C1/2z
w 1

hg awho T=—73

dx = 505
zZ—00

- (443)

We will use the fact that ¢g; = 0 at Z = 0 later in order to show that ¢yz = 0 for all Z. To
make further progress with the inner problem, we analyse (4.39)—(4.41)) again. We follow
a similar argument as for the O(1) problem, using the matching condition (see [2]),

61/2(0) = zll)nolo (Cl/Q(Z) - 2605(0)) 5 (444)

along with ¢oz|:=0 = 0 and the fact that ¢, is independent of £ and 7 (which will be
shown later), to conclude that c; /5 is independent of  and z. Finally, we study the O(¢)
problem in the inner region, which reads

cot = Vic, (4.45)
in wp, (t), since ¢ is independent of z, and with, on z = ho(z,t),
Hr+h
—CO( T Ot) +ng - Ve = _5*003 (446)
1+ hi,
Hr+h
Wt o) _ gco, (1.47)
1 + hOw
and on Jws,
Ve -ng =0, (4.48)

with ¢; periodic in x and ¢. Further, since ¢y is independent of Z, we use matching

condition (4.37)) and
lim Cp = lim &, (4.49)

Z—0 Z—00

to note that

cor(z) = 00t|zHoo = 60t|2:0 = 50t|2~>oo = OOt|Z:0 =0, (4.50)
since Cp is independent of ¢. Thus (4.45)) reduces to
Vie; = 0. (4.51)

Integrating (4.51)) over wp,(t), and using the boundary conditions (4.46])—(4.48)), the pe-

riodicity of ¢; in x, the fact that cg is independent of x,t, we find that

1
(HT + h()t) 2
0= // V201 dzdz = / _B*CO + —0 ds —+ c1 dz (452)
Wh (1) z 2=hg 14+ h%m Y Z|Zﬁoo

— 7(5*00 Jr’)/ﬂ*cg)ﬁ(ho) + /2 1 Clz|z—>oo dz, (4.53)

T=—73

where we have defined

L(ho) = /:h ds (4.54)

to be the length of the fluid—fluid interface in the cell. We note that matching the fluxes
directly between the inner and outer solutions would require that the outer solution is
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a function of the fast time. Since we have already shown that this is not the case, we
conclude that there must be an intermediate region between the two in which the fast
variations due to the chemistry at the interface will be smoothed out. Before proceeding
to consider the intermediate layer, we multiply by /14 h3, and integrate over ¢
from 0 to 1/Hrp, to find that

I/HT
1= —’yﬁ*co/ 1+ hi, dt, (4.55)
0

using the periodicity of hg in ¢. Since cy is independent of x, hp, must be constant
through the cell. For periodicity of hg in x, we require that hg, = 0, and so we see that
the microscale interface is flat to leading order. Thus, (4.55) reduces to

HT = —’}/5*60. (456)

4.2.3 Intermediate Region
We now consider the intermediate region. The leading-order problem is:
Viéo =0, (4.57)
in we(t), with, on dws,
Veéo-ns =0. (4.58)
As in the outer region, this problem, along with the assumption of the spatial periodicity
of & in € and 7, gives that & is independent of & and 7. At O(e'/?) we have
Viéi =0, (4.59)
in we(t), with, on Ows,
(Vgél/g + 50562) -ng, =0. (4.60)
We recall that, from (4.43), épz = 0 at Z = 0. We have two options. If éyz = 0 for all Z,
then we obtain that ¢/, is independent of &, 7, exactly as for ¢o. If not, (i.e., for some
Z, Coz # 0), then we can write ¢,/ = Wéz with W the solution of cell problem (4.24)-

(4.25)) along with periodic boundary conditions. Let us assume for contradiction that we
are in this second scenario. With &, /5 = Wépz, the O(e) problem reads

0 0
~ ~ 2~ ~ ~
cot — Hrcoy = Veer + (Vg . 625 + 62£ : V§>Cl/2 =+ Cozz, (4.61)
in we(t) with, on Jws,

(vgal n 51/22@) ny =0, (4.62)
with the usual periodicity of ¢ in &, 7 and t. Using the fact that ¢y is independent of
&, n, we integrate (4.61) over w.(t) and obtain, by applying the boundary conditions and
periodicity and using ¢; o = Wcpz, that

ot = D" Cozsz, (4.63)

with D* defined as in (4.32]). We also have the matching condition (4.49), as well as
¢oz = 0 at Z = 0 from the inner problem. This problem has the unique solution ¢y =
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Co|z=o for all Z, as shown in Appendix A, and hence ¢z = 0 for all Z, giving the required

contradiction.
Since ¢, /5 is thus independent of £ and 7, the O(¢) problem (4.61)—(4.62) reduces to
Vi, =0, (4.64)
in we(t), with, on dws
(V{&l + 51/2562) -ng =0, (4.65)

which has the solution ¢; = Wé; 2z, where W solves the cell problem (4.24)—(4.25) with
periodicity of W in £, n and t.

At O(3/2),
- - _ 0 0 .
C1/2t — Hréy oy = Vgc;;/z + (Vg = + gz Vg) 1+ Ciyoz3, (4.66)
in we(t) (where we have used that ¢oz = 0) with, on Jdws,
(V563/2 + 61562) TNg = 0. (467)

Integrating (4.66|) over w.(t), using Reynolds Transport Theorem (4.28)) for the left-hand
side and the divergence theorem for the first two terms on the right, we obtain

d 5 B 5 9 ) )
E //wc /2 dédn = /ch (V§C3/2 + 61562) -nds+ //wc 62@ Ve + (1/2)z: dédn
= V)‘(t) 61/2227 (468)

where we have used (4.67) and the periodicity over the cell to evaluate the line integral
to zero, and the form of ¢, = W (¢;/2): and the independence of ¢,/ on £ and 7 for the
final term. Integrating (4.68) over a period of ¢, by the periodicity of ¢ /o in ¢, we find

that
1/Hr 1/Hr
O - / )\(t)él/ggg dt - / )\(t)él/gg dt 3 (469)
t t

=0 =0

z

Finally, we integrate (4.69) over 0 < Z < oo, and apply the matching conditions

. ) (4.70)

lim Cyz = lim ¢; /93 lim ¢ /9; = lim (cl z) — 2Cozs
Z—0 0 Foroo /2B 50 V2T D% =(2) 0=z

(see [2]) and (4.53) to find that, on Z =0

H 1/HT H 1/HT
Coy = T/ A(t)clz\ﬁmdt:< T/ A(t)L(ho)dt | (B*Co+~B8*CF) .
0 0

D* Dx
(4.71)
The intermediate region allows us to match accurately between the inner and outer
problems to give the macroscale boundary condition (4.71)). From (4.56|) and the matching
conditions, we also have
Hr = —6°Co| ,_,- (4.72)
We use (4.72)) to re-write (4.71]) in the same form as for the microscale problem, namely
as

HpCo+ p*Coz = *Co, (4.73)
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on Z = 0, where
D*
= 1/H '
Hy [T A(#)L(ho) dt
We note that, although we have a flat interface, £(hg) is not everywhere equal to unity,

since the solid in the cell can obstruct the interface; the constant u* takes into account
the solid microstructure.

*

I

(4.74)

4.3 Summary

We write the system in terms of the original macroscale variables X and Y, where
the fluid—fluid interface is located at Y = H. Dropping the subscript 0 notation, our
macroscale model reads:

Cr = D*Cyy, (4.75)
inY > H(T) with, on Y = H(T)
HrC+ u*Cy = p*C, Hr = —v3*C, (4.76)
where
1/Hr D* 1
D* = HT/ AO)dt, @ = o A== // (Wn + 1) dédn.
0 Hr ["77 M) L(ho) dt Ve,

(4.77)
To close the model, equations (4.75)) and (4.76]) must be solved with appropriate boundary
conditions (on the other macroscale boundaries of the domain), and initial conditions for
C and H.

5 Comparison of models

In order to compare the two models directly, we present the re-dimensionalised forms in
one spatial dimension.

(1) For the case when the agent coats the solid microstructure (the unsaturated
agent case) we have, when R = 0,

& = Dotgy, (5.1)

while, when R> 0, we have
¢ = —— (DV(R)¢;) — v (k+ xke)é, R; = —xk¢, 5.2
i~ i (PVR) = (I k) ¢ =% (5.2)

where D = 15(2)22 (and Dy = ﬁ(go)gg), given by (3.35), 7 = L(R)/V(R), where
V and L are given respectively by (3.30) and (3.33).

(2) For the saturated case with the sharp macroscale interface, we have to solve

& = Doéyg, (53)
with, on § = h({),
¢hy + ey = ke, h; = —xké, (5.4)
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where [ = ﬁu*, where p* is given by (4.77).

In both cases, the parameters £ and V depend on the microscale problem through Dy or
D (as well as explicitly and through # in Case 1 and through j in Case 2). In principle
we could solve the microscale problem multiple times and tabulate the solutions to get
the functions we need to use to solve the macroscale models.

Both the homogenisation procedures result in the same diffusion equation (and diffu-
sivity) in the region where there is no agent. Otherwise, the two models we have derived
are quite different in terms of their structure: in the unsaturated case, the chemistry
appears as a reaction term in the main equation, reflecting the fact that the chemical
reaction happens throughout the material. On the other hand, in the saturated case, the
chemistry only appears at the fluid—fluid interface, as it does in the original pore-scale
model. We note that, in the saturated case, our homogenised model is similar to that used
in [3] and [6], in which the parameters D and /i do not depend on the microstructure. As
in these works, we are free to choose any shape for the porous microstructure and only
require that this shape is repeated periodically.

6 Conclusions and discussion

In this paper, we have examined the problem of decontamination of a porous medium
that has been infiltrated by a hazardous chemical agent using an immiscible cleanser.
We focused on the porescale and considered two different scenarios: an unsaturated case
where the agent partially fills the porespace and a saturated case where it completely fills
the porespace. In each case, we homogenised the porescale model to arrive at equations
describing the average concentration of cleanser and motion of agent—cleanser boundaries
in which the microscale structure and chemistry has been correctly accounted for but,
crucially, smoothed out.

In the unsaturated case, our homogenised model involves a reaction—diffusion equation
for the concentration of the cleanser coupled with an ordinary differential equation de-
scribing the local thickness of the agent layer. In contrast, in the saturated case (when we
have a sharp interface) the cleanser moves by diffusion alone and all the chemistry takes
place at a macroscopic interface between contaminated and decontaminated regions. The
homogenisation process was straightfoward in the unsaturated case, but required the use
of multiple timescales and a boundary layer in order to smooth out short-time variations
in the full-porespace case.

For the unsaturated model, we prescribed a circular geometry for the solid inclusion.
We note that the homogenisation analysis would proceed in a similar fashion if we were
to alter the microstructure so that it was more realistic, either by changing the shape
or by having larger unit cells that contain multiple inclusions. We anticipate that, while
the functional forms of the macroscale parameters would change, the structure of the
resulting model would remain the same. In contrast, for the saturated model we did
not require any assumptions on the cell geometry other than periodicity, and so the
formulae we derived for the macroscopic parameters are generic and hold for any choice
of cell geometry. Thus, the structure of this homogenised model is also unaffected by the
specific pore geometry.
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In this paper, we have focused on particular parameter choices that result in interesting
and practically relevant distinguished limits of our model. It would be interesting to study
other possible distinguished limits in order to fully catalogue the behaviour of our existing
porescale model.

Our next objective is to compare and contrast the solutions to our models for realistic
parameter values and in the limit where the model in unsaturated case develops a sharp
interface. In the saturated case, we have restricted our attention to the case where the
macroscale interface is flat. We also intend to carry out the homogenisation process for
situations where all variables depend on the lateral coordinate. We anticipate that the
structural complexity of the problem will increase, since the gradient of the macroscale
interface is likely to affect the shape and position of the microscale interface in each
cell problem, which might require averaging along the interface rather than imposing
periodicity.

There are many extensions to the underpinning model that could be made to more
faithfully approximate the real situation. For example, more complex reactions between
the agent and the cleanser could be incorporated, although we anticipate that these
will pass through the homogenisation process in an identical manner to that presented
here. Also, the assumptions that the agent and cleanser are immiscible, or that the
agent is neat, could be relaxed. In either case, we would end up having to incorporate
additional mass transfer equations. Finally, we could incorporate liquid flow into the
model. This would be a non-trivial extension, because we would need to consider both
wetting effects and the possibility of viscous fingering. The latter may be advantageous for
decontamination because of the increase in overall reaction associated with the increase
in the area of the agent—cleanser interface.

In this paper, we have illustrated how homogenisation theory can be used to derive av-
eraged equations and boundary conditions for decontamination that are computationally
much simpler to solve than the original equations on a complicated domain that takes
all the microstructure into account, while retaining all the pertinent information from
the microstructure. More broadly, our models can be used to help answer scientific ques-
tions about the efficiency and speed of decontamination protocols for particular types
of spills in a more accurate way, since the fine-scale structure and processes have been
systematically taken into account.
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Appendix A

With the periodicity of ¢y in ¢, we now prove that there is a unique solution of the
problem (4.63)), with boundary conditions

oz =0at Z2=0, and ¢o =0 at Z — oco. (6.1)

We define ¢ = ¢y — 00’Z o so that ¢ solves

¢t =D"¢zz z € 0,00) (6.2)
¢z =0 =0 (6.3)
é=0 7o oo (6.4)
8, 2) = o(t + 1/Hp, 3) Vi > 0,5, (6.5)

We let I = 1/2f0°° ¢?dz > 0, then

g_ o S ] % ~ ) oo:_ %) 2~ .
T —/0 PP dz = /0 ¢zdz+[¢¢z} /O $2dz+0<0. (6.6)

0

By periodicity of ¢, I must be periodic in ¢, and so we cannot have that dI/d¢ is negative
for any t. Therefore dI/dt = 0, and so ¢z = 0 for all Z. Hence since ¢ — 0 as Z — oo,
¢ = 0 everywhere. We conclude that ¢y = Cy(0) for all Z, and éyz = 0 for all Z. This is
the required contradiction to our assumption that ¢y is not everywhere zero.
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