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Abstract

Start with a compact set K C R% This has a random number of daughter sets
each of which is a (rotated and scaled) copy of K and all of which are inside
K. The random mechanism for producing daughter sets is used independently on
each of the daughter sets to produce the second generation of sets, and so on,
repeatedly. The random fractal set F' is the limit, as n goes to infinity, of the union
of the nth generation sets. In addition, K has a (suitable, random) mass which is
divided randomly between the daughter sets and this random division of mass is
also repeated independently, indefinitely. This division of mass will correspond to
a random self-similar measure on F'. The multifractal spectrum of this measure is
studied here. Our main contributions are dealing with the geometry of realisations
in R% and drawing systematically on known results for general branching process.
In this way we generalise considerably the results of Arbeiter and Patzschke (1996,
[2]) and Patzschke (1997, [31]).

1 Introduction

We give first a fairly informal description of the problem. Start with a compact set
K C RY. This has a random number of daughter sets {K;} each of which is a (rotated
and scaled) copy of K and all of which are inside K, so that U;K; C K. The random
mechanism for producing daughter sets is used independently on each of the K; to produce
the second generation of sets, and so on, repeatedly. The union of the sets forming the
(n+1)th generation is, by arrangement, contained in the union of the nth generation sets.
Hence it makes sense to take the limit (the intersection) of these as n goes to infinity.
Then the limit set F' can be ‘partitioned’, using the first generation sets, as { ;N F'} with
each part being a random (scaled) copy of F'— note that this need not be a true partition
because daughter sets may overlap. Now, as an additional feature, K has a (suitable,
random) mass which is divided randomly between the K; and this random division of
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mass is also repeated independently, indefinitely. This mass will derive from a random
measure, i, on F', which will be randomly self-similar: p can be decomposed into a sum
of ‘copies’ of p, one defined on each of the sets K; N F. The law giving the {K;} and
the division of the mass is called a scaling law. A measure has a local dimension at a
point when the logarithm of the measure of a small ball around the point has (in the
limit as the ball gets small) a fixed ratio to the logarithm of the volume of the ball. The
objective is to study the size, in the sense of Hausdorff dimension, of the subset of F' with
a specified local dimension for the self-similar measure associated with a given scaling
law. Doing this as the local dimension varies is studying the multifractal spectrum.

We make no attempt to review fully the extensive relevant literature. Initial results
on the construction of random self-similar measures on R? were obtained in [34], and put
into the same context as fractal sets in [32]. General results for the existence of a random
self-similar measure are due to [I5, 9] or, with the addition of a Markov structure
in the construction, [2I]. There is a multifractal formalism, developed in the physics
literature, which characterises the multifractal spectrum of a set using the Legendre-
Fenchel transform of the empirical moment measures. A mathematically precise version
can be found in [30]. The application of these ideas to random self-similar measures was
the subject of [2] 13| 29, B1] and is mentioned at the end of [3]. In this paper we establish
the usual multifractal spectrum of a random self-similar measure under assumptions that
are significantly weaker than those used in [2] by exploiting branching process ideas. In
that literature there are already good results ([3| [4, 23]) on the multifractal spectrum
of random self-similar measures defined on the boundary of trees. There is considerable
extra complication in dealing with the geometry of realisations in R?, as we do here.

Despite the description just given, we treat the collection of maps that produce the K;
from K as the fundamental object, rather than the sets themselves. The map S : R? — RY
is a contractive similitude when Sy = rOy + x where r < 1 is a contraction factor, O is
an orthogonal matrix and x is a shift. Let S be the set of contractive similitudes. Now
let A be the set of locally-finite discrete measures with integer masses on (0,00) X S. A
scaling law is a probability measure P on A. For a € A, each unit of mass is interpreted
as a point, so that a mass of two gives two points at that place. The points of the
process are a set of weights {p; : ¢ = 1,2,...} and a corresponding set of similitudes
{S; = (ri,0;,2;) i = 1,2,...}. Let N be the number of points, so N € N U {oco}.
We usually write 3., or sometimes just Y, for 31 . We assume throughout that
ES pi=1, EN > 1 and P(N = 0) = 0.

A scaling law is called compact when there is a compact set K such that P(U;S;(K) C
K) =1, so all its contractive similitudes map K into K. We consider only compact scaling
laws. If there is a (non-random) finite ¢ such that P(sup{|z;|/(1 — ;) : i} < ¢) =1 then
the scaling law is compact, for K can be taken to be {x : |z| < ¢}.

For a given scaling law a random self-similar measure is one which satisfies

B = Y pia(S7 ) as. (L1)

where the pu; are copies of p, independent of each other and the scaling law {(p;, S;) :
i=1,2,...}, and the supports, I, F}, of the measures, p, y1;, are random self-similar sets
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satisfying

= USZ(F;) a.s.

We will mainly be interested in the cases where at most one term on the right of
contributes at any point. To make this precise, the self-similar measure satisfying ,
will be said to partition if there are disjoint sets V; such that p;(S; Vi) = p;(R?). Then
w(Vi N B) = pips(S;1(V; N B)). The existence of a self-similar u for a scaling law will be
discussed in the next section, where it will be called pu,. It will also emerge later that
the measure constructed will partition under suitable conditions. An illustration of the
first two steps in the construction of F' is given in Figure . In this example we can take
Vi =intK;, i = 1,2, 3, to obtain a partition.
Let B (z;7) be the open ball of radius r centred at x. We put

Fa:{xeﬁ:hmw:a},

r—0 log r

which are the points of R? where the measure of a small ball is, very roughly, its volume to
the power a/d. The main aim is to estimate the Hausdorff dimension of F,,. To indicate
the results, let

Zp ] and ((q) = inf{¢ : m(q, 9) < 1}.
The Legendre-Fenchel transform of /3 is then
f*(a) = inf{aq + 5(q)} -

this function arises also in the study of the related problem of the growth and spread of
a (continuous-time) general branching random walk [7], and that process will play a role
here. Let P, which is the scaling law on A, also denote the law of self-similar measures
induced by that scaling. We will show that, under certain conditions, P-a.s.

Fo=0 if 5*(a) <0
dimy (F,) < f*(a) if f*(a) >0

and that under other conditions dim u(Fy) > B*(a) > 0 P-a.s. Obviously, combining
results of this kind gives dimy (F,) = §*(a) > 0 for suitable . Such results are obtained

in [2] and [31]. Both of those treatments assume that NN is fixed and there are pyin and ruyi,
With 0 < Pmin < pi <1 and 0 < ry;, < 1r; < 1. Also, both impose the open set condition
(2.8)): that with a suitable K the sets {K;} have non-overlapping interiors. The strong
open set condition adds that there is a positive probability that F' is not confined to the
boundary of K — this is imposed [2] and relaxed to the open set condition in [31]. Here,
generalising these results, N is random, the uniform bounds on the {p;} and the uniform
lower bound on the {r;} are replaced by natural moment conditions. Most results are
obtained under the open set condition, though a few do not need it. The strong open set
condition is not needed but part of the treatment is more straightforward when it holds.



An outline of the paper is as follows. In we construct our random self-similar
measure and give the result concerning its partitioning. In §3| the main result is given
once enough notation has been established to state it. In §4] various preliminary results on
branching processes are discussed. In §5| and §8| we derive the main results giving upper
and lower bounds on the multifractal spectrum, that is on dimy (F,). In there is a brief
discussion about using a single null set for every « in the upper bound. In §7] as part of
the lead in to the discussion of lower bounds in §8| the theorem concerning partitioning
is proved. We discuss the verification and simplification of some of the conditions in
and The final section gives a naturally occurring example drawn from [14] which is
easily handled by the results developed here but not by those previously available.

2 Random self-similar measures

We need some standard branching process theory, which we deal with briskly. Let I, =

n_NE T = Uil and I = TUNY. ] consists solely of the empty sequence (). A sequence
in /, other than one in I, will be denoted using bold type. Write ij for the concatenation
ofi€ Iandje€ I. Forie€ I\I,, denote the sequence truncated to length n by ijn and
the n-th element of i by i[n]. We write j <1iif i = jk for some k, and denote the length
of the sequence i by |i|. Finally, write i— for the sequence obtained by removing the final
entry in i € I, so that i— = i|n when |i| = n + 1.

A tree T is a subset of I such that: (i) 0 € T is the root of the tree; (ii) i € 7" implies
ik € T for all k < |i|; (iii) for each ij € T, ik € T for k < j. Part (iii) does not rule out
the possibility that a node produces a countably infinite number of branches. Level n of
the tree T will be denoted T, = T'N N". Denote by 97" C N the topological boundary
of the tree. We define the cylinder sets of 9T as follows: for i € T,,, Cj is the set of all
boundary points stemming from the node i, so C; = {j € 9T : jln = i}.

A marked tree has a mark at each of its nodes. Let €2 be the space of trees with each
node marked with an element of A. Let B,, be the o-algebra generated by the marks at
all nodes up to level n — 1, so that

B, = o (a(i): T a tree, a a function from 7" to A, i € T, k=0,1,...,n—1)

and B = o(|J,—, B,). Construct a probability measure, also called P, on  (using the
Ionescu Tulcea Extension Theorem) sequentially in the level of the tree: given the marked
tree to level n and i € T,, the mark

a(i) = ((pi(i), Si(1)) :i=1,...) = (), r:(1), 0:;(3), z; (1)) :i=1,...)

is used to provide N (i), the number of children of i, and each of these has an independent
mark, drawn from A using law P, attached to it. Note that the marks on the nodes in
generation n — 1 contain the information on the families in the generation n.

Now it is easy, and common ([3}, 4, 23], 25]), to define a random self-similar measure on
0T that relates naturally to the weights in the scaling law. Relevant results are supplied
by the theory of the branching random walk (or multiplicative cascades). The connection
with that literature is outlined next.



Fori € T,, let p; be the product of the values of p associated with i and its antecedents
in the tree and —z; its logarithm so that, formally,
li—1
pi = H pi[k-l—l}(ﬂk) and z; = — log p;.

k=0

Let Z, be the point process on R with unit mass at the points {z; :i € T,,} (so any z € R
has an integer mass giving the number i € T, with z; = z). Think of individual i having
location z;. Then Z = {Z,}22 is a branching random walk (BRW) in the sense of [5],
with Zy a unit mass at the origin and offspring displacement given by the point process
AR

Definition 2.1. For a BRW Z let
m(f) =E (/ e " dz, (t)) =EY p!

and

WD = n(0)™ > exp(—bz) = m(0) ™" Y pf.

ieT, ieTy,

Then W9 s a positive martingale and thus has a P-a.s. limit W© | and by Fatou’s
lemma EW® < 1.

By considering the BRW starting from individual i € T, we get a martingale limat
Wi(a), with the same distribution as W@ = Wée) and independent of ij(a) foralljeT,
with j # 1. From the branching structure of the BRW we get

WO =in(@)™ > exp(—0z) W =m(0) ™Y plw” as. (2.1)
ieT, ieT,
Note that m(1) =E> p; = 1 and m() = m(0,0).

When we have positive finite random variables satisfying (2.1, we can use W@ to
define a random measure ;%) on 9T by setting

1O (Cy) = fn(Q)_np?Wi(e) forieT,. (2.2)

The existence of such random variables is immediate when EW® = 1 and sharp results
for this are known ([II, 5, [L0} 26]) both for this model and extensions of it. The main cases
are described in the next result and translated to the case where 6 = 1 in the Corollary.

Theorem 2.2 (Theorem 7.1 of [10]). Let Z be a BRW and let m and W be given by
Definition 2.1} Then for all § > 0 such that m(6) € (0,00) and m/(8), which is defined
to be —E([te™dZ,(t)), exists, we have that EW®) = 1 if logm(0) > 0/ (0)/m(0) and

EW 10 log W10 < 0.
(sz-) log (Zp)] <oo. (23)

Corollary 2.3. Suppose

EY pi=1 E

—Zpilogpi] >0 and E

>



Foriel, let
1
Wi = limsup — Z Pik,

n—oo Piy e,
(which is a martingale limit, except on a null set) and W = Wy. Then EW; = 1.
Ezcluding a suitable P-null set, for n > |i]

pWi= > pWy, (2.4)
i€,
and the measure p (= p in (2.2)) is defined on OT through u(Cy) = piW;i. Furthermore,
w="> pipi P-a.s., where p;u;(Cii) = piWi, i is concentrated on C;, and, given By, the
1; are independent copies of yu.

There are also results on non-trivial solutions to under other conditions. When
log m(0) > 0m/(0) /m(0) > —oo but EW 19 log W19 = oo such results are in [9]. When
log m(0) = O/ (#)/m(#) and stronger moment conditions are imposed on W19 relevant
results are given in [22] 23] and, in some cases, the corresponding self-similar measure on
OT comes within the study in [3]. We do not consider these other cases and assume
always holds from now on. The null set on which and p = > p;u; fail is excluded
in all that follows.

Fix the compact set K C R? that the scaling law maps into itself. Write |U| for the
diameter of U and arrange that |K| = 1 by the initial choice of units. For i € T,,, define
S; to be the composition Sip)(0) o - -0 Sipy(ijn — 1) and Kj, which is geometrically similar
to K, to be S;(K). Just as for p;, let

li|-1
r = H Tik+1](i|k) and o3 = —logr;.
k=0

Then |K;| = r;. Also o3 can be thought of as the birth time of i, and we are in the
framework of the general (or CMJ) branching process, [17, 28], which for our purposes is
just a BRW on (0, 00).

Lemma 2.4 (Theorem 3 in [§]). If

3 ¢ > 0 such that m(0,¢p) = E <1 (2.5)

©
>

i

then
inf{o;:1i€T,} - o0 (and sup{r;:ieT,} —0)

P-almost surely.

We assume ([2.5)) holds. Thus, there is a P-null set, which is excluded in all that follows,
such that we have o3, — oo and 7y, — 0 for all i € 9T, except possibly on this set. A
random set F' is now defined by



The assumption ([2.5)) ensures that the individual sets here always become small as n gets
large.

Following [2], straightforward calculations, using Lemma and the fact that the
scaling is compact, show that the limit of S, (y) as n increases exists and is independent
of y € R? (and is in K) for each i € 9T. Thus 7 : 9T — R? can be defined by

7(i) = lim Sj,(y).

n—0o0

Furthermore, 7 is continuous. Note that (by taking y € K) 7(i) =, Kijn = im0 Kjjn
and so 7 actually maps 97 onto F' C R? Later it will be natural to use K;j as an
alternative notation for m(i). The measure p defined in Corollary projects into R?
using 7w to give u,. Let B® be the complement of the set B. Then, by definition,
fix(F€) = 0. Recall that F' is the support of .

Lemma 2.5. F C F. IfP(N < c0) = 1 then F is closed and F = F.

Proof. By Lemma , for any i € OT and € > 0 there is some n such that K, C
B (n(i);e) and then p. (B (7(i);e)) > u(Cin) = pinWin > 0. Hence F' C F. Since
tr(F€) = 0 the support of © must be contained in the closure of F. When P(N < 00) =1
the collection 7T, is finite. Then F' is closed and so FCF. O

The measure p, will be the main object studied here. (The analysis could just as well
be applied to uf), derived from projecting () in , whenever EW®) = 1.) From this
construction it is clear that properties of the measure p and the set F' may be studied
via the boundary of the tree 0T

The first result, which is little more than decoding definitions, is that g, is indeed
self-similar, the second is that there is a simple upper bound on the measure of any set.

Lemma 2.6. j, is self-similar for the scaling law in that for any D C R?

where, given By, [, are independent copies of [ir.

Proof. By Corollary w is self-similar on 0T with u = > p;uu;. Now let m; be 7 defined
using the tree emanating from i. Then, for ii € C; C 9T, w(ii) = S;m;(i) and, for any
D C R?

(D) = _lD sz,uz ) NG = Zpiﬂi(ﬂi_lsi_lD)'
Now let g ;(-) = pi(m; '), which are, given By, independent copies of i, and note that
(2.6 then holds. O

Lemma 2.7. For B C RY, and n € N,

B) <Y pWil(BNK;#10). (2.7)
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Proof. Note that ;(C;) = p;W; and so

pr(B) = pu({i€edT :xn(i) € B})
— Z p({ie€ dT :n(i) € B} NC;),

JE€TH

S pWil({ i€ Cir(i) € BY).

j ET'IL

IA

Furthermore,
{jeT,:ieCyni)e By Cc{jeT,: BNK; #0},

giving (2.7)). O

At the moment the set F' and the measure i could be rather simple since, for example,
we have not ruled out that all the contractive similarities in the scaling law are the same,
in which case F' would be a single point. The next condition is a common one for removing
this possibility.

Definition 2.8. A scaling law satisfies the open set condition if there is a non-empty

bounded open set O with S;(O) C O for all i and S;(O) N S;(O) =0 when i # j.

This condition will be needed for most of the results derived. In particular, it will be
one of the conditions imposed in showing that the self-similar measure partitions. The
next lemma, which is simple to prove, illustrates that it subsumes some of the conditions
already mentioned. We write int(G) or, when there is no ambiguity, intG for the interior
of the set G C R4

Lemma 2.9. When the open set condition holds the scaling law is compact and we can
(and will) assume that K is the closure of its interior and that the open set condition

holds with O = intK. Furthermore, >..r¢ <1, and so 1) holds with ¢ = d.

The next lemma uses the open set condition to provide a simple basic estimate of
pr(int(K;)). It is worth pointing out that this is only a bound — it is certainly an
overestimate when F', and hence p,, is concentrated on the boundary of K. The section
finishes by stating the Theorem concerning the measures partitioning, which will be

proved in
Lemma 2.10. Under the open set condition, u,(int(K;)) < piW.

Proof. When |i] = n and [j| = n the open set condition implies that int(K;) N Kj # 0 if
and only if j = i. Then, using this observation and (2.7)),

pr(int(K3)) < Y pWil (int(K;) 0 K # 0) = piWi. O

J€T,

Theorem 2.11. If the open set condition holds then . partitions in the sense that,
P-a.s., there are disjoint sets V; such that pir (Sj_lV}c) =0 and, for D C R%,

pr(D) = Zpi,ufr,i (S7H(DNVy).



3 The main result

The properties of m, § and * have been discussed by several authors ([2, §3|, [7, §3],
[13, §3]), usually under stronger conditions than in force here, and are established with
a mixture of calculus and convex analysis drawing on [33]. Convexity of logm is well
known, and follows from Holder’s inequality, as is the concavity of 5*. Two lemmas on
convexity are now given: their proofs are deferred to the end of the section. Recall that,
by assumption m(1,0) = 1; hence (1) < 0 and so is finite.

Lemma 3.1. The function [ is a convex function that is finite somewhere and lower
semi-continuous. (It is a proper, closed, convez function in the sense of [33, §7].)

These results concerning § are given in [7, pl011], but with only an indication of
the proof. The fact that £ is lower semi-continuous is important in drawing on general
convexity theory — for example, it ensures that the infimum over a bounded convex set
is attained, [33, Thm 27.3].

Since [ is convex and B* is concave we may define (g1, qu) and (Dp, Dy) to be the
interior of their respective domains of finiteness. When it makes sense, let

P(q,9) =E

= pirflog pi] (3.1)

and let
R(q,¢) =E

- Zp?'r’? log m] : (3.2)

In the next result, part [0] is the key to the main proof. It identifies arguments of m —
a (q,8) — corresponding to a given a. The results on dimg(F,) are produced via this

(¢,5).

Lemma 3.2. Assume m(1,0) = 1, m(0, ) is finite for some ¢ and P(1,0), which is
E [ > pilogpi|, exists and is strictly positive. Then the following hold.

If m(q,B) =1 then 5(q) = B. In particular, 5(1) = 0.

Blg) <00 for 0 <q <1, s0(0,1) C (qr, qu) = int({g : f(q) < o0}).

B(q) >0 forqg < 1.

When f(q) < oo, m(q,8(q)) < 1.

(Dy, Dy) is empty only when there is a constant v such that p;r; " =1 for all i —
then, B(q) = v(1 — q) and p*(a) = —oo unless a = v when F*(y) = 7.

6. If « € (Dy, Dy) then there is a finite G(«) such that f*(a) = ag(a) + f(G(«)) and
G(a) decreases as « increases.

7. sup{B*(a) : a} = $(0) > 0. Let a° be the limit of ¢ *(B(0) — 5(q)) as q | 0 when
this exists and is finite and let a° = oo otherwise. Then this supremum occurs at

ARSI R
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8. If m(q,¢) =1 and a« = P(q,$)/R(q,») makes sense and is finite then [*(a) =
aq + ¢. In particular, when m(0,5(0)) = 1, a® = P(0,5(0))/R(0,5(0)) when this
makes sense and is finite.

We now collect together several conditions already mentioned into Assumption A,
given next. In addition to it we will also need conditions to hold for a particular (g, )
and these are contained in the second assumption.

Assumption A.

1. We have a scaling law mapping the compact set K into itself.
2.EY pi=1 E[- pilogp] >0 and E [} p;log (3 p;)] < oo.
3. There is a p >0 with B .ry < 1.

4. K has diameter one, and so is contained in a closed ball of radius one-half.

Assumption B.

1. (g, B) is such that m(q, 3) = EX, pirl = 1.

2. With y; = p?rf, E[-> yilogy] >0 and E[> y;log (O] y)] < oo.
3. P(g, ) = —E 3 pgrf log p; exists and is finite.

4. B, pir? (log ri)? < oo, which implies that R(q, 8) < oo

Lemma [3.2}f§] implies that when Assumption B holds, 8(¢) = 3 and *(a) = go + 8 with
o = P(q,8)/R(g,3). When B[f] and BJ2| hold, Corollary applies with ‘y’ replacing
‘p’. This shows that if we let

B
i = fim 2k, Yik <: lim M)

n—00 Ui n—00 p?rlﬁ

and Y =Y}, then EY; = 1 and, for |i| < n,

yiYi = Z YyYi = Z pErYy. (3.3)

JijeTn JijeTn

Define the measure v on 0T through v(C;) = y;Y; and let v, be the projection of v
onto RY, which like ji, has its mass confined to 7(97) = F. This measure will play
an important role in the proof, and its associated random variable, Y, figures in the
conditions. Of course p is an example of a measure of this kind, with ¢ =1 and g =0
and so results obtained for v and v, will apply to p and u, as particular cases.

For the upper bound on the dimension we need to have an estimate of the size of the
boundary of K in some cases. The estimate used is contained in the next definition.

Definition 3.3. For a compact set K with diameter one and for a < 1, let iL(a) be the
maximum number of disjoint open balls with diameter no smaller than a that can intersect

the boundary of K. Then the set K will be said to have a ~y-boundary when there is a
finite C" such that h(x) < C'x™7 for x < 1.

10



If K has a v-boundary it also has a 7’-boundary for all 4" > v, and it is easy to see
that when K has a y-boundary its boundary has a Hausdorff dimension of no more than
~. Since K is contained in a closed ball of radius one-half, a crude volume argument
shows that A(a) cannot be more than C”/a?, for some constant C’, but in cases where K
has a ‘nice’ boundary h will grow no faster than C’/a®*.

We are now ready to state the main theorem. It has no content when (Dy, Dy) is
empty, which Lemma shows to be a very special case, but the Lemmas leading up
to the proof of this Theorem do provide information on that case too. By analogy with
F,, let

R {x c Flim log i (B (z;7))

= a.s.} = FﬂFa.
r—0 log r

Thus F, C F, and so a lower bound on dimg(F,) serves also for dimy(F,). However,
extra argument (supplied for example by Lemma is needed to move from an upper
bound on dimg(F,) to an upper bound on dimg(F,).

Theorem 3.4. Suppose the open set condition and Assumption A hold and K has a
v-boundary. Let a € (Dy, Dy), with (o) and B(G()) as in Lemma [3.2{6] Assume that

EW4®) < co. (3.4)
If 0 < g(a) <1 assume that

m(q(),0) =E Y _pl” < oo (3.5)

If (o) > 1 assume that

(@)

E (mlln m)ﬁ(cj(a))_w (Z pi> < 0. (3.6)

Then, if f*(a) 20,
dimgy(F,) < f*(a)  a.s.

Furthermore, if 5*(a)) < 0 then (a.s.) Fg =0 for all 8 < o when o < a® and Fz =) for
all B> a when o > a° (with a® as in Lemma[3.4[7).
Suppose, in addition, that Assumption B holds for (G(«), B(G(«))), that

EY log, Y < oo, (3.7)

and that
EY|log W| < oo. (3.8)

Then
dimy(F,) = f*(a)  a.s.

The sets F., can be replaced by F,, everywhere in this result when F = F.
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The conditions here are complex, but mostly natural. Results are noted in §9] that
allow the moment conditions on W and Y to be traced back to conditions on the scaling
law. Various results obtained in §10| produce stronger, but easier to check, conditions.
One outcome of these will be the following result. It improves on [2, Theorem 4.10(1I)]
and [31, Theorem 5(II)] in allowing N, max; ;' and max; p; * to be unbounded, though
it cuts down considerably on the generality of Theorem [3.4]

Corollary 3.5. Suppose the open set condition and Assumption A both hold and p; €
(0,1) for alli. Suppose that for some e > 0, EN'* < oo and P(N > 2) = 1. Suppose also
that E(min; r;)~¢, E(min; p;) =2 and E(D_ p;)? are finite for all o > 0. Take o € (Dyp, Dy).
Then F, =0 a.s. if f*(a) < 0 and dimg(F,) = 8*(«) a.s. if 5*(«) > 0.

We mention also the following result, which is included in [27, Thm 1.1] but is a side
issue for the multifractal spectrum.

Theorem 3.6. When the open set condition holds, dimy (F) = £(0) = sup{f*(a) : a}.

Proof of Lemma(3.1 Note first that since r; < 1 and EN > 1, m(q, ¢) is strictly decreas-
ing in ¢ when finite and then tends to zero as ¢ — oo. If m(qy, 1) < 1 and m(gq, o) <1
then, using convexity of logm,

mAq1 + (1 — N ga, A1 + (1 — Nga) < m(qr, ¢1) m(qa, )TN <1

which implies that S(Ag1 + (1 —=X)g2) < Ad1 + (1 — A)po. Since ¢1 > [(q1) and ¢ > 5(q2)
but are otherwise arbitrary, this gives convexity of 3. Now let () be the interior of the
domain of finiteness of (3, so that 8 is continuous there, and let ¢ be on the boundary of
Q. Let § = liminf{3(q) : ¢ € Q,q — §}. By convexity 5(G) > /3 and for the asserted
continuity it remains to show that 3(§) < §. Take ¢, € Q with ¢, — ¢ and 8(g,) — 5.
For given € > 0, let T(¢) = sup{f(qn) : |gn — G| < €}. Then, T'(e) — 5 as ¢ | 0. For
¢ > T'(e), m(gn, ) < 1. Then 1 > m(qn, ) — m(q, @), as ¢, — ¢, using monotone and
dominated convergence. Hence () < ¢. Since ¢ > I'(¢) is arbitrary, as is € > 0, this
implies that 5(q¢) < 3. O

Proof of Lemma [3.2]  Since m(q, ¢) is strictly decreasing in ¢ when finite, m(q, 3) = 1
implies that £(q) = 5.

Since logm is convex logm(\, (1 — X)) is finite for all A € [0,1]; hence S()\) < oo
there.

Note that logm(q,0) is a convex function of ¢, with value 0 and negative slope
(E> . pilogp;) at ¢ = 1. Hence logm(q,0) > 0 for ¢ < 1 and so 5(g) > 0 (but it
might be +00).

For the fourth part, use monotone convergence on 1 > m(q, 8(¢) +¢) =E>_, pgrf (a)+e
as €} 0.

If 4 is such that p;r;” = 1 for all i then 3, pr? = 3, p?p/" = 3. p™/" and so
B(q) = v(1 — q) which gives 8*. Now assume (* is finite at only one point (and —oo
elsewhere). Then f is linear. Truncate so that there are no more than ¢ births, and only
i with |log p;| < ¢ and |logr;| < ¢ are included. Denote truncated entities by a prefixed

subscript ¢. Then .m(q,®) 1 m(q, ®) and so .5(q) T 5(q) and .6*(a) 1 f*(«). Hence .5*
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is also finite at only one point. By arrangement, .m(q, ¢) is finite for all ¢ and ¢, and so
«m(q,0(q)) = 1. We now work with the truncated process. Since f is linear,

L=m(q,B(q) =E> plr/@ =E> " plr]" =EY (pir])r; ",

which is possible only if (p;r]) is always one. This is true of any truncated process and
hence also of the untruncated version.

Since [ is a closed convex function, this is a consequence of [33 Thms 12.2, 23.4,
23.5]. Alternatively, take € > 0 with (o — e, +€) C (D, Dy). For all ¢

B (a—¢€) < (a—e€)g+B(q) and B*(a+¢€) < (a+e)g+ B(q).

Hence
min{f"(a —€), (o + €)} + €lq| < aq + B(q).

The left tends to infinity as ¢ — £o00. Hence the infimum of the right is at a finite g,
and since ((q) is closed and convex the infimum must be attained ([33, Thms 8.1, 27.3]).
This gives G(«). For all ¢

aq+ fA(q) = aqla) + 5(q(e))

and so, for € > 0,

(@ +€)g+ () — ((a+€)q(a) + B(q(@))) = e(q — 4(@))

which is greater than zero when ¢ — ¢(«) > 0. Hence
inf{(a+ g+ H)} = nf {(a+ g+ Ha)}

and so ¢(a +¢€) < G(a).

Note that —a° is the one-sided derivative of 8 at zero, which exists by convexity.
That the supremum is 3(0) and attained at a® when finite is in [33, Thms 12.2, 27.1].
Otherwise, 8(q) = oo for ¢ < 0, which means that *(«) = inf{qa + (q) : ¢ > 0}, which
is increasing in a and strictly less than 3(0).

Consider f(0) = m(0,ga — 6 + ¢). This is a Laplace transform, and so convex and
differentiable when finite and its first derivative is easily checked to be zero at 8 = ¢ using
the definition of . Hence m(0,qa — v + ¢) > m(q,¢) = 1, and $(q) = ¢. Therefore
B(0) > qa — O+ B(q), for all , which implies that 5*(«) = qa + 5(q). ]

4 Results for general branching processes

Recall that —logp; = 2; and —logr; = ;. We generalise the BRW Z by allowing the
birth time o of individual i to depend on the birth time of its parent. Specifically, if
lij = n and i[n] = j, then o3 = 05 —logr;(i—). An illustration of this process and its
encoding of the random self-similar measure is given in Figure

13
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Figure 1: At the top we have three iterations in the realisation of a random fractal con-
struction, with components indexed using our tree notation. Here the set ¢ corresponds
to K, the set 1 to K; = Si(K), and so on. At the bottom we have the corresponding
general branching random walk, where sets in iteration £ correspond to individuals in
generation k. The birth time of an individual (along the x axis) is — log of the diameter
of the set, and the birth position is —log of the weight of the set. An infinite line of
descent in the BRW corresponds to a point in the limiting fractal set, and (formally) the
asymptotic slope of the trajectory gives the local dimension at that point. It is possi-
ble for a point in the fractal to have more than one corresponding line of descent (such
points lie on the boundary of two or more sets, for example K7; and K5, above). These
points are the principle difficulty faced in computing a lower bound for the multifractal
spectrum, however in Section [7| we show that in fact they do not contribute at all.
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In the course of the main proofs, estimates will be needed of several quantities with the
general form E ) ., e7 %777 W, for various sets of individuals Q. This section develops
these estimates, by drawing on branching process theory. It is worth pointing out that
the full strength of that theory, as exhibited in the convergence results in [28], is not
employed. The calculations are eased by introducing an auxiliary probability measure,
IF’, which is done next. Its importance arises from the simple and well known lemma
following the definition. A first application of this lemma is then given.

Definition 4.1. When q and 8 are such that
m(q.B) =B e i<, (4.1)
€Ty
define the probability measure n = 1,5 by

N(A) =EY e 7 ((2,0) € A)

€Ty

for any Borel set A C R? and n(co,00) = 1 —n(R?). Hence n is a probability measure on
R? when m(q, ) = 1. Let (R,,S,) denote the random walk with independent identical
increments chosen according to n with initial state (Ry,Sy) = (0,0). We use E and P
for probability and expectation for this random walk. Note that @(Sl > 0) = 1, because
o; = —logr; >0 for any v € Tj.

Lemma 4.2. For (q,5) satisfying (4.1)) and any positive function g, with g(occ) = 0 in
the case when m(q,B) < 1,

E Z pirlg(—logr) = E Z e 0% g(03) = Bg(S,)

i€l i€y

Proof. This is in, for example, [9, Lemma 4.1]: the case where m(q, 8) < 1is just a minor
reformulation. ]

Lemma 4.3. If m(q,3) <1 then, for e >0, Ee=5' < 1 and

EY emimemeowy = (Bemes) BW,

i€y

Proof. Note first that Ee=5' < 1, since P(S; > 0) = 1. Also, using Lemma for the
second equality,

EE | ) e s frie oy

ieTy,

Bn] = (EWq)]EZe_qzi_B”ie_wi
ieT,

= (EWY)Ee

which gives the result. O
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Suppose ¥ :  x R — [0,00), so ¢ is a function from R to [0, 00) that is random, in
the sense that it is defined on a random marked tree. Let U be its expectation. Such a
function is usually called a random characteristic in the branching process literature. Let
1; be the corresponding function defined on the sub-tree rooted at i. Recall that B; is the
o-algebra containing all information on the life-story of the initial ancestor and B, the
information on the life histories of the first n — 1 generations. The remaining estimates
use the idea of a random characteristic and rely on renewal theory applied to (S,). The
key result is given next. The defective case, which is easier, could be discussed separately
— to encompass it here, define ¥(—o0) = 0.

Lemma 4.4. Assume that m(q, ) < 1 and that

i sup{¥(t) :n<t<n+1} < oc. (4.2)

n=—0oo

Then there is a finite C' such that for all t >0

E Z Z €7qzi750iwi(t — O'i) < C.

n ieT,

Proof. Note first, again using Lemma for the second equality, that

EY e ™ Pt —o) =ED e ™ Ut — o) =BU( - 5,)

€T, €T,
Thus, with U the renewal measure associated with (.S,,),

EY S et — o) = / U(t — 0)U(do),

n i€,
which is bounded when (4.2)) holds by the renewal theorem. m

We will need to consider certain special sets of nodes which we now introduce. Recall
that i— is the parent of i and let

City={iel:o <t<o;}.

The collection C(t) is critical in the study of general branching process, [18, 28], and is
often called the coming generation at time ¢ in that literature.

Lemma 4.5. If m(q,8) <1, >0 and

EZe’qzi < 00

€Ty

then there is a finite C' such that for all t > 0

Ee 5 Z e MW < CEWY.
iec(r)

16



Proof. Assume EW? < co. Let
G(t) = e MY e W0 < t < 0y).
J
Then it is straightforward to check that
Z e_qzi_ﬁgi¢i(t _ O-i) — Bt Z e_quWiq.
ieT ieC(t)

Furthermore, because g > 0,

Z sup U(t) < EZe’quW/qu sup e P10 <t < oj)
J

. st<ndl L nst<ntl
1
—4qzj q
< 1T B_ﬂEZe TEW
J
which is finite by assumption. Now, Lemma [4.4] gives the result. O]

We need another collection of individuals: let 7 (¢) be the first in their line of descent
with a child in C(¢). This is the ‘lower boundary’ of the set of parents of those in C(t).
More formally, let L; = max{oj; — o; : j}, which is the age of i at the birth of her last
child. Now let

Jt)={i:0i+ L; >t and o5+ L; < ¢ for all j < i} (4.3)

so that, in particular, J(¢) is just the initial ancestor for 0 < ¢t < Ly. Before giving the
main lemma we need a preparatory one that simplifies moment conditions.

Lemma 4.6. For ¢ > 1 and a positive function g, Eg(L)YW1? is finite when EW? < oo

and
g(L) (Z er> ] < 00. (4.4)

E

Proof. Rewriting, using (12.1)),

g(L)W? = g(L) (Z er) ,

J
where, given B, the W; are independent and distributed as W. Now, by a variation on
Rosenthal’s inequality [20, Corollary 3|, and then the fact that EW = 1,

q q
E (Z e Wj) By| < Cmax{ (Z erEW> : (Z quJ) ]EWq}
J J J
q
< C (Z eZa'> EW?.
J
Hence q
Eg(L)YW? < CE |g(L) (Z e_zj> EWY,
J
which is finite under the assumptions. O
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Lemma 4.7. Assume m(q,B) <1 and ¢ > 1. Then, if v — > 0 and (4.4) holds with
g(x) = =% there is a finite C' such that for all t > 0

Ee(r—8)t Z e—qu—vajM/jq < CEWY.
jeJ(t)

Proof. Note that

j(t) Cp(t):{i10i§t<0'i+[/i},
where P(t) is just the set of parents of C(t). Hence it is sufficient, and less complicated,
to bound

FEer—8)% Z e—qu'—wJ-Vqu'
JeP()
We can assume EW? < oo, for the result is obviously true otherwise. Let
Y(t) = OPWI(0 <t < L).

A straightforward calculation shows that

Z €_qzj_'80j¢j (t _ Oj) — e(W_IB)t Z e_qzj_'VUjI/qu_

jer JEP(1)
Using ¥(t) =0 for all t <0 and v — 8 > 0,
sup VY(t) = sup W(t
n:zoo n§t<lr?+1 ( ) ;n<t<g—s—1 ( )

IN

ZE [Wq sup {e(V’B)tI(O <t<L)}

n—0 n<t<n+1

< D E (WP I(n < L))

n=0
2(y—8
< ﬂque(%B)L_
- e f-1
By Lemma this is finite. Hence (4.2]) holds and so Lemma applies to give the
result. O

Note that when g(z) = =% with v — 8 > 0, (4.4) can only hold if L = Ly is always
finite, which implies that P(N < o) = 1.

5 Upper bound on dimy(F,)
Lemma bounds p, (B) using T,,. The next Lemma provides a couple of variants of
this bound, using C(¢) and J(t).

Lemma 5.1.
px(B) < Y pWil(BNK; # 0);
JeC(t)
px(B) < Y pWil(BNEK;#0).
JeJt)
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Proof. Much as the proof of Lemma [2.7]
pe (B) < > p(CIBNE #0)+ > u(C)I(BNK; #0)
1< jec(t) JET; o5<t

but, by Lemma , inf{o; : j € T}} goes to infinity with ! (P-a.s.) and so the second sum
here is eventually empty. Similarly

pe(B) < > pCIBNEK#0)+ Y u(CI(BOK;#0).

iI<t; jeg (@) JET; j<IT @)
and
G<IW:GeTyc{log+ L) <t:jeTc{oy<t:jen),
and by Lemma again, the final set is eventually empty for [ large. m

We now state four upper-bound lemmas (that between them cover all cases) and the
upper bound that results from combining them before giving the proofs of these lemmas.
The open set condition and that K has a y-boundary are only needed in the fourth of
the Lemmas, Lemma where ¢ > 1. The basic idea is to fix on a (g, 3) such that
m(q,B) < 1 and use this to bound the Hausdorff dimension of F, for any «. Then we
can vary (¢, ) to produce the best bound for dimgy(F,) these results entail. It will be
useful to work with some sets that contain F,, but have some monotonicity in . Let

1 B (z:
E, = {a: € F - liminf 08B ET) a};
— r—0 log r

F, = {x € F : limsup 08 fix (B (z:7)) < a} .
r—0 log r

Lemma 5.2. Assumption A holds. Let ¢ < 0. Suppose
(q,3) are such that m( Equ f<1 (5.1)

and

EW? < oo. (5.2)
Then dimy(F,) < ga + f a.s. when g+ >0, and F,, = 0 a.s. when qo+ < 0.
Lemma 5.3 (c.f. Theorem 1.3 in [27]). When Assumption A3 holds dimy (F) < 3(0).
Lemma 5.4. Assumption A holds. Let 0 < q < 1. Suppose holds and

0)=E) pf < oc. (5.3)

Then dimy (F,) < qa+ B a.s. when ga+ 3 >0, and F, = 0 a.s. when qa+ 3 < 0.

Lemma 5.5. Assumption A holds. Let ¢ > 1. Suppose (5.1)) and (5.2)) hold. Suppose
also that the open set condition holds, that K has a y-boundary and

(miin 7“,;) - (Z pz-) ‘1

Then dimg (F,) < qa+ B a.s. when g+ 3 >0, and F, = 0 a.s. when qa+ 3 < 0.

E < 00. (5.4)
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Later, in , conditions for are discussed. It is worth noting that is a
strengthening of part of the condition ((9.1]) needed to give when ¢ > 1.

These four Lemmas combine to give the next two propositions, which are just the
upper bound in Theorem [3.4] with a couple of the conditions moved to where they bite.
It focuses on a single « and, effectively, takes the (¢, ) to make ga + 5 as small as it
can be consistent with m(q, ) < 1. In the excluded case, where (D, Dy) is empty, by
Lemma [3.2}ff] there is a 7 such that 8*(a) = —oco unless a = v when 8*(7) = v and then
F,, is empty unless a = v and dimy (F,) < dimy(F) < 7.

Proposition 5.6. Suppose Assumption A holds. Let o € (Dp, Dy), with ¢ = §(a) and

B = B(q(a)) as in Lemma 3.2f6] Assume that (5.2) holds. If 0 < G(a) < 1 assume
that (5.3) holds. If G(a) > 1 assume that the open set condition holds, that K has a

v-boundary and that (5.4) holds. Then, if B*(a) > 0, dimpy(F,) < f*(a), P-a.s.

Proof. By Lemma B.2Jf, *(a) = ag(a) + 8(¢(a)) = ag + B and, by Lemma [3.2}4]
m(q(a), f(G(a))) < 1. The rest of the conditions ensure the appropriate one of the four
Lemmas applies. O

Proposition 5.7. Under the same conditions as Proposition if B*(a) < 0 then (a.s.)
when a < a° Fg =0 for all B < o and when a® < 0o and o > a° Fg =0 for all § > a.

Proof. For 8 < a, F3 C Fy C F,. For a < a°, §(a) > 0 and then Lemmas and
imply that F,, = (). Similarly, for o > a°, §(a) < 0, Lemma implies that F,, = () and
for 8 > a, Fg C F3 C Fy. O

Our approach to all four proofs has similarities to that employed in [2, Lemma 4.2].
Let H?(A) be the Hausdorff d-dimensional measure of the set A and

HE(A) = inf {Z Bi|*: Ac| By, |Bil < 5} :
where the B; are balls. Then
HE(A) = lgﬁjl H5(A) and dimpy(A) =inf {xk : H"(A) =0} .
Proof of Lemma [5.2]. Let

r(k) = sup{ri, : n > k,i € 0T},

which goes to zero as k goes to infinity by Lemma For each € € (0,a), ¢ > 1 and
k € N, the collection

Ve,c,k = {B (W(i)a Cri|n) ie 8T7 n Z ka Hr (B (W(i)v Cri\n)) S (QCTi\n)(a_G)}

is a Vitali class for F,, (that is a collection from which, for any 6 > 0 a covering can be
selected with every member having diameter less than ¢). By a Vitali covering lemma
a collection of disjoint members of V. . can be selected such that when their radii are
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multiplied by five they cover F,,. Let (B;) be such a disjoint collection, which we call a
Vitali collection. Then

chr(k:) (&) < 5" Z ‘B’l|n (55)
The idea is to show that for suitable x the right hand side here is bounded almost surely
by a variable going to zero as k 1 co. Then dimg(F,) < k.
Since ¢ > 1, Kj, C B ( (i )707“1‘,1), and then

Hore (B (7T<i)§ Cri|n)) > MW(KHn) > ,U(Oi|n) = PijnWijn-

Hence, for B (7r(i); cmn) €Veerand g <0

|B ((3); eri) |79 = (20r1) @97 < g (B (x(i); 7)) < (pign Win)"

and so
|B (m (@) ern) |7 < (g Wan)” (26r) 7

Then, using disjointness of the (B;) to deduce that each term on the right occurs at most

once,
Z|B|a eq+ﬁ+6<zzpj QCT‘JB—H.

n=k jeTn

Let the expression on the right here be Uy; Lemma gives that this goes to zero almost
surely as k 1 co. Hence, using this and (5.5), H@~945+<(F,) = 0 giving dimy(F,) <

aq + S.
Now suppose that go + 8 < 0, so that for suitably small € > 0, ag+ 8+ €|q| + € < 0.
Taking a Vitalli collection from V.,

Z ‘Bi‘aq—&-ﬂ—&-e\ql—l—e < Uk N 07

as k 1 co. Every term on the left exceeds (2¢)*?#*€d+< and so, for large enough k, the
sum must be empty. Thus V., must be empty, which implies that F, is empty. O

Proof of Lemma [5.3| The collection
{B( rl‘n):ié(‘?T,nGN,nZk}

is a Vitali class for F. Let (B;) be a Vitali covering from V. Take 8 = £(0). Much as in

the previous proof,
DTSR ) S

n=k jeT,
and Lemma [4.3[ applies to this with ¢ = 0. The proof that dimg(F) < £(0) now mimics
that of dlmH(F ) < ag+ f in Lemma O

Proof of Lemma [5.4 For each e € (0, ), p € (0,1) and k € N, the collection
= {B(n(i);p"/2) :1€ 0T, n € N;n >k, p"**) < (B (n(i); p"/2)) }

epk’

21



is a Vitali class for F,. Let (Bin) be a Vitali collection from Véy k0 which B;,, has

diameter p". Then
M (F) < 5*@22;3”& (5.6)

It will be convenient to let C,, = C(—nlog ,0). Take B € V, ;. Since 0 < ¢ < 1, using

Lemma [5.1]
B)" <Y (W) I(BNK; #0)

JE€Cn

and so

|B2-m|(oz+e)q — (pn(a+6)) < lin zn 1< Z pJ an N K 7é @)

jeCn

Let n be the maximum number of disjoint balls of diameter greater than one that can
overlap with K; n is finite because K is bounded. Hence, for j € C,, there are at most n
disjoint balls of diameter p™ (in V{ ;) that overlap with Kj. Therefore

> | Bip|letdattte = Z | Bin| 90" < pren Y (W) o,

jeCn

and so - -
Z Z |Bi,n‘(a+e)q+6+e <n Z P Z (pJW )q pnﬁ (5-7)
n=k 1 n=~k jeCn

Let Uy be defined such that the right of (5.7)) is nUy. Taking expectations, using Lemma

[4.5], gives

EU, = i Z ) P < CE[WY] i — M
=k n=k

Jjeln L=p

and so
U,— 0 as. as k — oo.

Hence, using this, ) and . H(e—da+b+e(F ) = 0 giving dimy (F,) < ag+ . The
argument is Completed as in Lemma 5.2 O

Proof of Lemma 5.5 Under the open set condition a volume argument shows that there
is a finite maximum number, n, of non-overlapping sets of shape int/K and diameter
greater than one that can intersect with the ball of diameter one. This time the idea is
to approximate the measure of balls with diameter p" using sets Kj with diameter bigger
than p", but as little bigger as possible. There can be no more than n such sets with
disjoint interiors covering such a ball. This finite bound on the number of terms will
allow the pth powers of sums to be bounded by the sum of pth powers.

Use the Vitali class V] , for F,, and select a Vitali collection (B;,,) from it as in the
proof of Lemma E Let J, = J(—nlog p), where J was introduced at . In general,
using Lemma

q
|Bi,n|(a+€)q S Hr (Bi,n)q S (Z (iji) I(Bz,n N Kj 7£ ®)> .

i€Tn
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There can be no more than n terms in the sum here and so

|Bin| 99 <297 pIWII (B N K # 0).

RISV

Let & 4 be the indicator that B;,, C int(K;) and let

Ea=1-> &

i€dn

which is the indicator that B, ,, intersects with the boundary of K; for some i € 7,,. Then,

for any
Z|Bv Z|Bln|’$€zn+ZZ|an|E€znl

7 lejn
The two parts here will be bounded separately.

Since Kj has diameter rj, its boundary can overlap with at most fz(rj /p") disjoint
balls of diameter p", where h was introduced in Definition . Hence,

S Bl @9, < 1015 WGy ).
7 Jejn

Balls with &; ,; = 1 are all in int(K;) and are disjoint. Using this and Lemma [2.10} for a
fixed i,

Z ‘Bl,n ( < Z M (Bi,n)q gi,n,i

S <Z MW(Bi,n)gi,n,i)
< (e (int(K3))T < (piW5)"

Hence, since both i~ and h(z) always exceed one,

Z Z | B;, n| ot Wimi < 1™ ! Z (piW7h)? H(Tj/pn)-

i i€Tn iedn

Therefore, combining these two estimates and using the bound on h arising from K having
a y-boundary,

Z | B; n|(a+€)q+ﬂ+e _ n(ﬁ+6) Z | Bin |(a+6)q
< 2R~ 1 n B+E Z QWQh 7a‘]/10n>
Jejn
< C//pnee(%ﬁ)(*nlogp) Z P el h 1 P
— J )

J€ETIn
where C” is independent of n. Now, using Lemma [4.7]
& CE[W1)p*e
aneEe(y—B)(—nlogp) Z e—qzj—vajWiq < [ ]IO

1 NS
n==k JE€EITn P
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and so if we let .
U]/C _ C” anee('yfﬁ)(fnlogp) Z efqzjf'yo‘iWiq
n k} jEJn

then Uy, — 0 a.s. as k — oo. Finally, since the collection is from V, ,,

Z Z |B a+€ )g+B+e i Z |Bi’n‘(a+e)q+ﬁ+e < Ué,
n=k 1

and proof is finished in the same way as in Lemmas [5.2] and [5.4] O

6 Upper bound theorem with a single null set

It is natural to want the null set to be independent of a. The next result gives some
conditions for this. To state it, let (I'y, ') be the interior of the set where 5* it is greater
than zero. The proof is only sketched. It would be easy to give other formulations by
considering a subset of the collection of values for a covered here. Before giving the result
some further facts about £* need to be recorded.

Lemma 6.1. Make the same assumptions as in Lemma |3.2).

1. (T'y,Ty) is non-empty when (Dy, Dy) is non-empty.
2. Dy, = essinf(inf;((logp;)/(logr;))), Dy = esssup(sup,((logp;)/(logr;)))

3. If, for some e > 0, (' —e€,T'y+e€) C (Dr, Dy) then 5*(I'y) = p*(I'y) =0, ¢(T'y) <
0 and ¢(I'y) > 1.

4. Suppose there is no constant y such that p;r; " =1 for all i. Suppose too that for
every q € (q1,q2), m is finite in a neighbourhood of (q,8(q)). Then, on (q1,q2),
m(q, B(q)) =1, B is strictly convex, [5'(q) is strictly increasing,

P(q.5(q))
R(q,8(q))

€ (—o0,00).

—6'(q) =
and §*(=5'(q)) = —qB'(q) + B(q)-

Proof. Lemma [3.2}]7] ensures that there is one point where 5* is greater than zero. Now
the concavity of 5* gives this part.

Let D = essinfinf;((logp;)/(logr;)). The result holds for truncated process intro-
duced in the proof of Lemma [3.2}ff] (see [13, Proposition 3.3 II (b)] — the restriction
there that p; < 1 is not needed in the proof). Letting ¢ — oo gives Dy < D. For € > 0,

7?79 > p,. Then, for ¢ > 0,

q, —qD) Esz T <EZr7qD+q ]EZ?“
as ¢ — 00, so B(q) < —gD for large positive q. Hence
B1(D —e) =if{(D —e)g+ f(g)} < —eq
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for large ¢, and this tends to —oo. Consequently Dy > D. The argument for Dy is
similar.

Once (I'y — €, 'y +¢) C (D, Dy), (Dr, Dy) is non-empty, and 5* is continuous there,
which forces 8*(T'y) = 8*() = 0. By parts [0 and [7] of Lemma ¢(I'y) < 0. By parts
[6] and [8] of Lemma qTp) > 1.

If § is linear somewhere then, when it is, 1 = m(q, 8(¢)) = m(q, 7¢+b) = EY, pér7*™,
but this is only possible if p;r] = 1 for all i, which has been ruled out. The rest is
calculus. O

Theorem 6.2. Suppose the open set condition and Assumption A hold, K has a -
boundary and (Dy, Dy) is not empty. Suppose that, for some & > 0, m is finite in a
neighbourhood of (q,8(q)) for every q € (§(T'y) — §,¢(I'L) + 6). Assume that for some
e>0

E [WQ(FU)—E + W‘j(FL)+€] < 00, (6.1)

E Zpg(FU)_E] < 00, (6.2)

and )
qT'p)+e
—G(Lp)lp—v—e
E (minri) o (sz> < 0. (6.3)

Then, P-a.s., dimy(F,) < f*(a) if 8*(a) > 0 and F, =0 if p*(a) < 0.

Proof. Using Lemma [6.1][4] for suitably small ¢ and &/, o € (I'y, + &,y — ¢) has G(a) €
(G(Ty) —€,q(TL) 4+ €'). Then (6.1) suffices to ensure that holds for every ¢(a) €
(G(Ty) —€,q(T'L) +€'). Similarly, suffices for for every ¢(a) € (G(T'y) — €', 1]
and suffices for for every g(a) € (1,4(I'z) +¢€').

For o« > a°, () < 0 and for o < a°, G(a)) > 0. Now as in the proof of Proposition
5.7, for > v > a°, F, C F, C F,. Similarly, for a < v < a°, F, C F, C E We
can use a single null set in obtainﬁg dimg (F,) for rational values of a, and similarly

for dimpy (F,). Furthermore, 5* is continuous and so the remaining values are forced by
these. O

7 Partitioned self similar measures

The results in this section will be important for establishing the lower bound on dimg (F,).
They also yield a proof of Theorem [2.11] which relates to the basic ‘fractal’ property of
tr. Recall from Lemma that pr;(-) = wi((7; %) N Cy), that these are, given B,
independent copies of pu,, and holds for any D C R?. We assume throughout this
section that B[] and B2 of Assumption B hold, so the corresponding measures v and v,
can be constructed, and that the open set condition holds.
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Replacing int K by U

Later, we will need to bound the measure of small balls around a point 7(i) € F' and so
we need such small balls to be sandwiched by sets whose measure we can easily estimate.
Roughly, when 7(i) € int K we can use int(kj),) for suitable n but when F'is confined to
the boundary of K some additional manoeuvres are needed, drawing on, but modifying,
ideas in [3I]. These involve introducing new sets, U;, with properties similar to the
int(Kj;), but constructed so that F' C U. When the strong open set condition holds, so
that there is a positive probability that F' N intK is non-empty, we will see that there is
no need to introduce these sets.

For 6§ > 0 let the open set K be given by K® = U,cx B (7;0). Fix € € (0,1). For
icT,let Gy = S;(K?)) and let

H(i):{jigj Sdi, GiﬂKj#Q)}.
Note that H(i) contains i and all its ancestors and that if k ¢ #(i) then none of the
descendants of k is in H(i) either. Now let
T(H) = {j:j e H{) but jk ¢ H() Vjk € T},

so that Z(i) contains those who are in #(i) but with no children in H(i) — they are
last in their line of descent to be in H(i). Note that i € Z(i). Let M; be the cardinality
of Z(i). Under the open set condition a consideration of volumes shows that there is a
finite maximum number, n, of non-overlapping sets of shape int K and diameter greater
than one that can intersect with K9, By arrangement, none of the members of Z(i) is
a descendant of any other and so the interiors of the sets indexed by Z(i) do not overlap.
Hence rescaling by (r;)~! shows that M; < n for all i € T'. (A different definition for Z(i)
is used in [31], with its members drawn from j € C(o;) — this works there because the ;
were assumed bounded away from zero and so there is then a lower bound on the sizes
of the sets indexed by C(o;) relative to that of Gj, allowing a volume argument to bound
M;.) Let M be the largest integer such that ¢ = P(M; = M for no i € T) is strictly less
than one, so M is the essential supremum of the random variable sup; M;.
These definitions carry over to the tree emanating from m. Let

Hm(ml) - {mj : Omj S Omi, Gmi N ij 3& @}7
which is the same as
{mj COmj — Om < Omi — Om;, S Smi (K(Qe)) N S;llSmj(K) -+ @}

and so is indeed H on the tree with root m. Then H,,(mi) C H(mi) and if mj € H(mi)
then mj € Hp,(mi). Now let

Im(mi) = {j:j € Hm(mi) but jk ¢ H,,(mi) Vjk € T'}.
Then
Im(mi) = {j:j € Hm(mi) but jk ¢ H,,(mi) Vik € T}
= {j:j € Hm(mi) but jk ¢ H(mi) Vjk € T'}
C {j:j€ H(mi) but jk ¢ H(mi) Vjk € T'}
= Z(mi),
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and there must be equality here when |Z,,,(mi)| = M. Therefore, when any sub-tree from
a first generation person contains a ‘maximal’ node so does the original tree. Hence ¢ <
EqY, which forces ¢ = 0. Also, when M; = M the tree emanating from i is independent
of this information. Hence the tree will contain nodes with M; = M in arbitrarily large
generations. Order labels on a tree by generation and then lexicographically, so that the
first node in the tree with a property can be sensibly identified.

Definition 7.1. Consider only the tree emanating from i € T. Let ik(i) be the first in
this tree such that |Z;(ik(i))| = M. Also, let K = k().

Thus k(i) is such that there are M sets (with labels in Z;(ik(i))) overlapping with G
in the tree emanating from i. Since Z;(ik(i)) C Z(ik(i)) and the former has maximal
cardinality it must equal the latter. Therefore all the Kj overlapping Gik) with labels
in Z(ik(i)) must actually be in the tree emanating from i. The next lemma uses these
k(i) to construct the open set U that will ‘replace’ int K. This has similar properties to
int K, except that the self-similar measure puts some weight on U, whereas it could be
concentrated on the boundary of K, and U is random but intK is not.

Lemma 7.2. Let
Ui == U Sijk(ij) (K(E)) and U= UQ).
J

Then: U; is open; Uy C U;_; Si_l(Ui) has the same distribution as U; and Uy N U # ()
only when i < i’ ori’ <i. Furthermore,

Kixgy C Sikg) (K(E)) C U
and P(FNU # 0) = 1.

Proof. The first three assertions are immediate. Suppose y € U; N Ui/, so there are ij and
i’j’ such that

y € Sy (K9) () Sivgrwagny (K1)
Let 1 = ijk(ij) and 1" =i’j'k(i’j’). Say o1 < o1/, or equivalently r; > ry,. The idea is to
show that ij <1’ =1'j’k(i’j’), which implies that either i <i’ or i’ <i.
There is y; € S (K) with |y; — y| < me and yo € S)/(K) = Ky with |ya — y| < ryve.
Hence |y; — y2| < 2rie. Therefore

v € (S1(K))®") N Ky = S (K®)) N Ky = Gin Ky

and so Gy N Kjs is non-empty. Then, since o7 < o7/, some ancestor of 1’ is in Z(1) and
therefore (from the definition of k(-)) must be in Z;;(1) and hence in the tree emanating
from ij. Thus ij <1’ =1i'j’k(i’j’), giving the result.

The final assertions follow directly from the definitions and noting that F' N Kig) #
0. O
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Estimates of measure

When we come to estimate the measures of open balls we need an upper bound on the
measure of the open set that contains them, which may be U or int K depending on the
formulation. The next two Lemmas provide these. Recall that pu, is a particular case
of v,, so the second part in the first Lemma is just for emphasis and Lemma is a
special case of the second one.

Lemma 7.3. v, (U;) < w:Yi. In particular, pu,(U;) < piWj.

Proof. Let IC(i; s) = {j : oijkij) < s} Now truncate Ui by letting

U S ().

JEK(i;s)
Then, for any n, as in (2.7)),
v ( < Dyl (UGils) N K #0).
_]ETVL

By Lemma [2.4] there is an n’ > |i| such that inf{oy : k € T,,} > s for all n > n’. Take
n >n'. Suppose y € U;(s)NKj. Then there is1’ = ij'k(ij’), necessarily with oy, < s < 0j,
and with

Yy e S] 6) mK

Since SI/(K(E)) C Gy, this implies G1» N K # 0. Since o1/ < 03, some ancestor of j is in
Z(1"), and therefore (from the definition of k(-)) must be in the tree emanating from ij’,
and hence from i. Hence, for all n > n/,

Z% s)NK; #0) = Zyu s) N Ky # 0)
JET, JijeTn
< Z ¥ Y = viYi,
jijeT,

using (3.3). This shows that v, (Ui(s)) < w:Y; for any s and now on letting s 1 oo
monotone convergence gives v, (U;) < y;Y;. O

Lemma 7.4. v, (int(K;)) < 4V,

Proof. This is the same as Lemma but with y;Y; in place of p;Wj. O]

Self-similar measures partition

Let D(:,-) give the shortest distance between its two arguments. Take V = U. If
P(FNintK = () < 1 we can instead take V' = intK. Most arguments are unchanged;
those that are not are indicated.

Recall, from §2] that for i € 9T, K; is another notation for 7(i) and that V¢ is the
complement of V. Fori € T'UJT let

A; = —log (D(K;, V°)), (7.1)
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and fori € T and j € TUIT let

i ﬂ(KiV V;C) c
Ay = —log (—J> = —log D(Kj3, V") — a3, (7.2)

T
which, given the information up to generation |i|, has the same distribution as A;. The
basic idea is to show that A : 9T — R is usually not large, where ‘usually’ is with respect
to the measure v, or u, on JT. It is worth noting that the random variable A; depends,

through U, on a random portion of the tree, and not just on the tree up to generation |i|.
This difficulty is absent when V' = intK.

Lemma 7.5. ForanyieT,je€ T UIT and c
I(Agj > o35+ ¢) < I(A;y > 03 + C)I(AL- > 03 — 0i + ¢).
Proof. Since Kj; C Kj, Ay < Ay and, since, V; C V,
Ay = —log (D(S3K,Ve)) < —log (D(SyK, Vy)) = Aj; + 0.
Hence
](Aij > Oij + C) < ](Al > 0Oij + C)](A;J > 045 — 0Oj + C)
and Oij 2 0i. ]
Now certain indicator variables are introduced. These are defined differently depend-
ing on whether V is U or int K, but have the same relevant properties. Both depend on
an integer r and a suitable € € (0,1).
When V' = U the definition of U (or more precisely Gj;) supplies the €. Let
k(k) = sup{li| : i € C(ok)} = sup{|i] : i < ok < 03}

which is finite, by Lemma [2.4] and at least |k|+ 1. Recall that k* = k(()) was introduced
in Definition [7.1] Let r be sufficiently large that with positive probability x(K) < r and
forie T, let
G=1-1(kK)<r K <i),
so there is a positive probability that at least one of these is zero. For k with |k| < r—1,
I(k(k) < r) is known given B,. Then I(My = M) is also known, since all those born
before oy are in generations up to r — 1. Hence & is not random given B,. (Note that
this need not be so if ‘w(K) < r’ is omitted.)
When P(F NintK # () > 0 (and V = intK) choose r large enough that

P(K; C intK # () for some i€ T,) > 0.

Now choose € € (0,1) and small enough that there is a positive probability at least one
of the variables defined for i € T, by & = I(D(Kj, (intK)¢) < rie) is zero. Note that
fi = ](Al > 0 — loge).

In both cases we may now define ¢* = —loge € (0,00) and 7 by
E Zyifi] ="
icT,

Then v < 1 because E [ZieT,. u] = 1.
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Lemma 7.6. For alln € N

S /YTL—?"‘

E lz yj[(Aj > 0j + C*)

j€TH

Proof. Let
xi = I(A; > 03+ ¢*) and X;j = I(Aij > 0y — 03+ ¢¥).

Then by Lemma Xij < XiX%j so that

Sowmixg <Y wal| D %xij .

ijETn+'r i€’ j:ijETn+T

Note that {y;x; : |i| = r} are not necessarily known when given B,. However, as we shall
see, xi < &. Hence

y.. .
Z Yij Xij < Zyifi —I.JX%
jeTnr ieT, JjET oy Yi
Now, given B,, each term in brackets on the right is an independent copy of » .., vixi

and {y;& 1 € T} are known. Thus, taking expectations conditional on B, and then
unconditionally,

E

Z (RS

i€l

E Z vy xg | < E

ijeTnJr'r

Z ini] =7'E

ieT,

> ini] :

iel,

The proof is finished by induction. It remains to show that when &; is zero so is x;. When
V = int K, by definition &; is the same as x; and there is nothing more to do. Turning to
the other case, when V = U, take i with & = 0 so that, by definition, K* <i. Then, by
Lemma , X; < Xje for any i > K. Since K C Sy (K9) C V,
e = ~log D(Kie, V) < —logD (K, (Sic (K))°)
< —log(re) = o + ¢,

which means that x,. = 0. Hence x; = 0 as required. []

Proposition 7.7. Ev, (V) =0 and Ev, (Ujer, V;)9) = 0. Let

F*_ﬂ(Uvj)

Then Ev,(F¢) = 0 and so Ev.((FNF,)°) = 0. In particular, all these results hold for fir.

Proof. Note that 7(j) € V¢ implies that A;;,, = oo for every n. Hence

Ev, (V) < EY  yYil(A; = o0)

i€y,

< E lz yj](Aj > 0j +C*)

i€y

S ,YTL—T _> 0

30



using Lemma Let v; be the copy of v defined on the tree emanating from i. Then
= Z yil/i(A N Cl)
€T,
Hence

v({i:7(i) € Uer, V)Y = D mea{i: w(i) € (Ujer, )} N Cio)

keT,

< Z kak E Vk} N Ck)

keTy,

and given B, each term on the right has expectation zero. Hence, taking n = 1 gives
Ev, (Uier, Vi)°) = 0 and, more generally,

Evr({m(i) € Un(User,V5)}) =0,

which implies that Ev, (F¢) = 0. We already know that v, (F°) = 0, so Ev,((F N F,)°) =
0. O

Proof of Theorem [2.11] The {V;} introduced above ({U;}, or {intK;} when P(Fﬂth #

) > 0) are disjoint and, by Proposition , Eptr ((User, Vi)S) = 0. Also for i # 5, S; 1V,

and S;'V; are disjoint and so S;'V; C (S;'V;)°. Applying Proposition to frs,

Epri((S;1Vi)¢) = 0. Then, using the decomposition ({2.6)), excluding a suitable P-null set
pr(D) = px (DN (Yjer Vj))

= D putns (57 (D (User, Vi)
= Db (57100 (Uen S 'V3))
_ ipiﬂmi (S71DN ST

_ szum “H(DNV))

as required. 0

8 Lower bound on dimy(F,)

The result

The aim is to give conditions for the upper bound derived in Proposition to be also
a lower bound. When Assumption B holds let « is given by a = P(q, 8)/R(q, ), where
P and R are as at and . Then the idea is to show that, under suitable weak
moment conditions, dimg(F,) > ga + B. The next Lemma shows that this lower bound
is indeed positive.

Lemma 8.1. When Assumption B holds f*(a) = gao+ f > 0 and in Lemma @
(@) = q and B(g()) = B.
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Proof. Note first that
0<k [_ > Ui 10g?ﬁ} =—EY pirl(qlogp; + Blogr;) = qP + BR.

Hence (qav+ )R > 0, and so, since R € (0,00), gqu+ 3 > 0. Lemma combines with
BT} to give 3*(a) = ga + B, g(a) = ¢ and S(g(e)) = B O

When Assumption B holds the measure v has already been defined on 97T through
v(C;) = 4;Y; and v, is its projection onto R%.

Proposition 8.2. Suppose Assumptions A and B and the open set condition hold. Sup-
pose also that EY log, Y < oo and that EY |logW| < co. Then dimy(F,) > f*(c) a.s.

This result supplies the second half of Theorem [3.4 We have not obtained a more
refined result of the null set here remaining the same as « varies. This is done for measures
on OT in [3] under additional conditions. We tackle the lower bound using the following
lemma, with v, as m and the set A given by 7(G*), the projection of a suitable G* C 9T
into R%. Then we give a number of lemmas to break the main proof down into digestible
chunks. These first few of these show that various relevant sets in 9T have full measure
under v.

Lemma 8.3 (Theorem 4.9 in [12]). Let m be a Borel measure on R* and A a m-measurable
set with m(A) > 0. If for all z € A,

) m
lim sup ———= < o0,
rl0 r

then dimpy(A) > s.

Lemma 8.4. Let los V-
Glz{ieaT: lim M:0}.

n—oo log Tijn

IfE [Ylog, Y] < oo, then v(Gy) = v(9T), P-almost surely.

Proof. Let

log Vi
7 — log 7k

Then for any [ € N

log Yijn
{i e 0T : limsupM > 6} - UEE,k.

n—oo 108 Tin k>l

Hence, for any € > 0

log Yy,
v {i e dT: limsupM > e} <lim» v(Ey). (8.1)
n—oo — 108 Tin
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Now

E[v(E.,)] = E Zyim(|1ogm>—elogri)]

1€T

= E qu PR [YiI (|log Yi| > —elogs)| By

leTn

— E[EYI(|logY]|> €S,)],

using Lemma [4.2] Recall that U(¢) is the renewal function for S,, for which there is a
constant C' such that U(t) < C(t + 1). Summing over n,

Y EW(E.,)] = Y E[EYI(logY]> €S,)]

= EH[YU (e logY])]
< CE[Y (1+€¢logY])]

which is finite when E [Y log Y] < o0. Hence the right of 1) is zero almost surely. [

Lemma 8.5. Let

1 Win
G2:{i€8T:Iim 08 i :o}.

n—r00 IOg ri\n

IfEY |log W| < oo, then v(Gs) = v(9T), P-almost surely.
Proof. This is the same as the previous proof but with log W in the place of logY. [

In the same way, the following minor variant can be established. Using it in place
of Lemma , it is possible to give lower bounds for dimy(F,) when ¢ < 0 and for
dimy (F,) when ¢ > 0.

Lemma 8.6. IfEY log, W < oo,
log Wi,
Ev {i € T : liminf —2 11" < 0} ~0.
n—oo  logryy,
IfEY log, (1/W) < o0
1 Win
Ev {i e JdT : limsupog—| > 0} = 0.
n—00 1Ogri|n
Lemma 8.7. Let

log r1|n B

n—oo

ng{ieaTi lim

pr ;Blogri] }

and
1 1in
G4={168T 08D _ R

n—)oo n

qu Blogpz] }

Then v(G3) = v(Gy) = v(0T), P-almost surely. On Gs N Gy, logpy,/logri, — o as
n — 0o.
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Proof. This is a standard, using the strong law of large numbers for what is sometimes
called the Peyriere measure: see, for example, the proofs of Lemma 11 in [25], Lemma
4.6 in [2] and Theorem 8 in [4]. It uses B[3jand BJ] O

The final result needed of this kind, which is stated next, concerns the variables Aj:i
introduced at . It seems possible that it can be proved by a suitable application of
the ergodic theorem to the Peyriere measure, but we have not tried to do this. Before
proving it a couple of additional Lemmas are needed that concern A; (= A%i) defined at
. In the proofs ¢* and v are as defined just before Lemma .

A
G5:{i€8T: : —>0}.

Then v(Gs) = v(0T), P-almost surely.

Lemma 8.8. Let

Lemma 8.9. For large C' >0

D Ev({i€dT: Ay > kC'}) < oo
k

Proof. Firstly, with C" = C' + ¢*

{A>EkC'Y € {Ai>op+c U {op + > Ek(C+c)}
C {Al > Ui‘k—l-c*}*U{Ui“C > k‘C}
Then

ZEU({iE@T:Ui|k>kJC}) = Z]EZyijI(aj>kC)

J€TK

= > P(S > kC),

which is finite when C' > IESI and ]ES% < 00, using a result of Hsu and Robbins, [I1],
Corollary 2, §10.4]. Assumption B implies that ES} < oco. Also, since A; < Ay, we
have

Y E{i€dT: Ai>opp+c}) < ) Bv({i€dT: Ay > oy +c'})
k k

=Y [Z yiYiI(Ay > o5+ )

k jeTy
< ) A
k
by Lemma Combining these two bounds gives the result. O

Lemma 8.10. IfEY , v({i € 0T : A; > kC}) is finite for some C > 0, then it is finite
for all C € (0, 00).
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Proof. For any C' > 0,

Aw(di) < CY v({i€dT: A > kC})

oT

IA

/aT<Ai + C)(di) = /@T Adi) £ CY,

Proof of Lemma [8.8. We have

ik .
v ({ie@T:limsup A]; >e}> < lim V({iE@T:A;‘k >ke}>.

[Too
n—00 T k>l

Now .
{i€dT: A" > ke} = {j € Th,ji € 0T : A, > ke},
and for j € T},
E [1/ ({ji €T : A, > k:e}) ’ Bk} — yE [uj ({ji €T : A, > ke})]
= yEv({iedT : A; > ke})].
Hence ‘
E [u ({i cor: A~ ke}) ( Bk} = 3" yEv({i € 0T : Ay > ke}),
JE€T}

and so E [v ({i coT : AlF > ’“}ﬂ =Ev({i€ 0T : A; > ke}).

By Lemmas and these have a finite sum over k. Hence, for any € > 0,

A"
Ev i€ dT :limsup —— > ¢ =0
n—o0 k

and so Ev(0T\G5) = 0. O

Proof of Proposition [8.2 Combine the sets introduced in Lemmas [8.4] [8.5] and
by letting G* = G1 NGy N G3N G4 NG5. For i€ G* and o < D (w(i), V), let k = k(o)
be the largest integer such that

0<D (W(i), 1|Ck) <: exp(—Ai'k — ai|k)> i

Then
B (m(i); 0) C Vi,

and so, using Lemma [7.3| or [7.4] as appropriate,
ve(B (m(i); 0)) < g Yijwe- (8.2)
Now, by arrangement (with k = k(o)) we have
A;‘k + oy < —logp < A;‘(Hl) + Oi|(k41)-
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Since i € G* C G3 N G5, Lemmas [8.7 and [8.§] gives that, as ¢ — 0,

Z p?r? log ri] (8.3)

and so, using also Lemma [8.4land i € G* C G; N G3 NGy N G,

—log o

—>E51 =-K

qlog pi + Blog iy + log Yip
log o
as 0 — 0. Now substituting for y;;, in (8.2)) gives
ve(B (n(i); 0)) < exp <(q10gpik + Blogryy + log Yix _ s) log Q> ‘
o log o
which is bounded as ¢ | 0 for s < qav+ 5. Hence Lemma [8.3| gives dimpy (7(G*)) > qa+f
and Lemma notes that aq + g = f*(a).

It remains to show that 7(G*) C F,. Let r = r(p) be the smallest integer such that
0 > exp(—oy,). Then, with k as already defined,

—qa+ [

SO
2 (Cilr) < fr (Kilr) < MW(B (ﬂ-(i); Q)) < NW(‘/ilk)v
which combines with Lemma or [7.3 to give
log pyjr + log Wy, < log (B (7(1); 0)) < log pyy + log Wi (8.4)
Now, by arrangement we have
gir—1) < —log o < oy
and so, since i € G* C G3, as p — 0,

_ligg &S, (8.5)

Dividing (8.4) through by log g and letting o | 0, using (8.3)) and (8.5)) and Lemmas

and
1 i);
0g n(B (n(i);0) o
log o
forie GoNG3N Gy NG5 Hence m(G*) C F, as required. O

9 Moments of W

The results impose moment conditions on W and Y (which is also a ‘W’). For applications
these need to be traced back to conditions on the scaling law. Since EW = 1 it is
automatic that EWY < oo for 0 < ¢ < 1. For the other cases various suitable results are
known. Typical ones can be found in 3], 16 23, 24]. It is worth saying that, by formulating
using point process language, several early relevant papers allowed P(N = 00) > 0. We
record several such results. Recall that is in force throughout to ensure EW = 1,
and Assumption B[] and BJ2 play the same role for Y.
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Lemma 9.1 (Proposition 4 of [16]). For ¢ > 1, EWY is finite when

E[(sz)q] < oo and m(q,0) = [Zpl} <1 (9.1)

Lemma 9.2 (Theorem 2.4 of [24]). Assume P(1 < N < o0) = 1. For g < 0, EW? is
finite when for some € > 0

E [(maxp;)" ] < oo and E[pi“I(N =1)] < 1.

Lemma 9.3 (Page 28 of [0]). EW log W is finite when

B |(En) (o (X0)) ] < (9.2

Simplifications of Lemmas [0.1] and [9.2) are worth recording.

Lemma 9.4. For ¢ > 1, EWY is finite when p; € (0,1) for all i and

2[(S0)] <=

Lemma 9.5. For q < 0, EW? is finite when for some € > 0,
m(q —¢,0) = [Zp e}<oo and E [p{‘I(N =1)] <1.

Lemmas cover the moment conditions needed on branching process limits, (Y
and W) in Theorem [3.4] except for (3.8). The following lemma brings this condition also
into the range of those Lemmas.

Lemma 9.6. EY|log W| is finite whenever there is a § > 0 for which EY'*® and EW~°
are both finite.

Proof. Take 6 < 1. For any € > 0 there is a C such that
Y/ logW| < CY (W +W™°)
and Holder’s inequality gives that

EYW ¢ < (Eyl+6) 1/(1+5) (EW e(149) /5)6/(1+6)
< (EY1+5) 1/(1+9) (EW—5)5/(1+5)

for small enough e. Since EW? is always finite for § < 1, EYW?€ is bounded in the same
way. 0

10 Simplifying conditions

Theorem has a complex collection of conditions. Here we indicate some simpler
sufficient ones.
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Theorem 10.1. Suppose the open set condition and Assumption A both hold and K has
a y-boundary. Suppose also that m(q, 3) is finite for all (q,B). Let o € (Dy, Dy), with

q(a) and B(q(a)) as in Lemma B.2f6] Assume that (B.4) holds and if G(a) > 1 assume
that (3.6) holds. Then
dimg (F,) < f*(a)  a.s.

Furthermore, if 8*(a) < 0 then F, = 0 a.s. When *(«) > 0, Assumption B holds for
(G(a), B(G(x))). Suppose also that (3.7) and hold. Then

dimg(F,) = ()  a.s.

Proof. When m(q, 8) is finite for all (g, 5), always holds, as do B3 and BJ] and
N is always finite. Furthermore, m(q, 5(q)) = 1, « = P(q,5(q))/R(q, 5(q)) is finite, in
(Dr, Dy), and satisfies 5*(a) = ga + f(q), and every « in (Dy, Dy) can be obtained in
this way. Thus BJ2 also holds when (¢(a), 8(g(a))) give 8*(a) > 0. O

This still leaves the rather complicated moment conditions on W and Y and (3.6]).
To give a simpler version that covers these, recall that N is the family size and let

0. = max{—logr;}, z.=max{—logp;}, and z* = max{logp;},
so that (—z*) < z,.

Lemma 10.2. For ¢ > 1, suppose, for some € > 0, EN¢t¢ < oo, and that o, z, and z*
all have moment generating functions that are finite for all positive arguments. Then

()]~

In particular, o =1 gives that m(q, ) is finite for all (q, 3).

(Zo)

and then several applications of Holder’s inequality gives the result. O

E

Proof. Note that

E <E [(DJ€_0#51(5<0)e—a*qu<0)6z*qu>0))Q]

Lemma 10.3. For any g > 1, (3.6) holds with §(«) = q and any positive 7 if o, has a
moment generating functions that is finite for all positive arguments and, for some e > 0,
EW?te < oo.

Proof. Holder’s inequality shows that (3.6) holds with ¢(a) = ¢ provided E [(3° p;)*™]

is finite for some € > 0. By martingale properties

) ()
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Lemma 10.4. Suppose EN'™¢ < co, and that (—z*) has a moment generating functions
that is finite for all positive arguments. Suppose too that P(N > 2) = 1. Then EW? < oo
for q < 0.

Proof. Since P(N >2) =1, E [p{ “I(N = 1)] = 0. Now Lemma gives the result. [

Lemma 10.5. Suppose (q,3) are such that m(q, ) = Ezipgrf = 1, m is finite in a
neighbourhood of (q, 5),

—EY piri(qlogp; + Blogr;) > 0. (10.1)

and
1+€
E <Zpgrf> < 00. (10.2)

Then EY 119 < ~o.

Proof. Note that

E

Z(p?r?)”e] =m(q(1+e),B(1+¢€) < 1.

(2

for e sufficiently small by calculus, using ((10.1)). Lemma gives the result. n

Lemma 10.6. For € > 0, suppose EN'*2¢ < 0o, and that 0., z, and z* all have moment

generating functions that are finite for all positive arguments. Suppose (q,[) are such
that m(q, 8) = EX, pr? =1 and (10.1) holds. Then EY (49 < oo,

Proof. Lemma applies to show that m is finite everywhere and that ((10.2)) holds.
Now Lemma [10.5] gives the result. O]

Proof of Corollary [3.5. This is an application of Theorem [3.4] It is easy to check that As-
sumption A holds and, as noted after Definition (3.3} K has a d-boundary. By assumption,

each of
Ee®* = E(minr;) "¢, Ee®”* = E(minp;)~% Ee?* = E(max p;)°

is finite for all o > 0 and EN'*¢ < co. Hence by Lemma , m is finite everywhere.
Thus, and B and B. hold when needed.

Turning to conditions on W, by Lemma EW4 is finite for all ¢ > 1, and this
implies also that EW1 is finite for 0 < ¢ < 1. By Lemma [I0.4) EW is finite for all ¢ < 0.
Hence holds. Lemma shows that also holds. For the conditions on Y,
Lemma shows that for small positive n, EY'*7 < oo which implies that B and

(3.7) hold. Furthermore, Lemmaimplies that (3.8]) holds. H
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11 An example

In [14, Section 6.2] the description of an optimal path in a very heavy tailed last pas-
sage percolation problem is formulated in terms of a random self-similar measure. This
measure was not covered by the results then available in the literature. The example is
casy to cast into the current notation. Let V and V be independent uniform random
variables. Now let N =2, (p1,p2) = (V,1 = V), K =[0,1] and (K3, K,) = ([0, V], [V, 1])
so that (rq,72) = (V,1 = V). As computed in [14],

2

mie:B) = T g B

forq>—1,6> —1,

so B(q) = (1 —q)/(1+¢q) and

5 (a) = ad(a) + A(d()) with dla) = —1+ \/g

The example satisfies the open set condition and K has 0-boundary, since its boundary
is always covered by at most two disjoint balls. It is easy to see that Assumption A holds.

Since > p; = 1, Lemma implies that EWY < oo for all ¢ > 1. Also maxp; is
uniform on [0.5, 1] and so has finite moments of all orders and N = 2. Hence Lemma
shows that EWY < oo for all ¢ < 0. Therefore holds.

Since min7; is uniform on [0,0.5], E(minr;)° is finite for § > —1, and, as already
noted > p; = 1. Furthermore, when ¢(a) € (1,00), f(G(a)) € (—1,0). Hence holds
when ¢(a) > 1.

Fix a € (0,00) with g*(a) = ag(a) + B(G(a)) > 0. A verification that for some
€ >0, EY'™ < 0o is in [14] (where Y is W(G()) there). Alternatively, m is finite in a
neighbourhood of (G(«), 3(¢(a)) and reversing the argument for Lemma [8.1 *(a) > 0
implies that holds for (¢(«), 5(¢(v)). Furthermore, for any ¢ > —1 and 5 > —1
and then sufficiently small e

B|(S) ™| < & | (tmaxptimaxr?))

< 2ME [maxpg(lm} E [max 7’?(1+6)] < 00.
Hence also holds and then Lemma m gives EY'1*¢ < 0o and hence . Earlier
in this proof it was established that, for any ¢ > 0, EW ¢ < oo and so now Lemma
shows that holds.

Thus all the conditions in Theorem hold. The multifractal spectrum for this ex-
ample was computed in [I4], based on a preliminary version of this study. Unfortunately,
Lemma 6.6 there, which is supposed to be here, has turned out to have some conditions
missing, as can be seen by comparing it with Theorem Happily, the omissions do not
invalidate the assertions made about the example.
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