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Abstract

Arsenic is among the most hazardous contaminants present in drinking water. Recent increase in agri-
cultural growth and fertiliser use in India and Bangladesh has led to the release of naturally occurring
arsenic from the rocks, creating a major public health issue. A novel technology has been developed using
naturally abundant laterite soil to filter arsenic, providing potable water to more than 5000 people. To
upscale this technology and realise its full potential, a comprehensive understanding of the dependence
of filter life on operating regime (flow rate, arsenic concentration and filter size) is essential. We present
a mathematical model that characterises arsenic removal, circumventing the need for time-consuming
experiments. The model incorporates inter- and intra-particle mass transport within the filter medium.
The resulting model enables prediction of a filter lifetime in a specified role, such as on a domestic or
community scale, and should assist in future filter deployment and maintenance.

Keywords: arsenic removal; mathematical modelling; computational fluid dynamics; intra-particle

dynamics; asymptotic analysis; India and Bangladesh

1. Introduction

The availability of safe drinking water is a necessity for sustainable life. Sources of drinking water, both
underground and surface, are extremely susceptible to contamination, from physical, chemical, biological,
or radioactive sources [1]. Currently, various water-purification technologies are globally adopted to
remove contaminants. There are strict guidelines for safe drinking water, set by concerned agencies, such
as the Environmental Protection Agency and the World Health Organization (WHO) that are closely
monitored to ensure consumption of safe drinking water.

Arsenic (As), a naturally occurring element found in rocks and the earth’s crust, is among the most
hazardous contaminants in drinking water sources [2]. As is embedded in geological sources and enters
into the water supply as the rocks are eroded by the flow of water from rivers and rainwater. Further,
use of manure containing phosphate and other agricultural activities lead to the break down of arsenic
binding bonds in different rocks, releasing As into the groundwater. Consequently, if not properly
managed, the level of As contamination will continue to rise because of human activity and agricultural
growth. At present, more than 200 million people and over 70 countries in the world are affected by As
contamination [3]. A safe limit of 10 ug/L of As in drinking water was declared by WHO in 2000 [4, 5].

To address this issue effectively, it is necessary to have a water-purification technology that: (i) meets
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the safe drinking-water criteria; (ii) requires minimal energy; (iii) offers high throughput; (iv) is easy to
scale up to cater for large population; and (v) generates minimal waste.

A novel strategy that achieves all five of these criteria has recently been discovered, using readily available
laterite soil [6, 7]. Laterite is iron-rich and is able to remove As through adsorption. Raw laterite is
treated chemically to enhance the surface area and increase adsorption capacity several fold.

However, as with any other adsorption medium, the filter has a certain lifespan, beyond which the filtrate
no longer meets the safe limit for drinking water. For the design and successful implementation of this
new filtration technology, it is therefore vital to predict the long-term behaviour of this technology.
This long-term performance is influenced by the operating conditions, such as the input rate of the
contaminated water, the mass of the adsorbent and the contaminant concentration level. Moreover, since
the typical lifetime of such filters is of the order of several years, conducting experiments to determine
the dependence of filter lifetime on the operating parameters is impractical. This therefore warrants the
need of a suitable mathematical model to understand and characterise the operation and to predict the
adsorption behaviour and filtration performance.

Several studies exist in the literature reporting on the theory of adsorption by different adsorbent media.
The kinetics of As adsorption in water by raw laterite has been reported using a resistance-in-series
model [7]. A shrinking-core model by Maiti et al. [8] was used to calculate the effective pore diffusivity
and the external mass-transfer coefficient. Here, the adsorbent is assumed to be composed of spherical
particles, around which the fluid flows and the contaminants are adsorbed. The adsorbed species pene-
trate into the adsorbent so that the core of unaffected material shrinks with time. A theory to explain
the different steps involved in As removal from groundwater by adsorption has been reported by Maji et
al. [9], determining the interplay of diffusion and adsorption. However, in these works, the kinetics of As
adsorption was studied under well-stirred batch conditions. Such experiments do not simulate the actual
removal performance when contaminated water flows past a stagnant bed of adsorbent particles. Thus,
aforementioned models do not predict the long-term performance of an actual filter, in which hydrody-
namics also plays a role. Semi-empirical and empirical models are available to quantify the performance
of an adsorption bed under continuous operating conditions. However, these models are associated with
certain assumptions, thereby limiting their applications. For example, the Adams—Bohart model as-
sumes that the adsorption rate is proportional to the residual adsorption capacity and the contaminant
concentration [10]. The Wolborska model assumes low fluid velocity through the column and dominance
of diffusion over convection [11]. Again, however, none of these models account for the coupling of the
fluid flow to the transport of the contaminants, despite its potentially significant role.

A key feature of As removal by laterite soil is the intra-particle dynamics. As is not only removed via
surface adsorption onto laterite particles but through penetration into its core and adsorption within
the internal pore structure. Employing a conventional adsorption-isotherm model for surface adsorption
leads to an anomaly between the predicted and experimentally observed As removal rate.

In order to circumvent the limitations of semi-empirical and empirical models, in this paper we develop
a theory based on first principles to describe the fluid flow through the laterite soil (a porous medium),

which is coupled to the convective, diffusive and adsorptive transport for the contaminant. We also
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account for the transport dynamics within the porous adsorbent particle. The unknown As diffusivity in
the porous medium as well as the intra-particle diffusion is determined by comparing with the results of
simple experiments. The model is then fully specified and is used to predict two defining properties of the
filter for any set of physical characteristics of the system, namely the lifetime and the breakthrough time of
the filter. The breakthrough time is defined as the time when the adsorbent bed becomes exhausted with
contaminant and loses the capacity for any further adsorption. The lifetime of the filter is the time when
the concentration of contaminant in the exit stream reaches the safe limit for the intended purpose, which
is reached before breakthrough. Beyond the lifetime, the filter is no longer fit to produce safe drinking
water. Knowing the filter lifetime is imperative in the design of a filter unit and is an outcome of the
model presented that cannot be estimated convincingly from simple semi-empirical models.

In this paper we will develop a theoretical model that predicts the operating lifetime of a filter given the
input parameters, namely, the amount of treated laterite in the filter, the required flow rate, and the
inlet As concentration. The model will be used to explore the adsorption behaviour within the particles,
which cannot be assessed experimentally. The main objective of the model will be to use the short-term
laboratory-scale experimental data to predict the long-term filtration behaviour and thus the lifetime of
a field-scale filter. The model will also provide a predictive tool for upscaling, to determine the filter size
required to generate a given flow rate for a given period to supply in a school or local community. At
present, more than 20 filters have been deployed for domestic use and three filter assemblies have been
established for community use. Predicting the precise lifetime of these filters under the real operating
conditions remains a challenge [12]. We will use our model to extract a performance-lifetime relationship

for field implementation providing a protocol for ensuring a safe and sustainable operation.

2. Mathematical model

A typical filter set-up consists of laterite soil housed in a cylindrical container into which the fluid enters
uniformly across the top of the filter (see Fig. 1, left). We model the column using a cylindrical coordinate
system (r, 0, z) with radial symmetry (Fig. 1, right).

The mathematical model comprises three different aspects: flow of the contaminated water through the

interstitial space of the porous medium, and transport and adsorption of the contaminant species.

2.1. Flow model

The flow of incompressible fluid through the porous medium can be described using the continuity and

Darcy—Brinkman equations [13]

V-u=0, (1)
—Vp+ %Vzu _nu

Here, v = ue, + ve, is the Darcy velocity, with e, and e, unit vectors in the r and z directions

—0. 2)

respectively, u is the dynamic fluid viscosity, p is the fluid pressure and k and ¢ are the permeability and
porosity of the medium, respectively. The Darcy—Brinkman equation governs the flow in a general porous

medium for arbitrary flow speeds, and a broad range of porosities and permeabilities, which may also
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Figure 1: Left: A typical field-scale filter. Contaminated water is held in a feed tank that feeds into a column containing
laterite adsorbent material. The filtered water seeps out of the bottom of the column. Right: Schematic of the filtration
system. A cylinder of radius R and height L is packed with laterite adsorbent material. The adsorbent material is modelled
as porous spheres of radius ap, which is unchanged by the adsorption of arsenic. We use coordinates (7, z) to denote the

position in the filter and r, to denote the radial position in a particle.
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vary in space. Later, we will identify dimensionless parameters that determine the relative importance
of the terms. In Eq. (2), the unknown variables w and p are solved subject to the following initial and
boundary conditions:

(i) At time t = 0, we apply u = v = 0 everywhere.

(ii) The inlet of contaminated water is distributed uniformly over the upper boundary, i.e., v = 0 and
v=uw;,o0on z=0and 0 <r <R, where, v; is a constant inlet velocity of contaminated water.

(iii) At the filter wall, r = R, and 0 < z < L, we impose no-slip and no-penetration boundary conditions,
e, u=v=0.

(iv) At the centre, r = 0, we apply a symmetry condition, u = dv/dr = 0.

(v) At the outlet, z = L, 0 < r < R, the device is open to the atmosphere, so p = p,, which denotes
atmospheric pressure.

In practice we expect the second-order term in (2) to be small. However, we choose to retain this here for
generality. In addition, this term will be required to satisfy the no-slip conditions, (iii), that we impose
on the walls of the filter. We therefore expect this term to become important near the boundaries of the

filter device.

2.2. Contaminant transport
The transport of contaminant occurs on two distinct length scales, namely at the inter-particle and

intra-particle level.

2.2.1. Inter-particle transport

The contaminant transport is modelled, for dilute concentrations, by the advection—diffusion equation
dc 9
QSE—FU-Vc:DlV c—ke€(c—cp |ry=ay)s (3)

where c(r,z,t) is the contaminant (A4s) concentration (kg/m3), Dy is the effective diffusion coefficient
(constant) of contaminant in the porous bed, ks is the mass-transfer coefficient at the particle interface,
and ¢p |p,—q, is the contaminant concentration at the particle surface ; ki is less easily determined but
may be related to other system properties as we will see later (Eq. (24)). We assume the particles to
be spheres of radius a, and r, € [0,ap] denotes the radial coordinate for the particle (see Fig. 1 and
following section). The surface area factor exposed to the free fluid of the porous bed (not including

inside the pores), &, for randomly packed spherical particles is [14]

f=1-9). (4)

ap
Eq. (3) is subjected to the following initial and boundary conditions:
(i) Initially the filter does not contain any As, and so ¢ = 0 everywhere at ¢t = 0.
(ii) At the inlet, z = 0 and 0 < r < R the contaminant concentration is a constant, ¢ = ¢;.
(iii) At the filter wall, r = R and 0 < z < L, we apply a no-flux condition, d¢/dr = 0.
(iv) At the centre, r = 0, we apply a symmetry condition, dc/dr = 0.
(v) At the outlet, z = L and 0 < r < R, we apply a zero-diffusive-flux condition, d¢/dz = 0, so that
contaminant is purely advected out of the filter. This corresponds to a passive boundary condition,

which does not require additional information about what happens once the water exits the filter.
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2.2.2. Intra-particle transport
Within a particle, the adsorption—diffusion equation is expressed in the radially symmetric spherical

coordinate system as

9 (1 gy 29 _DPp 9 (20c
P TG = g (rparp ’ )

where ¢, is the concentration within the particle, and ¢, and p, are the porosity and density of the
particles, respectively. The diffusivity of As inside the particle is D}, and ¢ is the adsorption capacity
(kg per kg of adsorbent). Eq. (5) must be solved at every position (r,z) in the porous domain and so
adds an extra lengthscale to the problem.

The unknown variables, ¢, (7, 7p, 2,t) and ¢(r,7p, 2, t) are solved subject to the following boundary con-
ditions for t > 0 and initial conditions:

(i) At the surface of the particle, r, = a,, diffusive mass flux from the particle equals the mass flux from
the particle to the external medium. Hence, from the flux continuity at r, = ap,
Jep

or ’

Plrp=ap

k(e —cp |7’p:ap) = ¢pDp (6)

foral0<r<R,0<z<L.

(ii) At the centre of the particle, r, = 0, we apply a symmetry condition, dc,/0r, = 0.
(iii) Initially the particles do not contain any As, so ¢, =0 at ¢t =0 for 0 < r, < ay.

To quantify the transient adsorption process, the Langmuir kinetic equation [15] is used,

dq
5= kicp (gm — q) — kag, (7)

where k; » are the adsorption and desorption rate constants, respectively, and ¢y, is the maximum amount
of contaminant (kg) that can be adsorbed per kg of material. This equation is closed by applying the

initial condition
gq=0 at t=0. (8)
Typical parameter values may be found in Table 1.

2.8. Non-dimensionalisation

We non-dimensionalise the system via the following scalings

F:%, fp—Z—z, 2:% R:%, E:%,
=, =2 =" w = /v, P=ptoigr )
The continuity and Darcy—Brinkman equations, Egs. (1) and (2) become
V-u=0, (10)
-Vp+ %Wﬁ—ﬁzo, (11)
where V = V/L and
Da = % (12)



Table 1: Properties of the physical variables and system parameters

Properties of the adsorbent Raw laterite | Treated laterite
Maximum adsorption capacity, gm (kg/kg) 1.4 x 107* [6] | 0.0128 [12]
Forward rate constant, k; (m®/kg.s) 2.21 x 1072 1.44 x 107°
Backward rate constant, k2 (1/s) 3.12x107° 1.23 x 107
Average density of adsorbent, p, (kg/m®) 1325 [6] 1050 [12]
Average particle radius, ap (mm) 2.5 [6] 0.25 [12]
Permeability of adsorbent bed, s (m?) 2.9 x 1078 1.4 %1078
Average bed porosity, ¢ 0.48 [6] 0.32 [12]
Particle porosity, ¢p 0.03 [6] 0.39 [12]
Diffusivity of As through the medium Dy rr D11

and theoretical prediction from Section 4.1 (m?/s) | 3.7 x 1071° 2.7x 1071
Diffusivity of As inside the adsorbent particle Dy rr Dy 11

and theoretical prediction from Section 4.1 (m?/s) | 9.2 x 107*° 1.4 x 1071
Properties of the liquid Value

Density of liquid, pi (kg/m®) 1000

Viscosity of contaminated water, p1 (Pas) 8.94 x 107*

Temperature (°C) 25

2 is the Darcy number for the flow. For the set-ups of interest, Da = O(10~") (see Tables 2 and 3). As
163 noted earlier, this means that the second-order term in (11) will be small except in a small boundary
164 layer near the filter walls where the flow field changes to satisfy the no-slip condition.

The dimensionless boundary domains are 7 € [0, R] and Z ¢ [0, 1]. The dimensionless boundary conditions

for ¢ > 0 and initial conditions for the flow are

u=0and v=1, at z=0, (13a)

u=1v=0, at 7 =R, (13b)
95

a:a—;zo, at =0, (13¢)

p=0, at z=1, (13d)

u=0=0, at t=0 (13e)

15 The dimensionless form of Eq. (3) becomes

o aa+aa+vaa:1<826+7{@(ﬁé))_,4(c_cp Fpmt ), (14)

Peat " “or Y0z T Pe \ 922 or\ or
where
UiL
Pe = 1
o=, (15)
Dy
— HZP 1
2, (16)
3ke(1 — @)L 3keM
A= £ ) _ £ 7 (17)
Vidp Qippap
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Table 2: Typical system properties of the bed in the lab-scale experiments.

System properties Value

Average inlet concentration of As, ¢ (ug/L) | 80

Average volumetric inflow rate, Qo (L/day) | 40

Linear inflow rate, v; (m/s) 3.044 x 1074

Filter radius, R (m) 0.022

Filter length, L (m) 0.20
System properties | Experiment 1 | Experiment 2 | Experiment 3
Material used RL TL RL (0.1m) on top of TL (0.1m)
Re 68.1 68.1 68.1 (for both layers)
Rep 0.85 0.085 0.85 (top), 0.085 (bottom)
Pe 1.64 x 10° 2.25 x 10° 1.64 x 10® (top), 2.25 x 10° (bottom)
Da 7.25 x 1077 3.5 x 1077 7.25 x 1077 (top), 3.5 x 1077 (bottom)
Scp 0.97 x 103 6.38 x 10° 0.97 x 10® (top), 6.38 x 10 (bottom)
Sh 8.1 4.7 8.1 (top), 4.7 (bottom)
b1 76.9 0.33 76.9 (top layer, RL), 0.33 (bottom)
B2 135.8 374 135.8 (top), 374 (bottom)
A 6.40 12.4 6.40 (top), 12.4 (bottom)
B 0.36 0.26 0.36 (top), 0.26 (bottom)

and the mass of adsorbent, M = 7R?Lp,(1 — ¢) and Qi = wR?v; is the volumetric inlet flux. The
parameter Pe is the Péclet number and is typically large (O(10° — 106)) (see Tables 2 and 3); A relates
the competition between the macroscale convection and intra-particle dynamics. Here, A = 6.4 —12.4 as
reported in Tables 2 and 3, meaning that both the macroscale and microscale phenomena are important,
necessitating analysis at both the scales.

The associated dimensionless initial and boundary conditions are

c=0, att =0, (18a)
c=1, at z =0, (18b)
% =1, at ¥ = R, (18¢)
% =0, at 7 =0, (184d)
% =1, at z = 1. (18¢)

Since Pe > A and « is also expected to be O(1), the transient term in Eq. (14) can be neglected, to give
dec g 1 (9% 10 0c

e 40 = — oo 4 = (T —A(*—* f:). 19

“or T8z T Pe (822+F8F(T87’)> €= % lry=1 (19)

There will be a short transient start-up period that will not be captured by this simplified system. We

note that in the bulk we would also expect the diffusive terms that are premultiplied by 1/Pe to be

negligible too, further simplifying this equation, but these will become important near the boundaries
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Table 3: Typical system properties for the field-scale experiments composed of TL as the active As removal material.

System properties Value
Inlet concentration of As, ¢ (ug/L) | 100
Volumetric inflow rate, Qo (L/day) | 100

Linear inflow rate, v; (m/s) 3.68 x 107°
Radius, R (m) 0.10
Length of laterite region, L (m) 0.35
Length of the whole filter (m) 1.0

Re 14.42

Re, 0.01

Pe 4.77 x 10°
Da 1.14 x 1077
Sh 2.94

B 1.26

B2 1145.5

A 22.0

B 0.068

and are required to satisfy the boundary conditions here, which must be satisfied for all time and so we
retain them for our numerical computation.

The dimensionless version of the intra-particle dynamic equation, (Eq. 5), is

ap\?, 0% 00 1 0 (505
(L) oo (1 ép)Baf - P2 or (Tparp) (20)
where
B= PGt 21
- CfL2 ) ( )

which quantifies the ratio of intraparticle diffusion to adsorption. In this set-up, B = 0.26 — 0.36, as
observed from Tables 2 and 3. This signifies that these two intra-particle phenomena are comparable
and are important and emphasises the need to study the full-scale intra-particle dynamics.
Since, ap/L < 1 (see Tables 1 and 2), the temporal term ¢, /9t in Eq. (20) can be ignored, leaving
og 1 0 oc
1= 6p)BoL = o (P22, 22
(=) ot 72 0r, \ Por, (22)

The dimensionless boundary and initial conditions are

oe
Sh(c—ép |r=1) = qspa—;, at =1, (23a)
p
oe _
a—ﬂi =0, at 7, =0, (23b)
¢ =0, at t=0, (23¢)

where Sh = kea,/D,, = f(Rep, Scp) is the Sherwood number. For suitably low flow rates (when the

Reynolds number, Re = pjo; L/ < 250, where p is the fluid density, which is true in our case as seen in
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Table 2) around small spherical particles (of around a few mm or smaller), the mass-transfer coefficient

(in terms of Sh) may be expressed in terms of known variables as [16]
Sh =2+ 0.5Re}/*Scl/3, (24)

where Re, = puiap/p and Sc, = p/pD, are the particle Reynolds number and Schmidt number,
respectively. For larger particles other relationships of similar form have been established — see, for
example, [17].) The parameter A defined in Eq. (17) may be expressed in terms of Sh rather than k¢ as
A = 3ShDy(1 — ¢)L/aZvi, which, combined with Eq. (24) allows us to determine A. The adsorption-
kinetic equation, Eq. (7), is scaled as
9q _ _ _
=7 = P16p(1 = q) — fag, (25)
ot
where 8) = kycL?/ D, and 2 = koL?/ D, are the dimensionless adsorption and desorption rates, while

the initial condition (8) becomes
g=0 at £=0, (26)

to close the system. Eq. (19) is coupled with the intra-particle mass transport through Eq. (22) at all
(r,z) and the hydrodynamics through Egs. (10) and (11), all of which are solved together using the

appropriate initial and boundary conditions.

2.4. Quantity of interest

The principal quantity of interest is the average concentration of the contaminant at the outlet,

o (R
Cavg(t) = ﬁ/o 7¢|z=1 dr. (27)

During filtration, eventually the soil bed reaches its maximum adsorption capacity, termed breakthrough.
Then, the concentration at the outlet is equal to the concentration at the inlet. Mathematically this
is equivalent to the time at which ¢(7,z,f) = 1 everywhere in the filter, at which point the filter is

completely saturated (or exhausted).

3. Materials and methods

3.1. Laterite material

Laterite is a type of soil rich in iron, silica and aluminium found abundantly in hot and wet tropical
areas. The quality of the laterite soil as adsorbent for arsenic can be quantified by degree of laterization
defined as the silica-sesquioxide (S-S) ratio [18]. The smaller the S-S ratio, the higher is the degree of
laterization. The laterite used in this work was taken from Kharagpur (22.346°N, 87.2320°S) having an
S-S ratio of 0.42.

Raw laterite is treated with hydrochloric acid (6 N) in the ratio 50 g laterite to 200 ml of acid at 70°C
for 2 hours followed by the addition of 4N sodium hydroxide continuously until the pH reached 8.5.
The acid-alkali treatment was carried out under continuous stirring (500 rpm) after which the treated

material was washed using tap water until pH of the wash water reached 6.5+0.5 and was air dried [8].

10
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3.2. Adsorption isotherm

The adsorption isotherm for the soil-bed material, given by the steady-state version of Eq. (7), was mea-
sured by conducting batch experiments with either raw laterite (RL) or treated laterite (TL). Synthetic
solutions of As in water with concentrations ranging from 10mg/L to 1000 mg/L were prepared using
sodium arsenate heptahydrate. A fixed quantity of the adsorbent was inserted in a known volume V
of synthetic solution and placed in a shaker (speed: 150 rpm temperature: 25°C). After 24 hours, the
adsorbent was filtered and the residual concentration of As was measured using an atomic adsorption
spectrophotometer (Analyst 700 coupled with MHS-15, PerkinElmer Instruments, USA). The amount of
As adsorbed, ¢, was then calculated using a standardised method employing the dimensional equation
expressing conservation of mass:
(co—ce)V

o= 0 el 28
q i (28)

where ¢y and ¢, are the initial and equilibrium concentrations of arsenic and recall that M denotes the
mass of the adsorbent used. This expression was inserted into the Langmuir isotherm, obtained from

the steady-state version of Eq. (7), and expressed in linear form,

1 1
%:—CQ—F

Ge Gm Kogm ’

(29)

where Ky = ki /ko is the adsorption equilibrium constant. Comparing the linear plot with the data
allows us to extract the value for ¢y, (through the gradient) and Ky (through the intercept), with values

given in Table 1.

3.3. Kinetic study

The constant k; that appears in Eq. (7) was determined by conducting adsorption experiments using a
feed solution of volume V and adsorbent of mass M using a fixed arsenic concentration of 100 mg/L in
the feed. Assuming the concentration in the filter, ¢, was constant throughout, this was related to the

total adsorbed amount via the mass-balance relationship

q= (CO XIC)V (30)

Rearranging Eq. (30) for ¢ and inserting into Eq. (7) gives the expression

GmqgM Mg  q
% VK

9q
ot

=k <Co Gm —Co ¢ — (31)

Plotting the experimental values for the left-hand side of (31) versus the bracketed term on the right-
hand side determines k; as the corresponding gradient; ko is then determined from Ky = ki/ke, with

values given in Table 1.

3.4. Measurement of bed permeability

The properties of the adsorbent bed in the experimental set-up are provided in Table 1. The bed
permeability, £ (m?), was measured by passing distilled water through the bed in the upward direction
at varying flow rates @ (from 1 to 20L/h). The flow rate was controlled by using a regulated DC power
supply (Aplab, model: L1602) for the pump; the error is within 2%. The pressure drop across the

11
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bed, Ap, was measured using a mercury manometer and plotted against the corresponding flow rate.
The permeability was then extracted using Darcy’s law, which follows from Eq. (2) for a unidirectional
spatially uniform velocity,

Q K Ap

A :—;Ta (32)

where A = wR? is the cross-sectional area of the filter, u is the viscosity of water and L is the column

length. The value found for the permeability « is given in Table 1.

3.5. Column studies

For the lab-scale study, a cylindrical column of inner radius 0.022m was used with a wire mesh at
the bottom to prevent loss of adsorbent. An overhead tank was filled with synthetic solution of As
of a specified concentration and the flow rate was adjusted according to the requirements. The flow
rate was controlled using a pinch-cock to get the desired throughput, which is reasonably accurate
having a variation of +5% of the mean value. The flow rate is monitored almost every 6 hours to
check for the variability from its preset value. The valve (pinch-cock) opening is adjusted accordingly
to ensure the desired flow rate as required. The feed and permeate samples were analysed using an
atomic absorption spectrophotometer. Different experiments were conducted varying the feed flow rates,
feed As concentration and the bed height. The specifications of the column study along with operating

conditions are presented in Table 2.

4. Model validation

There are two filters of interest: lab-scale filters and field-scale filters. Lab-scale filters are used to study
the system behaviour in a controlled environment; field-scale filters are used in practical scenarios to
supply drinking water domestically, in schools, or in communities, and hence they are typically larger
(see Table 3). Field-scale filters also consist of layers of different porous materials, each designed to
remove a specific contaminant. The TL section of a field-scale filter occupies around 0.35 m of the entire
filter height of around 1 m, with the remaining layers having no As adsorption capacity. A photograph of
the field-scale filter is shown in Fig. 1 while the lab-scale filter is shown in Fig. 2. The typical dimensions
of these filters are presented in Table 2.

We first determine the diffusion coefficients (D) and D) and validate our model with two different
experiments using RL and TL as the adsorbent, referred to as experiments 1 and 2 respectively in Table 2.
All system parameters are then known. The model is then used to predict the filter performance under
varying operating conditions and is compared with the experimental results. Following the validation,
the model is used to probe the inter- and intra-particle dynamics that cannot be extracted from the
experiments (Sections 5.1 and 5.2). Finally, the model is used to predict the lifetime of the field unit
and how it may be used as a tool for determining the required filter for a given challenge. This is the

main purpose, allowing predictions to be made that would take many years to find experimentally.
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Figure 2: Photograph of a lab-scale filter.

4.1. Parameter estimation

We solve the system of equations (10), (11), (19), (22) and (25), subject to the initial and boundary
conditions (13), (18), (23) and (26) with the dimensionless relation (24), using the finite-element method
package COMSOL v5.4® for the values listed in Tables 1 and 2.

A synthetic solution of As with concentration 80 pug/L was introduced into the lab-scale filter at a flow
rate of 40 L/day (v; = 3.044 x 10~* m/s). The diffusion coefficients, D) and D,, were then determined by
fitting the model to the experimental measurements for .y at the filter outlet for a single-layer lab-scale
filter using least-squares fitting (see Figs. 3a and b).

The goodness of fit was verified using the linear regression coefficient, R?, with strong correlation values
of 0.97 for RL and 0.98 for TL [19]. The result of this comparison gives Dygr, = 3.7 x 1071%m? /s,
Dprr = 9.2 x 1071%m?/s for RL, while Dy, = 2.7 x 1071 m?/s, Dy, = 1.4 x 10719 m?/s are
obtained for TL. We attribute the lower diffusivity in the treated laterite than in the raw laterite to
the lower porosity, which impedes the spread of As. Within the pores themselves, the As has a much
lower diffusivity in the treated laterite than the raw laterite despite having a much higher porosity, which
has been reported elsewhere [20]. This is thought to be due to the channeling structure within the raw
laterite pore, which increases the mean free path.

With the parameters D; and D), determined all system parameters are now known and the model can be
used in a fully predictive manner to determine the behaviour in other scenarios. To verify the predictive
power of the model, a series of further simulations were conducted and compared with experimental
data. First, the filtration behaviour of a filter having a single layer of volumes of RL followed by TL,
each occupying a height of L/2 was considered (Fig. 3c). In this case, no fitting parameters remained.
The R? value for this system was 0.973, indicating that the model captures the data well. The effect of
varying the feed flow rate, contaminant concentration, and bed height was then studied (Fig. 4) and all

exhibited a good fit. This confirms that the model suitably represents the working system and can be
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Figure 3: Comparison of the experimental observation with the model simulation using (a) RL as the adsorbent (experiment
1 in Table 2); (b) TL as the adsorbent (experiment 2 in Table 2) and (c) a dual-layer bed of RL (0.1m) followed by TL
bed of 0.1m (experiment 3 in Table 2). No fitting parameters are used in (c), supporting the validity of the model. The

system conditions are listed in Tables 1 and 2. The error bars represent 5% of the mean experimental value.
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and 80 L/d, (b) the feed As concentration as 80 and 160 pg/L, and (c) the bed height as 10 and 30 cm. The symbols
represent the experimental data while the solid line is the model prediction. The error bars represent + 5% of the mean
values obtained experimentally. The values of the remaining parameters for the experimental condition and the model
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Since the dimensionless time depends on bed height this differs for the two curves displayed in (c) and so is not shown in

this graph.

5. Model analysis

In this section we now use the model to probe the system behaviour more deeply. Specifically, we first
explore the inter and intra-particle dynamics in Sections 5.1 and 5.2 respectively. We then turn our

attention to the key challenge of using our model in a predictive way to determine the lifetime of the
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20
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filter and its dependence on the filter parameters in Section 5.3.
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5.1. Inter-particle dynamics

The fluid is injected at the top of the filter and the flow is expected to become unidirectional after a
short transient period. Assuming @ = o(7, z, t)e,, Eq. (10) immediately indicates that ¥ is independent
of z. The radial component of Eq. (11) then gives p = p(z,%), while the axial component reads
Op Da 0 v
—— 4+ ——|F=]—-v=0. 33
FERr <T(’9r) v (33)
Eq. (33) possesses an analytic solution, which, upon application of the symmetry boundary conditions

0v/0r = 0 on 7 = 0 and the no-slip condition v = 0 on 7 = R, gives

Io (\/Er) o

b= |——4 1| =2,
IO( ggaR) aZ

where I,, denotes the modified Bessel function of the first kind, with n = 0 in this case. Application of

(34)

the dimensionless inlet flux condition in integrated form,
R 1.
/ Fodr = S R?, (35)
O 2

provides the expression for the fluid pressure after integrating with respect to z and applying the outlet
condition (13d),
(-2t (/1)
p= . (36)

I ( gaR>

We compare the axial velocity profile (34) with the numerical solution in Fig. 5(a) as we vary the filter

aspect ratio R and find that the two solutions agree well. For smaller values of R, a dependence of the
axial velocity on depth z emerges (Fig. 5b), which is consistent with the agreement in o(r) for larger
values of R (Fig. 5a). This indicates that Eq. (34) provides a good approximation to the flow for filters

whose aspect ratio is not too small.

5.2. Intra-particle dynamics

An asset of our model is that, in addition to modelling the inter-particle dynamics, we also capture
the intra-particle behaviour, which is difficult to observe experimentally. Studying the As concentration
inside the particle, we find that, for particles at the inlet, (7,Z) = (0,0), at the particle surface 7, = 1,
¢p attains 1 almost immediately and remains at this value thereafter (Fig. 6a). However, at the exit,
(7,2) = (0,1), the surface concentration (¢, at 7 = 1) takes a longer time to approach 1. Eventually, the
intra-particle concentration reaches saturation, but this happens on a much longer timescale than the
bulk removal timescale on which we have non-dimensionalised (Fig. 6¢). This arises since contaminant is
transported by advection and diffusion in the inter-particle space (with advection dominating since Pe >
1) but occurs solely by diffusion in the intra-particle space. Thus, at the time we term breakthrough,
when the inter-particle concentration reaches 1 everywhere in the liquid, the filter will still continue
to adsorb arsenic, albeit at a much slower rate, until the intra-particle concentration also reaches 1

everywhere in space.
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to the lab-scale filter, as listed in Tables 1 and 2.
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5.8. Dependence on filter lifetime on key parameters

In this final section we use the model for its chief purpose, to determine the lifetime of a filter for a given
requirement. The governing system of equations (10), (11), (19), (22) and (25), subject to the initial and
boundary conditions (13), (18), (23) and (26) with the dimensionless relation (24) is described by nine
dimensionless parameters: Da, ¢, ¢, Pe, A, B, Rep, Sh, 81 and 2. It would be an onerous task to
study the dependence of the system on each of these parameters individually, but we can facilitate this

analysis by recasting the problem in terms of the following parameters:
M i C

M= = Qi = %7 Cr= 7.
e L A

mi2pp(1 = ¢) (mDp) piag w ) dmPp

These dimensionless parameters encapsulate the dependence on the key variables of interest, namely

(37)

mass of filter, throughput and feed contaminant concentration, respectively. Expressing the system in
this way allows us to perform efficient parameter sweeps to determine how the filter behaviour will change
when we vary these key parameters. The nine dimensionless parameters can then be expressed in terms
of these three core parameters, along with material parameters that will be unchanged (or can be easily

ascertained by experiments):

a?p?Pr\ 1 2D\ 3 44 Q2 M
Da=|-2—_| — Pe = p ; =3(1 - )= B=_-
a <p12/3D§/3 M2’ € (P%D?) oM, A (1—-9) 20; M, e
/3
1 172 k103 @ Py o (1 ' 2
Sh=2+-0. = ——Q;(Cy, =k . 38
+ 2Q1 ’ Bl Dp Q f BZ Qap pIQDg i ( )

while, ¢ and ¢, are material parameters.

The lifetime ¢ of the filter is defined as the time at which Cayg ¢f > 10 ug/L, according to the WHO
guidelines [21]. As expected, the lifetime of the filter decreases with increasing throughput because of
the higher processing rate (Fig. 7a). However, it varies in both a nonlinear and non-power-law manner
as a result of the coupled intra- and inter-particle dynamics, a trend that would be difficult to anticipate
from experiments. Thus, this predicts that when doubling the filter flow rate, the lifetime falls by less
than half, which may prove promising for upscaling. An increase in the mass of adsorbent increases
the total adsorption capability of the filter and thus increases the lifetime (Fig. 7a). Increasing the
feed concentration leads to a lower filter lifetime, but this can be countered by increasing the mass of
adsorbent used (Fig. 7b). As with the relationship between filter lifetime and throughput, the dependence
on concentration is both nonlinear and does not exhibit a power-law relationship. The lack of a linear
relationship means that for higher concentrations the filter lifetime may be longer than naively expected.
Finally, we observe that the lifetime of the filter falls with with feed concentration but this effect may

be mitigated by reducing the flow rate (Fig. 7c).

In Fig. 8 we show iso-lifetime curves: if the concentration of contaminant in the feed were to change,
then these curves show how the flow rate must change to achieve a particular lifetime (Fig. 8a) and
the improvements that are garnered by increasing the filter size (Fig. 8b). Since in many situations the

required flow rate is a fixed quantity one might use this information to determine how many filters should
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Figure 7: Variation of predicted lifetime of the filter for changes in (a) feed flow rate at different adsorbent dosage and
fixed feed concentration, (b) feed concentration at different adsorbent dosage and fixed feed flow rate, and (c) feed flow
rate with varying feed concentration at fixed adsorbent dosage. The values of the parameters considered here correspond
to the field-scale filter, as listed in Table 3. On the lower x axis we show the dependence on real physical variables for
¢s = 100 pg/L, Qo = 100L/d, R = 0.1m and L = 0.35m. On the upper z axis we show the dependence on the core
dimensionless parameters defined in (37). The values of M corresponding to the legends in (a) and (b) are 45, 79 and 112.
The values of C corresponding to the legend in (¢) are 0.047, 0.095 and 0.285. While the dimensional scales apply to a
single filtration device, the dimensionless scales enable predictions to be made for the filter lifetime for a range of field-scale

filters.
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time when the output concentration exceeds 10 g/L. In (a) we present two different lifetimes, 36 and 60 months for a
filter with M = 7.9kg (M = 79). In (b) we present two different filter masses, M = 7.9kg (M = 79) and M = 11.2kg
(M = 112) corresponding to a lifetime of 60 months. The other values of the parameters considered here correspond to

the field-scale filter, as listed in Table 3.

be run in parallel if they could only to be exchanged at set times due to restrictions on the frequency of
maintenance visits.

For the utility of the filter from an end-user perspective, it is important to have a set of design-
performance curves, which can provide the information on the desired lifetime as a function of the
feed concentration, amount of adsorbent and the throughput. The information embedded within the
graphs presented in Figs. 7 and 8 predicts the lifetime of a given filter, for example for a family home,
and offer a method for determining how the filter should be modified to obtain the required lifetime
under different operating conditions, such as upscaling to a school or community. This information can
thus be used as a tool for the design of the filter for As, or indeed other adsorption-based, filtration,

which can be modified according to a specific requirement.
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6. Conclusions

No water-purification route is complete without the knowledge about its long-term behaviour, the safe
operating lifetime, and the routes for controlling the characteristics of purified water. In this work we have
shown how a model based on Langmuir kinetics can be used for the prediction of a fixed-bed adsorption
column. Our model incorporates fluid transport, contaminant transport and adsorption on both the inter-
particle and intra-particle scales. The fluid transport was modelled by the Darcy—Brinkman equation,
and reaction—advection—diffusion equations to describe the inter-particle and intra-particle regions, to
ultimately understand the adsorption behaviour of the contaminant in the filter. The intra-particle
kinetic model was used for the first time for the prediction of filter lifetime.

Through non-dimensionalisation and proper identification of the system parameters, the set of partial
differential equations was solved following finite-element schemes with specialised software. The sim-
ulation results were compared with simple experimental studies conducted for a single-bed column of
raw laterite or treated laterite and values of the effective diffusion coefficients were determined. The
resulting model was then free of any fitting parameters and was validated for a dual-bed column of raw
and treated laterite. This model was further tested for different operating conditions (feed flow rate,
contaminant concentration and filter height) and was proven to be effective in prediction of the system
performance in those conditions.

The model was used to analyse the As transport and adsorption behaviour within the filter media, both
on the inter- and intra-particle scales. This gave insight into the inherent multiscale behaviour of the filter
that could not be extracted through the experimental measurement of bulk properties, which manifested
itself through non-power law dependencies for the filter lifetime and multiple timescale behaviour.
Three core dimensionless system parameters were identified, which characterise the key variables in
the As filter challenge: the required flow rate, the contaminant concentration, and the mass of lat-
erite soil used. We showed how the model could predict the dependence of the filter lifetime on these
core parameters. The filter lifetime vary significantly with these parameters, ranging from less than
10 months for small filters (4.5kg) processing at high flow rates (200L/d) or heavily contaminated
(~ 500ug/L) water, and over 100 months for larger filters (11.2kg) processing water at lower flow rates
(< 50L/d) or lower contaminant concentrations (100ug/L). We extracted non-power-law trends that
would be difficult to predict even qualitatively in the absence of the model and would take many years to
obtain experimentally. We showed how the model analysis could be presented in the form of iso-lifetime
curves, which allow for the simple prediction of filter design to achieve a given lifetime, and how a filter
should be modified if, for example, the contaminant concentration or the required flow rate were to
change.

While the model results were used to provide a set of characteristic curves that act as an assistive tool for
the design of As-removal filters, the results readily generalise for the removal of other contaminants via
adsorption-based filters. The core result of this work is the systematic reduction of a multiscale model
to a set of characteristic curves which bypasses the need for infeasibly long experiments to provide quick
and simple predictions for adsorption-based filters. We hope that this work may be adopted to assist in

the future deployment and management of these arsenic filters.
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9

R2
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Ct
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ko

ke

cylindrical coordinates, m
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Pp_ D> qm/ceL?

dimensionless measure of contaminant concentration
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linear regression coefficient

cross-sectional area of filter, m

particle radius, m

contaminant concentration, kgm™
initial arsenic concentration in experiment, kgm™

initial arsenic concentration in experiment, kgm™
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contaminant feed concentration, kgm =3

contaminant concentration at the particle surface, kgm™
effective diffusion coefficient of contaminant in porous bed, m?s~

diffusion coefficient of contaminant inside particle, m?s~
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adsorption equilibrium constant, m®kg

adsorption rate, m3kg~'s~!
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fluid pressure, Pa
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Qi
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Vi

Greek

b1
P2

ambient pressure, Pa

Péclet number

3.1

experimental volumetric flow rate, m°s™

adsorption capacity, kg/kg
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volumetric inlet flux, m°s™
maximum amount of contaminant that can be adsorbed, kg/kg
filter radius, m

particle radial coordinate, m

Reynolds number

particle Reynolds number

Schmidt number

Sherwood number

time, s

fluid velocity in cylindrical coordinates (=u,v), ms~*

inflow velocity, ms™!

volume of synthetic solution used in experiment, m3
symbols

oD p/ D

dimensionless adsorption rate
dimensionless desorption rate

pressure difference in experiment, Pa
permeability of the porous medium, m?
dynamic fluid viscosity, Pas

porosity of the porous medium

surface area factor exposed to free fluid, m~!
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Supplementary Information

Kinetic experiments

The kinetic experiments were carried out by measuring the concentration of the solution at different
instants of time. For this, nine conical flasks each having 100ml of feed (aqueous solution of arsenic of
known concentration) were taken and known weight of adsorbent was added into that. These flasks were
then maintained under continuous shaking (speed 150 rpm, temperature 25°C). Each flask was removed
at different time points and samples were analyzed for arsenic concentration. This concentration was
used to calculate the adsorption capacity (¢) at that instant of time. The ¢ values were thus calculated
at nine time points and used to calculate the kinetic constants using Eq. (31). A plot of ¢/¢p (where ¢

is the initial concentration) with time for RL and TL is shown in Figure S1.
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Figure S1: Plot of ¢/co with time for RL and TL during kinetic study.
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