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Abstract

We explore reinforcement learning methods for finding the optimal policy in the linear quadratic
regulator (LQR) problem. In particular we consider the convergence of policy gradient methods in
the setting of known and unknown parameters. We are able to produce a global linear convergence
guarantee for this approach in the setting of finite time horizon and stochastic state dynamics under
weak assumptions. The convergence of a projected policy gradient method is also established in
order to handle problems with constraints. We illustrate the performance of the algorithm with two
examples. The first example is the optimal liquidation of a holding in an asset. We show results for
the case where we assume a model for the underlying dynamics and where we apply the method to
the data directly. The empirical evidence suggests that the policy gradient method can learn the
global optimal solution for a larger class of stochastic systems containing the LQR framework and
that it is more robust with respect to model mis-specification when compared to a model-based
approach. The second example is an LQR system in a higher dimensional setting with synthetic
data.

1 Introduction

The Linear Quadratic Regulator (LQR) problem is one of the most fundamental in optimal control
theory. Its aim is to find a control for a linear dynamical system, that is the dynamics of the state of the
system is described by a linear function of the current state and input, subject to a quadratic cost. It is
an important problem for a number of reasons: (1) the LQR problem is one of the few optimal control
problems for which there exists a closed-form analytical representation of the optimal feedback control;
(2) when the dynamics are nonlinear and hard to analyze, a LQR approximation may be obtained as
a local expansion and provide an approximation that is provably close to the original problem; (3) the
LQR has been used in a wide variety of applications. In particular, in the set-up of fixed time horizon
and stochastic dynamics, applications include portfolio optimization [3] and optimal liquidation [§] in
finance, resource allocation in energy markets [39, 43], and biological movement systems [34].

Until recently much of the work on the LQR problem has focused on solving for the optimal controls
under the assumption that the model parameters are fully known. See the book of Anderson and Moore
[10] for an introduction to the LQR problem with known parameters. However, assuming that the
controller has access to all the model parameters is not realistic for many applications, and this has lead
to the exploration of learning approaches to the problem. We consider reinforcement learning (RL),
one of the three basic machine learning paradigms (alongside supervised learning and unsupervised
learning). Unlike the situation with full information on the model parameters, RL is learning to make
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decisions via trial and error, through interactions with the (partially) unknown environment. In RL,
an agent takes an action and receives a reinforcement signal in terms of a numerical reward, which
encodes the outcome of her action. In order to maximize the accumulated reward over time, the agent
learns to select her actions based on her past experiences (exploitation) and/or by making new choices
(exploration). There are two popular approaches in RL to handle the LQR with unknown parameters:
the model-based approach and the model-free approach.

In the paradigm of the model-based approach, the controller estimates the unknown model parame-
ters and then constructs a control policy based on the estimated parameters. The classical approach is
the certainty equivalence principle [I1]: the unknown parameters are estimated using observations (or
samples), and a control policy is then designed by treating the estimated parameters as the truth. In
the first step, the unknown model parameters can be estimated by standard statistical methods such
as least-square minimization [2I]. The second step is to show that when the estimated parameters
are accurate enough, the policy using the “plug-in” estimates enjoys good theoretical guarantees of
being close to optimal. See [2I] and [25] for the optimal gap and sample complexities along this line
and see [23] for the sample complexity with distributed robust learning. Another line of work in the
model-based regime focuses on uncertainty quantification. The controller updates their posterior belief
or the confidence bounds on the unknown model parameters and then makes decisions in an online
manner, see [1} 2, 22] 3], 38].

Another recently developed approach is the model-free approach, where the controller learns the
optimal policy directly via interacting with the system, without inferring the model parameters. As
the optimal policy in the LQR problem is a linear function of the state, the aim is to determine this
linear function. This is equivalent to learning a set of parameters in matrix form, called the policy
matrix. One natural way to achieve this goal is to apply the gradient descent method in the parameter
space of the policy matrix, also referred to as the policy gradient method. In particular, the policy
gradient method computes the gradient of the cost function with respect to the policy matrix and then
updates the policy in the steepest decent direction to find the optimal policy. The paper [24] was the
first to show that policy gradients converge to the global optimal solution with polynomial (in the
relevant quantities) sample complexity. However, [24] focuses on the case where the only noise in the
system is in the initial state, and the rest of the state transitions are deterministic. There are other
methods that fall into the category of the model-free approach, including the Actor-Critic method [44]
and least-squares temporal difference learning [42].

Compared to the model-based approach, which strongly relies on the assumption that the stochastic
system lies within the LQR framework and may, in practice, suffer from model mis-specification, the
execution of the model-free algorithm does not rely on the assumptions of the model. It has been
shown that the policy gradient method can learn the global optimal solution, not only for the LQR
framework, but also for a more general class of deterministic systems in the setting of an infinite time
horizon [14]. Thus the advantage of the model-free approach is that it is more robust against model
mis-specification compared to the model-based approach.

Our Contributions. We now summarize our contributions. Motivated by many real-word decision-
making problems with a fixed deadline and uncertainty in the underlying dynamics, such as the optimal
liquidation problem that we discuss in Section 2, we extend the framework of [24] by incorporating
a finite time horizon and sub-Gaussian noise (which includes Gaussian noise as a special case). In
particular, we provide a global linear convergence guarantee and a polynomial sample complexity
guarantee for the policy gradient method in this setting with both known parameters (Theorem [3.3))
and unknown parameters (Theorem [4.4). The analysis with known parameters paves the way for
learning LQR with unknown parameters. In addition, numerically solving the Riccati equation with
known parameters in high dimensions may suffer from computational inaccuracy. The policy gradient
method provides a direct way of searching for the optimal solution with known parameters in this



case, which may be of separate interest. Note that the optimal policy is time-invariant for the LQR
with infinite time horizon, whereas the optimal policy is time-dependent with finite time horizon and
hence harder to learn in general. With noise in the dynamics, we need more careful choices of the
hyper-parameters to retrieve compatible sample complexities with noisy observations. In addition,
when optimal polices need to satisfy certain constraints, we provide a global convergence result for the
projected policy gradient method in Theorem This is required in the context of our application to
the optimal liquidation problem.

We will formulate the optimal liquidation problem over a fixed horizon as a noisy LQR problem
which is essentially the classical Almgren-Chriss formulation [8]. The performance of the algorithm
on NASDAQ ITCH data is assessed. As well as using the method within this modelling approach, we
also consider the performance of the policy gradient method when applied directly to the data with an
appropriate cost function. This improves the performance of the LQR/Almgren-Chriss solution and
shows promising results for the use of the policy gradient method for problems that are ‘close’ to the
LQR framework.

1.1 Related Work

Policy Gradient Methods for LQR Problems. Since the policy gradient method is the main
focus of our paper, here we provide a review of the previous theoretical work on this method in various
LQR settings and extensions. The first global convergence result for the policy gradient method to
learn the optimal policy for LQR problems was developed in [24] in the setting of infinite horizon and
deterministic dynamics. The work of [24] was extended in [14] to give global optimality guarantees of
policy gradient methods for a larger class of control problem that includes the linear-quadratic case.
In particular, this class of control problem satisfies a closure condition under policy improvement and
convexity of policy improvement steps. The paper [15] considers policy gradient methods for LQR
problems in terms of optimizing a real valued matrix function over the set of feedback gains. The
extension of the policy gradient method to continuous-time can be found in [I6]. All of these methods
are in the infinite horizon setting and without the addition of noise in the dynamics.

There has been some work on the case of noisy dynamics, but all in the setting of infinite horizon. In
[27] the problem with a multiplicative noise was discussed, using a relatively straightforward extension
of the deterministic dynamics considered in the original framework. In the case of additive noise
[32] studies the global convergence of policy gradient and other learning algorithms for the LQR over
an infinite time-horizon and with Gaussian noise. In particular, the policy considered in [32] is a
randomized policy with Gaussian distribution. There is also [35] which studies derivative-free (zeroth-
order) policy optimization methods for the LQR with bounded additive noise. Finally some other
contributions can be found in [I7, [45] for zero-sum LQR games and [18, 29] for mean-field LQR games.

There are several major technical differences compared to [24]. Due to the time-dependent nature
of the admissible policies over a finite-horizon and randomness from the system noise, we need more
careful handling of the system dynamics during the training to ensure they are well defined. We also
need conditions to guarantee the gradient dominant condition, and for the proper sample size to get
a good estimate on the gradient of the cost function with high probability. See the more detailed
discussion in Remark [4.17]

Optimal Liquidation. An early mathematical framework for the optimal liquidation problem is due
to Almgren and Chriss [8]. In this problem a trader is required to liquidate a portfolio of shares over
a fixed horizon. The selling of a large number of shares at once has both temporary and permanent
impacts on the share price causing it to decrease. The trader therefore wishes to find a trading
strategy which maximizes their return from, or alternatively, minimizes the cost of, the liquidation of
the portfolio subject to a given level of risk.



This problem has been considered in many papers and extended in many directions. See for instance
[5], [7] and [26]. We will cast this as an LQR problem and show how the policy gradient method is a
powerful tool for solving this problem even without assumptions on the model.

More recently techniques from reinforcement learning have been applied to the optimal liquidation
problem. The first paper to do this was [36] where the authors showed promising results for this
approach by designing a Q-learning based algorithm to optimally select price levels and passively
place limit orders. This was further developed in [30] which designed a Q-learning based algorithm
for liquidation within the standard Almgren-Chriss framework. For recent work incorporating deep
learning see for example [12], [33], [37], and [46]. See [19] for a detailed review on reinforcement
learning with applications in finance and economics, and the references therein. However, all these
works focus on the model-free setting without taking advantage of even weak modelling assumptions
on the market dynamics. In addition, the performances of these proposed algorithms are validated
only through empirical studies and no theoretical guarantee of convergence is provided.

Organization and Notation. For any matrix Z = (Zy,---,7Z;) € R™*? with Z;j € R™ (j =
1,2,---,d), ZT € R™*4 denote the transpose of Z, ||Z|| denotes the spectral norm of a matrix Z;
Tr(Z) denotes the trace of a square matrix Z; omin(Z) denotes the minimal singular value of a square
matrix Z; and vec(Z) = (Z),---,Z])" denote the vectorized version of a matrix Z. For a sequence
of matrices D = (Dy,--- , Dr), we define a new norm ||D||| as:

T
DI = 1Dl
t=0

where D; € R™*4. Further denote N'(u,Y) as the Gaussian distribution with mean g € RY and
covariance matrix ¥ € R4,

The rest of the paper is organized as follows. We introduce the mathematical framework and
problem set-up in Section [2] The first step in our convergence analysis of the policy gradient method
is to consider the case of known model parameters in Section [3] When parameters are unknown, the
convergence results for the sample-based policy gradient method and projected policy gradient method
are obtained in Section [l Finally, the algorithm is applied to liquidation problem. See Sections
and [5] for the corresponding set-up and algorithm performance, respectively.

2 Problem Set-up

We consider the following LQR problem over a finite time horizon T,

T—1
min E Z (l‘;erIL‘t + u:Rtut) + {L‘;QT{L‘T y (21)
{w}iz (=0
such that for ¢t =0,1,--- ,7T — 1,
Tip1 = Axy + Bug +wy, xg ~ D. (22)

Here z; € R? is the state of the system with the initial state g drawn from a distribution D, u; € RF
is the control at time ¢ and {wt}tT:_Ol are zero-mean IID noises which are independent from xg. At
this moment, we only assume zo and {w;}! ' have finite second moments. That is, E[xoxg] and
W = E[waw,] (Yt =0,1,--- ,T—1) exist. The system parameters A € R?*? and B € R¥** are referred
to as system (transition) matrices; Q; € R¥*¢ (vt =0,1,---,T) and R; € R¥** (vt =0,1,--- , T — 1)
are matrices that parameterize the quadratic costs. Note that the expectation in is taken with
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respect to both g ~ D and w; (t = 0,1,---,7 — 1). We further denote by u := (ug,--- ,ur—1),
T = (.%'(], T axT)7 w = (wov T ,UJT_l), Q = (QOa e >QT)7 and R := (R(]v T 7RT—1)7 the proﬁle
over the decision period T

To solve the LQR problem —, let us start with some conditions on the model parameters
to assure the well-definedness of the problem.

Assumption 2.1 (Cost Parameter). Assume Q; € R fort = 0,1,---,T, and Ry € R¥** for
t=0,1,---,T — 1, are positive definite matrices.

Under Assumption we can properly define a sequence of matrices { P} }tT:o as the solution to
the following dynamic Riccati equation [I3]:

—1
Pf=Qi+ AP A—- ATPB (BTPt*HB + Rt) BT P A, (2.3)

with terminal condition
Pr = Qr.
The matrices { P;}]_, can be found by solving the Riccati equations iteratively backwards in time. In

particular with a slight modification of the initial state distribution in [I3, Chapter 4.1|, we have the
following result.

Lemma 2.2 (Well-definedness and the Optimal Solution [I3]). Under Assumption[2.1]
1. The solution P} to the Riccati equation is positive definite, Vt =0,1,--- ,T;
2. Then the optimal control sequence {ut}fz_ol s given by
up = — K} xy, (2.4)

where

—1
K; = <BTPt*+1B + Rt> BTP; A (2.5)

To find the optimal solution in the linear feedback form ([2.4)), we only need to focus on the following
class of linear admissible policies in feedback form

Ut:—KtI‘t, tIO,l, ,T—l, (26)

which can be fully characterized by K := (Ko, -+, K7_1).

2.1 Application: The Optimal Liquidation Problem

One application of the LQR framework — is the optimal liquidation problem. We give a slight
variant of the setup of Almgren-Chriss [8]. Our aim is to liquidate an amount gg of an asset, with
price Sy at time 0, over the time period [0,7] with trading decisions made at discrete time points
t=0,1,...,T — 1. At each time t our decision is to liquidate an amount wu; of the asset. Any residual
holding is then liquidated at time 7. This will have two types of price impact. There will be a
temporary price impact, caused when the order ‘walks the book’ and a permanent price impact as
traders rearrange their positions in the light of the sell order. We will assume the impacts are linear
in the number of traded shares.

We write S; for the asset price at time t. This evolves according to a Bachelier model with a linear
permanent price impact in that

Sii1=Si+0Zi11 — yuy,



where, for each t = 1,...,T, Z; is an independent standard normal random variable, ¢ is the volatility
and + is the permanent price impact parameter. The inventory process ¢; records the current holding
in the asset at time ¢. Thus we have

qt+1 = qr — Ug.

Therefore, the two-dimensional state process is

() =G D G+ (5w (757): o)

When selling shares we incur a temporary price impact, parameter 5, in that if, at time ¢, we trade
uy of our asset then we obtain Sy = S;— Bu; per share. Therefore the total revenue is ZtT:_Ol u St +qr ST,
and Cr, the total cost of execution over [0,77, is the book value at time 0 minus the revenue:

T-1
Cr = qoSo — Z u Sy — qrSt.
=0

In a similar way to [8], after summation by parts, we have

T T-1 T-1
Cr = —UZQtZt_%ZU?‘f‘%(Q(%_Q%) +/BZU%+5Q’%'
t=1 t=0 t=0

The mean and variance of the total cost of execution are given by

T-1 T
E(C) = Z Su? + 6g3 + %qg, var(C) = ZUthQ.
t=0 t=1

where § = § — /2 summarizes the impact and is assumed positive.
Following Almgren-Chriss [8], we minimize the following cost function

Cac = min (E(C) + ¢var(C)), (2.8)

where ¢ is a parameter balancing risk versus return. For our LQR framework we take the cost function
to be

T
CrLqr(e) = min (E(C) + ¢var(C) + € Z St2>

t=0

T—1 T T
: g
= min ( E Su? + 5q3 + §q(2) +¢ ;_1 o2 +e ;_0 Sf) . (2.9)

t=0

Note that the term EZtT:o S?, with some small € > 0, serves as a regularization term to guarantee
Assumption holds. In practice, we can show that the optimal solution with € small is close to the
Almgren-Chriss solution (when € = 0). In addition, the algorithm will still converge with ¢ = 0. See

more discussion in Section Thus, in the LQR formulation we have A = <é (1)> ,B=(—v,-1)T, and

0 6+ ¢o? 0 ¢
It is easy to see that @y, for t =0,1,--- ,7 and R; for t =0,1,--- ,T — 1 are positive definite, hence
Assumption [2.1] is satisfied.
We will show that the problem is well-defined and can be solved using the methods of this paper
with rigorous convergence guarantees.

wy = (0Z;41,0)T and the objective function has Qr = (6 0 ), Q: = (6 22> and R; = 4.



3 Exact Gradient Methods with Known Parameters

In this section we assume all the parameters in the model, {Qt}tT:O, {R: Zﬂ:_ol, A, B, are known.

The analysis of exact gradient methods with known parameters paves the way for learning LQR with
unknown parameters in Section In addition, numerically solving the Riccati equation with
known parameters in high dimensions may suffer from computational inaccuracy [0, 41]. The exact
gradient provides a direct way of searching for the optimal solution in this case, which may be of
separate interest. Since an admissible policy can be fully characterized by K, the cost of a policy K
can be correspondingly defined as

({E;er$t + utTRtut> + m;QTxT] : (3.1)

where {z;}1_, and {u;}/_' are the dynamics and controls induced by following K, starting with
xo ~ D. Recall that K* is the optimal policy for the problem, in that

K* = argmin C(K), (3.2)
K

subject to the dynamics (2.2)).

Well-definedness of the State Process. To prove the global convergence of policy gradient meth-
ods, the essential idea is to show the gradient dominance condition, which states that C(K) — C(K*)
can be bounded by ||[VC(K)| r for any admissible policy K. One of the key steps to guarantee this
gradient dominance condition is the well-definedness of the state covariance matrix. That is, E[z;z; ] is
positive definite for t = 0,1, --- ,7T. This condition holds almost for free for LQR problems with infinite
time horizon and deterministic dynamics. The only condition needed there is the positive definiteness
of E[zozg] (See [24]). However, some effort needs to be made to ensure that the state covariance
matrix is well-defined for LQR problems with finite horizon and stochastic dynamics. We show that
this condition holds under moderate conditions.

Assumption 3.1 (Initial State and Noise Process). We assume that
1. Initial state: zog ~ D such that E[wox] | is positive definite;

2. Noise: {wt}z:ol are IID and independent from xq such that Elw] = 0, and W = Elwuw, ] is
positive definite, Vt =0,1,--- ;T — 1.

Define o x as the lower bound over all the minimum singular values of E[z;z; :
ox = mtin Omin(E[zix/ 1), (3.3)

then we have the following result and the proof can be found in Appendix

Lemma 3.2 (Well-definedness of the State Covariance Matrix). Under Assumption we have
E[zsx/ ] is positive definite for t = 0,1,---, T under any control policy K. Therefore, cx > 0.

Lemma [3.2| implies that if the initial state and the noise driving the dynamics are non-degenerate,
the covariance matrices of the state dynamics are positive definite for any policy K. However, the
covariance matrix may be degenerate in many applications, especially when inventory processes are
involved. (See, for example, the liquidation problem ) In this case, some problem-dependent
conditions are needed to guarantee that gx > 0 holds. See more discussion on the condition gx > 0



for the liquidation problem in Section [5.I] In the light of this we will assume gy > 0 in the analysis
of the convergence of the algorithm in Sections [3| and
Similarly, we define gp and gg to be the smallest values of all the minimum singular values of R
and Q:
Op = mtin Omin (Rt), (3.4)

and
0@ = Min Tmin(Qy)- (3.5)

Under Assumption , we have op > 0 and gg > 0.
We write H = {h|h are polynomials in the model parameters} and H(.) when there are other de-
pendencies. The model parameters are in terms of d, k, m, A

1 1 1 1 1
1 1 11 11 jAI Al AT a0 HBH+1’THBH’ TRT> TRT+1°
IRl Wi TWiFL W], 70’ 2071 2Q ap’ a1 TR gx0 gx 710 IX 11QIll, E[zoz |, and GEE

Exact Gradient Descent. We consider the following ezact gradient descent updating rule to find
the optimal solution (|3.2)),

KMl = K —nV,C(K™), VO<t<T -1, (3.6)
where n is the number of iterations, V:C(K) = agl((lt{) is the gradient of C'(K) with respect to Ky, and

7 is the step size. We further denote VC'(K) = (VoC(K),--- ,Vr_1C(K)).
Let us define the state covariance matrix

zt:E[;ctxﬂ,t:o,Lm,T, (3.7)

where {xt}tT:l is a state trajectory generated by K. Further define a matrix g as the sum of 3,

T T
EK:ZEt:E[thxH. (3.8)
t=0 t=0

Then, the main result for this setting is the following.

Theorem 3.3 (Global Convergence of Gradient Methods). Assume Assumption holds. Further
assume ox > 0 and C(KP) is finite. Then, for an appropriate (constant) setting of the stepsize
ne H(W)’ and for € > 0, if we have

0y _ *
vo Bl ) - ClE)
2nox-og €

the exact gradient descent method (3.6 enjoys the following performance bound:
C(KYN) - C(K*) <e.

The proof of Theorem [3.3] relies on the regularity of the LQR problem, some properties of the
gradient descent dynamics, and the perturbation analysis of the covariance matrix of the controlled
dynamics.



3.1 Regularity of the LQR Problem and Properties of the Gradient Descent Dy-
namics.

Let us start with the analysis of some properties of the LQR problem —. To start, Proposition
focuses on the well-definedness of the Ricatti system {PK}T_, induced by a control K; Lemma
gives a representation of the gradient term; Lemma [3.6)and Lemma [3.7] provide the gradient dominance
condition and a smoothness condition on the cost function C'(K) with respect to policy K, respectively;
and finally, Lemma [3.8 gives two useful upper bounds on Ricatti system and state covariance matrices.

In the finite time horizon setting, define PX as the solution to
P¥ = Qi+ K, RiK; + (A- BK;)" PK, (A-BK,), t=0,1,---,T -1, (3.9)
with terminal condition
PE = Qr.

Note that (3.9) is equivalent to the Riccati equation ([2.3)) with optimal Ky = K as given by (2.5). We
have the following result on the well-definedness of P/ and the proof can be found in Appendix

Proposition 3.4. Under Assumption the matrices PtK fort=0,1,...,T derived from ({3.9)) are
positive definite.

To ease the exposition, we write PtK as P, when there is no confusion. Then the cost of K can be

rewritten as
C(K) =E;p [mgpoﬂﬂo + Lo|,

where, for t =0,1,--- T — 1,

Li = Lit + Elw/] Pryywy] = Ly + Te(WPiyq), (3.10)
with L+ = 0. To see this,
T-1
Elzg Poxo] + Lo = E | 2] Qowo + 2§ K¢ RoKowo + z§ (A— BKy)' Py (A— BKo)xo+ Y w] Priqwy
T-1 T-1 =

=E = E{ (xtTQta:t + utTRtut> + x;QTa:T} )

t=

T T T T
g Qoxo + ug Roug + x; Py + Z wy Pepqwy
t=1

In addition, define
E,=(Ri+B'"PB)K;—B'P, 1A, t=0,1,---,T — 1. (3.11)
Then we have the following representation of the gradient term.

Lemma 3.5. The policy gradient has the following representation, fort =0,1,--- , T — 1,

ViC(K) =2 ((Rt + BTPt—l—lB) K — BTPt+1A> E [ﬂftfﬂﬂ

= 2F:%;.
Proof. Since
T-1
C(K) = E[xgpol'o + L01| = E|:.’IJE|)—(Q0 + KJRoKo)xo + .Z'J(A — BKo)Tpl(A - BK()).ZL‘O + Z w;ng+1wt],
t=0



we have
9C (K
= ;{ ) _k [2R0K0x0x§ —2BTP(A - BKo)wor] } — 2FyE [:coxg } — 2E%.
0
Similarly, V¢t =0,1,--- T — 1,

V:O(K) =2 ((Rt + BTPtHB) Ky — BTPtHA) Elz.e] ] = 2E,E [azwt } —2E,%,,

VoC(K) =

where the expectation E is taken with respect to both initial distribution x¢g ~ D and noises w. O

In classical optimization theory [24], gradient domination and smoothness of the objective function
are two key conditions to guarantee the global convergence of the gradient descent methods. To prove
that C(K) is gradient dominated, we first prove Lemma which indicates that for a policy K, the
distance between C(K) and the optimal cost C'(K*) is bounded by the sum of the magnitude of the
gradient V,C(K) for t =0,1,--- ,T — 1.

Lemma 3.6. Assume Assumption [2.1] holds and ox > 0. Let K* be an optimal policy and C(K) be
finite, then

Tv(E/E) < C(K) — C(K*) < 1 Zg-ll ZTrVC )TV C(K)),

UXZ HRt"‘BTPt_A,_lBH - 40'X O'R

where o x and% are defined in (3.3)) and (3.4).

We defer the proof of Lemma to Appendix Lemma, implies that when the gradient
becomes small, the value of the objective function is close to C'(K*). Now we consider the smoothness
condition of the objective function. Recall that a function f : R™ — R is said to be smooth if

7(2) ~ £) = V&) @ =9l < Tlle —yl, Yo,y € R,

for some finite constant M. In general, it is difficult to characterize the smoothness of C'(K), since it
may blow up when A — BK; is large. Here we will prove that C(K) is “almost” smooth, in the sense
that when K’ is sufficiently close to K, C(K’) — C(K) is bounded by the sum of the first and second
order terms in K — K'.

Lemma 3.7 (“Almost Smoothness”). Let {z}} be the sequence of states for a single trajectory generated
by K' starting from x, = xo. Then, C(K) satisfies
T—1
C(K')~C(K) = 3 [2Tr (S}~ K) B ) + T (Si(Ki— K0)T (Rt BT P B) (KL - K1) |, (312)
t=0
where 3 = E [z}(x}) "].
We defer the proof of Lemma to Appendix To see why Lemma is related to the
smoothness, observe that when K’ is sufficiently close to K, in the sense that
Yo~ Y+ O(|K: — Ki||), vt=0,1,--- , T — 1,

the first term in (3.12)) will behave as Tr ((K; — K{)V:C(K)) by Lemma and the second term in
will be of second order in K; — Kj.

To utilize Lemmas [3.6 and [3.7] in the proof of Theorem [3:3] we need to further bound P, and Yk,
which is provided below in Lemma The proof can be found in Appendix

Lemma 3.8. Assume Assumption[2.1] holds, and ox > 0. Then we have

C(K) C(K)

1P| < » Bk <

)

where ax and ag are defined in (3.3) and (3.5).
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3.2 Perturbation Analysis of Y.

First, let us define two linear operators on symmetric matrices. For X € R%? we set
T—1

Fk,(X)=(A-BK)X(A-BK;)", and Tg(X):=X+» Il_o(A—BEK;)XIIl_o(A-BK;,_;)".
=0

If we write G = Fk, o Fk, , oo Fg,, then

Gi(X) = Fg, 0Gi_1(X) =TI!_o(A - BK;) XTI'_(A — BK;_,) ", (3.13)
and
T—1
Tk(X) =X + ) Gi(X). (3.14)
t=0

We first show the relationship between the operator Tg and the quantity Xg. The proof can be found
in Appendix

Proposition 3.9. For T > 2, we have that

where
T—1 t
AK W)=Y > D WD/ +TW,
t=1 s=1

with Dy s = II'_ (A — BK,,) (for s =1,2,--- ,t), and S = E [zoz{ |.
Let

- A- BK A-BK|,1+¢} 1
pr=max{ max [A-BEK], max [|A-BEj|.1+¢}. (3.16)

for some small constant £ > 0. Then we have the following result on perturbations of Y.

Lemma 3.10 (Perturbation Analysis of Y ). Assume Assumption[2.1] holds. Then

|2k = 2| < |7k = Tae) 0| + At W) — AK W)
< 2 (S0 ) (o - )+ 10 )

Remark 3.11. By the definition of p in (3.16), we have p > 1+ ¢ > 1. This regularization term

1 + £ is defined for ease of exposition. Alternatively, if we define p := max{maxogtggp_l A —

BK:||, maxo<t<7—1 || A — BK{H}, a similar analysis can still be carried out by considering the different

cases: p<1,p=1and p>1.

The proof of Lemma is based on the following Lemmas and which establish the Lipschitz
property for the operators Fg, and G, respectively.

Lemma 3.12. [t holds that, Vt =0,1,--- ,T —1,

1Fre, = Fryll < 214 = BEI| BII| Ko — K|l + || BI?|| K, — K31 (3.17)

11



We refer to |24, Lemma 19] for the proof of Lemma |3.12]

Recall the definition of G; in (3.13) associated with K, similarly let us define G; = Fg; o Fgy o
o Fky for policy K’. Then we have the following perturbation analysis for G;.

Lemma 3.13 (Perturbation Analysis for G;). For any symmetric matriz ¥ € R¥? we have that

ZHgt g (s H_

We defer the proof of Lemma [3.13] to Appendix [B:2] The following perturbation analysis on 7T
follows immediately from Lemma [3.13

(Z 1P, = Fiegl) 12 (3.18)

Corollary 3.14. For any symmetric matriz ¥ € R¥? we have

2T

|7~ Ter®)| < = (Tzl 1Fx. = Fi I, (3.19)
t=0

where p is defined in (3.16)).
Now we are ready for the proof of Lemma [3.10}

Proof of Lemma[3.10, Using Lemma [3.12]

T-1 T-1
1Fx, = Ficl = > (214 = BEAIBIIK: - K] + | BIAIIK: — K1)
t=0 t=0
T-1 T-1
< 20||BI| Y IIKe — K|l + IBII* > 1K — K|
t=0 t=0

In the same way as for the proof of Lemma we have, Vt=1,--- , T —1,

t T t
1
> ||peswnl, - Dp w7 <2 (Z 1 Fx, - Fie u) gl (3.20)
s=1 s=0

p? —1

By Proposition Corollary |3.14} (3.14]) and (3.20]), we have

HEK Yk H(TK Tr')(X0) H+ZZ HDtsWDtTS DQ,SW(DQ,S)TH
t=1 s=1

71

< L (X 1 = Fl) (1ol + T (3:21)
=0
C(K) 2

<o = 1wl (20080 1K K|+ 181 | - ).

The last inequality holds since ||Xo]| < ||[Zx || < Cg) by Lemma O




3.3 Convergence and Complexity Analysis.

We now provide the proof of Theorem after two preliminary Lemmas.

Lemma 3.15. Assume Assumption [2.1) holds, ox >0, and that

K= K; —nVC(K), (3.22)
where
. (0 =1 agox 1
7 < min , , 3.23
{2T<p2T—1><2p+ D(C(K) + o TIWIN Bl max[V.CK[} 2, (3:25)
with
T 1 T-1
C(K 20+ 1)||B|( 20(K
o= (S5 s rpw) <( e W el ) ) S R+ BT P8,
7q (P =VDox %9 =
(3.24)
Then we have )
K~ C(K*) < (1-2n0r 22X ) (C(K) - C(K*)).
C(K') = C(K) < (1= 2nap [ ) (CK) — C(K))
We defer the proof of Lemma to Appendix
Lemma 3.16. Assume Assumption [2.1] holds and ox > 0. Then we have that
«— 2 _ ,(C(K)\2max,||R, + BT Py B| .
IViCE)I? < 4(==2) (C(K) ~ C(K™),
t=0 g ax
and that:
= 1 max; | Ry + BT P B =T
> lEd < —(4/T (C(K) = C(K") + > | BT P All).
- 9R 9x =0
Proof. Using Lemma we have
T—1 T— T-1
C(K)\2
S IVCE) P <4y Te(SE] B < Z 1S Te(E) E,) < 4( ( )) Tv(E, E})
= t=0 t=0 QQ t=0
From Lemma [3.6] we have
T-1 1
C(K)—- C(K*) > Tr(E'E (B, E;)
(K) = UXZ||Rt+BTPtHBH H(Ey t)_maxt|]Rt+BTPt+1BHZ r(Ey Er)
(3.25)
and hence -
C(K)\2max; |R; + B"P,,1B .
(Vo) < a( CEy e et B LBl e - o)
t=0 g ox

13



For the second claim, using Lemma [3.6] again,

T-1 T—1
1K = |(R¢ + B Py1B) ' Ky(Ry + B' Py B))|
t=0 t=0
T-1 .
2 (Rt R B P g — 7 (11415 Pl
-— Te(E, E) |BTP 1A T-1 T-1
1Al 1 ( T -
= TN T(E[E)+Y |BTP A)
=0 Tmin (Rt) Omin (FRt) g ) tz_; I 1Al
1 max; |R; + BT P,.1 B T-1
< 7( T ¢ || Re t+1 H(C(K)_C(K*))+Z||BTPt+1A||).
°F X =0

The second inequality holds by the definition of F; in (3.11), the second last step uses the Cauchy-
Schwarz inequality, and the last inequality holds by (3.25]). O]

Proof of Theorem[3.3 In order to show the existence of a positive 7 such that (3.23)) holds, it suffices to
show there exists a positive lower bound on the RHS of (3.23]). By Lemma and the Cauchy-Schwarz
inequality,

T-1 T-1
IViC(K)| < IV:C(K)|?
t=0 t=0 (326)
< \/ . (Sl BBl o) - o)
%Q 9x

Notethatifd<ab+cforsornea>0 b>0c>0andd >0, thené>W}rl)(CH). Also

for a > 0 and n € N*, Therefore based on (]3 24) and (3.26)), —1 is bounded below by

1 1 1 1 1
polynomials in 2, oyt 5171 [RITT [WITT» 2% 2@ zg 10 20d o

Now we aim to show that 1 is bounded below by some polynomials in the parameters To see this,

a"+1 > (a+1)

let us first show that p is bounded above by polynomials in ||Al|, | B|, IR, =X o U— and C(K). Since
| B Kf — K¢|| < ZC((;?) < 3 holds under the assumptions in Lemma [3.15] we have

max A= BK(| < max (|A- BK| + B | K{ - Kil}) < max [A- BKt||+
0<t<T—-1 0<t<T-1 0<t<

thus

1
p:max{ max | A—BK|, max [A-BK]|. 1+§}<max{ max ||A— BE|| + -, 1+g}
0<t<T—1 0<t<T—1 2

T-1

< max {|| 4] + B Z il + L 1+¢)

(3.27)

Given the bound on Z Sl by Lernma 3.16/ and || P, || << ) by Lemma p is bounded above

by polynomials in ||AH ||BH IR, 7 5= and C(K),ora constant 1+¢€. Therefore 5 is bounded below

1
S IIIR\H+1’ O'X, og and TR )+1’ or a constant

by polynomials in 0 AH 1 B Hence, by choosing

1+g
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1 : 1 1 1 1 1 1 1

RS H(m) to be an appropriate polynomial in IR CROYFT TAFT TBIFT TRIFT WD 2X
9Q: TR le +7, and 01 +7» (3-23) is satisfied, since by performing gradient descent, C(K b < C(KY).
Therefore, by Lemma we have

2
CUK') = C(K) < (1= e [0 ) (CK?) — CK)),
K*
which implies that the cost decreases at t = 1. Suppose that C(K") < C(K"), then the stepsize
condition in ([3.23)) is still satisfied by Lemma Thus, Lemma can again be applied for the
update at round n + 1 to obtain:

CUR™) = CUK) < (1~ 2005 1250) (01K - O

, we have

C(K%)-C(K*)

€

C(KN) - C(K*) < e.

For € > 0, provided N > 277”5)’:; gR log

O

4 Sample-based Policy Gradient Method with Unknown Parameters

In the setting with unknown parameters, the controller has only simulation access to the model; the
model parameters, A, B, {Q:}L,, {Rt}tT:_ol, are unknown. By using a zeroth-order optimization
method to approximate the gradient, this section proves the policy gradient method with unknown
parameters also leads to a global optimal policy, with both polynomial computational and sample
complexities.

Note that in this section, when bounding the Frobenius norm of a matrix, we usually treat the
matrix as a stacked vector. Therefore we denote by D = k x d the dimension of the corresponding vector

formed from the K matrix for convenience in the proofs. Therefore in each iteration n =1,2,--- | N,
we can update the policy as, for t =0,1,--- , T — 1,
Kt = K — V., C(K"), (4.)

where VE(? ") is the estimate of V:C(K™). We analyze the following Algorithm

Algorithm 1 Policy Gradient Estimation with Unknown Parameters

1: Input: K, number of trajectories m, smoothing parameter r, dimension D

2: forie {1,...,m} do

32 forte{0,....,7—1} do

4: Sample the (sub)-policy at time t: K} = K; + U} where U} is drawn uniformly at random over
matrices such that |U}||r = 7.

5: Denote &' as the single trajectory cost with policy
(K,t,l?g) = (Ko, -, K1, [?;, Ky, -, Kp_) starting from z ~ D.

6: end for

7: end for

8: Return the estimates of V:C(K) for each t:

ViC(K) = — > S G U (4.2)
=1




Remark 4.1. [Zeroth-order Optimization Approach in the Sub-routine ] In the estimation of
the gradient term , we adopt a zeroth-order optimization method, using only query access to a
sample of the reward function ¢(-) at input points K, without querying the gradients and higher order
derivatives of ¢(-). In a similar way to the observation in [24], the objective C'(K) may not be finite
for every policy K when Gaussian smoothing is applied, therefore Eyr (0,021 [C(K + U)] may not be
well-defined. This is avoidable by smoothing over the surface of a ball. The step (in Algorithm

) provides a procedure to find an (bounded bias) estimate VC/'(I?) of VC(K).

To guarantee the global convergence of the sample-based algorithm (Algorithm, we propose some
conditions on the distribution of x¢ and {wt}z:ol, in addition to the finite second moment condition
specified in Section [2]

Definition 4.2. A zero-mean random variable X

1. is said to be sub-Gaussian with variance prory o? and we write X € SG(0?) if its moment
generating function satisfies Elexp(AX)] < exp (%)

2. is said to be sub-exponential with parameters (v, a) and we write X € SE(v?, ), if Elexp(AX)] <
A2y2 1
exp( 5 ) for any X such that |A| < .

We assume the initial distribution and the noise in the state process dynamics satisfy the following
assumptions.

Assumption 4.3 (Initial State and Noise Process (II)). 1. Initial state: xy = Wozo where
20 = (201 ,%20d) € R? is a random vector with independent components zo; which are sub-
Gaussian, mean-zero, and have sub-Gaussian parameter 0(2); WO e R4 s an unknown and
deterministic matriz.

2. Noise process: wy = Wu, where vy := (vg1 -+ ,04) € R? are IID and independent from xq.
vy has independent components vy; which are sub-Gaussian, mean-zero, and have sub-Gaussian

parameter o2, ¥t =0,1,--- T — 1. W € R4 s an unknown and deterministic matriz.

Note that Assumptions [3.1] and [I.3] serve different purposes in this paper. Assumption [3.1] provides
one sufficient condition to assure gy > 0. Assumption is used to guarantee the convergence of the
sample based algorithm (Algorithm [I).

In addition to the model parameters specified in Section here we assume H(+) includes polynomials

1 1 W 1 1
T S —— and — .
W W+ IWoll ol [Wol+1

Theorem 4.4. Assume Assumptions and hold and further assume ax > 0 and C(K°) is finite.
At every step the policy is updated as in (4.1)), that is

K = K — Vi C(K™),

that are also functions of oy, 0—%7 ﬁ, Ow, (%, = 1+1 W |
w w

—

with n € H(m) and VC(K™) is computed with hyper-parameters (r,m) such that r < 1/hyadius
and m > hsample Wwith some fized polynomials hyegiws € H(1/€, C(K?)) and hsampre € H(1/€, C(KY)).
Then for € > 0, if we have

0\ *
no IZrel | OKO) - oK)
Nox“0gr €

it holds that C(KN) — C(K*) < € with high probability (at least 1 — exp(—D)).

The proof of Theorem [4.4]is based on a perturbation analysis of C(K) and V;C(K), smoothing and
the gradient descent analysis of the procedures in Algorithm [Il We provide the perturbation analysis
and the smoothing analysis in Sections [£.I] and [4.2] respectively. We defer the proof of Theorem [4.4]
to Section .3
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Projected Policy Gradient Method. In many situations constrained optimization problems arise
and the projected gradient descent method is one popular approach to solve such problems. Recall the

projection of a point y € R¥*(T*4) onto a set Sg € RF*T*d) ig defined as
.1 2
s, (y) = argmin ] [z |3 (4.3
z€SK

Then the projected policy gradient (PPG) updating rule can be defined as

K™ = TIg, (K” - nVC(K”)) , (4.4)
where Vafn) = (VO/CE(”), e ,VT:C\(K”)> denotes the estimate of VC'(K™).
If the projection set Sk is convex and closed, the projection onto Sk is non-expansive, that is,
s () — Hse (y)[l5 < ||z =yl - Therefore the results in Theoremfor the standard policy gradient
method can be easily generalized to the following Theorem for the PPG version.

Theorem 4.5. Assume Assumptions and [{.3 hold, and the projection set of policy K, denoted by
Sk, is convex and closed. Further assume ax > 0 and C(K°) is finite. At every step the policy is

updated as in (4.4), that is

K" g, (K" - nVC(K™))
with n € H(W) and Vﬁ") (t =0,1,---, T — 1) is computed with hyper-parameters (r,m)
such that r < l/ﬁmdms and m > Esample with some fized polynomials ﬁmdius € H(1/e, C(KY)) and

ﬁsample € H(1/e, C(K®)). Then for e > 0, if we have
C(K") — C(K*)

1=kl
g )
Nox“0R €

it holds that C(KN) — C(K*) < € with high probability (at least 1 — exp(—D)).

N>

4.1 Perturbation analysis of C(K) and V,C(K)

This section shows that the objective function C'(K) and its gradient are stable with respect to small
perturbations. The proofs of the following Lemmas can be found in Appendix

Lemma 4.6 (C(K) Perturbation). Assume Assumptions 2.1 and[{.5 hold, cx >0, and K’ such that,
Vt=0,1,---,T 1,

|K! - K| < min (0~ 1)oqox T (45)
- til > 9 tlly ) .
: AT - 2p + DCE) + agrial Ml 7

where p is defined in (3.16). Then there exists a polynomial heost € H(C(K)) such that
CE") = CE)| < heost|| K"~ K.

Lemma 4.7 (V;C(K) Perturbation). Under the same assumptions as in Lemma there exists a
polynomial hgpqq € H(C(K)) such that

|V.CUK") = ViC(K) | < hyral[ K’ ~ K

I

and
IV:C(K") = ViC(K) || F < hgrad|K' — K||| p-
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4.2 Smoothing and the Gradient Descent Analysis

In this section, Lemma [4.8] provides the formula for the perturbed gradient term, Lemma [£.9] provides
the concentration inequality for finite samples, and Lemma[£.10|provides the guarantees for the gradient
approximation.

Recall that D = k x d. Let S, represent the uniform distribution over the points with norm r
in dimension D, and B, represent the uniform distribution over all points with norm at most r in
dimension D. For each K; (t = 0,1,---,7 — 1), the algorithm performs gradient descent on the
following function:

Ci (K) = By, [C(K + V)], (4.6)
where Vi := (0,---,V;,---,0) and V; € RFx9,
Lemma 4.8. Assume C(K) is finite,

D
V.Ci(K) = ﬁEUt'\/Sr [C(K +U)Uy. (4.7)

The proof of Lemma 4.8 is similar to the proof of |24, Lemma 29| and hence omitted.

We first state two facts on sub-Gaussian and sub-exponential random variables. Firstly, if X
and Y are zero-mean independent random variables such that X € SG(0?) and Y € SG(o}), then
XY € SE(o,0y,40,0y). Secondly, if Xi,---, X, are zero-mean independent random variables such

that X; € SE(v?, a;), then
n n
Z;Xi €SE (Z; ijmzaxai> .
1= 1=

Utilizing above two facts, we have the following.

Lemma 4.9. Assume Assumptions and [{.8 hold and ox > 0, then there exist polynomials v €
H(C(K)) and o € H(C(K)) such that

T—1
[Z (fUtTtht + UtTRtUt) + $;QT$T]
t=0

18 sub-exponential with parameter (VQ, a). Here {xt}g;o 1s the dynamics under policy K.

Proof. We first observe that, by direct calculation,

T-1 T—1
[Z <a:;er1:t + u:Rtut) + x}QT:cT = xS—Poxo + Z w;rPtHwt. (4.8)
=0 t=0

Note that by (3.9) and Proposition , P, is symmetric and positive definite. The Frobenius norm
| - || and the spectral norm || - || of the matrix P; € R have the following property:

1PN < |12lle < VAR, VE=0,1,--- T, (4.9)

Let & = max{oo, 0y }. Given the Hanson-Wright inequality (Theorem 2.5 in [4]),

P (‘w:PtHwt —E [w:PtHwt} ‘ Z t) =P (}UJ(WTBHW)W —E [UJ(WTPt+1W)Ut:| ’ Z t)

2
< 2exp | —cmin { — Nt —_— ! — , (4.10)
2 [WT B WG 32WT Bt W]
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for some universal constant ¢ > 0 which is independent of P;;; and w;.

Combining (4.9)), (4.10) and Lemma [3.8]
P(|ul P E[w] Poaw]|2t) < 26 ( i { v ! })
Wy F41We — Wy LL41We || = ~ Xp | —¢cmin — = 5 —
264 d || P [P W 1 &2 Py [[ W2

2
2exp | —cmin — t , — t .
254 |W*dC*(K)/ ox* a*|WIPC(K)/ox

IN

=417 14 7002 =271/ (12
Therefore the random variable w;r P, 1wy is sub-exponential with parameters (0 ”VZ'L d§ (K) ,Z ”VZVJLS(K)) .
Ox g

54| Wol[*dC? (K) 82\\Wo\|20<K>)_ Let

T . . .
In the same way zj; Poxo is sub-exponential with parameters < cox , Yooy

o = max{||WoH, ||W||} Since {w;}/—g are IID and independent from xg, we have (&) is sub-

exponential with parameters

~4—4 712 ~2-2
<(T+1)00d02(K) O'O'C(K)>.
cox 2cox

Define
S 1 ~(D iNyTi

as the average of perturbed cost functions across m scenarios which is an empirical approximation of

(4.7). Similarly, define

N 1 (p =L, . . . . 1
Vs a2 ( [2; ()T Qe + ()T Reiy) + ()T Qracy UZ) (4.11)
1= t=

as the average of perturbed and single-trajectory-based cost functions across m scenarios, which is the
same as in Algorithm . Note that in order to calculate V;, we require access to C(K + U?),
which involves the calculation of expectations with respect to unknown initial states and state noises.
This may be restrictive in some settings. On the other hand, the calculation of @t only involves
single-trajectory-based cost functions.

Lemma 4.10. Assume Assumptions and [{.3 hold, and ox > 0. Given any €, there are fived
polynomials hrqdins € H(1/€, C(K)) and hggmpie € H(1/€, C(K)) such that when r < 1/hpqdins, with
m > hggmple samples of Ut,--- U™ ~S, for eacht=0,---, T —1,

7w, <

holds with high probability (at least 1 — (%)713). In addition, there is a polynomial hsgmpie2 €

H(1/e, C(K)) such that when r < 1/hragius, With m > hsample + sample2 samples of UL, ..., U™ ~ S,
foreacht=0,--- T —1,
= 3
_ K H <?®
Hvt ViC(K) F— 2
holds with high probability (at least 1 — 2 (%)_D). Here, for eachi=1,2,--- ,m, {zi}L, and {ui}tT:If
are the dynamics and controls for a single path sampled using policy K + U%.

€
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Proof. Note that
Vi — ViC(K) = (VO] (K) — V:C(K)) + (Vi — V;:C (K)),

where C} is defined in (4.6).
For the first term, choose hyqdivs = max{1/rg,4hgrqa/€} (1o is chosen later), where hy,qq € H(C(K))
is defined in Lemma By Lemma when r < 1/hradius < €/4hgraq, for Vi :=(0,--- Vi, -+ ,0)

where V; ~ B,., we have

€ €
IViC(K + Vi) = ViC(K)|F < hgraalVillF < hgrad— = 7 (4.12)
4hg7’ad 4

Since V. C} (K) = Ey,~p, [V:C(K + V)], we have
€
|ViC(K +Vy) = ViCi (K)|[r < 1
by and the continuity of VC. Therefore

IViCi (K) = ViC(K)||F < [ViC(K + Vi) = ViC(K)||r + [V:C(K + Vi) = ViGH(K) [P < 5 (4.13)

€
2
holds by triangle inequality. We choose ry such that for any Uy ~ S,., we have that C(K+U;) < 2C(K).
By Lemma we can pick 1/79 = heost/C(K), then |C(K +Uy) — C(K)| < 1o - heost < C(K).

For the second term, by Lemma E[V¢] = V:C[(K), and each individual sample is bounded by
2DC(K)/r, so by the Operator-Bernstein inequality [28, Theorem 12| with

> huapte = © (D (Z-cwy logw/e)) ,

we have

i [H%t - VtC[(K)HF < %] >1- (?) . (4.14)

Note that hsgmpie € H(1/€, C(K)) since 1/r > hpqgius € H(1/e,C(K)). Adding these two terms
together and applying the triangle inequality gives the result.
For the second part, note that

Euow[Vi] = V. (4.15)
By Lemma [£.9]
T—1
[Z (@) Qi + () " Revip) + (waTxiT]

t=0

2

is sub-exponential with parameters (v*, «). Therefore,

D -1 . . . . . .
2= ( [ (@) " @uat + () Runi) + () Qrafy

U;')

is sub-exponential matrix with parameters (72, @) := ( V2, a). Then by Operator-Berinstein inequal-

ity |28, Theorem 12],

r

t2
<t|>1-2D —m— |,
F_]_ exp( m2y2>
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when t < % That is, there exists a polynomial hsgmpie2 € H(1/€, C(K)) where

11 — 1 7\?
hsample,Q = hsample,Z <D, ~ 7500, Ow; HWOH7 HWH7 C(K)a ) =0 (D <> 10g(D/€)> )
er Ox €

such that when m > hggmpie,2,

pe-e), <5)=1-(2) (4.16)

€

Combining (4.16) with (4.14) and (4.13]), we arrive at the desired result. O

4.3 Proof of Theorem [4.4]

With the results in Section [.I] and Section [I.2] now we are ready to prove the main theorem.

Proof of Theorem[].4} By Lemma and by choosing 1 € H(W) such that the step size con-
dition (i3.23) is satisfied,

2
C(K') — C(K") < (1-2n0p o H) (ctr) - c(x)).
K*
Recall the definition of ﬁt in (4.11) and let K}/ = K; — n@t be the iterate that uses the approximate
gradient. We will show later that given enough samples, the gradient can be estimated with enough
accuracy that makes sure

[C(K") = C(K')| <nog

Ox
€. (4.17)
13kl

That means as long as C(K) — C(K*) > ¢, we have
2

C(K") — O(K*) < (1 _nog II?;* ) <C(K) - C(K*)).

Then the same proof as that of Theorem [3.3] gives the convergence guarantee.
Now let us prove ([4.17)). First note that C(K”)—C(K') is bounded. By Lemmal[d.6] if || K} — K]|| <

NOoR Iéi)li\\ €/(T - heost), where heost € H(C(K)) is the polynomial in Lemma then (4.17) holds. To
get this bound, recall K; = K; — nVC(K) in (3.22)) and writing V; = V;C(K) for ease of exposition,
observe that K} — K| = n(V; — V), therefore it suffices to make sure

2
S Ox OR
Vi— V| £ =———"—c¢.
H ! tH THEK* hcost

By Lemma it is enough to pick hredivs = Pradius (3T || Sk ||heost (C(K))/(2ax? cge), C(K)) €
H(1/e,C(K)), and

— B 3heost (C(K))|| Xk
hsample - hsample 2
20x°ope

,C(K)) Bt <3hcost(C(K))H2K*H’C(K)> '

20x%0pe

This gives the desired upper bound on ||V, — V|| with high probability (at least 1 — 2(¢/D)P).
Since the number of steps is a polynomial, we have TN = o(eD ). By the union bound with
probability at least

<1 ~9 (;)D>TN >1-2TN (%)D > 1~ exp(—D),
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& ax’co _
we have ||V, — V|| < me, Vt=0,1,---,T — 1. Therefore,

2

C(K") — O(K*) < (1 _nog Ié);* ) <C(K) - C(K*)). (4.18)

This implies C(K"”) < C(K). To guarantee that holds at each iteration n = 1,2,--- | N,
it suffices to pick hyegius € H(1/e, C(K?)) and hsgmpie € H(1/€e, C(K?)). The rest of the proof is
the same as that of Theorem [3.3] Note again that in the smoothing, because the function value is
monotonically decreasing, and by the choice of radius, all the function values encountered are bounded
by 2C(K?"), so the polynomials are indeed bounded throughout the algorithm. O

4.4 Discussion

Remark 4.11 (Comparison with [24]). The proofs of our main results, Theorems and [1.4] are
different to those from [24]. Firstly, to prove the gradient dominant condition, [24] only required
conditions on the distribution of the initial position. However, we need conditions to guarantee the
non-degeneracy of the state covariance matrix at any time. Secondly, the extra randomness from the
sub-Gaussian noise needs to be taken care of in the perturbation analysis of Y. Finally, we need
more advanced concentration inequalities to provide the number of samples and number of simulation
trajectories that leads to the theoretical guarantee in the case with unknown parameters.

Remark 4.12 (Non-stationary Dynamics). Note that our framework can be generalized to non-
stationary dynamics, that is, for t =0,1,--- , T — 1,

Tiy1 = Ayxy + Buug + wy, xg ~ D. (419)
with {A4,}]-' and {B;}1} time-dependent state parameters.

Remark 4.13 (Other Policy Gradient Methods). Our convergence and sample complexity analysis
could be applied to other policy gradient methods, including the Natural policy gradient method and
the Gauss-Newton method, in the framework of the LQR with stochastic dynamics and finite horizons.

5 Numerical Experiments

The performance of the PPG algorithm (4.4) is demonstrated for the optimal liquidation problem with
single asset and the empirical analysis of the policy gradient method (4.1]) in higher dimensions is also
provided with synthetic data. We will specifically focus on the following questions.

e In practice, how fast do the policy gradient algorithm and the PPG algorithm with known and
unknown parameters converge to the true solution?

e How does the deadline (finite horizon) influence the optimal policy?

e When the real-word system does not exactly follow the LQR framework, does policy-gradient
outperforms mis-specified LQR models?

This section is organized as follows. We demonstrate the performance of the PPG algorithms for
optimal liquidation problem with single asset in LQR framework in Section We then show that
without the LQR model specification, the learned policy from the policy gradient algorithm improves
the Almgren-Chriss solution in Section [5.2] Finally, we test the performance of the algorithm with
unknown parameters in high dimensions in Section [5.3]
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5.1 Optimal Liquidation within the LQR Framework

Recall the set up of the optimal liquidation problem in . By convention, we write the control
in the feedback form as u; = —K;x;. Writing K; = (k:tl,k?), we have u; = —k‘tlSt — krtzqt, the state
equation becomes
_ (THAkt Ak
Ti41 = ktl 1+ th

In the liquidation problem, we assume u; > 0 (0 < t < T —1). That is, &} < 0 and k? < 0
O<t<T-1).

> T+ + We.

Assumption 5.1 (Assumptions for the Optimal Liquidation Problems). We assume
(1) vk{ +kf > -1 (0<t < T~ 1);

(2) B> 1.

Justification of the Assumption. Assumption [5.1}(1) is essential to ensure that the liquidation
problem is well defined. First, vk} > —1 makes sure that the stock price process {St};[zo is well-
behaved:

E[Si+1] = E[St] = vE[ud] = (1 + vk E[S] + vki -

If vk} < —1, then E[S;41] < 0 since k? < 0. Second, k? > —1 guarantees that inventory will not be
negative. Note that
1 = e — (ki St — kiqr) = (14 k7 )ar + K/ St.

If k2 < —1and ¢ > 0, then ¢;41 < 0. Assumption (2) implies that the temporary market impact is
“bigger” than one half of the permanent market impact, which is consistent with the empirical evidence
[9] and assumptions in [§].

Learning to Liquidate. In practice, traders may not know the market impact parameter v. But
one can always take some 4 > « based on some basic understandings of the market and perform a
PPG algorithm to the closed convex set Sk:

Sk ={K = (Ko, ,Kr_1): Ky = (ki , k}), ki +k} > -1+¢, k} <0, kf <0, Vt=0,--- , T —1}
(5.1)

with some small parameter ¢ > 0.
In practice « is usually on the order of 107® ~ 1075 (See Table 3| in Appendix and hence a
universal upper bound % in is not a strong assumption for a given portfolio of stocks to liquidate.

Proposition 5.2. Assume K € Sk and Assumptions and [5.1] hold, we have ox > 0 and
{PtK}g;o deriwed from (3.9) are positive definite for the optimal liquidation problem (2.7) and (2.9).

The proof of Proposition is deferred to Appendix [B.5] It is easy to check that the projection
set Sk defined in is convex and closed. Along with Proposition the convergence result in
Theorem holds for the liquidation problem and as long as the conditions in Proposition
are satisfied.

We test the performance of the PPG algorithm with projection set Sk on Apple (AAPL) and
Facebook (FB) stocks. The market simulator of the associated LQR framework is constructed with
NASDAQ ITCH data and the details can be found in Appendix [A]
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Performance Measure. We use the following normalized error to quantify the performance of a
given policy K,

C
Normalized error =

(K) — C(K”)
C(K*) ’
where K* is the optimal policy defined in (2.5)).

Set-up. (1) Parameters: ¢ = 5 x 1076 (for both AAPL and FB), ¢ = 1078, T' = 10; smoothing
parameter r = 0.6, number of trajectories m = 200; initial policy K° € R'*2T with {K%};; = —0.2 for
all 4, j, for both algorithms with known and unknown parameters; step sizes are indicated in the figures;
7 =5x1075, ¢ = 107'2 for the projection set. (2) Initialization: Assume the initial inventory qo follows
N (500, 1). The small variance of the initial inventory distribution is used to guarantee the initial state
covariance matrix is positive definite. In practice, the algorithm converges with deterministic initial

inventories.

10° 4 — n=0.1 100 4
S <}
£ 101 =
() o
- S 10
o} 9]
N N
© 10724 ©
€ €
5 G 102
=z =z

10—3_

6 2|0 4'0 6'0 8'0 1('JO (‘) 2'0 4‘0 6'0 8‘0 160
Number of iterations Number of iterations

(a) PPG with known parameters (n = 0.1). (b) PPG with unknown parameters (n = 0.05).

Figure 1: Performance of the PPG algorithms (50 simulation scenarios).

Convergence. Both PPG algorithms with known parameters and unknown parameters show a rea-
sonable level of accuracy within 50 iterations (that is the normalized error is less than 1072). The
PPG algorithm with known parameters has almost no fluctuations across the 50 scenarios. By choos-
ing m = 200, the performance of the PPG algorithm with unknown parameters is stable with relatively
small fluctuations (see the blue area in Figure across the 50 scenarios.

Apple (AAPL) Facebook (FB)
500 A 500 A
400 4 400
> Pl
o 300 1 o) 300 A
] =
C C
] ]
> 200 A > 2004
= =
100 100 A
0 0
ll) 2‘0 4‘0 6‘0 8‘0 160 léO (’) 2‘0 4‘0 6‘0 8‘0 1(‘)0 léO
Time (mins) Time (mins)
(a) AAPL. (b) FB.

Figure 2: Optimal inventory trajectory under different deadlines (200 simulation scenarios).
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Impact of the Deadline. The optimal policy is sensitive to the deadline in that the shapes of the
optimal inventory trajectories are different with different deadlines. See Figure [2| for both AAPL and
FB with T'= 30,60 and 120 minutes. The liquidation speed is almost linear when T is small; and it is
faster in the initial trading phase and slower at the end when T is relatively large.

Impact of the Parameter ¢. Recall that in the parameter ¢ is used to balance the expected
terminal wealth E[C] and the variance of the terminal wealth var[C]. To show the impact of ¢, we
set ¢ to be 1074, 1075, 107%, and 10~7 and show the corresponding inventory trajectories in Figure
The optimal liquidation speed is almost linear when ¢ is small, while it is faster in the initial trading
phase and slower at the end when ¢ is relatively large.

500 —8— £=0.050
£=0.020 1.2
400 ~—®— £=0.010
—e— £=0.002 1.0

—&— Almgren-Chriss

Inventory
Inventory

100

0 10 20 30 40 50 60 0 10 20 30 40 50 60 0.1 0.05 0.02 0.01 0.001 1074 107° 1078
Time (mins) Time (mins) £

Figure 3: Inventory trajectories (a) Inventory trajectories. (b) Relative cost difference.

of AAPL under different ¢ (aver- Figure 4: Original Almgren-Chriss framework versus LQR formula-

age across 200 simulation scenar- tion under different e (AAPL).
ios).

Impact of the Parameter . Recall that our liquidation formulation differs from the Almgren-
Chriss formulation by an additional regularization term E?:o €S?. The role of this term is to
enable the problem to be cast in the LQR framework and to guarantee the well-definedness of the
Ricatti equation. From Figure the optimal policies and inventory trajectories are close to the
Almgren-Chriss solution when € < 0.01. However, when ¢ = 0.05, the optimal policy is far away from
the Almgren-Chriss solution. We show the difference between Cac, defined in , and CrLqr/(e),
defined in , in Figure We see that Crqr(e) is close to Cac when € < 0.02 and is markedly
different from Cac when e > 0.02. It is worth noticing that when e = 0, the algorithm does converge
to the Almgren-Chriss solution in our setting although the convergence of the algorithm in this case is
not guaranteed by our theoretical results.

5.2 Learning to Liquidate without Model Specification

In practice, the dynamics of the trading system may not be exactly those assumed in the LQR frame-
work but we might expect that the policy gradient method could still perform well when the system
is “nearly” linear quadratic as the execution of the policy gradient method does not rely on the model
specification. In this section, we consider liquidation problems in the Limit Order Book (LOB) setting.
A LOB is a list of orders that a trading venue, for example the NASDAQ exchange, uses to record
the interest of buyers and sellers in a particular financial instrument. There are two types of orders
the buyers (sellers) can submit: a limit buy (sell) order with a preferred price for a given volume or a
market buy (sell) order with a given volume which will be immediately executed with the best available
limit sell (buy) orders. Here we perform the policy gradient method to learn the optimal strategies to
liquidate using market orders in the LOB.
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We denote by S; the mid-price of the asset at time ¢, that is the average of the best-bid price and
best-ask price. At each time ¢, the decision is to liquidate an amount u; of the asset. The action u;
will have an impact on the market, with possibly both temporary and permanent impacts. Unlike
the LQR framework or the classical Almgren-Chriss model, where dynamics are assumed to follow
some stochastic model, here we run the policy gradient method directly on the LOB without any
assumption on how the mid-price S; moves and what are the forms of the market impacts. Denote
by ¢ = qt—1 — uz—1 the inventory at time ¢t. We restrict the admissible controls to be of the linear
feedback form u; = —K;(S;, q;) " with some K; € R1*2,

The cost ¢; = ¢'(q — ug)? — r¢(uy) at time ¢ consists of two parts. The first part ¢/(q; — u;)? is the
holding cost of the inventory weighted by a parameter ¢'. The quantity r¢(u;) is the amount we receive
by liquidating u; shares at time t. Note that r,(-) may depend on S; and other market observables.
For example, if we liquidate u; = 1000 shares of the asset with the market conditions given in Table
then the amount received would be

re(u) = 397 x 200.1 + 412 x 200.0 + (1000 — 397 — 412) x 199.9 = 200020.6.

This transaction moves the best bid price two levels down. This is commonly referred to as the
temporary impact of a market order.

Bid level One Two Three Four Five

Bid price (USD) 200.1 200.0 199.9 199.8 199.7
Volume available 397 412 502 442 529

Table 1: One snapshot of the LOB.

Performance Metric: Implementation Shortfall [40]

T-1 T-1
IS(u) = (Z ci(ug) + er <qo — Z ut>> — ¢co(qo)- (5.2)

t=0 t=0

The first term of is the cost of implementing policy u over the horizon [0,7]. The second term
is the cost when liquidating gg market orders at time 0. If we expect u is better than liquidating
everything at time 0, then IS(u) < 0. A smaller implementation shortfall implies the strategy is more
profitable.

We use the following relative performance (evaluated on a single trajectory) to compare the perfor-
mance of two policies u! and u?,

IS(u?) — IS(u')
IS (u?)]

Relative performance =

Experiment Set-up. We consider the LOB data consisting of the best 5 levels and we assume the
trading frequency A = 1 minute and the trading horizon T = 10 minutes. We perform a numerical
analysis for five different stocks, Apple (AAPL), Facebook (FB), International Business Machines Cor-
poration (IBM), American Airlines (AAL) and JP Morgan (JPM), during the period from 01/01/2019
to 12/31/2019. The data is divided into two sets, a training set with data between 10:00AM-12:00AM
01/01/2019-08/31/2019 and a test set with data between 10:00AM-12:00AM 09/01/2019-12/31/2019.

We take ¢/ = 5 x 107%; T" = 10; smoothing parameter r = 0.4; number of trajectories m = 200;
initial policy K° € R0 with (KY);; = —0.2 for all 4, j; and step size n = 1075, We assume the initial
inventory follows gy = 2000. We compare the performance of the policy gradient method with the
Almgren-Chriss solution with fitted parameters given in Table 3] In the Almgren-Chriss model, we set
¢ = 02¢’ to ensure a reasonable comparison.
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Results. From Table 2] and Figure [5] the policy gradient method improves on the Almgren-Chriss
solution by around 20% on five different stocks from different financial sectors. Note that the goal
of the policy gradient method is to learn the global minimizer of the expected cost function, hence it
is expected that the Almgren-Chriss solution could perform better than the policy gradient method
for some sample trajectories, as shown in Figure [5] This result is compatible with the performance
of the Q-learning algorithms [30]. The drawback of Q-learning algorithms is that the computational
complexity is highly dependent on the size of the set of (discrete) states and actions, where as the
policy gradient method can handle continuous states and actions.

We conjecture that the policy gradient method may be capable of learning the global “optimal”
solution for a larger class of models that are “similar” to the LQR framework with stochastic dynamics
and finite time horizon. In addition, as the policy gradient method is a model-free algorithm, it is more
robust with respect to model mis-specification as compared to the Almgren-Chriss framework.

—— mean 0.30 —— mean 0.20 | - = mean

0.25 |
015
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015 0.10

010
0.05

0.00 0.00

(a) IBM. (b) AAL. (c) JPM.

0.20 I

015

0.10

0.05

-1.0 -0.5 0.0 05 - -05 0.0 05 1.0

(d) FB. (e) AAPL.

Figure 5: Empirical distribution of the relative performance on the test set.

Asset IBM AAL JPM FB AAPL
In sample 0.173 0.152 0.251 0.181 0.165
(std) (0.09) (0.27) (0.31) (0.32) (0.31)
Out of sample 0.178 0.146 0.245 0.175  0.163
(std) (0.08) (0.29) (0.36) (0.24) (0.37)

Table 2: Average relative performance of the policy gradient (u!) compared to Almgren-Chriss solution
(u?).
5.3 Learning LQR in Higher Dimensions

In practice we can perform the policy gradient method for the optimal liquidation problem with multiple
assets. However it is difficult to capture the cross impact and permanent impact with historical LOB
data. Therefore we test the performance of the policy gradient method in higher dimensions on
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synthetic data consisting of a four-dimensional state variable and a two-dimensional control variable.
The parameters are randomly picked such that the conditions for our LQR framework are satisfied.

Set-up. (1) Parameters:

0.5 0.05 0.1 0.2 —0.05 —-0.01 1 0.5 —0.01 0
0 0.2 03 0.1 —0.005 -0.01 —0.1 1.1 0.2 0
A= ) B = ’ Qt = )
006 0.1 02 04 —1 —0.01 0 0.1 09 —-0.06

0.05 0.2 015 0.1 -0.01 -0.9 003 0 —-01 0.88

01 0 0 0
04 —0.2 0 05 0 0
R“‘(ﬁs 07)’”“‘ 0 0 02 0|
0 0 0 03

Qr = Q:, T = 10; smoothing parameter r = 1, number of trajectories m = 200; initial policy
K° € R0 with {K%};; = 0.05 for all i, j, for both known and unknown parameters;

(2) Initialization: We assume xy = (x(l),x%,wg,xé)T and 336 are independent. xé,x%,x%, and l‘é are
sampled from N (5,0.1), N'(2,0.3), N(8,1), N(5,0.5).

Convergence. For the high-dimensional case, the normalized error falls below the threshold 1072
within 80 iterations for the policy gradient algorithm with known parameters. It takes substantially
more iterations for the policy gradient algorithm with unknown parameters to have an error near such

a threshold, which is as expected.

10 10° 10
g s g
5 5] o 10°
o el el
N S b
3 S S
13 £ € 10
2 2 2
1072 10 1072
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
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(a) Known parameters (b) Unknown parameters .
Figure 7: Performance of the pol-

(n = 0.0005). (n = 0.0001). : _ . _
icy gradient algorithm with un-

known parameters under differ-
ent step size n (50 simulation sce-
narios).

Figure 6: Performance of the policy gradient algorithms
(50 simulation scenarios)

Outcomes from Varying the Parameter 5. The performance of the policy gradient algorithm also
depends on the values of the step size 7. We show how the values of the step size n € [1075,2 x 1073]
affect the convergence of the policy gradient algorithm with unknown parameters in Figure[7] A tiny
step size leads to slow convergence (see the blue line when 7 = 107°) and a larger step size may cause

divergence (see the purple line when 1 = 2 x 1073).
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A Market Simulator for Linear Price Dynamics

We estimate the parameters for the LQR model using NASDAQ ITCH data taken from Lobstelﬂ

Permanent Price Impact and Volatility The model in (2.7) implies that prices changes are
proportional to the market-order flow imbalances (MFI). We adopt the framework from [20], namely
that the price change AS is given by

AS =yMFI+oe, (A.1)

with MFI = M? — M* where M* and M? are the volumes of market sell orders and market buy orders
respectively during a time interval AT = 5mins and € ~ N (0,1). We then estimate v and ¢ from the
data.
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Figure 8: Relationship between MFI and AS. (Example (from left to right): AAP, FB, JPM, IBM
and AAL, 10:00AM-11:00AM 01,/01,/2019-08/31/2019, AT = Imin)

Temporary Price Impact We assume the LOB has a flat shape with constant queue length [ for the
first few levels. Figure [J] shows the average queue lengths for the first 5 levels so that our assumption
is not too unreasonable. Therefore the following equation, on the amount received when we liquidate
u shares with best bid price S, holds

u(S—Bu):/S

_ul
]

lvdw.

where A is the tick size and [ is the average queue length.

Therefore we have 8 = 5,
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Figure 9: Average queue length (volume) of the first five levels on the limit buy side (Example (from
left to right): AAP, FB, JPM, IBM and AAL, 10:00AM-11:00AM 01,/01/2019-08/31/2019 with 5000
samples uniformly sampled with natural time clock in each trading day.)

Parameter Estimation See the estimates for AAPL, FB, IBM, JPM, and AAL in Table [3

"https://lobsterdata.com/
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| Paramters/Stock || AAPL FB IBM JPM AAL

B 1.03 x 107 1.30 x 107° 2.65x 10xx—5 9.28 x 107° 3.27 x 107
v 7.27 x 1076 1.40 x 107° 4.60 x 107 1.65 x 107 1.3310 x 107°
o 0.107 0.115 0.082 0.059 0.042

Table 3: Parameter estimation from NASDAQ ITCH Data (10:00AM-11:00PM 01/01/2019-
08,/31,/2019).

B Proofs of Technical Results

We now give the proofs that were omitted in the text.

B.1 Proofs in Section [3.1]

Proof of Lemma [3.2] Denote by {:ct}z;o the state trajectory induced by an arbitrary control K. By
Assumption [3.1] the matrix E[zoz ] is positive definite. For ¢ > 1, we have

E[z;z]] = (A — BK;_1)E[z;—12] {)(A — BK;_1)" 4+ Efw;_qw, {].

Now (A—BK; 1)E[z;—17/) ;](A—BK;_1)" is positive semi-definite and E[w;_1w,’ ] is positive definite.
Hence E[z;z/ ] is positive definite and as a result ox > 0. In this case, we can simply take oy =
min(E[zozg |, omin(W)). O

Proof of Proposition This can be proved by backward induction. For t = T, PK = Q7 is
positive definite since Q7 is positive definite. Assume Pt{fl is positive definite for some ¢+ 1, then take
any z € R? such that z # 0,

2PE2=2TQi 2+ 2K/ RiKiz+ 27 (A— BK;)' PK, (A - BK;)z > 0.

The last inequality holds since 2z Q; z > 0, zTKtTRthz >0and 2" (A— BKt)T P§1 (A— BK;)z >
0. By backward induction, we have PtK positive definite, Vi =0,1,--- ,T. O

To prove Lemma let us start with a useful result for the value function. Define the value
function Vg (x,7) for 7 =0,1,--- ,T — 1, as

T-1
Vi (2,7) =By | Y (2] Quay + u) Rew) + 27 Qrar

t=T1

T, = x] = I'TPTZ' + L.,
with terminal condition
Vi (z,T) = z' Qru,
where L. is defined in (3.10). We then define the @ function, Qg (z,u,7) for 7 =0,1,--- , T — 1 as
Qi (z,u,7) =2' Q;z +u' Rou+ Ky, [Vk(Az + Bu +w,, 7+ 1)],

and the advantage function
AK((L’, u, T) = QK(x7 u, T) - VK('Z'7 T)‘

Note that C(K) = E,,~p[V (x0,0)]. Then we can write the difference of value functions between K
and K’ in terms of advantage functions.
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Lemma B.1. Assume K and K’ have finite costs. Denote {x}}_, and {u,}=J' as the state and
control sequences of a single trajectory generated by K' starting from x(, = o = x, then

and

That is,

and

with

Therefore,

VK/(.%', 0) - VK(£> O) = Ey

AK ($a _K4x7 7-)

71
ZAK(:L‘;,u;,t)] , (B.1)

t=0

=22 (K. - K,)"E,x +2" (K. - K;)" (R, + B' P,;1B)(K. — K, )z,

where E; is defined in (3.11]).

Proof. Denote by c,(x) the cost generated by K’ with a single trajectory starting from zf, = zo = x.

d(z) = (z}) Q) + (u)) " Rywy, t=10,1,--, T —1,

r /0
up = — Ky,

Vi (2,0) — Vg (2,0) = Eyy

dp(x) = ()" Qrat,

/ / / /
Ty = Axy + Buy +wy, o = 2.

ct(x)| — Vk(2,0)

= 1+

(Cg(x) + Vi (z},t) — VK(.%;,LL)) — Vi (,0)

IH
I
=)

(¢h(@) + Vi (afyp.t +1) Vx(xivﬂ)]

IL’():.T]

if
=)

(QK(‘T;J u;ﬂ t) - VK(x;t? t))

xozx],

<~+
Il
=)

1 T
g

~
L

AK(:’U:%: u:ﬁa t)

t

Il
o

where the third equality holds since .(x) = Vi (2!, T') with the same single trajectory. For u = —K_x,

34



Ag(z,— K.z, 7) = Qg (v, —K.2z,7) — Vg (2, 7)

(Qr + (K1) T Ry K )z + By, [Vie((A = BE])a + wr, 7 + 1)] = Vie(,7)
(Qr + (KD ReKw + (27 (A= BK)T Pria(A = BKL)@ + Te(WPri) + Ly )

- (mTPTa: + LT)
(Qr + (K, — K7 + K;) ' Ro(K| — K7 + K;))z
"(A-BK, - B(K! — K,))"P;;1(A - BK, — B(K! — K,))x

—2'(Qr + KR K- + (A= BK;)  Pr11(A - BK;))x

=22 (K. - K;)"(R, + B'"P.\1B)K, — B P, 1 A)x

¢ (K! - K;)' (R, + B"P,;1\B)(K! — K,)z.
(B.2)

Proof of Lemma [3.6l First for any K, from (B.2)),

Ag(x, =Kz, 7) = Qg (v, - K 2,7) — Vg (2, 7)
= 2Tr(zx (K. — K;)"E;) + Tr(zz" (K. — K,;)" (R, + B' P11 B)(K. — K.))
=Tr (za' (K. — K; + (R + B' P,11B)'E;)" (R, + B' P;11B)
(K. — K; + (R; + B'P;11B) 'E;)) — Tr(v2 ' E! (R, + B' P41 B) 'E;)
> —Tr(zz' E] (R, + B'P-11B)"'E,),

(B.3)
with equality holds when K’ = K, — (R, + B" P;;1B)"'E,. Then,
T—
CK)-C(K") = Z K (2, v, t)
—
< ENY T (x;"(x’{)TEtT(Rt + BTPtHB)_lEt)
t=0
T-1
< ISkl S T(E] (R + BT Py B) 1B
t=0
SR
< ¢ Et) (B.4)
R o
el Z ™ (V,C(K)"V,C(K)) (B.5)
- 4 0'X2 O'R ’

where oy is defined in (3.3) and o is defined in (3.4]). For the lower bound, consider K} = K; — (R; +
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BT P,;1B)"'E; where the equality holds in (B.3)). Using C(K*) < C(K")

C(K) - C(K") = C(K) - C(K')

Tr(E, E)

(Y4
5
I
M C
= 8

| R +BTP,5+1BH

I
/N

Proof of Lemma B.8 Fort=0,1,---,T,

C(K) 2 Elz/ Pize] > || Pl|owin (Elziay ) > ox ||P),

T-1

C(K) =) Tr(Elz/|(Qr + K[ ReKy)) + Tr(Elera]Qr) = 0g Tr(Sk) = 0 |k |-
t=0

Therefore the statement in Lemma [3.8] follows provided that ox > 0 and Assumption holds.

Proof of Proposition [3.9]. Recall that ¥; = E [z;2/ |. Note that

1. = E [xlxlT] =E [((A — B Ky)xog + wp) (A — B Kp)xo + wo)T}
= (A—BKy)%(A—BKy) +W =Go(Z0) + W.
Now we first prove that

t—1
S =Gi1(S0) + Y Dy 1 WD+ W, Vt=2,3,--- T
s=1

When t = 2,

Yo = E |:ZU2:L';:| =E [((A — BK1)$1 + wl) ((A — BKl)Zbl + U]l)T
= (A-BE\)S (A-BEK;) +W =Gi(Z0) + (A— BK))W(A - BE;)" + W,
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(B.6)

2Tr(SH(K] — Ky) T Ey) + Te(SH(K] — Ky) T (Ry + BT Py B)(K{ — Kt))> :

O

(B.7)



which satisfies (B.7)). Assume (B.7)) holds for t < k. Then for t = k + 1,

E [azmxjﬂ] - E [((A — BK)ay +w;) (A— Bz, + wt)T]
t
= (A-BE)S(A-BEK) +W =G,/(S0) + > Dy WD/, +W.

s=1
Therefore (B.7)) holds, V¢t =1,2,--- ,T. Finally,
T T-1 T-1 t
Sk=3 S =0+ Gi(Z0)+ > Y Dy WD +TW = T(Zo) + AK,W).
t=0 t=1 t=1 s=1
O
B.2 Proofs in Section [3.2]
Proof of Lemma [3.13l By direct calculation,
1G]l < p*PHY,and ||Gi| < p*Y. (B.8)

Denote F; = Fg, and F] = F, K, to ease the exposition. Then for any symmetric matrix ¥ € R%*? and
t>0,

1Gts1 = Ge)D) = | Fip1 0 GHUE) = Fiqr 0 Ge(B)]]
= |[F10Gi(2) = Fii1 0 Gu(E) + Fipy 0 Gi(E) — Fiqr 0 Gu(B)]]
< N F10Gi(E) = Fa 0GB + [ Fis1 0 G(E) = Frrr 0 Gu(2)|
= [[F41 0 (G = GO + [(Fiyr — Frer) 0 Ge(B)|]
< NFa G = GO + Gl F 1 — Feall 2]
< PG =G + PV Fly = FenallIZ])-
Therefore,
(G741 = Ges) (D) < P°11(Gt = G )| + VN Fy = Fea 1)) (B.9)

Summing up for t € {1,2,--- ,T — 2} with |G} — Go|| = ||F) — Foll, we have

T-1
O EEANE
t=0

T—

—_

|G- go) < 2

t=0

B.3 Proofs in Section [3.3]
Proof of Lemma [B.15l Given (3.22)) and condition (3.23)), we have

Q29X
|K; — Kill = nlIViC K| < s~ mr-
t 20(K)1B]
Therefore,
on 0 1
B||||K! — K;|| < =2X < =
Bl - Kol < 37 < 5
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The last inequality holds since gx < Cg(g) given by Lemma Therefore, by Lemma |3.12

T-1 T-1
Y I Fw, = Frgll < 20+ 1)1 B (Z 1K — Ké\l) : (B.10)

t=0 t=0

By Lemmas [3.5] and [3.7]

T-1

C(K') - C(K) =

(]

2T (Si(K] - K)TE) + T (Sy(K] - K0)T (R + BT P B)(K] - K0))|

T
L3

I
(]

T (zgztEtT Et) S+ d? Ty (2;&1&7} (R + BTPtHB)EtEtﬂ

T
LS

|
(]

4yTr ((2; N+ Et)EtEtTEt> + 4P Ty (zgztEtT(Rt + BTPtHB)Etztﬂ

T
|
— O

4Ty (ZtEtTEtEt> A Te((2) — S5, B B9

IN
i

4772 Tr (E;ZtEtT(Rt + BTPH_lB)EtEt)]

=
L

DS
{ 4Ty (EtEtT EtEt) 4+ apglZ= el gy (EtEtT EtZt)
O'min(zt)

+ P IS (Re + BT Pt B)|| Tr (SoB] B ) |

(]

~+
I
=)

T—1 ’ T-1 T-1
S, -
<-n(1- 20 fot b s S R+ BTPB|) Y | T(ViC(K)TV,C(K))|.
* t=0 t=
(B.11)
By Lemma 3.6, we have
T—1 |5V T-1 2
o 12 =X dox“o N
O') -~ CK) < (1 - =0 B0 e SR+ BT R B) ) (P 28) (oK) - ck™))
ox — Xk~ ||
(B.12)
provided that
T—1 v T-1
S =%
1-— 2i=o ‘(LXt d Sk | Y IR+ BT PiyaB|| > 0. (B.13)
— t=0
By (3:21), (3:22), and (B.10),
T—1 oT T—1
p —1 (C(K)
1= =2l < —5— < +TIW ) [ n2e+ DIBID_ IIV.CE) | -
t= p QQ t=0
Given the step size condition in (3.23)), we have
(2 +1)HBHTZ_1 IV.CUE)I| < 02+ 1) BT mac{ | V,C(K)||}) < ("~ 1) ogox
n(2p ¢ <n(2p -max{ ||V, < :
2 t 27T — 1)(C(K) + aq T W)
(B.14)
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Then, by Corollary and (B.10)),

T-1
ISk — Skl p -1 S|l + W]
< B (X0 1Pk = Figll ) =
Ox pP” = =0 Ox
2T _ = C(K) +opT|W
< 2 ) (S nivic) ) CE 2o TIVI
p?—1 o 9Q%x
< L
- 2

where the last step holds by (B.14)). Therefore, the bound of ||Xg-|| in (B.13) is given by

1 C(K 1 C(K
ISkl < ISk — Sl + 5kl < g o+ S < L + (B.15)
aQ
which indicates that ||[Xg|| < %(f{) Therefore, (B.13]) gives
1= S0 =%l NS R+ BT R B
X t=0
> 1= 2D (CED gy (e CDIEN S [V.CE)|
R S n<p t
(PP =1ox \ oq —
T-1
2C(K
2B N Ry BTRLB)
0 4
:1—0177,
where C] is defined in (3.24)). So if n < ﬁ, then,
Ay ! 1
o R BB SN R BTRABI 2 1oz Lo
9x t=0 2
Hence,
doy?o
K')—C(K) < -1(Z2X 2R\ (o(K) — C(K*
CIK') ~ C(K) < =5 (S50 (CF) — CK)).
and

B.4 Proofs in Section 4]
Proof of Lemma [4.6l Under Assumption

E |:$0$0] WO]E [zozo } Wo ,

E [20zq ] || < oBIWol>
With the sub-Gaussian distributed noise,

W=E [wtwt ] WE [vtvt } WT,
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then we have |W|| < o2, HWQH
Denote Sy = Q; + K RyK;, VYt =1,--- ,T — 1. Thus, for t =0,1,--- , T — 2,

Elz) 1 Qui1ze41 + ul Riiw] = Elzly Sizei] = Tr(Blz)y Serazi1]) = Tr(Blzzly ] Si)

t
=Tr (gt(zo)st—i-l + Z Dy WD/ Spi1+ WSt+1> :

s=1

The last equality holds by (B.7)). Therefore,

T-2
C(K') — C(K) = Elg (K5)" RoKpwo — ag Ki RoKoo] + > Tr (G/(%0)St1 — (o) Sen )
t=0

0 g
(I
T—2 t
Z (Z (Dts Dt s TSt—l—l Dt,SWDZsStJrl) + W(SI/€+1 - St+1))
t=0 s=1
(111)

s=1

T-1
Tr (ng(EO)QT — Gr_1(Z0)Qr + Z (D/T—l,sW(D%—l,s)TQT - DTl,sWD;E—l,sQT>> .

(Iv)
For the first term (1),
(1) < Tr(Elzozq ))II(Kp) " RoKp — K¢ RoKo

For the second term (I1), since

T2 T-2
(Tr (G4(20)Si+1)) ( ( o(A = BE)wozg T (A — BKt_i)TSt+l>>]
t=0 t=0
<Tr <IE [a:OJ:OTD Tz:_Qgt(StH)
t=0
we have,
T—

Z t11) — Gt (Sty1))

(II) < Tt ( [xoaco D

‘ |
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We denote G4 := (Qt (S;41) — G (St41)), then

T-2

A ES (Qt+1+<Kz+l>TRt+1K;H) =G (Quer + (Kfa)) T R Ky ) -
t=0

Gio (KtTJrlRtHKtH - (K£+1)TRt+1Ktl+1) H

22T T2 T-1
S ((2p +DIBI Y 1K~ Kéll) (Z Q¢ + (K;)TRtK;H)
=0 =1
- Z 1G] H 1) R K — KtT+1Rt+1Kt+1H
P -1 « / T / T T
< Zr—1 @+ DIBIY 1K - K| Z Q¢ + (KT R} — K| RiKy + K[ RK||
=0
20 2(T-1) _ 1) I=1
p-(p 1) NT b gt T
+ T ; H(Kt) Rth - Kt RthH

< Loy o+ DB |I1K = K| (1QN+ 1K1 1))

pQT -1 -1) 1 T
+ ( o DB [IK K]+ H) Z |z Rk~ 1 ot

(B.16)

where the second inequality holds by Lemma and (B.10)), and the third inequality holds by (B.8)).
For the first term in (/11), we have

N

-2 t
Tr (Z Dts Dés TS£+1 Dt,SWDZSSt«kl)

M I

Tr (ZD W (Do) (Sts1 = Sea1) + (D W(D; )"~ Dt,sWDZS)Sm)

t=0 s=1
T-2 t T-1
< (ZZTr JIDLIP) | S T Re — K Rk
t=0 s=1 t=1

T—2 t T—1
+ D, ,W(D},)T — Dy, WD/, (ZTr Qi) + |]Kt||2Tr(Rt))
t=0 ||s=1 t=1
T — 1271 —1) || &2
< T )(é’ ) Y (KDTRK] - K R K,
pr—1 t=1

2T )

T—1 T—1
(-1
+Tﬁ(20+ DIBIHWI |[|K"— K| | T Z Q) +IKIPTr | Y R,
t=1
where the last step holds by (3.20). The second term in (I11) is bounded by
— T-1
S Tr (W(S;+1 - St+1)) <T(w) Y H(K{)TRth’ - KtTRthH .

= t=1
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Similarly, by (3.20) and (B.10), (IV') is bounded by

T-1 T—1
(V) < T(Elaoxd)) Y |G - 9@ + T (Z Dy W (D) Qr = DT_LSWDJ_LSQT>
= s=1
2T

1
< Tr(E[xoxg])pp2 2p+ 1Bl W] [|K" — K.

1

—1 2T
— Qo+ DIBlIQrI[K' - K| + Tr(@Qr) g

Now we bound the term Zt 11 H (K| TRtK - K TRth which appears several times in previous

inequalities:

S

—1
H(Kt)TRth K, RthH_ZH (K| — Ky + K) T Ry(K| — Ky + ;) — K, RthH

t=1

T-1
< Z 157 — K[| Rell + 20| K || Re [ K7 — K|
t=1

< 3K IRII ||| K" — K-

The last step holds since | K} — K|l < ||K¢|| by assumption.
Therefore,

(C(K") — C(K)| < Te(Blagrd ) {3IK | Rol || K - Km+ 11(2p+1)||BIHIQTH|HK' K|)|

2T

pet —1
o o DB K - K| (QO + K11 1211

2T _ 4 2(1 _ p2(T-1)
+ (”pZ — 2o+ 1)|BI[|[K' - K[| + '”(p’il)> SIK IR |5 - K|}

— 2T-1) _
+me() (CE =0 ) ey i ¢ k)
o T—1 T—-1
+ @M(m DIBIIW [|I& K!H) (Tr (Z Qt) + &I T (Z R))
,02T -1 - -
+ (@) 2o+ DIBI W |K — K]

By (3.27), Lemma and Lemma p is bounded above by polynomials in ||Al[, || B, ||R]|, == o
é and C'(K), or a constant 1 + £. Therefore, we rewrite the above inequality by

IC(K') — C(K)| < hox||K' - K||| + hex || K — K|, (B.17)

where hex € H(C(K)) and h e € H(C(K)) are polynomials in C'(K) and model parameters. Given
assumption (4.5)), we have ||K’ — K|| < 1 and hence

& - k|| = ||&" - K||*
Define heost = hor + hCK, then gives

’C(KI) - C(K)‘ < hcosth/

—K|,

with heost € H(C(K)). O
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Proof of Lemma [£ Recall V,.C(K) = 2E3; and W =E [wtwt ] WE [vtvt } WT. We have,
IV:C(K') = Vi C(K)|| = [|2E1%; — 2E,% || < 2| B — B2 + 21 B2 — 2, (B.18)

For the second term, by Lemma [3.6] and Cauchy-Schwarz inequality,

T-1 T—1
maxy | Ry + BT P, 1B
HEtH§Z|Et”§2\/Tr(Et—rEt)§\/T' %t | tgx b1 5] (C(K) - C(K*).  (B.19)
t=0 t=0 -

By and direct calculation, we have

t+1
(G741 — Gra1)(Zo)|| < p*HY (Z 1 Fk; — Fr. |l HEoH> :
By (B.10) and (3.20), for t =1,2,--- , T — 1,
t—1
1% = Sell < 11(G7 = GOS0l + || Y Do, sWDLy s = Dj_y JW(Di_y )"
s=0 (BQO)

2t K/ - K (p2T — 1) K/ - K
< *2p+1)|B|| 1Sl || Il +-Z =@+ DIBIIWI | Il
Therefore the second term in is bounded by the product of and .

Next we bound the first term in . Similar to (B13), |24 < | 2 = 12k || < 1% —
Skl + 1Sk < Q<Q> + |Sk]||. For HE’ E||, we first need a bound on ||[P/ — P;||. Since Py =

So + ZtT:_o2 Gt(St+1) + Gr-1(Q7), by (B , we have

oT T-1
p
1P/ = P|| < [|Py — Poll < 3| Koll||Roll| K — Koll + [|Gall + T(2p+ D BIl[|Qxll (Z Kt — Kt”)
t=0

2T
per —1
1 ot DIBIIK K| (IQI -+ 1K 1RI)

IN

2T _ 201 _ 2(T-1)
+3 (1 e B K K|+ p(p"_l)> KR [IK - K|

p2T —1 /
+ P 2p+ 1) BlllQ7]l||K — K]||-
(B.21)
Thus,
1B, — E|| = HRt — K;) = BY(Pl,, — Pr1)A+ BT (P, — Pos1)BK, + BT Py B(K]| — Kt)H

< (IRell + IBIP | Poll) IHK'—KHHHBII 175 — Poll 1Al + 2] BI* | Py — PolllIK]I-

Given the bound on ||K|| = Z !||K;|| in Lemma and the bound on ||| in Lemma all the
terms in can be bounded by polynomials of related parameters multiplied by [|K’ — K| and
1K' — K\H . Similarly to the proof of Lemma we have [|[K’ — K|| <1 and

IVeC(K') = ViC(K)|| < hyraal | K" — K],

for some polynomial hgrqq € H(C(K)).
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B.5 Proofs in Section [Bl

1 2
Proof of Proposition[5.2 Denote H; := (1 + ?kt ki 9
K14k

k? +1, H, is positive definite when k! + k2 > —1 (0 <t < T —1).

Then let us show the first claim by induction. Assume E[z,z/] is positive definite for all s < t,

then

> . Since H; has two eigenvalues 1 and vk} +

Elziola] = E[(A- BK)z +w) (A - BK)a, +w)']
= E[(Hywt + wy) (Hyzy +wy) ]
= E[Huxw! H +ww, +ww! + 2Hzw] ]

o 0
= HtE[xtxj]HJ+<0 o)'

Hence E[z;y12, ] is positive definite since E[z,2/] is positive definite and H; is positive definite.

Therefore ox > 0.

The second claim can be proved by backward induction. For ¢t =T, Pff = Qr is positive definite
since @Qr is positive definite. Assume Ptl_fl is positive definite for some ¢ + 1, then take any z € RY
such that z # 0,

2"PEy=2TQu 2+ K] RiKyz + 2" H PEK Hyz > 0.

Note that H; is positive definite when vk} + k? > —1 and 1 + vk{ > 0. The last inequality holds
since )y and HtT PfilHt are positive definite, and KtT R, K, is positive semi-definite. Hence we have
PtK positive definite for all t =0,1,2,--- ,T. O
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