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A First Example

Consider C3 = ({L,a T}, A, V, ) described by:

9
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A First Example

Consider C3 = ({L,a T}, A,V, ) described by:

9

There are Cz-valid quasiequations such as
{x=y} = x=-y,
and Cz-admissible (perhaps not Cs-valid) quasiequations like

{X=-x} = x=~y.
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Two Challenges

1. How can we check A-admissibility when A is finite?
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@ A-admissibility corresponds to validity in the finite free algebra
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@ But even F¢,(2) has 82 elements. .. We look instead for (small)
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@ We seek characterizations of the finite members of Q(A) that can
be embedded into (powers of) Fa(w).
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Two Challenges

1. How can we check A-admissibility when A is finite?

@ A-admissibility corresponds to validity in the finite free algebra
Fa(|A]) and is hence decidable .

@ But even F¢,(2) has 82 elements. .. We look instead for (small)
subalgebras of Fa(|A|) where validity matches A-admissibility.

2. How can we axiomatize A-admissibility in this case?

@ We seek characterizations of the finite members of Q(A) that can
be embedded into (powers of) Fa(w).

@ We obtain these characterizations via natural dualities .
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Fix a finite algebra A for a language £ with term algebra Tm .
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Fix a finite algebra A for a language £ with term algebra Tm .
An L-quasiequation ¥ = ¢ ~ 1 is A-valid , written

zleSO%?%
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Fix a finite algebra A for a language £ with term algebra Tm .
An L-quasiequation ¥ = ¢ ~ 1 is A-valid , written

Y ':A Y= ?ﬁ’
if for every homomorphismg: Tm, — A,

9(¢") = 9(¥)

forall ¢/ ~ ¢/ € ¥ = d(p) =9()

George Metcalfe (University of Bern) Admissibility in Finite Algebras August 2012



Admissibility

An A-unifier of a set of £-equations ¥ is a homomorphism
(substitution) o: Tm; — Tm/ satisfying

Eao(p) =o(y) forallp~iyex.
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Admissibility

An A-unifier of a set of £-equations ¥ is a homomorphism
(substitution) o: Tm; — Tm/ satisfying

Eao(p) =o(y) forallp~iyex.

An L-quasiequation ¥ = ¢ = 1) is A-admissible if

ois an A-unifierof ¥ = o is an A-unifier of ¢ ~ 1.

(If A is non-trivial, then given variables x,y not occurring in :

Y is A-unifiable <« ¥ = x =y is not A-admissible.)
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Free Algebras and Admissibility

Recall that the free algebra F a(x) on x < w generators may be taken
to consist of equivalence classes of terms with respect to the
congruence defined on Tm (k) x Tmz(k) by ¢ ~ ¢ iff =a ¢ &~ 1.
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Free Algebras and Admissibility

Recall that the free algebra F a(x) on x < w generators may be taken
to consist of equivalence classes of terms with respect to the
congruence defined on Tm (k) x Tmz(k) by ¢ ~ ¢ iff =a ¢ &~ 1.

For any finite algebra A:
Y = p~1 isA-admissible <= T g, (a) v =Y
Moreover, Fa(|A|) is finite , so checking A-admissibility is decidable .

But Fa(n) can be big even for small |A| and n... Hence we seek
(small) algebras B such that

Y = p~1 isA-admissible <— Y g o=
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Checking Admissibility

For a subalgebra B of Fa(JA|) with A a homomorphic image of B:

Y = p~1 isA-admissible <«— X =g px.
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For a subalgebra B of Fa(JA|) with A a homomorphic image of B:
Y = p~1 isA-admissible <«— X =g px.
Recall that V(A) = HSP(A) and Q(A) = ISP(A) for finite A, where

H, I, S, and P denote closure under homomorphic and isomorphic
images, subalgebras, and direct products, respectively.
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Checking Admissibility

For a subalgebra B of Fa(JA|) with A a homomorphic image of B:

Y = p~1 isA-admissible <«— X =g px.

Recall that V(A) = HSP(A) and Q(A) = ISP(A) for finite A, where
H, I, S, and P denote closure under homomorphic and isomorphic
images, subalgebras, and direct products, respectively.

Theorem
The following are equivalent:
(1) X = ¢~ is A-admissible <— X =g p=x.
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Checking Admissibility

For a subalgebra B of Fa(JA|) with A a homomorphic image of B:

Y = p~1 isA-admissible <«— X =g px.

Recall that V(A) = HSP(A) and Q(A) = ISP(A) for finite A, where
H, I, S, and P denote closure under homomorphic and isomorphic
images, subalgebras, and direct products, respectively.

Theorem
The following are equivalent:

(1) X = ¢~ is A-admissible <— X =g p=x.
(2) Q(Fa(IA]) = Q(B).
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Checking Admissibility

For a subalgebra B of Fa(JA|) with A a homomorphic image of B:
Y = p~1 isA-admissible <«— X =g px.
Recall that V(A) = HSP(A) and Q(A) = ISP(A) for finite A, where

H, I, S, and P denote closure under homomorphic and isomorphic
images, subalgebras, and direct products, respectively.

The following are equivalent:
(1) X = ¢~ is A-admissible <— X =g p=x.

(2) Q(Fa(lA])) =Q(B).
(3) B € Q(Fa(|A])) and A € V(B).
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A Procedure (First Attempt)

For a finite algebra A:
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A Procedure (First Attempt)

For a finite algebra A:
() Find the smallest m < |A| such that A € H(Fa(m)).
(i) Compute the set S(Fa(m)) of subalgebras of Fa(m).
(i) Construct the set Adm(A) = {B € S(Fa(m)) | A € H(B)}.
(iv) Find a proof system to check validity in a smallest B € Adm(A).

Steps (i)-(iii) have been implemented using the Algebra Workbench;
step (iv) can be implemented using, e.g., MUItlog/MUltseq or 3TAP.

August 2012 8/28

Admissibility in Finite Algebras

George Metcalfe (University of Bern)



Structural Completeness

In some cases, A-admissibility coincides with A-validity; that is
Y = o~ isA-admissible <= Y Earp=ry

and A is called structurally complete
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Consider, e.g., S5~ = ({—1,0, 1}, —) with operation table:
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Fs;-(2) isomorphic to S5, and hence that S;” is structurally complete.
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Structural Completeness

In some cases, A-admissibility coincides with A-validity; that is
Y = p~1 isA-admissible <— Y EaApxry
and A is called structurally complete

Consider, e.g., S5~ = ({—1,0, 1}, —) with operation table:

~]-1 0 1
11 1 1
0|1 0 1
1111

The procedure discovers a subalgebra of the 60-element free algebra
Fs;-(2) isomorphic to S5, and hence that S;” is structurally complete.

Structural completeness has also been confirmed for the 3-element
implicational Lukasiewicz algebra, Gddel algebra, and Stone algebra.
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Almost Structural Completeness

A is called almost structurally complete  if A-admissibility coincides
with A-validity for quasiequations with A-unifiable premises; that is

YEaprY or

Y = p =1 isA-admissible <= . -
Y is notA-unifiable.

George Metcalfe (University of Bern) Admissibility in Finite Algebras August 2012 10/ 28



Almost Structural Completeness

A is called almost structurally complete  if A-admissibility coincides
with A-validity for quasiequations with A-unifiable premises; that is

YEaprY or

Y = p =1 isA-admissible <= . -
Y is notA-unifiable.

For any finite algebra A and subalgebra B of Fa(w):

A is almost structurally complete <= Q(Fa(|A])) = Q(A x B).
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Example: A De Morgan Lattice

For the De Morgan lattice D4 = ({ L,a b, T}, A, Vv, ) described by

ca4>@
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Example: A De Morgan Lattice
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@@@

the procedure finds a smallest algebra in Adm(D,) isomorphic to
D4 x 2 with 2 € S(Fp,(w)), so D4 is almost structurally complete.
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Example: A De Morgan Lattice

For the De Morgan lattice D4 = ({ L,a b, T}, A, Vv, ) described by

@@@

the procedure finds a smallest algebra in Adm(D,) isomorphic to
D4 x 2 with 2 € S(Fp,(w)), so D4 is almost structurally complete.

Other almost structurally complete algebras include the 3-element
tukasiewicz algebra and S3” with an involutive negation.
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Other Examples

@ For the De Morgan algebra
DY = ({L,ab T},A,V,~, L, T)

the procedure finds a smallest 10-element algebra in Adm(D2).

George Metcalfe (University of Bern) Admissibility in Finite Algebras August 2012 12/ 28



Other Examples

@ For the De Morgan algebra
DY = ({L,ab T},A,V,~, L, T)

the procedure finds a smallest 10-element algebra in Adm(D2).

@ For the Kleene lattice and Kleene algebra
Cs={T,aL},AV,m) and C§=({T,a L},AV,~, L, T)

the procedure finds smallest 4-element chains.
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A Problem

Consider the algebra
P = ({ab,c,d},«)
with x and the free algebras Fp(n) described by:

P a Fp(n)
U X1 — x(x1) == *(x(x1))
/N B
c d Xn — x(Xn) == *(*(Xn))
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A Problem

Consider the algebra
P = ({ab,c,d},«)
with x and the free algebras Fp(n) described by:

P a Fe(n)

U X1 — *(X1) == *(x(x1))
VRN

The smallest algebra in Adm(P) is Fp(2), but P can be embedded into
Fp(1) x Fp(1), so Q(P) = Q(Fp(4)) and P is structurally complete.

Xn —> *(Xn) p—— *(*(Xn))
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A Solution

For a finite algebra A:
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A Solution

For a finite algebra A:

(i) Express A as a subdirect product of Q(A)-subdirectly irreducible
algebras Ay, ..., A, € Q(A).
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A Solution

For a finite algebra A:

(i) Express A as a subdirect product of Q(A)-subdirectly irreducible
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A Solution

For a finite algebra A:

(i) Express A as a subdirect product of Q(A)-subdirectly irreducible
algebras Ay, ..., A, € Q(A).

(i) For each Aj, find a smallest B; € S(Fa(|Ai])) with A; € H(B;).

(i) Express each B; as a subdirect product of Q(Fa(|Al))-subdirectly
irreducible algebras in Q(Fa(|A])).

(iv) Remove from the set of all algebras obtained in (iii), any algebra
that is isomorphic to a subalgebra of another algebra in the set.
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A Solution

For a finite algebra A:

(i) Express A as a subdirect product of Q(A)-subdirectly irreducible
algebras Ay, ..., A, € Q(A).

(i) For each Aj, find a smallest B; € S(Fa(|Ai])) with A; € H(B;).

(i) Express each B; as a subdirect product of Q(Fa(|Al))-subdirectly
irreducible algebras in Q(Fa(|A])).

(iv) Remove from the set of all algebras obtained in (iii), any algebra
that is isomorphic to a subalgebra of another algebra in the set.

We obtain a “smallest set” of generating algebras for Q(Fa(|A]))
according to a multiset ordering of the multiset of their cardinalities.

August 2012 14/ 28
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Experiments in Admissibility

| A | JA] | Quasivariety Q(A) | Free algebra | |Output Algebral |

ts | 3 | algebras for t3 [Fa(1l)| =12 6
k3 | 3 | algebras for k3 Fa(2)] =40 3
B1 | 3 | Stone algebras Fa(1)] = 3
C5 | 3 | Kleene algebras IFa(1)] =6 4
Cs | 3 | Kleene lattices Fa(2)] =82 4
S | 3 | algebras for RM™™ Fa(2)| = 264 6
S;” | 3 | algebras for RM~ Fa(2)] =60 3
Gs; | 3 | algebras for Gz Fa(2)| =18 3
D, | 4 | De Morgan lattices | |[Fa(2)| = 166 8
D? | 4 | De Morgan algebras | [Fa(2)| = 168 10
P | 4 [QP) Fa(2)|=6 6
Si | 4 | Q(Ss) Fa(1)] =18 6
B, | 5 | Q(B2) Fa())| =7 5
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Axiomatizing Admissibility

@ Can we axiomatize A -admissibility (i.e., Q(Fa(w)))?
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Axiomatizing Admissibility

@ Can we axiomatize A -admissibility (i.e., Q(Fa(w)))?

@ More generally, for a quasivariety ©, can we axiomatize
(a) the Q-admissible quasiequations (i.e., Q(Fgo(w)))?
(b) the Q-admissible clauses (i.e., U(Fg(w)))?
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Axiomatizing Admissibility

@ Can we axiomatize A -admissibility (i.e., Q(Fa(w)))?

@ More generally, for a quasivariety ©, can we axiomatize
(a) the Q-admissible quasiequations (i.e., Q(Fgo(w)))?
(b) the Q-admissible clauses (i.e., U(Fg(w)))?

@ When Q = Q(A) with A finite, natural dualities might help. ..
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Validity Again

An L-clause ¥ = A is K-valid for a class of £-algebras I, written

T kA,
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Validity Again

An L-clause ¥ = A is K-valid for a class of £-algebras I, written

T kA,

if for every A € K and homomorphismg: Tm, — A,

a(p) =9(¥) a(¢’) =9(¥')
—

forallp =~ € X for somey’ ~ 1/ € A.
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Admissibility Again

A K-unifier of X is a homomorphism o: Tm,; — Tm satisfying

Exo(e) =o(y) forallo~1 e X
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Admissibility Again

A K-unifier of X is a homomorphism o: Tm,; — Tm satisfying

Exo(e) =o(y) forallo~1 e X

An L-clause ¥ = A is K-admissible if

ois aK-unifierof ¥ = o is a K-unifier of some ¢ ~ ¢y € A.

For example, the clause
xvy~=T} = {x=T,y~T}

is admissible in the variety of bounded distributive lattices.

George Metcalfe (University of Bern) Admissibility in Finite Algebras August 2012 18/ 28



Characterizations of Admissibility

For a quasivariety @ and clause ¥ = A, the following are equivalent:
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Characterizations of Admissibility

For a quasivariety @ and clause ¥ = A, the following are equivalent:
() ¥ = Ais Q-admissible.

(i) T Frow) A

(iif) For each finite set of equations [1:

Foll & kull  (U={AcQ|Tkan)).

George Metcalfe (University of Bern)
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Characterizations of Admissibility

Theorem

For a quasivariety @ and clause ¥ = A, the following are equivalent:
() ¥ = Ais Q-admissible.
(i) T Fryw) A
(iif) For each finite set of equations [1:
Foll & Full U={AcQ|X|A}).
If |A| = 1, then the following is also equivalent to (i)-(iii) :
(iv) For each equation ¢ = 1.

Foprmy & Foery (2 ={AcQ|XaA}).
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Bases

A basis for the admissible quasiequations  of a quasivariety Q is a
set of quasiequations axiomatizing Q(Fo(w)) relative to Q.
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Bases

A basis for the admissible quasiequations  of a quasivariety Q is a
set of quasiequations axiomatizing Q(Fo(w)) relative to Q.

Similarly, a basis for the admissible clauses of 9 is a set of clauses
axiomatizing U(Fg(w)) relative to Q.
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A Notable Example

lemhoff and Roziére established independently that the following
“Visser rules” form a basis for the admissible quasiequations of
Heyting algebras (equivalently, intuitionistic logic ) (n=2,3...):

n

{Tr~z V(AW —x%) = Yns1 VYni2))} =
i=1
n+2 n

Trzv (AW —x) =)

j=1 i=1
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A Notable Example

lemhoff and Roziére established independently that the following
“Visser rules” form a basis for the admissible quasiequations of
Heyting algebras (equivalently, intuitionistic logic ) (n=2,3...):

n

{Tr~z V(AW —x%) = Yns1 VYni2))} =
i=1
n+2 n

Trzv (AW —x) =)

j=1 i=1

To obtain a basis for the admissible clauses, add

{TaexVvy} = {Txx, Ty}

George Metcalfe (University of Bern) Admissibility in Finite Algebras August 2012



Two Useful Lemmas

Suppose now that Q is a locally finite quasivariety (i.e., its finitely
generated members are finite); e.g., @ = Q(A) for A finite.
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Two Useful Lemmas

Suppose now that Q is a locally finite quasivariety (i.e., its finitely
generated members are finite); e.g., @ = Q(A) for A finite.

The following are equivalent for any set of £-clauses A:

(1) Ais a basis for the admissible clauses of Q.
(2) For each finite B € Q: B € IS(Fg(w)) iff B satisfies A.
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Two Useful Lemmas

Suppose now that Q is a locally finite quasivariety (i.e., its finitely
generated members are finite); e.g., @ = Q(A) for A finite.

Lemma

The following are equivalent for any set of £-clauses A:
(1) Ais a basis for the admissible clauses of O.
(2) For each finite B € Q: B € IS(Fg(w)) iff B satisfies A.

Lemma

The following are equivalent for any set of £-quasiequations A:
(1) Ais a basis for the admissible quasiequations of Q.
(2) For each finite B € Q: B € ISP(Fg(w)) iff B satisfies A.

| A\
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How Can Natural Dualities Help?

@ Suppose that A yields a strong natural duality on Q(A) (A finite).
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@ A basis A for the admissible clauses of Q(A) characterizes the
finite algebras of Q(A) that can be embedded into Fga)(w).
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@ These algebras correspond on the dual side to a class C of images
of finite powers of A under morphisms of the dual category.
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How Can Natural Dualities Help?

@ Suppose that A yields a strong natural duality on Q(A) (A finite).

@ A basis A for the admissible clauses of Q(A) characterizes the
finite algebras of Q(A) that can be embedded into Fga)(w).

@ These algebras correspond on the dual side to a class C of images
of finite powers of A under morphisms of the dual category.

@ We first seek conditions S on dual spaces to be in C.

@ We then seek a set of clauses A such that a finite B € Q(A)
satisfies A iff its dual space satisfies S.
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Example: Bounded Distributive Lattices

Lemma

The following are equivalent for any finite A € BDL:
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Example: Bounded Distributive Lattices

Lemma
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(i) The dual Priestley space of A is a non-empty bounded poset.
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Example: Bounded Distributive Lattices

Lemma

The following are equivalent for any finite A € BDL:

(i) A e HS(FBDL(LU)).

(i) The dual Priestley space of A is a non-empty bounded poset.
(iif) A satisfies the clauses:

xvy=T} = {x=T,y~=T} 1)
xAny~1l} = {x=1l, y=1} @) |
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Example: Bounded Distributive Lattices

Lemma

The following are equivalent for any finite A € BDL:

(i) A€ HS(FBDL(LU)).

(i) The dual Priestley space of A is a non-empty bounded poset.
(iif) A satisfies the clauses:

xvy=T} = {x=T,y~=T} 1)
xAny~1l} = {x=1l, y=1} @) |

{(1),(2)} is a basis for the admissible clauses of BDL.
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Example: Bounded Distributive Lattices

Lemma

The following are equivalent for any finite A € BDL:

(i) A€ HS(FBDL(LU)).

(i) The dual Priestley space of A is a non-empty bounded poset.
(iif) A satisfies the clauses:

xvy=T} = {x=T,y~=T} 1)
xAny~1l} = {x=1l, y=1} @) |

{(1),(2)} is a basis for the admissible clauses of BDL.

Y = p~is BDL-admissible iff X E=ppr e~ .
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Example: De Morgan Algebras

Consider the variety DMA = ISP(D%) of De Morgan algebras .
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Lemma

The following are equivalent for any finite A € DM A:
() A € IS(Fpma(w)).
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Example: De Morgan Algebras

Consider the variety DMA = ISP(D%) of De Morgan algebras .

Lemma

The following are equivalent for any finite A € DM A:
() A € IS(Fpma(w)).

(i) The dual (X, <,f) of A is bounded and f(x) = x for some x € X.
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Example: De Morgan Algebras

Consider the variety DMA = ISP(D%) of De Morgan algebras .

Lemma

The following are equivalent for any finite A € DM A:

(i) Ae HS(FDMA(W)).

(i) The dual (X, <,f) of A is bounded and f(x) = x for some x € X.
(iif) A satisfies the clauses:

{xX~-x} = {x=y} 3)
xvy=T} = xX~Ty=~T} (4) |
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Example: De Morgan Algebras

Consider the variety DMA = ISP(D%) of De Morgan algebras .

Lemma

The following are equivalent for any finite A € DM A:

(i) Ae HS(FDMA(W)).

(i) The dual (X, <,f) of A is bounded and f(x) = x for some x € X.
(iif) A satisfies the clauses:

{xX~-x} = {x=y} 3)
xvy=T} = xX~Ty=~T} (4) |

{(3),(4)} is a basis for the DM.A-admissible clauses.
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Example: De Morgan Algebras

Lemma

The following are equivalent for any finite non-trivial A € DMA:
(I) A e HSP(FDMA(LU)).
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Example: De Morgan Algebras

Lemma

The following are equivalent for any finite non-trivial A € DMA:
(I) A e HSP(FDMA(LU)).

(i) The dual (X, <,f) of A satisfies the following:

(a) Forevery x € min(X, <), there exists z € X such that x < z = f(z).
(b) For every x € X, there existsy € X such thaty < x, f(x).
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Example: De Morgan Algebras

Lemma

The following are equivalent for any finite non-trivial A € DMA:
(I) A e HSP(FDMA(LU)).

(i) The dual (X, <,f) of A satisfies the following:

(a) Forevery x € min(X, <), there exists z € X such that x < z = f(z).
(b) For every x € X, there existsy € X such thaty < x, f(x).

(i) A satisfies the quasiequations:

XXX, ~(xVy) SXVY, yVZaTh 5 z~T ©)
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Example: De Morgan Algebras

Lemma

The following are equivalent for any finite non-trivial A € DMA:
(I) A e HSP(FDMA(LU)).

(i) The dual (X, <,f) of A satisfies the following:

(a) Forevery x € min(X, <), there exists z € X such that x < z = f(z).
(b) For every x € X, there existsy € X such thaty < x, f(x).

(i) A satisfies the quasiequations:

XXX, ~(xVy) SXVY, yVZaTh 5 z~T ©)
{Xjﬁxvyj—.y’x/\ywj_} = x\/yjﬂ(X\/Y)'(G)

{(5),(6)} is a basis for the DM.A-admissible quasiequations.
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A Last Example

Consider S = ({—1,0,1}, —, —) with operations -x = 1 — x and

—~]-1 0 1
11 1 1
0l-1 0 1
1)1 11
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A Last Example

Consider S = ({—1,0,1}, —, —) with operations -x = 1 — x and

—~]-1 0 1
11 1 1
0l-1 0 1
1)1 11

Let 0 < p denote ¢ — p =~ ¢ and ¢ — ¥ =g ~((¢ — ¥) — (¢ — ¢)).
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A Last Example

Consider S = ({—1,0,1}, —, —) with operations -x = 1 — x and

—~]-1 0 1
11 1 1
0l-1 0 1
1)1 11

Let 0 < p denote ¢ — p =~ ¢ and ¢ — ¥ =g ~((¢ — ¥) — (¢ — ¢)).

Theorem
A basis for the S-admissible quasiequations is:

{0<X((X1 = X1) < ... & (Xn = Xn))} = X~=Yy (n=
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A Last Example

Consider S = ({—1,0,1}, —, —) with operations -x = 1 — x and

—~]-1 0 1
11 1 1
0l-1 0 1
1)1 11

Let 0 < p denote ¢ — p =~ ¢ and ¢ — ¥ =g ~((¢ — ¥) — (¢ — ¢)).

A basis for the S-admissible quasiequations is:

{0<X((X1 = X1) < ... & (Xn = Xn))} = X~=Yy (n=1,2,...).

In fact Q(Fs(w)) = Q(2 x S) is not finitely axiomatizable.
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Concluding Remarks

@ We have developed (efficient) procedures for checking unifiability,
admissibility, and structural completeness in finite algebras.

G. Metcalfe and C. Réthlisberger. Unifiability and admissibility in finite algebras.
Proceedings of Computability in Europe 2012, LNCS 7318, Springer, 2012.
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@ We also have a strategy for axiomatizing admissible clauses and
guasiequations for finite algebras via natural dualities.

L. Cabrer and G. Metcalfe. Admissibility via natural dualities. Submitted.
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Concluding Remarks

@ We have developed (efficient) procedures for checking unifiability,
admissibility, and structural completeness in finite algebras.

G. Metcalfe and C. Réthlisberger. Unifiability and admissibility in finite algebras.
Proceedings of Computability in Europe 2012, LNCS 7318, Springer, 2012.

@ We also have a strategy for axiomatizing admissible clauses and
guasiequations for finite algebras via natural dualities.

L. Cabrer and G. Metcalfe. Admissibility via natural dualities. Submitted.

@ Can admissibility be useful for checking validity in finite algebras
(e.g., speeding-up proof search or shortening derivations)?
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