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ABSTRACT

THE DIRAC-HIGGS BUNDLE
Jakob Lindblad Blaavand
Balliol College

A thesis submitted for the degree of Doctor of Philosophy, July 2015

The Dirac—Higgs bundle is a vector bundle with a natural connection on the moduli
space of stable Higgs bundles on a compact Riemann surface. It is a vector bundle of
null-spaces of a Dirac-operator coupled to stable Higgs bundles. In this thesis, we study
various aspects of this bundle and its natural connection.

The Dirac—Higgs bundle is hyperholomorphic on the smooth hyperkihler moduli space
of stable Higgs bundles. This property is a generalisation of the four-dimensional anti-
self-duality equations to hyperkihler manifolds. One use of the Dirac-Higgs bundle is the
construction of a Nahm transform for Higgs bundles. This transform produces hyperholo-
morphic bundles on the moduli space of rank one Higgs bundles.

The Higgs bundle moduli space is non-compact and we study the asymptotics of the
connection in the Nahm transform of a Higgs bundle. We show that elements of the null-
spaces concentrate at a finite number of points on the Riemann surface. This asymptotical
behaviour naturally defines a frame for the Nahm transform, which is conjectured to be
asymptotically unitary.

By considering only the holomorphic structure, the Nahm transform of a Higgs bundle
extends to a holomorphic bundle on the natural compactification of the rank one Higgs
bundle moduli space. We discuss various aspects of this extended holomorphic bundle.
Most importantly, it is a sheaf extension in which the constituent sheaves and the extension
class have natural interpretations in terms of the original Higgs bundle. Furthermore, the
extended bundle is not fixed at the divisor at infinity; explicit examples show that it
depends on the type of Riemann surface, for example.

The Dirac-Higgs bundle has a parabolic cousin. In the parabolic case the rank depends
on the number of marked points and the total multiplicity of the zero weights in the
parabolic structure. The moduli space of stable rank two parabolic Higgs bundles on the
Riemann sphere with four marked points has complex dimension two. Furthermore, there
is a combination of parabolic weights such that the Dirac—Higgs bundle is a line bundle
with an instanton connection. We study the topology of this line bundle and find that
the instanton does not have finite energy. As in the non-parabolic case we define a Nahm
transform for parabolic Higgs bundles, and in the case of genus one Riemann surfaces use

it to produce doubly-periodic instantons of finite energy.






ACKNOWLEDGEMENTS

First and foremost, I want to express my gratitude towards my supervisor Nigel Hitchin.
It has been a tremendous pleasure working with him for the past four years. I am deeply
indebted to him for his generous sharing of ideas, time, and patience. I am honoured and
humbled to be part of the mathematical Hitchin-family.

A big thanks is due to Brent Pym for interesting mathematical discussions and for
proofreading parts of this thesis.

I am also thankful to all of my fellow D.Phil-students for not only making the time
at the Mathematical Institute enjoyable but also for all the interesting research talks
and informal discussions. A special thank goes to Thomas Hawes, Emily Cliff, Alberto
Cazzaniga, and Lucas Branco for helpful and illuminating discussions.

The Centre for Quantum Geometry of Moduli Spaces (QGM) at Aarhus University,
Denmark is the cornerstone in my mathematical life, and following my move to Oxford
QGM has become my second home, due to the great hospitality of Jgrgen Ellegaard
Andersen and Jane Jamshidi. I have thoroughly enjoyed coming back for conferences,
master classes, and the annual QGM-retreat, a high point of the year.

Teaching at Jesus College has been a tremendous amount of fun, and working with the
keen and talented students has been one of the weekly highlights. I would like to thank
Andrew Dancer for giving me this opportunity.

This thesis would not have seen the light of day without the generous scholarship from
Rejselegat for matematikere. Not only did the scholarship fund my studies but also made
it possible to travel and explore more of Britain than Oxfordshire and see more exciting
places around the world than ever before.

I am also very thankful for financial support from the Oxford — QGM collaboration
for funding the last year of my studies.

Last but not least, the greatest thanks of all to Julie, for of her love, companionship,
and patience at critical times during the construction of the thesis. This thesis is indeed

dedicated to her and our son Anton.



CONTENTS

Abstract

Acknowledgements

Introduction

1

vi

Background material

1.1 Higgsbundles . . . . . . . . . . . .. e
1.1.1 Algebraic formulation . . . . . ... ... ... .. 0.
1.1.2  Flat connections . . . . . . . . ...
1.1.3 Hyperkéhler structure . . . . . . ... ... L.
1.1.4 Spectral data and the Hitchin fibration . . . . ... ... ... ...
1.1.5 Higgs bundles and the derived category of coherent sheaves . . . . .
1.1.6 Kahler identities . . . . . . . . .. Lo

1.2 Hypercohomology . . . . . . . . . . . . . . .o

1.3 The direct image functor . . . . . . . ... .. Lo

The Dirac—Higgs bundle
2.1 The Dirac—Higgs operator . . . . . . . . . . . ... ... ... ... ...,
2.2 Solutions to rank one Dirac-Higgs equationson C . . . . . ... ... ...
2.2.1 Square integrable solutions . . . . ... ... Lo
2.3 Toy model for the Dirac-Higgs bundle . . . . . . .. ... ... ... ....
2.4 Hodge theory . . . . . . . . e
2.4.1 de Rham cohomology . . . .. .. .. ... .. .. ... ...
2.5 The Dirac-Higgs bundle . . . . . .. .. ... ... ... .. ... ...,
2.6 The Dirac-Higgs connection . . . . . . . .. .. .. ... ... ... ...
2.7 Example . . . . oL
2.8 Nahm transform from Cto C . . . . . . .. ... ... ... .. ... ...,

Nahm transform for Higgs bundles
3.1 Localisation . . . . . . .. .. .

3.2 Distributional behaviour of solutions to Dirac-Higgs equations . . . . . ..

Fourier—Mukai transform for Higgs bundles
4.1 Definition . . . . . . . e e e
4.1.1 An isomorphism of functors . . . . . .. .. ... ... ... ... ..

4.1.2 TFourier-Mukai and Nahm transforms . . . . . . . . . . .. ... ...

iii

ix

10
10
12

15
16
19
19
22
24
25
26
28
29
30



CONTENTS

4.2 Sheaf extension . . . . . . . . ..o 44
4.2.1 A homological intermezzo . . . . . . . .. ... 44
4.2.2 Fourier-Mukai transform is an extension of sheaves . . . . . . .. .. 46
4.2.3 Constituent bundles . . . . . . .. ... o oo 47
4.2.4 Extension class completely determined by the Higgs field . . .. .. 48
4.2.5 Constituent sheaves in rank two and genus two . . . . . . .. .. .. 51

4.3 Relation to Beilinson’s spectral sequence . . . . . . . ... ... L. 54
4.3.1 An alternative view upon injectivity . . . . . . .. ... ... ... 58

4.4 A family of homogeneous bundles . . . . . . ... ... ... 0L 60
4.4.1 Homogeneous bundles . . . . . . .. .. ... L L Lo 61
4.4.2 Unipotent bundles . . . . . ... .. . Lo oo 63

4.5 Spectral data transform for Higgs bundles . . . . . . .. .. ... ... ... 64
4.5.1 Spectral transform and homogeneous bundles . . . . . ... ... .. 67

Limiting holomorphic structure 71

5.1 Stratification . . . .. ..o Lo 71

5.2 Family of holomorphic bundles on P9=1 . . . . . . .. ... ... ... ... 73
5.2.1 Steiner bundles . . . . . .. ... L 74
522 Jumplocus . . . . .. 75
5.2.3 Stablebundles . . . . .. .. ... 76
5.2.4 Complete description for genus two and rank two . . . . . . .. ... 76
5.2.5 The canonical Higgs bundle . . . . . . .. .. ... ... .. ..... 78
5.2.6  Summary . . ... ..o e e 83

Hodge theory for parabolic Higgs bundles and applications 85

6.1 Concepts and notation . . . . . . .. .. L L L 86

6.2 Sobolev spaces . . . . . ... e e 89
6.2.1 Weighted Sobolev spaces. . . . . .. .. ... ... ... ....... 89
6.2.2 Singular Chern connections . . . . . . . . .. ... ... ... ... 90
6.2.3 Sobolev completions and Fredholm operators . . . .. .. ... ... 91

6.3 Hodge theory . . . . . . . . . . e 94
6.3.1 Technical lemmas . . . . . . . .. .. ... 95
6.3.2 Proof of theorems . . . . .. .. .. ... ... ... ... ... 98

6.4 Dolbeault, de Rham, and Hypercohomology . . . . . . ... ... ... ... 99
6.4.1 Hypercohomology . . . . . .. . .. ... 100
6.4.2 de Rham cohomology . . .. .. .. ... .. ... ... ... 102

6.5 Universal bundle . . . . . .. .. . 103

6.6 A hyperholomorphic bundle . . . . . .. .. ... ... L. 106

vii



CONTENTS

6.6.1 Dirac—Higgs and Green’s operator . . . .. ... ... ... .....
6.7 Parabolic Higgs bundles on P! with 4 parabolic points . . . . . .. .. ...
6.7.1 Thenilpotent cone . . . . . . . . ...
6.7.2 Topology of the hyperholomorphic line bundle . . . . ... ... ..
6.7.3 Analytical properties . . . . . .. . ...
6.7.4 A generic fibre of the Hitchin fibration . . . . . . .. ... ... ...
6.8 Limiting configurations for Higgs bundles . . . . ... ... ... ... ...

6.8.1 Local shape of solutions to the Dirac-Higgs equations for limiting
configurations . . . . . . . .. ...
6.8.2 Comparing L? and L{-solutions . . . . . .. ... ... ........
6.8.3 Limiting configurations as limits of Higgs bundles. . . . . . . . . ..
6.9 Nahm transform for parabolic Higgs bundles . . . . . ... ... ... ...
6.9.1 Doubly-periodic instantons . . . . . ... ... 0oL

7 Outlook

Notational conventions

Bibliography

viii

135

141

143



INTRODUCTION

The Dirac-Higgs bundle is a vector bundle with a natural connection on the moduli space
of stable Higgs bundles on a compact Riemann surface of genus at least two. It is an
example of a bundle of null spaces of a Dirac-operator; such bundles are often called Dirac
bundles.

One of the first instances of a Dirac bundle is the ADHM construction of instan-
tons on R* [4]. In this case, the Dirac bundle provides a finite dimensional hyperkihler
construction of the otherwise gauge theoretic moduli space of instantons on R* [52].

In the algebraic formulation of the moduli space .# of polystable Higgs bundles of fixed
rank and degree on a compact Riemann surface of genus at least two, the vector bundle
underlying the Dirac—Higgs bundle can be seen as the direct image of a universal Higgs
bundle under the projection to .#. The moduli space was first constructed algebraically
by Nitsure [63] using Geometric Invariant Theory, and showing that it is a coarse moduli
space. Hausel [33] showed that if the rank and degree are coprime, then a universal Higgs
bundle exists. When the degree is non-zero, the direct image is not concentrated in just
one degree, so the Dirac—Higgs bundle is only a virtual bundle. Hausel directly used
that the Dirac—Higgs bundle is a virtual bundle to prove that there are no topological
L?-harmonic forms on the moduli space of stable Higgs bundles of degree one with fixed
determinant.

In Hausel’s application the connection played no role. In most applications, however,
the connection is of utmost importance. Following the ADHM construction of instantons
Nahm [58] considered translation invariant instantons on R* and obtained a correspon-
dence between time-invariant instantons and instantons invariant by translations in three
directions, i.e. an equivalence between solutions to what are now known as Nahm’s equa-
tions and monopoles. The correspondence was formalised by Corrigan and Goddard [20],
and later by Braam and van Baal [16] who coined the term Nahm transform. Today,
there are a whole host of examples of Nahm transforms, all following Nahm’s original
recipe; see, for example the survey [48]. One of their main purposes is to find solutions
to differential equations that are generally difficult to solve, by transforming solutions of
‘equivalent’ equations where solutions are known to exist for other reasons. For example,
the ADHM construction of instantons using linear algebra data [4], or Hitchin’s construc-
tion of monopoles [38] in which a spectral curve yields a solution to Nahm’s equations
that via the Nahm transform produces a monopole.

In the case of the self-duality equations, solutions which are translation invariant in two
directions reduce to a pair consisting of a connection and a Higgs field on a vector bundle
on R? satisfying the Higgs bundle equations. The equations are conformally invariant and

can thus be defined on a compact Riemann surface. This was first considered by Hitchin
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INTRODUCTION

in his landmark paper [39], in which he showed (among many other things) that solutions
to the Higgs bundle equations are provided by a stability condition for Higgs bundles.
A Nahm transform for Higgs bundles should therefore produce solutions to equations
analogous to the self-duality equations. This was first considered by Jardim [46], who
constructed doubly-periodic instantons from singular Higgs bundles on a Riemann surface
of genus one. Recently, Jardim’s work and the subsequent work of Biquard and Jardim [10]
have been greatly extended by Mochizuki [55], who gives an equivalence between doubly-
periodic instantons of finite energy and wild harmonic bundles on a Riemann surface of
genus one. Following Nahm’s recipe, Corrigan and Goddard [20] suggest there is a Nahm
transform for solutions to the Higgs bundle equations on R? that produces solutions to
the Higgs bundle equations on a ‘dual’ R?. Szabo [72] also considered this problem and
constructed a Nahm transform between certain types of parabolic Higgs bundles on P!
and a ‘dual’ P'. The original conjecture of Corrigan and Goddard is still open.

The Nahm transform for ordinary Higgs bundles on compact Riemann surfaces of genus
at least two was first studied by Bonsdorff [14|. Bonsdorff used the language of derived
categories of coherent sheaves to assign a holomorphic vector bundle on the moduli space
of degree zero, rank one Higgs bundles to every stable Higgs bundle of rank at least two and
degree zero. In [15], he used twistor methods to obtain a connection on the transformed
bundle. The moduli space of rank one Higgs bundles is a hyperkdhler manifold, and if
the curvature of a connection is of type (1,1) with respect to all complex structures the
pair consisting of the bundle and connection is called a hyperholomorphic bundle. If the
hyperkéhler manifold is four-dimensional, then the connection is an instanton. Bonsdorff’s
transform of a Higgs bundle is indeed a hyperholomorphic bundle. More generally, the
moduli space of stable higher rank Higgs bundles is hyperkéhler and the Dirac—Higgs
bundle is also hyperholomorphic.

Hyperholomorphic bundles have come into fashion in recent years, most notably be-
cause of their role in mirror symmetry. Roughly speaking, one instance of the SYZ ap-
proach to mirror symmetry is a duality between a so-called BAA-brane in a hyperkéhler
manifold and a BBB-brane in a ‘dual’ hyperkéhler manifold. The three-letter combina-
tion of a brane indicates its relationship with the symplectic and complex structures of
the hyperkéhler structure, with “A” standing for symplectic and “B” for holomorphic. To
first approximation an A-brane is a Lagrangian submanifold with a flat vector bundle and
a B-brane is a complex submanifold with a holomorphic bundle. A BBB-brane is there-
fore a holomorphic vector bundle on a complex submanifold for all complex structures, or
equivalently a hyperkéhler submanifold with a hyperholomorphic bundle.

The moduli space of Higgs bundles found its way into the world of mirror symmetry
through the work of Hausel and Thaddeus [35], and Higgs bundle moduli spaces were
used by Kapustin and Witten [49] to give a physical proof of the Geometric Langlands



Correspondence. Hitchin [42] has recently constructed examples of BBB-branes and their
conjectured BAA-brane counterparts in which the Dirac—Higgs bundle plays the role of
the hyperholomorphic bundle.

Returning to the Nahm transform, in good cases these are hyperkéihler isometries
between various moduli spaces. In the case of Higgs bundles, Biquard and Jardim [10]
found appropriate boundary conditions on the doubly-periodic instantons to get a hy-
perkéhler isometry between the moduli spaces of certain doubly-periodic instantons and
certain singular Higgs bundles on a Riemann surface of genus one. In the case of ordi-
nary Higgs bundles on a Riemann surface of genus at least two, Bonsdorff [14] showed
that the holomorphic bundle of the Nahm transform extends to a holomorphic bundle on
a natural compactification of the rank one Higgs bundle moduli space. He additionally
showed that the association of this extended bundle to a stable Higgs bundle is injective.
However, the essential image of Bonsdorff’s transform is unknown, though it is expected
to be determined by boundary conditions on the connection. One of the first corollaries
to the Hitchin—Simpson Theorem (Theorem 1.1.4) is the existence of a Riemannian metric
with negative constant curvature, and finding the essential image of Bonsdorft’s transform
would give new information about the uniformizing metrics on the Riemann surface. This
is one of the reasons why this is an interesting, but also difficult, problem.

The Higgs bundles of most concern in this thesis are stable of degree zero and rank at
least two. The moduli space of these is however only coarse and lacks a universal Higgs
bundle. The Dirac—Higgs bundle is, strictly speaking, only defined locally. For the purpose
of studying properties of the connection this is of course not an issue as connections are
local objects. However, it would be interesting to understand the geometry of the Dirac—
Higgs bundle where it is globally defined. This is where parabolic Higgs bundles enter the
picture. Parabolic Higgs bundles often live very parallel lives to ordinary Higgs bundles,
but need more complicated analytic arguments due to the singularities. The moduli space
of parabolic Higgs bundles was first constructed by Konno [50], using weighted Sobolev
spaces defined by Biquard [8] but otherwise following Hitchin’s approach [39]. Despite
the close analogies, there are differences in the parabolic story, one being that under very
mild conditions on the parabolic structure, the moduli space is fine and has a universal
parabolic Higgs bundle. This makes it possible to construct a globally defined Dirac—Higgs

bundle when the parabolic degree is zero.

RESULTS AND OVERVIEW OF THE THESIS

This thesis revolves around the Dirac—Higgs bundle on the moduli space of stable Higgs
bundles on a compact Riemann surface ¥ of genus at least two with underlying topological

bundle of degree zero and rank at least two. It is divided into seven chapters, the first of

xi



INTRODUCTION

which contains the background material. The following is an overview of the results from
each of the subsequent chapters.

In Chapter 2 we define the Dirac—Higgs bundle by introducing the Dirac—Higgs op-
erator and Hodge theory for Higgs bundles. Hodge theory gives an isomorphism between
the analytical and holomorphic aspects of the theory, and is an important tool in the
construction of the bundle. Ultimately, Hodge theory is the main ingredient of Theo-
rem 2.6.3, which shows that the Dirac-Higgs bundle is hyperholomorphic. We consider
the Dirac—Higgs equations for the trivial line bundle on C with monomial Higgs fields.
In this case, the equations can be explicitly solved using modified Bessel functions. We
find that if the monomial Higgs field has degree k, then there are k global solutions. We
conjecture this to be true more generally for polynomial Higgs fields of degree k. We use
the explicit calculations to give a toy model for the Dirac-Higgs connection and its cur-
vature. If the conjecture is true, we can construct a Dirac-Higgs bundle of rank k. This
Dirac—Higgs bundle can be used to construct a Nahm transform for Higgs line bundles on
R?, as conjectured by Corrigan and Goddard [20].

In Chapter 3 we use the Dirac—Higgs bundle to give an analytic construction of
Bonsdorff’s [14] transform, producing a hyperholomorphic bundle on J x H°(K), where J
is the Jacobian of 3 and K is the canonical bundle of 3. The chapter primarily concerns
the asymptotics of the Dirac—Higgs connection along rays defined by a holomorphic one-
form. In the main theorem (Theorem 3.1.1), we consider square integrable solutions to
the Dirac—Higgs equations. We see that these solutions concentrate around the zeros of a
holomorphic one-form.

Following this, we return to the Higgs line bundles on C, focusing on Higgs fields
of degree one. In this explicit case, we observe the localisation of Theorem 3.1.1 and
furthermore see that a solution converges to a delta-function as a distribution. Based
on this observation, we conjecture it to be true also for Higgs line bundles on a compact
Riemann surface. The remaining part of Chapter 3 is conjectural in the sense that it
builds on the validity of this distributional conjecture.

We then shift focus and in Chapter 4 consider the holomorphic aspects of the Nahm
transform. Considered as a holomorphic bundle on the cotangent bundle of the Jacobian
we obtain Bonsdorff’s Nahm transform, which in algebraic terms may be thought of as
a Fourier-Mukai transform. We are mainly concerned with the extension to a holomor-
phic bundle on the natural compactification. The Fourier—Mukai transform is defined by
hypercohomology of a complex of sheaves. There are two spectral sequences converging
to hypercohomology and Chapter 4 consists of an investigation of the properties of the
Fourier—Mukai transform that can be extracted from these spectral sequences. The sec-
ond hypercohomology spectral sequence recovers the transformed Higgs bundle as a sheaf

extension. Generically, the constituent sheaves in the extension are locally free and are

xii



restrictions of Picard bundles determined by the vector bundle in the original Higgs bun-
dle (Corollary 4.2.10). In this generic case, the extension class is completely determined
by the Higgs field (Theorem 4.2.15). This is a way of extracting a Higgs bundle from an
element in the image of Bonsdorft’s transform. We formalise this using Beilinson’s spectral
sequence to give a different proof of Bonsdorff’s injectivity result (Theorem 4.3.6). We
also give a detailed analysis of the constituent sheaves in the non-generic situation and
see that they are not locally free (Proposition 4.2.22).

The first hypercohomology spectral sequence shows that applying the Fourier—-Mukai
transform to a Higgs bundle results in a family of homogeneous vector bundles (The-
orem 4.4.6). We construct a Fourier-Mukai transform based on spectral data (Theo-
rem 4.5.5) and use the homogeneous bundle description to recover the spectral curve from
the holomorphic structure of the Fourier-Mukai transform (Theorem 4.5.10).

In order to understand the boundary conditions on the connection in the Nahm trans-
form of a Higgs bundle, it is natural to ask if the holomorphic structure of the extension to
the natural compactification is fixed along the divisor at infinity. We answer this question
in Chapter 5, in which Theorem 5.1.1 shows that on the big stratum consisting of holo-
morphic differentials without multiple zeros all transformed Higgs bundles are isomorphic.
In Section 5.2 we consider the holomorphic structure at infinity in various examples of
stable Higgs bundles. We see that the holomorphic structure not only depends on the un-
derlying vector bundle but also, rather surprisingly, on the type of the Riemann surface.
As a consequence, the holomorphic structure is not fixed on the whole divisor at infinity.

In Chapter 6 we turn our attention to parabolic Higgs bundles. Contrary to the
non-parabolic situation, only very mild conditions have to be imposed on the parabolic
structure for the moduli space to have a universal parabolic Higgs bundle (Section 6.5).
In Theorem 6.6.1 we construct the hyperholomorphic Dirac-Higgs bundle on the moduli
space of parabolic Higgs bundles. The proof of Theorem 6.6.1 requires many technical
results regarding weighted Sobolev spaces and the Fredholmness of certain elliptic oper-
ators. The centerpiece and most important theorem is a Hodge theorem for parabolic
Higgs bundles (Theorem 6.3.1). The rank of the hyperholomorphic vector bundle depends
on the number of parabolic points, as well as the total multiplicity of the zero-weights in
the fixed parabolic structure. A minimal non-trivial example is the case of four parabolic
points on P! with parabolic structure such that the hyperholomorphic bundle has rank
one. Throughout Section 6.7.2, we investigate the topology and use this to argue why the
instanton most likely does not have finite energy (Theorem 6.7.14). Recently, the asymp-
totics of the L?-metric on the moduli space of ordinary Higgs bundles has been investigated
by Mazzeo, Swoboda, Weiss, and Witt [53]| using so-called limiting configurations. Limit-
ing configurations are a special type of parabolic Higgs bundles. In Section 6.8 we discuss

the local shape of L?-solutions to the Dirac-Higgs equations for limiting configurations.

xiii



INTRODUCTION

In Section 6.9 we use the Hodge theorem to construct a Nahm transform for parabolic
Higgs bundles. We finish the chapter by specifying to the case of genus one, and show that
the Nahm transform constructs finite energy doubly-periodic instantons (Theorem 6.9.8).

Chapter 7 outlines a list of interesting problems related to the theory developed in

the previous chapters.
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1. BACKGROUND MATERIAL

In this chapter we recall general theory and basic facts that are used throughout the thesis.

We begin by giving an introduction to classical Higgs bundle theory: the foundation
on which the thesis builds. The material presented here mainly follows Hitchin’s original
landmark paper [39], and is a rundown of the important theorems in this area which will
be used in the thesis. The introduction is followed by a brief review of hypercohomology,
and lastly, we recall the most important properties of direct images of sheaves and their

higher derived versions.

1.1 HIGGS BUNDLES

Throughout this thesis, ¥ is a compact Riemann surface and K denotes its canonical
bundle. The genus g of ¥ is assumed to be at least two, except in Chapter 6 discussing
parabolic theory. We fix a metric in the conformal class of 3 and denote by w the associated
Kahler form.

Let £ — X be a smooth complex vector bundle of degree zero. Let h be a Hermitian
metric on E. We assume that (E, h) is fixed. Denote by o7 the space of unitary connections
on (E,h); this is an infinite dimensional affine space modelled on Q'(u(E)) the space of
smooth 1-forms with values in u(E) the bundle of skew-Hermitian endomorphisms with
respect to h. Notice that Q! (u(F)) ~ Q%! (End E) the (0, 1)-forms with values in End E.

Definition 1.1.1. A Higgs pair (A, ®) on (E,h) consists of a unitary connection A and
a Higgs field ® € QY9(End E).

A connection on a trivial bundle on four-dimensional Euclidean space which is transla-
tion invariant in two directions can be seen as a Higgs pair on two-dimensional Euclidean
space. If we in the same way consider the dimensional reduction of the four-dimensional

self-duality equations, we obtain the Higgs bundle equations for pairs (A, ®)
FoA+[®,®]=0 and 04®=0 (1.1)

where [®, ®*] = ®®* 4 &*® is the usual extension of the Lie bracket to Lie algebra valued
forms. The dual ®* is taken with respect to the Hermitian metric h, and d4 is the (0,1)-
part of the covariant derivative of the connection A. The equations are often also known
as Hitchin’s self-duality equations as they first appeared in [39].

The Hermitian metric on E defines a bundle U(FE,h) of unitary automorphisms of
(E,h). We denote by % the unitary gauge group of sections of U(FE,h). The unitary
gauge group acts on </ by

1

dardas =g todgog=ds+g dag forall ge%,



1. BACKGROUND MATERIAL

where dy4 is the covariant derivative of a point A € .

By choosing a local frame for E the covariant derivative has the form dss = ds + As
where we abuse notation and denote by A the connection matrix of the connection A. If
the frame is unitary the connection matrix A is skew-Hermitian. The curvature F4 of A
can be defined as d4 o d4 where we naturally extend da to 1-forms with values in E. The

curvature therefore transforms as
Fao =g 'Fag forall ge%.

The unitary gauge group % acts on Q = Q1%(End E) by conjugation g~ '®g for g € % .
As g is unitary with respect to h the Higgs bundle equations are invariant under unitary
gauge transformations. The group % acts thus not only on &7 x €2 but on the solution
space to the Higgs bundle equations. The moduli space of Higgs bundles is the infinite

dimensional quotient
M ={(A,®) e o x Q| (A, ®) satisfies (1.1)}/%.

A Higgs pair is called reducible if there is a splitting of the underlying Hermitian bundle
(E,h) = (E1,h1)® (Ea, he) which is carried to the Higgs pair (A, ®) = (A1, $1) ® (Az, P2)
such that A; is a unitary connection on (Fj;, h;) and ®; is a Higgs field on E;. A Higgs pair
is irreducible if it is not reducible. The subset of .# consisting of irreducible solutions is
denoted .Z*.

Theorem 1.1.2. The moduli space .#* of irreducible Higgs pairs satisfying the Higgs

bundle equations is a smooth real manifold of dimension 4 + 4(tk E)?(g — 1).

The theorem was first proved by Hitchin [39] for rank two and generalised to the higher
rank cases by Simpson [69].

Example 1.1.3. If (E, h) is a line bundle of topological degree zero and Hermitian metric
h, then as the commutator of 1-forms vanish the Higgs bundle equations requires A to be a
flat connection and ® to be holomorphic with respect to 04, that is .# ~ Jac(X) x H(K)
or by Serre duality .# ~ T* Jac(X).

1.1.1 ALGEBRAIC FORMULATION

On a Riemann surface the (0, 1)-part d4 of a covariant derivative of a connection A defines
a 0-operator on the underlying vector bundle. If (A, ®) is a Higgs pair satisfying the Higgs
bundle equations the last of the equations requires ® to be holomorphic with respect to
the holomorphic structure defined by d4. We can in other words consider a Higgs pair
as the holomorphic object (E,d4,®) where ® € H(X,End E ® K). We call such a

2



1.1. HIGGS BUNDLES

pair a Higgs bundle. We will often abuse notation and write (F,®) with E denoting a
holomorphic vector bundle.

Let € denote the space of O-operators on E. This space is an infinite dimensional
affine space modelled on Q%! (End E). In a local frame of E, a d-operator has the form
048 = 0s + fBs where 8 € Q%! (End E). The frame is holomorphic if 8 = 0.

The spaces &/ and % are isomorphic by associating to a unitary connection A the
D-operator 94. Given a Hermitian metric, then to any 0-operator 55 there is a unique
unitary connection A = A(h,dp) called the Chern connection such that 94 = dg. The
inverse map is given by associating to 55 the Chern connection A(h, 55). In terms of local

connection matrices,
A(h,05) = B —B* for Bec Q" (EndE).

The complex gauge group ¢ of sections of the bundle of complex automorphisms of E

acts naturally on € by
55 — 55g =gt 055 og= 55 +g_1559 forall g€ 9.

The complex gauge group ¢ also acts on &/ by A(H, 55)9 = A(H, 559) or in terms of

covariant derivatives,

1

loéAogﬂ-g*oaAog**.

das = O0ng + O0ns = g~
The first idea to construct the moduli space of Higgs bundles would be to consider the

quotient space

{(55,(19) €EE xQ| 55(19 =0}/9

but due to jumping phenomena this quotient is not even Hausdorff. Also, we need a
condition equivalent to the first Higgs bundle equation. This condition is stability.

A Higgs bundle (E,®) is stable if all subbundles F' C E preserved by @, that is
®(F) C F® K, satisfy

_degF'  degE

and is semistable if the inequality is not strict. The fraction p(F) is called the slope of

E. A Higgs bundle is polystable if it is a direct sum of stable Higgs bundles of the same
slope.

Using the notion of polystability we define the moduli space
M ={(05,P) €ExQ|IgP=0 and (E,Js,®) Iis polystable}/¥.

One of the main theorems of [39] and [69] is identifying the moduli spaces.
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Theorem 1.1.4 (Hitchin [39]/Simpson [69]). Let (E,®) be a Higgs bundle of degree zero,
then (E, ®) is polystable if and only if E admits a Hermitian metric such that the Chern
connection satisfies the Higgs bundle equations (1.1). Furthermore, the Hermitian metric
is unique up to multiplication by a positive scalar. That is there is a homeomorphism

M~ M giving a homeomorphism between the irreducible and stable loci M* ~ '

The purely analytic Theorem 1.1.2 also has an algebraic formulation. Nitsure [63] used

Geometric Invariant Theory to prove the following version.

Theorem 1.1.5. The moduli space .#' of polystable Higgs bundles of degree zero and rank
rk E is a quasi-projective variety of complex dimension 2+ 2(rk E)%(g — 1) containing the

stable locus A" as an open smooth subvariety.

Requiring the degree of the vector bundle E to vanish is not a requirement for the
above theorems to work. Any degree will do, but the Higgs bundle equations must be
altered slightly. If the degree is non-zero the right hand side of the first equation is
ipn(E)Idw. When the degree and rank are coprime stability and semi-stability conincide
and the whole moduli space .#’ is smooth. Also, the moduli space is initially just a coarse
moduli space but Hausel showed [33| that if the degree and rank are coprime the moduli
space is fine.

One of the advantages of working with degree zero is that the Higgs bundle equations
are conformally invariant, as opposed to the non-zero case where the presence of w on

makes the equations non-conformal.

Example 1.1.6. If E is a stable vector bundle on X, then for any ® € H%(X,End E® K)
the corresponding Higgs bundle (E, ®) is stable. If .4 is the moduli space of stable bundles
of degree zero and rank rk F then by Serre duality 7.4 ~ .4 x H°(End E® K) and thus
T* A C A . The complement has codimension at least two [40, Proof of Proposition 4.4].

Example 1.1.7. A non-trivial example is the canonical Higgs bundle of rank n > 2
E=Kn1/2g 02324 goKg-0-3/2gg-(n-1)/2

with Higgs field

0 0 0 0
1 0 0 0

=10 1 0 --- where 1:K®*-1/2  g(k=3)/2 QK ~ K(k=1)/2
o --- 0 1 0

is the identity section of @ and K1/2 is a choice of one of the 229 square roots of K. The
only ®-invariant subbundles are @leK_(”_(Qj“))/Q with £k =1,...,n — 2 which all have

negative degree. Since deg(FE) = 0 the canonical Higgs bundle is stable.

4
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Consider the rank 3 case

00
E=K®aOadK™' and ®#=[1 0
0 1

o O O

The canonical Higgs bundle is of special interest since the Hermitian metric given by the
Hitchin-Simpson Theorem induces a metric on the tangent bundle K ~!. The Higgs bundle

equations for this metric reduce to the single equation
FK—l = —Ww

where w is the Kéhler form on ¥ determined by the Hermitian structure on K ~' and the
complex structure on ¥. If X is a local holomorphic section of the tangent bundle K !

with pointwise length A(X, X) = 1, then the coefficient to the curvature Fp -1 is
Fr-1(X,JX) = —w(X, JX) = —h(X,X) = -1,

thus the metric h has constant sectional curvature —1. Here J is the complex structure on
3. In other words, the Uniformization Theorem is a consequence of the Hitchin—Simpson

Theorem.

1.1.2 FLAT CONNECTIONS

Let (A, ®) be an irreducible Higgs pair solving the Higgs bundle equations on a bundle E

of degree zero. It is then easy to see that
D=dy+ o+ ®*

is a flat irreducible complex connection on F.

Conversely, if D is a flat complex connection then a Hermitian metric A induces a split-
ting D = dj, + V into a unitary and a self-adjoint part. Splitting further dj, = 94 + 04 and
U = &+ d* into types we can define the operators D" = 04 +® and D' = 94 +®*. Donald-
son showed [22] (for rank two) that there is a natural one-to-one correspondence between
irreducible Higgs pairs (A, ®) satisfying the Higgs bundle equations and irreducible flat
complex connections. The equivalence goes through the existence of a so-called harmonic
metric: the operator D” defined via the metric satisfy (D”)? = 94(®) = 0. The proof was
later generalised by Corlette [19] to higher rank and to a more general setting relating
the existence of harmonic metrics for principal G-bundles with a flat semisimple complex
connection, when G is a complex reductive algebraic group.

Let 2 be the infinite dimensional affine space of complex connections modelled on
QOY(X,End E), and let 25 be the subset of flat complex semisimple connections. The

complex gauge group ¥ acts on £ in the usual way

DHDQ:g_loDog:D—i—g_ng forall ge¥.
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Donaldson and Corlette’s theorem can be interpreted as giving a homeomorphism
20/9 ~ M.

This is a generalisation of the classical theorem of Narasimhan and Seshadri [60] giv-
ing a homeomorphism between the moduli space of flat unitary connections and stable

holomorphic vector bundles.

1.1.3 HYPERKAHLER STRUCTURE

One of Hitchin’s main motivations for studying the Higgs bundle equations and the moduli
space of solutions was to find new examples of hyperkihler manifolds, and indeed .Z*
carries the structure of a smooth hyperkéhler manifold [39].

In this section we review the definition of the three inequivalent complex structures
1, J, K generating the hyperkihler structure.

As above, we fix a topologically trivial smooth Hermitian vector bundle (E,h) on a
Riemann surface X.

The space = Q50(End E) has a natural complex structure defined by multiplication

by i, denoted I, and a natural symplectic structure
wo (P, o) = / Tr(®) A D5 — Do A DY) for P eQ and Dy, Dy € TpQ = QM (End E).
by

The space ¥ ~ o/ also has a natural complex structure I4 induced from the complex
structure on ¥: as € is modelled on Q%!(End F) the complex structure is multiplication
by i, Ix(8) = i for 94 € € and 3 € T5,¢ = Q%1 (End E). The natural symplectic

structure on ¥ is
we (B1, B2) = / Tr(B5 Ay — Bi A B2) for Oz €€ and pi, B € Ty, % = Q% (End E).
p)

The combination (wy + wq, Iy + Iq) of the symplectic and complex structures on ¢ and

Q) defines a Kéhler structure on € x €2 and hence on the subvariety
2% = {(04,®) € € x Q| 04® =0, (04, P) is stable}.

As we saw above, the moduli space of stable Higgs bundles .#*! with smooth underlying
vector bundle E is the quotient 2% /9.
The Riemannian metric defined by the symplectic structure wy + wqo and complex

structure Iy + I is the natural L?-Hermitian metric
(5 8),(3,8)) =2 [ (5" 7 G+ 60 8)
for (9, ®) € € x Q and (8, ) € Tj, )% x @ = Q! (End E) & Q' (End E).

6



1.1. HIGGS BUNDLES

The space of complex connections 2" is an infinite dimensional affine space modelled
on QYX,End E) ~ Q°(3, T*Y ®r End E) and has a natural complex structure J = 1 ® i
coming from the complex structure of E (and not the complex structure of ¥). The
Hermitian metric on E, with the choice of a Riemannian metric from the conformal class
on ¥, defines a Riemannian metric on 2~ which is K&hler with respect to J. By defining
the affine map € x Q — 2 as (6,®) — B — * + ® + &* the complex structure J on
Z defines a complex structure also denoted J on € x €. In the coordinates (5, <I>) on
Tig, % x @ = Q" (End E) @ QM0(End E), J is J(8,&) = (i®*,—if*). The product
K = IJ defines another complex structure K (3, ®) = (—®*, 5*). For later reference

I1(8,®) = (iB,i®) J(B,®) = (id*, —if*) K(B,®) = (-d*, %) (1.2)
are three linearly inequivalent complex structures on % x Q.

If we denote by wy and wg the symplectic structures associated to (g, J) and (g, K),
respectively, then the symplectic structure wj; + iwg is holomorphic with respect to the
complex structure I. Explicitly the symplectic structure is

wy((B1, ®1), (B2, ®2)) + iwr ((B1, ®1), (B2, P2)) = 2/ Te(®1 A By — D2 A B1)  (1.3)
b

in the coordinates on Tig, )% x (2.

1.1.4 SPECTRAL DATA AND THE HITCHIN FIBRATION

The Higgs bundle moduli space .# has a very rich geometry. Besides the hyperkéhler
structure considered above, Hitchin [39] also showed that .# is an algebraically completely
integrable Hamiltonian system, more specifically that the map

rk

A @H(S, K™ defined by (B, ®) = (Tr®, Tr A2, .., det D)
n=1
. .. . . rk E2(g—1)+1
is proper, surjective, and choosing a basis {\;},_; for the dual of the base space,

the functions f; = A; o H commute with respect to the Poisson bracket determined by the
holomorphic symplectic structure (1.3) on .#. The map H is called the Hitchin map. In
the remainder of this section we follow [7] and describe the generic fibre of the Hitchin
map.

Let (E,®) be a stable degree zero Higgs bundle rank of rank r on ¥. Then, the
characteristic polynomial of ® defines a curve of eigenvalues of ® in the total space of the

canonical bundle p: K — X
0=det(®+nld)=n"+Trdn ' 4+ - +det d

where 7 is the tautological section of p* K on K. This curve is called the spectral curve

of (E,®) and is denoted by S. The spectral curve is a r : 1-branched cover of 3. The
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branch points are the points on ¥ where ® has multiple eigenvalues. The total space of
the cotangent bundle has trivial canonical bundle. Combining this with the adjunction
formula, the the canonical bundle of S is K5 ~ p* K", and thus the genus of S is r2(g—1)+1.

On a smooth spectral curve S there is a line bundle L defined by the exact sequence

of vector bundles [7]
0= Lep'K'™ = p'E ﬂp*(E@K) — Lep*K — 0.

The vector bundle E is recovered as the direct image sheaf p, L of the line bundle L under
the branching map p. The degree of L is r(r —1)(g — 1) and any line bundle of this degree
pushes down to a vector bundle of degree zero. The Higgs field is recovered by pushing
down

LY Lep'K

under p. If S is smooth, then the Higgs bundle (E, ®) is equivalent to (.S, L).

Notice that a point in the base of the integrable system defines the equation of a
spectral curve. For a generic point in the base the associated spectral curve .S is smooth.
By following the above recipe, pushing down any degree r(r — 1)(g — 1) line bundle and
tautological section from S to ¥ produces a Higgs bundle of degree zero and rank r. By
the Cayley—Hamilton Theorem the Higgs field will satisfy the equation defining S, and
restricting the Higgs field to an invariant subbundle would divide the equation for S.
However, S is smooth and hence irreducible and there are hence no invariant subbundles
of this Higgs field. The constructed Higgs bundle is therefore stable.

The above shows that the generic fibre of the Hitchin map is the Jacobian of degree
r(r —1)(g — 1) line bundles on the spectral curve determined by the point in the base.
Notice that the genus of S is 14 r%(g — 1), i.e. half the dimension of the moduli space, as
it should be.

1.1.5 HIGGS BUNDLES AND THE DERIVED CATEGORY OF COHERENT
SHEAVES

In Chapter 4 we use the derived category of coherent sheaves as a convenient tool for
some of the computations. A good introduction to derived categories for the purpose of
Fourier-Mukai transforms can be found in [6] or [44]. In this section we describe how
Higgs bundles can be treated using derived categories.

Let (E,®) be a Higgs bundle and consider it as a two term complex of locally free

sheaves concentrated in degrees 0 and 1
®
F—-EQ®K,
that is an object in D(X) the bounded derived category of coherent sheaves on 3.

8
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A homomorphism between two Higgs bundles (F,®) and (F, V) is a homomorphism

n : B — F making the following diagram commutative.

E-2,E0K

ln ln@)ld

F- Y, FrekK.

Homomorphisms between objects in the derived category do not require the homomor-
phism £ ® K — F ® K to be of the form 1 ® Id and it is therefore easy to see that for
any non-zero ¢ € C there is a homomorphism between (E, ®) and (E, c®) as elements of
D(X) but not as Higgs bundles in general. As ¢ is non-zero, the homomorphism induce an
isomorphism between the cohomology sheaves of the complexes, i.e. a quasi-isomorphism,
and therefore an isomorphism in the derived category. This is problematic as in general
(E,®) and (E, c®) are not isomorphic as Higgs bundles. To rectify this we extend a Higgs
bundle (E, ®) to a family of Higgs bundles.
Let (E,®) be a Higgs bundle on 3. Consider the family of Higgs bundles

ESE®K®OpQ)

parametrised by P9 = P(C® @ H(X, K)), such that the restriction to ¥ x [a : a] is the
Higgs bundle

ad+ald
e

E E® K.

We view this family of Higgs bundles as a two term complex of coherent sheaves on X x P9
and denoted it by C(F). As above, C(E) € D(X x P9).

Proposition 1.1.8. The category of stable Higgs bundles is a full subcategory of D(3xP9).

Proof. Let C(E) and C(F') be two Higgs bundles considered as elements of D(X x P9) and
let f* be a homomorphism between C(E) and C(F), that is the diagram of locally free

sheaves on X x P9
E-22, E® K ® Op(1)

Js Js

F -2 FQ K ® Op(l)

is commutative. When restricting to ¥ x [0 : o] for any o € HY(K) it follows that
f1 = fo®Id, and f* therefore restricts to a homomorphism of Higgs bundles on ¥ x [1 : 0].
Assume now that f*® is a quasi-isomorphism. It is not difficult to show that © g and O

are injective [14, Lemma 3.2.1.1|, giving a commutative diagram of short exact sequences

0— = E -2, F® K ®Ops(1) Qk 0
Jfo lfo®ld l f
0—— F -2 PO K ®Op(1) Qr 0
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where f is the isomorphism induced on cohomology by the quasi-isomorphism f®. The
short exact sequences combined with f : Qg — Qp being an isomorphism implies that
ch(F) = ch(F), and thus u(E) = p(F). It now follows from [33, Theorem 4.3] that the
restriction of C(F) and C(F') to ¥ x [1 : 0] are isomorphic as Higgs bundles. O

Remark 1.1.9. Another way to rephrase Proposition 1.1.8 is to say that quasi-isomorphisms

of complexes on ¥ x P9 associated to Higgs bundles are isomorphisms of Higgs bundles.

1.1.6 KAHLER IDENTITIES

A very useful but often overlooked fact is that Higgs pairs satisfies the usual Kéhler

identities.

Lemma 1.1.10. Let (A, ®) be a Higgs pair on a smooth Hermitian vector bundle (E,h)
and denote by D" = 04 + ® and D' = 04 + ®*. We have the following Kdhler identities

1. (D")Y = —i[A, D]
2. (D')Y =i[A, D"

where (D')V,(D")V : Q*(E) — Q*"Y(E) are adjoints with respect to the L*-inner product
on Q*(E) defined by h, and A is contraction with the fized Kdhler form on X.

Proof. The lemma is proved in a similar fashion to the usual Kéhler identities; see e.g. [71].
O

1.2 HYPERCOHOMOLOGY

An essential tool used time and time again in the present thesis is hypercohomology of a
complex of sheaves. In this section we set the notation straight and introduce the most
important results.

Let (£°,9) be a complex of sheaves on a topological space X
0 yep Ggptl

where £P’s are abelian sheaves and §’s are sheaf maps satisfying 62 = 0.
For a complex of sheaves (£°,d) the notion of cohomology sheaves H? = H9(E®) is
defined as the sheafication of the presheaves

ker{0 : £4(U) — £1TY(U)}

U 3E1(0)

where £9(U) = HY(U,£%) and U is an open subset of X.

10



1.2. HYPERCOHOMOLOGY

Let U = {U,} be a covering of X and C?(U,#9) the Cech cochains of degree p with

values in H?. The two coboundary operators
d:CP(U,HY) — CPTH (U, HT)

§: CP(U,HY) — CP(U, HT),

anti-commute, dé 4+ 6d = 0, and square to zero, d> = 6° = 0, thus giving rise to a double

complex

(CP(U,H),d,9).

The hypercohomology is defined as the direct limit of the cohomology of the total complex
(C*(U).d + 8) of (CP(U, 1), d, 5),

H'(X,€°%) = lim H*(C*(U),d +8).

The hypercohomology can be calculated by either of two spectral sequences with second

pages given by
TERY = HP(X,H1(€%)) and ED?= HP(HY(X,E®)), (1.4)

where the first spectral sequence is the Cech cohomology of the cohomology sheaves

H*(E*), and the second spectral sequence is the cohomology of the complex
H* (X, €% S H*(X,eH S ...

If a spectral sequence only has two non-zero adjacent rows on the second page, then there
is a long exact sequence relating the groups in the spectral sequence to the limit, see e.g.

[75, Exercise 5.2.2|,
o HP — ERTV o BRTYO et R R0 et (1.5)

This can be generalised to the case of a spectral sequence with only two non-zero rows
or two non-zero columns on the final page. For a spectral sequence with only non-zero

groups in the first quadrant (1.5) contains the five term exact sequence,
0— By’ s H - EY' - E° - H (1.6)

For ordinary cohomology Serre duality is essential in any explicit computation; a gen-
eralisation to hypercohomology does exist and is stated here for reference. For a bounded

complex £° of locally free sheaves on a Riemann surface X of the form
0—=& = ... = &m0
there exists a natural duality
H(E®)* ~ H ™ H™((£°)* @ K), (1.7)

11
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where (£°)* ® K is the complex of twisted dual sheaves
0= (E)VQK == (E9)*® K = 0.

Notice that in the case of a one step complex hypercohomology is just ordinary Cech
cohomology, and Serre duality of hypercohomology is the classical Serre duality.

In the language of derived categories of coherent sheaves, hypercohomology of a com-
plex of coherent sheaves is defined as the cohomology of the derived pushforward of the
complex along the constant map. The hypercohomological Serre duality follows from the

general Serre duality in the derived category of coherent sheaves.

1.3 THE DIRECT IMAGE FUNCTOR

The direct image functor of sheaves plays an essential role in almost all of the succeeding
chapters. The facts summarised here are from a host of different sources, especially [31].

Let F be a sheaf on a complex manifold X and f: X — Y a proper holomorphic map
to a complex manifold Y. The (zero’th) direct image of F under f is the sheaf defined by

for each open set U of Y. The direct image sheaf f.(F) on Y is coherent if F is coherent
on X. The functor f, : Coh(X) — Coh(Y) is left exact but rarely right exact. The right
derived functors of the direct image are called the higher direct images and are denoted

R'f,. Tt can be shown that R'f,(F) is the sheaf associated to the presheaf
U H(f1(U), F).

When f is a proper holomorphic map the higher direct images of a coherent sheaf are
again coherent.

The projection formula is a key tool when working with direct image sheaves:

The projection formula is valid whenever £ is a coherent sheaf, F is locally free and f is

a proper holomorphic map.

Definition 1.3.1. Let X,Y be complex manifolds and f : X — Y a proper holomorphic
map. A coherent sheaf 7 on X is flat over Y if all stalks F, are flat Oy f(,)-modules. The
map f is called flat if Ox is flat over Y.

Example 1.3.2. Let X,Y be smooth complex manifolds. Then any proper holomorphic

submersion f: X — Y is flat.

12
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Example 1.3.3. A coherent sheaf on X is locally free if and only if it is flat over X. If

f: X — Y is a flat map then locally free sheaves are flat over Y.

Theorem 1.3.4 (Base change). Let f : X =Y, g: Z — Y be holomorphic maps between
smooth complex manifolds with g flat and F a coherent sheaf on X. Consider the push-out
diagram

Zxy X -2 5 x

R

z—2 5,

then there is an isomorphism
g R f(F) = R'fL(¢"* F).

The cohomology groups H'(X,, F,) where X, = f~!({y}) and F, = F|x, are inti-
mately related to the ¢’th higher direct image of F under f. The following theorem by

Grauert summarises the relationship.

Theorem 1.3.5 (Grauert). Let X,Y be smooth complex manifolds and f : X — Y a
proper holomorphic map. If F is a coherent sheaf on X flat over Y the following is true:

e The Euler characteristic x(Xy, Fy) = > (—1)*h (X, Fy) is a locally constant func-

tion on Y .

e The functions hi(y, F,) = dim H (X, F,) are upper semi-continuous in y for all
1> 0.

o If hi(y, Fy) is constant, then R'f.(F) is locally free.
o If hi(y, Fy) is constant, then R'f.(F) @ C, — H'(Xy, F,) is an isomorphism.
e If hi(y, F,) is constant, then R*=1f.(F) @ C, — H"Y(Xy, F,) is an isomorphism.

The following well-known facts about torsion-free and reflexive sheaves and their direct

images will be important in several instances in Chapter 4.

Lemma 1.3.6. Let X and Y be smooth complex manifolds, f : X — Y a proper holo-

morphic submersion and F a coherent sheaf on X. If F is torsion free, then so is fi(F).

Lemma 1.3.7. Let X and Y be smooth complex manifolds, m : X XY — Y the projection,

and & a reflexive sheaf on X XY, then m.(E) is reflexive.

13






2. THE DIRAC—-HIGGS BUNDLE

Let ¥ be a Riemann surface of genus g > 2. The Dirac-Higgs bundle (D, V) is a hyper-
holomorphic bundle on the smooth hyperkiihler manifold .#** of stable Higgs bundles on
Y of degree zero and fixed rank at least two. A vector bundle with connection is hyper-
holomorphic if the curvature of the connection is of type (1, 1) with respect to all complex
structures on the underlying hyperkéhler manifold. If the real dimension of the manifold
is four the connection of a hyperholomorphic bundle is an anti-self-dual connection.

Coupling the Dirac-operator to a Higgs bundle gives a new Dirac-type operator called
the Dirac-Higgs operator. If the Higgs bundle is stable and of degree zero and rank
at least two the kernel of the Dirac—Higgs operator is always trivial. The Dirac—Higgs
vector bundle is thus the bundle of cokernels of the Dirac—Higgs operator. The connection
is obtained by projecting the trivial connection to the bundle of cokernels. Technically
speaking we do not get a vector bundle on .#* as this space does not have a universal
bundle, but on every open set of .#Z*" we do indeed get a bundle with a connection. The
connection is of most interest and as this is a local object the lack of universal bundle
poses no real problem.

The Dirac-Higgs operator and all its properties are introduced in Section 2.1. We give
conditions for when the kernel vanishes and compute the index.

The cokernel of the Dirac—Higgs operator is equivalent to the solution set of a coupled
set of differential equations called the Dirac—Higgs equations. In Section 2.2 we consider
rank one Higgs bundles on C with the Higgs field being a polynomial. We see that for the
monomials z* the Dirac-Higgs equations have a k-dimensional space of global L?-solutions.
We conjecture this to be generally so for any degree k polynomial. For the trivial line
bundle on C with monomial Higgs fields we can explicitly solve the Dirac-Higgs equations
using modified Bessel functions.

In Section 2.3 we use the explicit calculations of Section 2.2 to construct a toy model
for the Dirac-Higgs bundle on C2. We show that the natural connection is an instanton
by explicitly computing its curvature.

In Section 2.4 we return to Higgs bundles on . We use Hodge theory to identify
the cokernel of the Dirac—Higgs operator with hypercohomology of the Higgs bundles
considered as a two term complex of locally free sheaves. We also get an identification
with the de Rham cohomology of the Higgs bundle.

In Section 2.5 we construct the Dirac-Higgs vector bundle ID. We examine more closely
the obstructions for D to be a bundle on all of .#*.

The Dirac-Higgs connection is constructed in Section 2.6 and we prove that (D, V) is

indeed hyperholomorphic as claimed above.
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In Section 2.8 we use the toy model of Section 2.3 to construct a Nahm like transform
for Higgs line bundles on C, which constructs other Higgs bundles on C. This Nahm type
transform was conjectured by Corrigan and Goddard [20].

Throughout this chapter we let w be a fixed Kéhler form on ¥ given by choosing a

metric in the conformal class.

2.1 THE DIRAC—HIGGS OPERATOR

Let (E, h) be a fixed Hermitian vector bundle on X. Let (A, ®) be a Higgs pair consisting
of a unitary connection on F and ® a section of End E ® K. Denote by 94 and 04 the
(1,0) and (0, 1)-parts of the covariant derivative of the connection A, respectively.

In [41] Hitchin defines a Dirac-operator coupled to a Higgs pair (A, @)

Dag = @ﬁ —_8A> QUE)®? - QY(E) e QY(E), (2.1)

called the Dirac—Higgs operator. The operator
Do = (gﬁ g’) :QY(E) o Q¥Y(E) —» oVYY(BE)#? (2.2)
’ A
is the adjoint of D¢ with respect to the L?-inner product on Q!(E) in the following

sense:

Lemma 2.1.1. Let s € Q%(E)®? and u € QY(E) @ Q%(E), then

(u, DA7<I)8>h = (iAD} pu, s>h

where (, ), is the L?~inner product on Q°(E) defined by the Hermitian metric h and the
conformal structure on X, and A is the adjoint of wedging with the fized Kdhler form on

3.

Proof. The lemma is a direct consequence of the Kéahler identities for Higgs bundles,

Lemma 1.1.10. O

Remark 2.1.2. Strictly speaking, the adjoint of D4 ¢ should take values in the zero forms
and not (1, 1)-forms as above. However, by choosing a Kéhler form on ¥ and letting A be
contraction with this form QUY(E) and QY°(E) are identified. The Dirac-Higgs bundle
defined in Section 2.5 should only depend on the conformal structure of ¥ which is why
the above operator is preferred. Whilst doing calculations the choice of a metric in the

conformal class is however often needed.
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Remark 2.1.3. The Dirac-Higgs operator D4 ¢ defined for a vector bundle £ on R? is the
dimensional reduction of the usual Dirac-operator in the vector representation coupled to
a connection on a vector bundle on R?*, in the same way as the Higgs bundle equations are
a dimensional reduction of the self-duality equations. In light of the above, D4 ¢ ought to
be C®(ST ® E) — C*(S~ ® E) with the spinor bundles ST = A®9T*Y @ ALIT*Y and
S = AVT*S @ ASLT*S. As in Remark 2.1.2 we replace the (1, 1)-forms by (0, 0)-forms

to make the adjoint conformally invariant.

Lemma 2.1.4. Let (A, ®) be an irreducible Higgs pair on a vector bundle of degree zero

and rank at least two satisfying the Higgs bundle equations (1.1), then ker D ¢ = 0.

Proof. The proof essentially follows from the irreducibility of (A, ®) and that D} 4D 4
is a real operator due to the Higgs bundle equations.

Let (s1,s2) € ker D4 . The Higgs bundle equations specifically imply that

N 00481 + P*Psy
0= DA,QDDA,{)(SMS?) = - (aAéAsi + O*Psy )

Pairing this with (s1, s2)
o 5 2 2 5 2 2
0= (iAD}) 6D 4 0(51, 52), (51,52)),, = [10as1ll + |51}, + [[9asally + [|s2],

shows that non-zero si, so defines holomorphic embeddings of the trivial line bundle O in
FE which are ® invariant.
Assume that one of the sections s1, so are non-zero. With respect to a smooth splitting

of E ~ O @ @ the Higgs field and d-operator are

_ (0 ¢ = (0 B
q)_<0 q’@) and 8A_<0 5@)

where 3 € Q%1(Q*) is the second fundamental form. The connection A is

(Vv B
A_<—5* VQ)

where V and Vg are the induced connections on O and @), respectively. Writing out the
Higgs bundle equations explicitly with respect to the smooth splitting of E we get four

equations. The equation corresponding to O is
0=F(V)=BAB +oNg"==BAB +oN¢"
Integrating this identity over 3 gives
0 =115l7 + llell:,
implying that 5 and ¢ vanish and hence that (A4, ®) is reducible. O
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2. THE DIRAC—HIGGS BUNDLE

Remark 2.1.5. From the proof of Lemma 2.1.4 we see that if the degree of E is not zero,

then ker D4 ¢ might be non-zero.

Remark 2.1.6. If E is a line bundle of degree zero and ® = 0, then ker D4 ¢ consists of
holomorphic sections of E and E*. Unless FE is trivial there are no holomorphic sections

of E. We therefore see that dimker Dy = 2 if A =0 and 0 otherwise.

Remark 2.1.7. If E is a line bundle of degree zero and ® # 0 the proof of Lemma 2.1.4
gives ®s = 0 which is only satisfied if s = 0 as ® is a section of a line bundle. This shows

that ker Dy ¢ = 0.
Lemma 2.1.8. Let (A, ®) be a Higgs pair, then the index of

Dag: QE)? - QYE)0 QN E) is —2r(g—1)
where r is the rank of E.

Proof. As ¥ is compact the elliptic operator Dy ¢ is Fredholm. Furthermore, the index

only depends on the principal symbol and thus
ind(Dag) = ind(94 : Q°(E) — QY(E)) +ind(da : Q°(E) — Q"(E)).
From the ordinary Ké&hler identities and the Atiyah—Singer Index Theorem

ind(94 : Q°(E) — QY(E)) = —ind(da : QY(E) — QV(E))
= —ind(84 : QU EK) — Q"(EK)) = —x(EK).

It follows that
ind(Da,e) = X(E) — x(EK) = —2r(g — 1)

proving the lemma. O

Remark 2.1.9. Notice that the proof of Lemma 2.1.8 does not require the Higgs pair to
satisfy the Higgs bundle equations. Neither the degree nor the rank requirements are

needed.

Proposition 2.1.10. Let (A, ®) be an irreducible Higgs pair solving the Higgs bundle
equations (1.1) on a Hermitian bundle (E, h) of degree zero and rank at least two. Then

the dimension of ker D 4 1is
dimker D} 4 = 21k E(g — 1).
and is independent of (A, ®).
Proof. The result follows directly from Lemmas 2.1.4 and 2.1.8. O
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2.2. SOLUTIONS TO RANK ONE DIRAC—HIGGS EQUATIONS ON C

Remark 2.1.11. From remarks 2.1.6 and 2.1.7 we see that when F is the trivial line bundle

the dimension of ker D 4 jumps when @ is the O-section of K, and is otherwise constantly
2(g—1).

Definition 2.1.12. Let (A, ®) be a Higgs pair, then the equations for ker Do
0=0401 + Py and 0= D)o + Py (2.3)

for (11,12) € QYO(E) @ QU(E) are called the Dirac—Higgs equations for (A, ®).
In the following section we study a special case in which the Dirac-Higgs equations

can be explicitly solved.

2.2 SOLUTIONS TO RANK ONE DIRAC—HIGGS EQUATIONS
oN C

In this section we discuss the shape of solutions to the Dirac-Higgs equations for rank one
Higgs bundles on C. We explicitly solve the Dirac-Higgs equations for monomial Higgs
fields and see that the number of solutions is the degree of the Higgs field monomial. We

conjecture that this is true for general polynomial Higgs fields.

2.2.1 SQUARE INTEGRABLE SOLUTIONS

Modified Bessel functions turn out to play an important role in solving the Dirac-Higgs
equations on C. For the benefit of the results to follow we recall here basic properties

about modified Bessel functions. These can be found in e.g. [1].

Lemma 2.2.1. The differential equation

d*f df
L — (VP = 24
sty (v*+2°)=0 (2.4)

for a real function f on the positive real half line has solutions I+, (x) and K, (x) called the
modified Bessel functions of the second kind. Fach Bessel function is a reqular function

with the following properties.
o [,(z) is unbounded as x — oo for all v.
o K,(z) =300 50 K (2) = K, (v).

o Ko(z) ~ —Inz for x — 0.

o K,(z) ~ 3L(v)(3z)7" for x — 0 when v > 0.

l\D

(1 +O(z™Y)) for x — oo with v fized.
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2. THE DIRAC—HIGGS BUNDLE

Lemma 2.2.2. There are no non-trivial L?-solutions to the Dirac—Higgs equations for
the Higgs bundle (O,dz) on C.

Proof. If 1 € Q! is written as ¢ = ¢1dz + ¢»dz the Dirac-Higgs equations for the Higgs
bundle (O, dz) are equivalent to

0=0%y1 —1 and Py = sy,

We are only interested in L?-solutions and expands 1 as a Fourier series 1); = Y onez ane.

The equations for the Fourier coefficients a,, are

0=r2d +rd, — (n* + 4r%)a,.

Assuming solutions have the form a,(r) = f,(2r) the functions f,, must satisfy the mod-
ified Bessel differential equation (2.4) with v = n. The function a, is thus a modified
Bessel function of the second kind I,,(2r) or K, (2r).

For 1 to be L? the components v; must be L?. In the case of 11, we must have

[e.e]

Z/ |a, |*rdr < co.
nez 0
It follows from Lemma 2.2.1 that Ko(2r) is the only L2-function on C. This determines

Y1 and iy
Y1 = cKo(2r) and tpy = —cK 1 (2r)e®

for ¢ € C. From Lemma 2.2.1 the radial function K;(2r) on C is not L? around zero,

giving that ¢ = 0 is the only L?-solution. O

Lemma 2.2.3. The only L?-solutions to the Dirac—Higgs equations for the rank one Higgs
bundle (O, zdz) on C are

ce “dz — ce”#dz

for any ¢ € C. There are more generally k linearly independent L?-solutions to the Dirac—
Higgs equations for the rank one Higgs bundle (O, z8dz) on C, k > 1, all given by Bessel

functions.

Proof. We proceed as in the proof of Lemma 2.2.2. If we write ¢ € Q! as ¢ = 11dz +12dZ

the Dirac—Higgs equations for (O, zdz) on C are equivalent to
0= %41 — 270zt — 2[*Y1 and 4 = 271041,

We are only interested in solutions where 11,19 are square integrable, and express them
in terms of their Fourier series in polar coordinates ¢ = 3, an(r)e™® and ¢y =

Y onez bn(r)e™. Then a, is a solution to
1
0=r%a —ral, — (n* — 2n+ 4rYa, and b,(r) = 57“_1&' (r) —
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2.2. SOLUTIONS TO RANK ONE DIRAC-HIGGS EQUATIONS ON C

for each n € Z. Assuming that a,(r) = rf,(r?) the equation for a,, becomes

0=ty +afite) - ("5 + o) )

which is the modified Bessel differential equation for v = %71 and solutions are modified
Bessel functions I, n—1(2) and Kn-1(z). Lemma 2.2.1 shows that only Kn»-1(x) decays
2 2 2

for large . Combining this with the above, we see that the Fourier coefficients are
an(r) = cprKn (TQ) for ¢, € C.
2

The function 1, is square integrable if and only if

o0
Z/ |ay*rdr < co.
0

ne”L

Firstly, we notice from Lemma 2.2.1 that for any € > 0 the integrals f;o]an|2rdr are all
finite. However, we also see that the Bessel functions K -1 () have a singularity at zero
for all n. The asymptotic expansion for small x shows that the only values of n for which
f08|an|2rdr is finite are 0, 1, 2.

The function b, is
— 2r*Zan(r) = —c,rKni (r?).
2 2

It follows from Lemma 2.2.1 that the radial function b, on C is L? around zero only if n is
—2,—1,0. Along with the above, we conclude that the only L?-solution of the Dirac-Higgs
equations comes from the zeroth Fourier mode.

Combining all of the above, we see that all L?-solutions to the Dirac-Higgs equations
have the form

ce **dz — ce **dz with ceC.

The case of monomials of degree k is similar to the derivations above. The Dirac-Higgs

equations for (O, zFdz) are equivalent to
_ k _
0= 21 — k2" "0z¢h1 — 2™ and by = 27041,
Splitting ¥ = ZnGZ ane™ and P9 = EnGZ b, into Fourier series the coefficients A, by
must satisfy

k-1

1
0 =72 — (2k — V)ral, — (n* = 2kn + 4r>*?%)a,, and b,_j1 = 5r_ka;I — —r " ay,.

n
2

Solutions to this differential equation are as above modified Bessel functions

2 2
k k+1 3 k+1
Tlilfcﬂ(k—l—lr > and rK}/iﬂ(k—l—lr >
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2. THE DIRAC—HIGGS BUNDLE

The asymptotic behaviour of modified Bessel functions (Lemma 2.2.1) shows that only
K, (z) decays for large z, and that it is only when n € {0, ...,2k} that 7* K, (ﬁrk“)

k1
is quadratic integrable on C. If a,,(r) = r* K_n, (%rk“), then
k+1

is only L? around zero if n € {~k—1,...,k—1}. The general solution to the Dirac-Higgs

equations are Y1dz + Yodz with 11,19 determined by k complex numbers cg, ..., cr_1
2 ,
_ .k k+1 o k k41 i(k—1)0
Y1 = cor K:fu(k;—i-lr >+ + cp_17 Kk-lu<k;-|-1r )e
2 - 2
_ .k k1) —i(k—1)0 k k+1
9 cor Kkil(k—i—lr >e Cl—17T kar1<k+1r >

This proves that there are k linearly independent solutions to the Dirac—Higgs equations

for (O, z*dz) all of which are given by modified Bessel functions. O]

Based on the results from Lemma 2.2.3 we make the following conjecture regarding

the solutions to the Dirac—Higgs equations for a polynomial Higgs field.

Conjecture 2.2.4. If ¢ is a polynomial of degree k, then there are k linearly independent
L?-solutions to the Dirac-Higgs equations for the Higgs bundle (O, @dz) on C.

A possible proof of the conjecture is discussed in Chapter 7.

Remark 2.2.5. The picture emerging from the global solutions to the Dirac-Higgs equa-
tions on C resembles that of the abelian vortex equations on C studied by Jaffe and Taubes

[45] and extended to vortices on Riemann Surfaces by Garcia-Prada [28].

2.3 ToOY MODEL FOR THE DIRAC—HIGGS BUNDLE

We study the Higgs line bundle (O, zdz) on C, and use the result of Lemma 2.2.3 to
construct a toy model of the Dirac—Higgs bundle.

If we deform the Higgs bundle by conjugating the d-operator by the exponential of a
linear map and the Higgs field by adding a constant one-form, we get a family of Higgs
line bundles (0 + vdz, (z + u)dz) parametrised by (u,v) € C2.

Lemma 2.2.3 is easily modified to show that for any (u,v) there is only a one-dimen-
sional space of L?-solutions to the Dirac-Higgs equations for this family. Furthermore, if

a solution is written as (z, u,v) = ¥1(z,u,v)dz + V¥a(z, u,v)dz, then 1; and 19 are
V1(z,u,v) = ceP?VE(EHW)(EHE) g 4hy = —p;  with ¢ € C. (2.5)

As the dimension of the L2-solution space is independent of (u,v), the solution spaces

collectively define a line bundle L on C2.
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2.3. Toy MODEL FOR THE DIRAC-HIGGS BUNDLE

The line bundle LL inherits a Hermitian metric by inclusion into the infinite-dimensional
trivial bundle

Q=04 g% « 2

The bundle € is equipped with the L?-metric induced by the standard complex structure
and Kahler form on C.
Additionally, I. has a natural unitary connection V given by projecting the trivial

connection d onto the line bundle L
V = Pdi,

where P at a point (u,v) is projection of a one-form onto the L2-solution space for the
Dirac-Higgs equations for (0 4 vdZ, (z + u)dz), and i is the inclusion of LL in Q.

A simple calculation shows that a unitary frame for LL is given by a section ¢ with
c= ﬁ in (2.5). Define 1) = 11dz 4 1)2dZ to be such a unitary frame for L.

The explicit expression in (2.5) makes it possible to directly compute the covariant

derivative. The following identities are immediate consequences of (2.5)

OpP1 = —Z11 Op)1 = 291 Our = —(Z + u)in a1 = —(z + u)ir.

By definition of the connection, the derivative Vg, 1 is 0,1 projected back onto 1 using

the L2-metric.

(i), ) = / Bytbrad1 dVol + / Oyt AVoI
C C
=2 [ —z[¢y|* dVol
/(C Z|11 | 0

_ 2 / o200 (EH) qyo]
™ Jc
—2 5 \p—22Z

=— [ (z—u)e dVol
T Jc

=

where the last equality follows from [j* 4e=2"rdr = 1 and Jc Z2f (1) dVol = 0 where f is a

radial function. We can do the same calculations for the other partial derivatives and get

Voo=up Vo =—-up  Vpp=0  Va1p=0. (2.6)

This completely specifies the connection V, and the curvature F'(V) can be obtained by

computing the commutators

[Va,,Va,] =0 [Va,,Va,] =0 [Va,,Va,] = —1
[Vo,,Va,] =0 Va,,Va,] =0 [Vo.,Va,] =1
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2. THE DIRAC—HIGGS BUNDLE

giving

F(V)=duAdv—duAdv.
The curvature is clearly of type (1,1) and orthogonal to the standard symplectic form
%(du/\dﬂ—}—dv/\d@) on C2. In other words, the connection V on C? is an instanton. When
we in the following sections consider the Dirac—Higgs bundle on the hyperkdhler moduli
space of Higgs bundles on a compact Riemann surfaces, the anti-self-duality equations are
generalised to the curvature being of type (1,1) with respect to all complex structures,

i.e. the Dirac-Higgs bundle is hyperholomorphic, see Theorem 2.6.3.

2.4 HODGE THEORY

We now return to Higgs bundles on a compact Riemann surface. As we saw in Section 1.1,
Higgs bundles both have a description as a holomorphic object (F, ®) and as a differential
geometric object (A, ®). This duality is also present for the Dirac—Higgs operator where
it is reflected via Hodge theory.

Consider a Higgs bundle (E, ®) as a two term complex of locally free sheaves
E2 EK. (2.7)

The hypercohomology H*(E, ®) of (2.7) can be computed by choosing the standard Dol-
beault resolution of (2.7), giving that the hypercohomology groups are isomorphic to the
cohomology of

00(E) 2210, 010(B) @ 00 (B) 2250 gly(p), (2.8)

Lemma 2.4.1. Let (E, h,®) be a Higgs bundle with a Hermitian metric and (A, ®) the
associated Higgs pair, then H'(E, ®) ~ ker(D?* ).

Proof. The differential in (2.8) is D" = 94 + ® where A is the Chern connection of (E, h).
From the Kiihler identities its adjoint is D’ = 94 + ®*. If 1y + 19 € QYO(E) & QVH(E)
satisfy both

0= D"(¢1 +1h2) = 0ath1 + P2 and 0= D'(¢p1 + 12) = Oarps + P Yy

it is a harmonic representative of the cohomology H!(E,®) = ker(D")/im(D"), but is
also an element of ker(Djm,). Standard Hodge theory for elliptic differential operators
on compact manifolds [76, Chap IV, Theorem 5.2 now identifies the spaces ker(D} 4) ~
HY(E,®). O

Remark 2.4.2. The identification in Lemma 2.4.1 also extends to the other hypercoho-
mology groups, H(E, ®) & H?(E, ®) ~ ker D4 ¢, proving that these cohomology groups
vanish when (F,®) is stable of degree zero and rank at least two. This vanishing result

can also be obtained directly from the definition of hypercohomology and Serre duality.
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2.4. HODGE THEORY

Lemma 2.4.3. Let (E,®) be a Higgs bundle of degree zero and rank r with det ® having
only simple zeros z1,...,zn. Then

N
D,
H'(E, ®) ~ @ coker(E., —» EK.,)
=1

where N =21k E(g — 1).

Proof. From the first hypercohomology spectral sequence (1.4) the hypercohomology group
H!(E, ®) can be computed from the cohomology sheaves H(E % EK ). Since det ® has
simple zeros ® is an injective sheaf map and thus H® = 0. For the same reason H! is a
skyscraper sheaf supported on the N = 21k E(g — 1) zeros of det ® € HO(K'¥F @ det E),
each non-zero stalk having length one. The result follows by definition of the spectral
sequence.

More concretely, identify H!(E,®) with the first Dolbeault cohomology group of
(E,0r + ®). A cohomology class [¢] is represented by a 1-form 1) = ¢ + ¢y € QN (E) =
QM(E) @ QYY(E), with D" = dgiby + ®thg = 0. Define

N

P HYE,®) — @coker(Ezi SN FEK.) as p)= @1(z),...,01(2n))
i=1

the evaluation of v at the zeros of det®. The map p’ is well-defined as a different
representative for the cohomology class differ from v by D"s = Ogs 4+ ®s for s a section
of F and the (1, 0)-parts therefore differ by ®s.

Given a tuple (v1,...,vy) of elements in the cokernel we can by choosing trivialisations
of EK around each z; and using appropriately chosen bump functions for these neighbour-
hoods construct a solution to D"t = 0 defining the inverse of p. The different choices
involved in the construction will give different solutions to D"t = 0 but all differing by

D"s where s is a section of E. For the details see e.g. |72, Proposition 4.22]. O

2.4.1 DE RHAM COHOMOLOGY

Let (A, ®) be an irreducible Higgs pair solving the Higgs bundle equations on a vector

bundle F of degree zero and rank at least two. Recall from Section 1.1.2 that
D=ds+ o+ 0"
is a flat irreducible complex connection on F.

Proposition 2.4.4. If (E, D) is a vector bundle of degree zero and rank at least two with
an irreducible flat connection D, then the first cohomology group of the de Rham complex

of D
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2. THE DIRAC—HIGGS BUNDLE

is isomorphic to ker D% 4, where (A, ®) is the Higgs pair from Donaldson’s equivalence,

and the other cohomology groups vanish.

Proof. From Donaldson [22]| there is a harmonic metric splitting D into operators D' =

04+ ®*, D" = 04 + ® where
D=ds+®+®* =D+ D"

is split into unitary and self-adjoint parts. It follows from the Higgs bundle Kéhler iden-
tities Lemma 1.1.10 that ¢ € Q!(E) satisfying

0=D¢=D"p+D"p and 0= D ) =iA(D"p— D'p)

is equivalent to 0 = D'y and 0 = D"4), that is 1) € kerD}, 5. Hodge theory therefore
shows that the first cohomology group of the de Rham complex of the flat connection D
is ker D} .

The remaining cohomology groups vanish as for ¢ € Q°(E) satisfying 0 = D is
equivalent to ¢ € ker Dg ¢. The equation 0 = D*y for ¢ € Q?(E) is likewise equivalent
to 1A € kerDye. By Donaldson’s result (A, ®) satisfies the Higgs bundle equations.
Furthermore, as F has degree zero and rank at least two the kernel of Dy ¢ vanish by

Lemma 2.1.4. OJ

Remark 2.4.5. If (A, ®) satisfies the Higgs bundle equations, then for any ¢ € C*
De=ds+(®+ (0"

is a flat complex connection. By a proof equivalent to that of Proposition 2.4.4 the de

Rham cohomology of D¢ is concentrated in degree one and is ker D7 4.

2.5 THE DIRAC—HIGGS BUNDLE

Proposition 2.1.10 shows that the dimension of ker DZ@ is independent of the Higgs pair
(A, ®) on a compact Riemann surface ¥ if the pair satisfies the Higgs bundle equations
and the topology of the underlying vector bundle is trivial and has rank at least two.

If there were a universal Higgs bundle F LN ® K on ¥ x .#*' we would obtain a
locally free sheaf on .#*t by taking its first direct image along the projection to .#*'.
The zeroth and higher direct images all vanish in this case. By Lemma 2.4.1, the fibre at
each point is ker D} 4 where (A, ®) is the Higgs pair solving the Higgs bundle equations
associated to a stable Higgs bundle (F, ®). This is indeed the way Hausel [33] constructs
his virtual Dirac bundle on the moduli space of rank two and degree one Higgs bundles. As

mentioned in Remark 2.1.5, the kernel of the Dirac-Higgs operator might be non-trivial
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2.5. THE DIRAC-HIGGS BUNDLE

which is reflected in the fact that Hausel has a wvirtual bundle, as in his case the direct
image is not just concentrated in one degree.

For the moduli space of semi-stable bundles on a Riemann surface of genus g > 2,
Ramanan [67] showed that when the rank and degree are not coprime there is no universal
bundle. The same is true for Higgs bundles as it is not possible to construct a universal
vector bundle parametrising the holomorphic vector bundles underlying the Higgs bundles.
However, given an open covering {U;} of .#* there is a local universal vector bundle F; on
U; x X and on intersections U; NU; there is a line bundle L;; such that E; ® L;; ~ E; with
extra compatibility conditions on the isomorphisms for triple intersections. This describes
a so-called gerbe. For an open set U; with a universal vector bundle F; on U; x ¥ we define
the sheaf

D; = R'm.(E; & B @ 7°K)

on U;. By the Hodge theory in Lemma 2.4.1, this is the bundle of cokernels of Dirac-Higgs
operators. The topological assumptions on the underlying vector bundle Proposition 2.1.10
gives that I; is locally free of rank 21k E(g—1). On intersections U;NU; the vector bundles
D; and D; are related by the line bundle L;;.

In what follows we will drop the index i and mainly treat D as a bundle on all of .#*.
In the next section we define a metric and a connection on I, both of which are local

concepts. The vector bundle D on .#Z* is called the Dirac—Higgs vector bundle.

Remark 2.5.1. Instead of defining the vector bundle D locally we could have defined it
globally as a projective bundle. This projective bundle is not the projectivisation of a

vector bundle; if it was, the gerbe above would be trivial and D could be globally defined.

Remark 2.5.2. In Section 2.6 we equip the Dirac-Higgs vector bundle with a Hermitian
metric and a unitary connection. Considered as a projective bundle the Dirac-Higgs
bundle is therefore a principal PU(N)-bundle, N = 2rk E(g — 1), which is the closest one
can get to a U(NV)-bundle.

Remark 2.5.3. In Chapter 6 we shift attention to parabolic Higgs bundles. The extra data
of a parabolic structure allows us to construct a universal parabolic Higgs bundle under
very mild assumptions on the parabolic structure (Section 6.5). We use this in Section 6.6

to globally define a Dirac-Higgs bundle for parabolic Higgs bundles.

Serre duality gives the cotangent bundle of the Jacobian of 3 a group structure T*J ~

J x H°(K) and T*.J acts on .#*t by
(f,a) ’ (E7(I)) = (E®L£7(D+a1d)

where L¢ denotes the degree zero line bundle given by ¢ € J. The orbit Orbr«;(E, ®)

gives an immersion of T*J in .#*' through the point given by the equivalence class of

27



2. THE DIRAC—HIGGS BUNDLE

(E, ®). By choosing a base point zy on ¥ we define an Abel-Jacobi map ¥ — J to the
dual Jacobian by mapping a point z to the divisor class of z — z5. The Poincaré bundle
P on J x J defined by the choice of Abel-Jacobi map now pulls back to a universal line
bundle on ¥ x J ~ ¥ x J denoted P.
Given a stable Higgs bundle (E, ®) of degree zero there is a universal Higgs bundle on
Y x J x HY(K)
EoP S EQKeP

parametrising the stable Higgs bundles in the orbit Orbp«;(E, ®), that is restricting to
Y x {&, a} is the Higgs bundle (F® L¢, ® +a1d). The direct image of this universal Higgs
bundle to J x H°(K) is the same as finding an open set U in .#*' containing Orbr ;(E, ®)
and pulling back D defined on U to J x HY(K) along the map defined by the action.

The pull-back of D to J x HY(K) by the orbit map is how the Dirac-Higgs vector
bundle is discussed in Chapters 3, 4, and 5.

2.6 THE DIRAC—HIGGS CONNECTION

The vector bundle D has a natural Hermitian metric and unitary connection. Both are

obtained by embedding D) in the infinite dimensional trivial bundle
Q — Ql’O(E) D QO,I(E) % %st

on ./ by the inclusion i4 g : ker(Dj 4) — QLYY(E) @ QYY(E). The bundle § is equipped
with the L?-metric induced by the fixed Hermitian metric on E and the Hodge-* on X.
Denote by P4 ¢ the orthogonal projection onto ker D} 4 with respect to the L?-metric

and by P the family of projection operators. We define a unitary connection V on D by
V = Pdi
where d is the trivial connection on 2.

Definition 2.6.1. The bundle with connection (D, V) on .#*' is called the Dirac-Higgs
bundle and V the Dirac—Higgs connection.

Remark 2.6.2. The Hermitian metric on €2 only depends on the conformal structure of ¥ as
the Hodge star is conformally invariant on 1-forms on a Riemann surface. The Dirac—Higgs

operator is also conformally invariant and hence (D, V) is conformally invariant.

Theorem 2.6.3. The Dirac-Higgs connection is of type (1,1) with respect to all complex

structures on the moduli space of stable Higgs bundles.
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2.7. EXAMPLE

Proof. The moduli space of stable Higgs bundles is a hyperkdhler manifold with three
inequivalent complex structures I, J, K defined in Section 1.1.3.
For the complex structure I consider the family of complexes
QO(E) oa+® 0a+®

QY(E) Q*(E).

An infinitesimal deformation of the differentials around a point (94, ®) is B + @ where
(3,®) € Q% (End E) ® Q0(End E) is in the tangent space to € x Q at the point (94, ®),
and thus I acts as multiplication by i on the derivative of 94 + ®, in other words the
complex varies holomorphically with respect to I. From Lemmas 2.1.4 and 2.4.1 the
complex is exact with cohomology concentrated in degree one. Furthermore, it is split by
the Green’s operator for (94 + ®)(94 + ®*). The complex is therefore a so-called infinite
dimensional monad and from general theory [23, Section 3.1.3] the cohomology defines
a Hermitian holomorphic bunde on .#%. The bundle D therefore has a holomorphic
structure with respect to I with which V is compatible.

For the complex structure J consider the de Rham complex for the family of flat

connections d4 + ® + ¢*,

da+D+D* da+D+D*
Sy Sy

Q' (E) QYE) Q(E).

As the complex structure J is multiplication by i on 8 — 8* + & + &*, the complex
varies holomorphically with respect to J. By Proposition 2.4.4 the family is an infinite
dimensional monad, and furthermore that ID has a holomorphic structure with respect to
J with which V is compatible.

The argument for the complex structure K is equivalent to that for J, but instead
consider the family of complexes with differentials d4 —i® +¢®* as K is multiplication by
ion B—fB* —i®+id*. It follows from Remark 2.4.5 that the cohomology is concentrated
in degree one and that D has a holomorphic structure with respect to K with which V is

compatible. O

2.7 EXAMPLE

A more general type of Higgs bundle is defined via principal bundles for complex Lie
groups. For G a complex Lie group a principal G-Higgs bundle is a pair (P, ®) of a principal
G-bundle P and @ a section of ad P ® K where ad P is the vector bundle associated to
the adjoint representation of G. If we assume G is a matrix group G C GL(n,C) and
let £ = P xg C" be the vector bundle associated to P by the vector representation we
recover the definition of Higgs bundles as pairs (E, ®).

The ordinary Dirac-operator on a manifold with spin structure can be seen as an
operator D : C®°(S+) — C°>°(S~) where ST are the spinor bundles. In Remark 2.1.3 we
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2. THE DIRAC—HIGGS BUNDLE

noted that the Dirac-Higgs operator is the ordinary Dirac-operator coupled to a Higgs
bundle and that we can see it as an operator D(g gy : C°(ST ® E) = C®(S~ ® E).
From this perspective it is clear that given any representation V of G we can couple the
Dirac-Higgs operator to this representation Dy : C®°(ST @ V) — C®°(S~ @ V). One
natural example to consider is the Lie algebra V = Lie(G) with G acting by the adjoint
representation. In this case, the Dirac—Higgs bundle is the tangent bundle of the moduli

space along with the Levi-Civita connection.

2.8 NAHM TRANSFORM FROM C TO C

In Chapter 3 we shall use the Dirac—Higgs bundle to construct a Nahm transform for Higgs
bundles on a compact Riemann surface .. Before doing that, we extend the construction
of the toy model to Higgs line bundles on C with polynomial Higgs field of degree k, and
use it to construct a Nahm transform for these Higgs bundles. The transform will produce
Higgs bundles on a ‘dual’ C. This Nahm transform fits into the framework of a transform
between solutions to the anti-self-duality equations on R* which are translation invariant in
n directions to those which are translation invariant in 4—n directions. This was formalised
by Corrigan and Goddard [20], who also conjectured the existence of the transform when
n = 2. Obtaining such a transform was one of Hitchin’s original motivations for studying
the Higgs bundle equations. The following is based on the validity of Conjecture 2.2.4

Firstly, observe from Section 2.3, and the the explicit computation (2.6) that the
Dirac—Higgs connection is independent of v. The connection is furthermore an instanton,
and as it is independent of v it descends to a rank one solution of the Higgs bundle
equations on the copy of C parametrising deformations of the Higgs field. In this simple
case, equation (2.6) also explicitly shows that the Higgs field is —udu.

We consider the same deformations for a Higgs bundle (O, ¢dz) with ¢ a polynomial
of degree k, that is a family of Higgs bundles

(0 + vdz, (p + u)dz) (2.9)

parametrised by (u,v) € C2.

If Conjecture 2.2.4 is true, the construction of the toy model in Section 2.3 immediately
generalise to give a Dirac-Higgs bundle (D, V) on C? of rank k. That the connection is
an instanton follows from the general argument in Theorem 2.6.3. Following the outline
above, if the connection is independent of v, it descends to a Higgs pair on C parametrising
u, and solves the Higgs bundle equations.

Writing ¢1dz +12dz € Q' a solution to the Dirac-Higgs equations for the family (2.9)

0 = 0(2p1dz) + vip1dzZ A dz — (p 4 u)pedZ A dz
0 = A(1hdZ) — Tipadz A dZ — (p + W)tprdz A dZ
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2.8. NAHM TRANSFORM FROM C 1O C

can be written in the form
__ _—vzZ+vz __ _—vzZ+40vz
P =c¢e s1 and g =e S9 (2.10)

where s1dz + sadz solves the Dirac-Higgs equations for (O, (¢ + u)dz)

0= 0(s1dz) — (¢ + u)sedZ A dz
0= 0(s2dz) — (¢ + u)s1dz N dz.

The solutions s1dz 4 sadZ are independent of v and the solutions ¥1dz + Y9dZ depend on

v as specified in (2.10). In other words, a section of D is of the form
Y(u,v,2) = e V% 5(u, 2)

where for each u the section s(u,z) is a 1-form solving the Dirac-Higgs equations for

(O, (¢ + u)dz). The derivatives of i) are
Optp = —ze VFP%s Opip = ze VFTPEs Oyip = e V0 Ogtp = e VF TR 0s. (2.11)

Assume {m1,...,n;} is a local frame for D and 7, = e *t%%p;. It then follows directly

from (2.11) that the covariant derivatives are independent of v, e.g.

(8U1/1,m>:/(C—zs(u,z)p(u,z)id\fol and <8u1/1,m>:/C@us(u,z)p(u,z)id\/ol.

This shows that the Dirac-Higgs connection V is pulled back from C where it solves the
Higgs bundle equations.

Remark 2.8.1. As mentioned above, Corrigan and Goddard [20] discusses a Nahm trans-
form for Higgs line bundles. It is interesting to notice that their formula (5.16) for the

connection and Higgs field are the same as those which immediately follow from (2.11).

Assuming Conjecture 2.2.4 is true, the above gives a Nahm transform taking rank
one Higgs bundles (O, ¢dz) on C with ¢ a polynomial of degree k, to a rank k Higgs
bundles (OF, ¢du) on C. The construction of a Higgs line bundle given by the toy model
is clearly invertible. An inverse Nahm transform should produce a Higgs line bundle with
polynomial Higgs field from (OF,$du). This puts constraints on what type of rank k
Higgs bundles can be in the image our Nahm transform. The solutions of ¢(z) +u = 0
on C? parametrising (z,u) is a spectral curve, which for fixed u gives the k eigenvalues of
@(u). This spectral curve remain fixed under the transform, that is it can also be seen as
the solutions of det(¢(u) + z1d). For fixed z there must be exactly one u where —z is an
eigenvalue. As this should be true for all z € C the determinant det ¢ must be a degree
one polynomial in u, and all other coefficients of the characteristic polynomial of ¢ must

be constants. By counting parameters with these conditions on the Higgs field we get a
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2. THE DIRAC—HIGGS BUNDLE

k + 1-dimensional space of potential ¢’s, exactly the same as the dimension of the space
of degree k-polynomials parametrising ¢. We expect these rank k& Higgs fields to be the
image of the Nahm transform.

Compactified to P! x P!, the spectral curve is the zero locus of a section of O(k, 1).
Additionally, the zero locus only intersects either of the divisors at infinity at (0o, 00). As
a k : 1-branched cover of P! the spectral curve is branched at co to order k.

A very similar situation to the Nahm transform above was studied by Szab6 [72], giving
a Nahm transform for a certain type of parabolic Higgs bundles on P! with a double pole
at infinity and otherwise simple poles. Szabd’s Nahm transform produces parabolic Higgs
bundles of the same type. Szabo6 proves that the transform is invertible, and that there is

a spectral curve mediating the transform.
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3. NAHM TRANSFORM FOR HIGGS BUNDLES

Let ¥ be a Riemann surface of genus g > 2, and let T*J ~ J x H°(K) be the cotangent
bundle of the Jacobian of X. Given the standard group structure J x H(K) acts on .t
the moduli space of stable Higgs bundles of degree zero and rank at least two by

(&) (E,®) = (ELg, @+ ald)

where L¢ is the degree zero line bundle on X corresponding to the point £ € J and
o € HY(K). Denote by Ng ¢ : J x H(K) — .#*" the orbit map defined by (E, ®).

Definition 3.0.2. The Nahm transform of a Higgs bundle (E, ®) of degree zero and rank
at least two is the pull-back of the Dirac-Higgs bundle (D, V) by the orbit map Ng 4 to
a bundle with connection on J x H(K) denoted (E, V).

The holomorphic version of the Nahm transform, called the Fourier-Mukai transform,
is discussed to great extent in Chapters 4 and 5, and was first defined by Bonsdorff
[14]. The analytical version constructed above, is discussed by Frejlich and Jardim [24],
reproving main theorems from [14] by differential geometric methods.

An important property of the Nahm transform is that E considered as a holomorphic
bundle on J x H°(K) with the holomorphic structure induced by the complex structure
I (see Section 1.1.3) extends to a holomorphic bundle (also denoted E) on P(T*.J @& ©) ~
J xP9. The main theorem of [14] is that the association of a holomorphic bundle on J x PY
to a stable degree zero Higgs bundle of rank at least two is injective. However, the essential
image of this association is not known. The Higgs bundles produced in Section 2.8 from
Higgs line bundles on C with polynomial Higgs fields are quite simple, and it is possible
to identify the image of the transform, or rather identify the boundary conditions on the
Dirac-Higgs connection. When we extend to compact Riemann surfaces we generalise
these boundary conditions. Determining the boundary conditions for V should identify
the essential image of Bonsdorff’s Nahm transform.

The main motivation for this chapter is to shed a bit of light on the asymptotics of
the connection. In this regard, the important parts of the cotangent bundle are the non-
compact fibres. We therefore fix a point £ € J and consider the Nahm transform restricted
to the fibre of T*J at £. In the remaining part of this chapter, (E, @) denotes the Nahm
transform of (E, ®) restricted to the fibre over £ € J.

Throughout this chapter we fix « € H(K) and restrict attention to the one-parameter
family of Higgs bundles (EL¢, ® +tald), t € R, given by a Higgs bundle (E, ®). If (E, ®)
is stable and of degree zero and rank at least two, the same is true for the whole one-
parameter family. Furthermore, if h is the Hermitian metric on the holomorphic bundle

EL¢ such that the Chern connection satisfies the Higgs bundle equations, then the same
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3. NAHM TRANSFORM FOR HIGGS BUNDLES

metric solves the Higgs bundle equations for every other member of the one-parameter
family as

[ + tald, " 4 tald] = [@, P

We denote by D; the associated Dirac-Higgs operator.

In Section 3.1 we use an adaptation of Witten’s proof of the holomorphic Morse in-
equalities to prove that any ¢-sequence of elements of ker D} with bounded L?-norm vanish
away from the zeros of a as t — oo.

In Section 3.2 we discuss the behaviour around the zeros of a. We consider a model
solution to the Dirac-Higgs equations and show that under mild natural conditions the
distributional limit of a sequence of solutions is a delta-function. We conjecture that this is
true for all local solutions. Working under the assumption that the conjecture is true, the
localisation can be enhanced to a distributional convergence to a sum of delta-functions
supported at the zeros of a.

Throughout this chapter we let w be a fixed Kéhler form on ¥ given by choosing a

metric in the conformal class.

3.1 LOCALISATION

Let (A, ®) be a Higgs pair on a Hermitian vector bundle (E,h). Fix a € H°(K) and
denote by D; the Dirac-Higgs operator for the family (A, ® + tald), t € R. A detailed
account of Witten’s proof of the holomorphic Morse inequalities [77] is given in [37]. We

use similar methods to understand the elements of ker D} as ¢ tends to infinity.

Theorem 3.1.1. Let (A, ®) be a Higgs pair on a Hermitian vector bundle (E,h). Fizx
a € HY(K) and C C ¥ a compact subset of ¥ not containing zeros of . Then there
exists a constant m depending on C, «, (E,h), (A, ®), and X such that for t large and all
Y € ker Dy

PR
C

In this section it is more appropriate to use the definition of the adjoint Dirac-Higgs
operator requiring the choice of a metric in the conformal class on X, c¢f. Remark 2.1.2.

Recall the definition of the Dirac-Higgs operator D, and its adjoint Dy

D — O —®—tald) . iND4 iAD + itA(ald)
t7\@* +tald —0a t 7 \iAD* + itA(ald) iAOA '

Denote by &; = ® + ta1d, then for every ¢ € ker Df

0= DD — (iaA(AéAwl) + 104 (A(Py1p2)) — 1P A(PFY) — iq%A@A%))
Dt 107 A(Dathn) + iBTA(Dsba) — 104 (A(DFebr)) — iD4AIAs )

where 1) = 11 + 19 is the decomposition into (1,0) and (0, 1)-parts.
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3.1. LOCALISATION

Taking the inner product with v

0 = (DiDfy, ), = (Oadathi, thr), + (040athe, tha)y, — (i@ A(PFY1), Y1),
+ (197 A(Dyiha), tha)y, + (PeIhb2 + D4 (Prh2), 1), (3.1)
+ (0% (Pip1) + PLOYY1, Y2)), -

The first two terms of the above are

(040at1,01),, = 10avrlly = 1040, and (95042, va)y = |0atbally = 04l
We define the following operators
Gy, @) = POy + T4 (DY) + 04 (D*Y) + 4y (3.2)
H(1p,®) = —i®A(DP* ) + iDP*A(DY). (3.3)

Notice that G in some sense records the effect of not having a Leibniz rule for the adjoint

differentials 0% and 8%. Using these operators (3.1) is

0= (D, D}, ), = 04|l + 1047 + (G, Br), ), + (H (W, B1), ¥),, - (3.4)

To prove Theorem 3.1.1 the following lemmas concerning properties of the operators de-

fined above are needed.

Lemma 3.1.2. The operators G and H defined in (3.2) and (3.3), respectively, are
C°(X)-linear in the first entry.

Proof. Tt is clear that H is C°°(X)-linear in the first entry as multiplication by ® is a zero
order differential operator. But as G is a first order differential operator a bit more effort

is required. The first two terms of G(fv, ®) are:

—i1®AdA(f) = —i®A(O(f)Y) — fiPAIA(Y)
10AM@fY) = i0(F)A(PY) + fiOaA(PY).

As PA(O(f)Y) = O(f)A(Py) the first terms in each line above cancel and the sum is thus

C*°(¥)-linear. In the same way, the sum of the last two terms in G are C*°(X)-linear. [
It is clear that G is complex linear in the second entry, so
G, B1) = G(, @) +1G(, 0).
Expanding H (¢, ®;) gives

H(, ®;) = H(, ®) + t*(—iaA(ay) + iaA (o))
+ it(—PA(ar)) — aA(D*)) + D*A(arh) + aA (D))
= H (¢, ®) 4 itF (1, o, ®) + t2H (¢, )
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3. NAHM TRANSFORM FOR HIGGS BUNDLES

where F(¢, a, ®) by definition is the coefficient of ¢,
F(¢,a,®) = —PA(ar)) — aA(P*Y) + D" A(ar)) + aA (D).
Lemma 3.1.3.
(H(, ), )y = [l + ]}
Proof. The proof is a simple calculation. O

Lemma 3.1.4. Let C' C ¥ be a compact set avoiding all zeros of a, and let 1 € ker Dj.
Then there exists € > 0 such that

Proof. Locally a = adz, and ¥ = ¥1 + 99 = p1dz + padZz is a vector valued differential
form. In a local neighbourhood, the Kéhler form on ¥ is 2ifdz A dZ with f a positive

real-valued function. In that case,
h(aw)a, apo)w = 2if|a|2h(g02, po)dz N dz.

Furthermore, on a compact set C' not containing the zeros of « this is bounded below by

a constant € > 0. Thus

0< €/Ch(1l}2a¢2)w < /Ch(a%,a%)w < /Eh(a¢2,a¢2)w = llawalli = llawll7-

The other case follows by similar considerations. O

Proof of Theorem 3.1.1. Let ¢ € ker Df. Then equation (3.4), the expansion of H (v, ®;),

and Lemma 3.1.3 gives

1049 (5104917, + 2 (lavsll; + lagll;)
= |<G<w7 (p)?w)h + (H(¢7 (I))7¢>h + t <G(w7 a)71/}>h + t <ZF(w7 «, (D)71/}>h’

By Lemma 3.1.2 all operators on the right hand side are C°°(X)-linear in the first entry,
meaning that the operators are endomorphisms of the fibers of A!T*Y ® E. Since each of
the operators at every point of ¥ is a C'°°(X)-linear operator of the fibre they are pointwise

bounded, e.g.
WG (1(2), 22),9(2)) < 1G=(@:)I[} h((2),9(2)).

The operator norm of G,(—, ®,) is continuous in z and since X is compact G,(—, ®,) as a
function of z is bounded by a constant M > 0 depending on (A, ®) and h but independent
of t, thus

1G(@, @)l < M|l
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The same is true for the other three operators. For all ) € Q!(E)
0 < D4l + 1947

and with the constants from above, the Cauchy—Schwartz inequality gives

(ol + llawl;) < (IG@, ), + I1H (&, @), + LG, ), + tIF (@, a, @), 141,
< (M + tM2)||¢’||i,

where M;, My depend on (A, ®) and h but are independent of ¢.
From Lemma 3.1.4 the t>-term on the left hand side is bounded from below by the

integral over a compact subset C' C X avoiding zeroes of a:

lapll? + agll? > e / B, ).
C

Combining the above,

m m
/ h(, ) < (- + TQ)WH%L
C
where m = % and m’' = % depend on (A, ®) and h but are independent of t. For large
t the first term is dominating. O

Remark 3.1.5. It is clear from the proof of Theorem 3.1.1 that the independence of the
Hermitian metric of the parameter ¢ is crucial. If the Hermitian metric depended on ¢ the
constants used to bound operators GG, F' and H would depend on t and a detailed analysis

of this dependence would be required.

3.2 DISTRIBUTIONAL BEHAVIOUR OF SOLUTIONS TO
DIRAC—HIGGS EQUATIONS

In this section we discuss the distributional properties of solutions to the Dirac—Higgs
equations for Higgs pairs on a Hermitian line bundle. We first consider the model Higgs
pairs (0, dz +tadz) where ¢, a are degree one polynomials on C. We study the behaviour
of the elements of ker D} as ¢ tends to infinity. This is a model for the local behaviour
of elements of ker D} for Higgs pairs (A, ® + ta) on a Hermitian line bundle (L, h) on a

Riemann surface of genus g > 2. We conjecture that the behaviour is the same.

Proposition 3.2.1. Let o = ¢ +ta be a degree one polynomial on C with o = a(z — zo0)
and ¢ = b(z — z9) for a,b € C and 2,20 € C. Write ¢y € ker D} oudz OT C as Yy =
Yidz +p2dz. Let z be the zero of ws. If the sequence of complex numbers ﬁ%l(zt)

converges to A € C, then 1y converges as a distribution to T\ € (QY)* defined as

Tx(m(2)dz + 112(2)dz) = A1 (200) = M2(200))-
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3. NAHM TRANSFORM FOR HIGGS BUNDLES

Proof. As ¢y = ¢ + ta is a degree one polynomial we know from Lemma 2.2.3 that there
is a one dimensional space of global solutions to the Dirac-Higgs equations for the pair

(0, prdz). The Dirac-Higgs equations are

0=08:0f — b} and 0= 0.97 — o).

Denote by <i>t an antiderivative of 2¢; with respect to 0, vanishing to order two at z;. It

is now easy to see that

Y} = cpe ¥l and Vi =~} with ¢t €C

are the only global L?-solution to the Dirac-Higgs equations.
As a(z) = a(z — 200) and p(z) = b(z — z9) with a,b € C, then &, = ﬁ(<p+ta)2. It is
now easy to check that éti)t converges as a polynomial to (z — 24)2. For a test function

1 we therefore have

lim / $lgdvol = lim [ cetall===<I5 qvol.
C

t—o00 t—o00 C

By the assumption on the convergence of 1} (z), the sequence ¢; € C is of the form
c = %)\t with A the limit of A;. It is well-known that @e*”auzfz“"? converges as a

distribution to the delta-function supported at zo, and thus
lim / Y dVol = A\j(20),
t—o00 C

where \ is the limit of )\;. The above shows that 1; = ¥;dz + ¢?dz converges as a
distribution to T € (Q')* defined as

T\ (m(2)dz + n2(2)dz) = A7 (200) — 712(200))4
proving the proposition. ]

For the general situation let (A, ®) be a Higgs pair on a Hermitian line bundle (L, h)
with A a flat connection and o € H°(K). Let zy be a simple zero of a. Choose a
neighbourhood U of 2y such that a = zdz and ® = pdz, and choose a unitary frame f for
(L, h). For t sufficiently large there is only one zero of ¢ + tz in U for each ¢, denote this

zero by z;. Write ¢y € ker D) 4., on U as

by = ! fdz + P2 fdz.

Conjecture 3.2.2. Let (A, ®), a € H'(K), ¢; € ker Dg o1t and (U, zo) be as above. In
the above notation, if the sequence of complex numbers %1#151(,2,5) converges to XA € C, then

Y|y converges as a distribution to Ty € (Q'(L|y))* defined as

T (a(z) fdz + b(z) fdz) = A(@(0) — b(0)).
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3.2. DISTRIBUTIONAL BEHAVIOUR OF SOLUTIONS TO DIRAC—HIGGS EQUATIONS

Remark 3.2.3. On the bounded disk U the Dirac-Higgs equations for (A, ¢;dz) has more
L?-solutions than just the radial solution from Lemma 2.2.3 centered at the zero of
in U. If there were only the one solution we could use arguments similar to that of

Proposition 3.2.1 to obtain convergence.

Based on the above conjecture, we extend the result to a global statement for rank one
Higgs bundles. First, we establish some notation. Let z be a point on ¥ and A\ € (LK,)*
a functional on the fibre of LK at z. If we consider K as AMOT*Y we denote by A the
complex conjugate of the form part of A so that A € (A TY ® L,)* = (LK,)*.

If (E, ®) is a stable Higgs bundle with det ® having simple zeros z1, ..., zy, and (A, ®)
is the corresponding Higgs pair solving the Higgs bundle equations and h the corresponding
Hermitian metric, we can extend the map p’ from Lemma 2.4.3 identifying the hyperco-

homology with a sum of cokernels to

2r(g—1)

pikerDig— P Vi as p() = (h(¥1(21)),- ., h(¥1(2n))) (3.5)

i=1
where V; C (FK,)* is a one-dimensional subspace of the dual space of the fibre of EK at
z;, and 11 is the (1,0)-part of a solution v to the Dirac-Higgs equations.

Theorem 3.2.4. Let (A, ®) be a Higgs pair on a Hermitian line bundle (L,h) with A
a flat connection, and o € HY(K) having only simple zeros. Let 1y € ker Df with
19ell, = 1 for all t and such that the sequence §p(vy) € @?if(LKzi(t))* converges to
A= (A, 0, h99-2) € @ZZEIQ(LKIZ)* when t — oo where z;(t) are the zeros of ® + ta,

then i, converges as a distribution to

2g—2
> Xiba, — Aife,
i=1
where x1,...,x24—2 are the zeros of c.
Proof. Let x1,...,725—2 be the zeros of a and let U; be small disks around each z; not

containing other zeros of . Let C be the complement of the union of the U;’s in X,
C=%\ U?ﬁIQUi. Let n € Q'(L) be a test-form. From Theorem 3.1.1 it follows that

m
[ ] < [l [ o< [
C C C C

and thus the limit of (¢4, n), is determined by local considerations around the zeros of a.
By the assumptions on the convergence of 7 p(¢;) the result now follows from Conjec-
ture 3.2.2. 0

Remark 3.2.5. The condition in Theorem 3.2.4 that 7p(i;) converges as ¢ — oo is not
implied by requiring ||¢¢||, = 1 for all ¢. If the latter condition is satisfied we only know

that 1p(1;) has a convergent subsequence.
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3. NAHM TRANSFORM FOR HIGGS BUNDLES

Theorem 3.1.1 is valid for any Higgs pair on a Hermitian vector bundle (E, h), also for
higher rank. It is therefore natural to conjecture that the generalisation of Theorem 3.2.4

to higher rank is also true.

Conjecture 3.2.6. Let (A, ®) be an irreducible Higgs pair on a Hermitian vector bundle
(E, h) satisfying the Higgs bundle equations, and o € H°(K) having only simple zeros. Let
Yy € ker Df with ||[¢4|;, = 1 for all t and such that the sequence Fp(y) € @i]il(EKzl.(t))*
converges to A = (A1,...,AN) € ®£1(EKZZ)* when t — oo where z(t) are the zeros of
det(® + tar), then ¢y converges as a distribution to

N
D Xibz, — Aid,
=1

rk B

where z1,...,zN are the zeros of « repeated with multiplicity, and N = 21k E(g — 1).

Remark 3.2.7. If Conjecture 3.2.2 is true we can use the cokernel description of the hyper-
cohomology to define a frame, which in the limit is unitary with respect to the L?-metric

on the Nahm transform. We discuss this in Chapter 7.
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4. FOURIER—MUKAI TRANSFORM FOR
HIGGS BUNDLES

In this chapter we discuss the holomorphic aspects of the Nahm transform for Higgs
bundles. We follow Bonsdorff’s [14] naming convention and denote it the Fourier-Mukai
transform. We do this to distinguish the holomorphic from the analytical Nahm transform
of Chapter 3.

Bonsdorft’s Fourier-Mukai transform [14] is described completely in algebraic terms.
It is a holomorphic vector bundle on the cotangent bundle of the Jacobian T™J which by
Serre duality is J x H°(K). The fibre of a transformed Higgs bundle is given by the first
hypercohomology group of a certain complex associated to the point in J x H°(K). In
[14], the transformed bundle is shown to extend to a holomorphic bundle on the natural
compactification J x P9. As this chapter concerns solely holomorphic properties of the
transformed bundle we denote the extension to J x P9 the Fourier—-Mukai transform. In
[14], it is called the Total Fourier transform. This chapter builds on top of the foundations
laid by Bonsdorff [14]. The two spectral sequences converging to the hypercohomology
of a complex of sheaves discussed in Section 1.2 is used to provide new features of the
Fourier—-Mukai transform.

This chapter is organised as follows. In Section 4.1 we give the definition of the Fourier—
Mukai transform from [14] and show that it is isomorphic to the analytical definition given
in Chapter 3.

In Section 4.2 we investigate the second hypercohomology spectral sequence and see
that it expresses the transformed Higgs bundle as a sheaf extension. In the generic situa-
tion of a stable bundle with any Higgs field, the constituent sheaves of the extension are
locally free and solely determined by the stable vector bundle. Furthermore, the exten-
sion class is completely determined by the Higgs field. The remaining part of the section
discusses properties of the constituent sheaves. The extension is very briefly mentioned
by Bonsdorff in his thesis [13, Remark 3.1.13 (ii)| but is not given any further attention.

The Fourier—-Mukai transform for Higgs bundles is essentially a relative version of
Mukai’s original transform. Since we obtain a vector bundle on J x PY it is natural to ask
what information is contained in the relative Beilinson spectral sequence. In Section 4.3
we use the first hypercohomology spectral sequence to show that the relative Beilinson
spectral sequence recovers the sheaf extension from Section 4.2.

In Section 4.4 we see how the first hypercohomology spectral sequence makes a trans-
formed Higgs bundle into a family of homogeneous bundles on J parametrised by P9. We

give a spectral data construction of the Fourier-Mukai transform, and show that when the
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4. FOURIER—MUKAI TRANSFORM FOR HIGGS BUNDLES

spectral curve is smooth, the holomorphic structure of the family of homogeneous bundles

recovers the spectral curve.

4.1 DEFINITION

Let zg € X be a base point on the curve ¥ of genus at least two and denote by j : ¥ — J
the corresponding Abel-Jacobi map, given by mapping z to the line bundle L, on X given
by the divisor class (z — zp). The Abel-Jacobi map induces a principal polarisation on J
and an isomorphism between the Jacobian and its dual abelian variety J, Ozt S = .
This identification is used throughout this chapter, except if distinction is need to clarify
the argument.

Let P be the Poincaré bundle on J x J normalised such that Pljo and Ploxs are
trivial. Let P be the pullback of P via Id xj to a line bundle on J x ¥ ~ J x X.

Given a Higgs bundle (E, ®) on X consider the family of Higgs bundles

C(E)=E S EK(1) (4.1)

on X x P9 defined such that the restriction to X x [a : «], with [a : a] € P9, is the Higgs
bundle

E a®+ald EK.

The projective space P9 is the projectivisation of C® @ H°(X, K) and thus the above
definition makes sense. The family can be seen as a two term complex of coherent sheaves
concentrated in degree zero and one, and hence as an element of D(3 x PY9) the bounded
derived category of coherent sheaves on ¥ x P9. This complex will be denoted C(E).

The following naming conventions for projections are used throughout the chapter:
SEIxTL T IxPIIE TxExPI T g xPI T T IxExPI T Jxy

Definition 4.1.1. The Fourier—Mukai transform of a Higgs bundle (E, ®) is the image of
C(E) under the functor

Fpo : D(X x P9) — D(J x P9)  defined by A® — Rz, (m53.4° @ 8y P)

The functor Fps is often called the relative Fourier—-Mukai functor as opposed to the

absolute Fourier-Mukai functor:

Definition 4.1.2. The absolute Fourier-Mukai functor F : D(X) — D(J) maps a complex
A® to the complex Rg, (p*(A®) ® P).

Definition 4.1.3. A complex of sheaves A* € D(X) is called WIT(:) with respect to
a Fourier-Mukai functor F : D(X) — D(X) between derived categories of an algebraic
variety X and its partner X if the cohomology sheaves 77 (F(.A®)) vanish for j # i and is

called IT (i) if it is WIT (i) and the i’th cohomology sheaf is locally free.
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4.1. DEFINITION

Theorem 4.1.4 (Theorem 3.1.12, [14]). A stable Higgs bundle of degree zero and rank at
least two is IT(1) with respect to Fpg, i.e. the cohomology of the transformed complex is

concentrated in degree one and is a locally free sheaf. This locally free sheaf is denoted E.

Remark 4.1.5. In [14, Section 3.3|, Bonsdorff shows that the trivial Higgs bundle (Ox, 0)
is not IT(1) with respect to Fps. Not only is it not just concentrated in degree 1, but it
is also not locally free. The degree two cohomology sheaf of Fps(Osx,0) is a skyscraper
supported at (0,0) € J x H(K) C J x PY9. The requirement of having at least rank two
cannot be removed if we want the transform to be locally free. This is analogous to the

analytical Remark 2.1.6

To ease the notation, X x P9 is denoted by Xpg in the following.

4.1.1 AN ISOMORPHISM OF FUNCTORS

The Abel-Jacobi map j : ¥ — J is a closed embedding and its composition with a relative
version of Mukai’s original transform Sps : D(Jps) — D(Jps) ~ D(Jps) is isomorphic to

the Fourier—-Mukai transform in Definition 4.1.1.

Definition 4.1.6. The relative Fourier-Mukai transform Spe : D(Jps) — D(Jps) of a
complex A°® is

Spa(A®) = Raiz, (¢35(A°) @ ¢}, P),

where g;; is the canonical projection to the 7j’th factor of J x J x P9
Jpo 2 T x T x P92 Joy T x JxPI L2 T
Lemma 4.1.7. The functors Fps and Sps o (jps)« : D(Xpsa) — D(Jps) are isomorphic.

Proof. As j is a closed embedding it has no higher direct images. Combining this with a

simple base change and use of the projection formula the result follows. O

Corollary 4.1.8. The absolute functors F and S o j, : D(X) — D(J) are isomorphic.

4.1.2 FOURIER—MUKAI AND NAHM TRANSFORMS

The Fourier-Mukai transform of a Higgs bundle is a holomorphic bundle on J x PY.
Restricted to J x HY(K) it is a holomorphic bundle on the same space as the Nahm

transform bundle. The two bundles are isomorphic as holomorphic bundles.

Proposition 4.1.9. The Nahm and Fourier—Mukai transform of a stable degree zero Higgs

bundle of rank at least two are isomorphic as holomorphic bundles on J x H°(K).
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4. FOURIER—MUKAI TRANSFORM FOR HIGGS BUNDLES

Proof. Given the complex structure I the cotangent bundle 7*.J identifies as J x H°(K) via
Serre duality. We know from Theorem 2.6.3 that the Nahm transform of (E, ®), considered
as a holomorphic bundle with respect to this complex structure, is the cohomology of the

infinite dimensional monad

5E,5+<I>+ald 5E’5+‘I>+Oé1d
_— e

QM(E) QYE) @ QV(E) QbY(E) (4.2)

varying holomorphically with respect to the coordinates (¢, a) € J x H°(K). The impor-
tant ingredient is Hodge theory giving a harmonic representative of each first cohomology
class.

The Fourier-Mukai transform on J x H°(K) is defined as
Rlﬂlg*(ﬂ§3C(E) X 7TT2,P),

where C(E) is the family of complexes (4.1) restricted to ¥ x HY(K). This bundle has as
fibre at (&, «) the first hypercohomology group of the complex of locally free sheaves

P+ald
e

ELg EL:K.

One way of computing the hypercohomology is to take fine resolutions of the sheaves FE L
and EL¢K and take cohomology of the total complex. The total complex of the standard
Dolbeault resolutions of EL¢ and EL¢K is exactly the infinite-dimensional monad (4.2).
The holomorphic structure of the Fourier—-Mukai transform is also the one coming from
(4.2) varying holomorphically in the parameters (£, ). Therefore, the two transforms are

holomorphically isomorphic on J x H°(K). O

4.2 SHEAF EXTENSION

In this section we use the second hypercohomology spectral sequence to show that the
transformed Higgs bundle on J x P9 is a sheaf extension. The following subsection includes

useful homological results used for constructing the extension.

4.2.1 A HOMOLOGICAL INTERMEZZO

The homological results in this section concerning a general abelian category 21 and its
bounded derived category D(2), can be found in e.g. [44], except Lemma 4.2.2 which is

easy to prove.

Definition 4.2.1. Let A®, B® be objects of D(2() and let v : A®* — B® be a morphism. The
cone of u is the complex (C*(u),dc) with C? = B4 @ A" and dc(b, a) = (db+ u(a), —da).
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4.2. SHEAF EXTENSION

A special case is when A and B are elements of 2 considered as one-term complexes
of D(2l) concentrated in degree 0. In that case, the cone C’ of a morphism u : A — B is
just the complex A = B concentrated in degrees —1 and 0.

A morphism between objects of D(2l) can be completed to a distinguished triangle by
use of the cone

A* 5 B — C®(u) — A°[1],
and especially for a morphism between objects of 2l we consider the distinguished triangle

AL B—=C — Al

If F: D) — D(B) is an ezxact functor it maps distinguished triangles to distinguished
triangles, hence

F(A®*) —» F(B®*) — F(C*(u)) — F(A*[1]).

Cohomology of this distinguished triangle naturally induces a long exact sequence of

sheaves
co s HYF(A®) = HU(F(B®)) = HY(F(C*(u))) = HTYHF(A®) — ... (4.3)

In the special case of a morphism between two objects of 2, (4.3) gives a long exact se-
quence relating the cohomology of the transformed two-term complex and the cohomology

of the transform of the individual objects.

Lemma 4.2.2. Suppose A, B,C are three objects of an abelian category 2 with morphisms
a:A—Bandb:B— C. The sequence

0 ASBYCS0

1s exact if and only if

AL BY C— AL
is a distinguished triangle in D() for some morphism C % A[1].

Corollary 4.2.3. Let A, B,C be objects of an abelian category U with morphisms A = B

and B % C such that the sequence
0 A5BLC—0
is exact. Let F: D() — D(B) be an exact functor, then
F(C) ~ F(C'(a))
in D(B), where C'(a) is the cone of A% B.
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Remark 4.2.4. If the exact functor F' in Corollary 4.2.3 is a Fourier—Mukai type functor
D(X) — D(Y) given by a kernel sheaf on X x Y, then the isomorphism F(C'(a)) ~ F(C)
induces an isomorphism of the fibres of the cohomology sheaves of F(C'(a)) and F(C)
at each point in Y. The fibres are hypercohomology groups and the isomorphism is the
convergence of the first hypercohomology spectral sequence. In this sense, Corollary 4.2.3

is a sheaf version of the first hypercohomology spectral sequence.

4.2.2 FOURIER—MUKAI TRANSFORM IS AN EXTENSION OF SHEAVES

The Fourier-Mukai functor is a composition of exact functors and the homological ma-

chinery from the previous section is directly applicable.

Proposition 4.2.5. Let (E,®) be a stable degree zero Higgs bundle of rank at least two.

Then there exists a canonical exact sequence of sheaves on J x P9
0Q—=E—-R—0
where @ and R are cokernel and kernel of sheaf morphisms,
0— ¢ (E)®P)XOps — ¢.(p*(EK) @ P) K Ops(1) - Q=0
0—=R— R¢.(p"(E) ® P) R Ops = R'qu(p*(EK) @ P) K Opy(1) — 0.

Proof. Given a stable degree zero Higgs bundle (E, ®) the complex C(E) in (4.1) is concen-
trated in degrees 0 and 1 and is therefore the shifted cone of the morphism E S EK (1).
Considered as complexes E and EFK (1) are concentrated in degree 0, and thus the cone
C(O) is concentrated in degrees —1 and 0, i.e. C(F) = C(O)[—1]. Taking cohomology
of the exact Fourier-Mukai functor on C(E) gives a long exact sequence by (4.3). As
F{(C(0)) = F*Y(C(E)) and as C(E) is IT(1) with respect to Fpy, C(0) is IT(0) with

respect to Fps. The long exact sequence reduces to

0 = HO(Fpo(E)) = HO(Fps(EK (1)) — H (Fps (C(E)))
— H (Fps (E)) — H' (Fps (EK(1))) — 0

By definition R'q,(p*(E) ® P) = H'(Fps(FE)) when E is a complex concentrated in a
single degree, so splitting this five term exact sequence into three short exact sequences

and using the projection formula gives the statement. O

We often denote by Fb, (E) the cohomology sheaf H'(Fps (E)).

Remark 4.2.6. On the level of fibres, the extension in Proposition 4.2.5 is the second

hypercohomology spectral sequence.

46



4.2. SHEAF EXTENSION

Remark 4.2.7. The extension in Proposition 4.2.5 also appears in [13] Remark 3.1.13.i1,

but is not discussed in any detail.

Remark 4.2.8. The sheaves @ and R in Proposition 4.2.5 are a priori only coherent sheaves.
However, if the underlying holomorphic vector bundle E of the stable Higgs bundle is itself
stable they are locally free.

4.2.3 CONSTITUENT BUNDLES

In this section we follow up on Remark 4.2.8. We investigate the constituent sheaves in

the generic situation where the vector bundle is stable.

Proposition 4.2.9. If E is a stable vector bundle of degree zero and rank at least two,
then the constituent sheaves Q and R associated to (E,®) for any ® are locally free.
Furthermore, the bundles Q and R are solely determined by E.

Proof. As FE is stable of degree zero it does not have any non-zero holomorphic sections.
It therefore follows by Grauert’s theorem and Serre duality that Q and R are locally free.
In case E is stable, F is IT(1) and EK (1) is IT(0) with respect to Fps and

Q~q.(p*(EK)®P)ROps(1) and R~ R'q.(p*(E) @ P) K Ops.
From the isomorphism above it follows that Q and R are completely determined by E. [

Corollary 4.2.10. If E is a stable vector bundle of degree zero and rank at least two,
then for any Higgs field the constituent sheaves Q @ Opg(—1) and R* are Picard bundles

on the moduli space of stable bundles restricted to an orbit of the Jacobian.

Proof. Denote by .43, the moduli space of stable bundles of degree d and rank . A Picard
bundle is the direct image of a universal bundle on ¢ — X x .43, along the projection
to the moduli space A45,. As E is stable of degree zero EK is stable of degree 2r(g — 1).
Although the moduli space of degree 2r(g — 1) and rank r bundles does not have a global
universal bundle (as discussed in Section 2.5) there is a universal bundle on the orbit of
the Jacobian through EK given by the Poincaré bundle.

From the proof of Proposition 4.2.9 the constituent bundle Q ® Ops(—1) is exactly the
Picard bundle restricted to the mentioned Jacobian orbit.

From the Relative Duality Theorem (see e.g. [11, Theorem D.10, p 590])
R* ~ q.(p"(E* @ K) @ P*) K Opy

and by the same reasoning as above R* is a Picard bundle restricted to a Jacobian orbit.
O
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Corollary 4.2.11. If E is a stable vector bundle of degree zero and rank at least two,
then for any Higgs field the sheaf extension in Proposition 4.2.5 reduces to

0— ¢(p"(EK) @ P)R Ops(1) = E — R'q.(p*(E) @ P) K Opg — 0 (4.4)

an extension of holomorphic vector bundles.

4.2.4 EXTENSION CLASS COMPLETELY DETERMINED BY THE HIGGS
FIELD

If the holomorphic bundle underlying a stable Higgs bundle is itself stable, the extension
from Proposition 4.2.5 is completely determined by the Higgs field. The crucial part in

proving this is the isomorphism between F and So Jx-

Lemma 4.2.12. Let F,G be coherent sheaves on . The Abel-Jacobi map j : ¥ — J

induces an isomorphism
jx - Homg (F,G) = Homy (j(F), ju(G)).

Proof. The lemma follows directly from the definition of j, and that j is a closed embed-
ding. O

In [57, Corollary 2.5|, Mukai proves the following Parseval formula for S. The proof

is rather simple and is included for later reference.

Theorem 4.2.13 (Parseval formula). Assume F is a WIT(i)-sheaf and G a WIT(j)-
sheaf on J with respect to the Fourier-Mukai functor S : D(J) — D(J), then for every
integer k

Exth(F,G) ~ Ext?m_j(]:“, G)
and especially
Ext); (F, F) ~ Ext’(F, F).
The isomorphism is given by the Fourier—Mukai functor S.

Proof. The proof is a simple application of the Fourier—Mukai functor S,

Ext}(F,G) ~ Homp ) (F, G[k])

~ Hom, ;, (S(F), (@[]
5y (Fl=il, Gk — )
(F:Glk—j+1i)
~ Ext I (F, Q).
The third isomorphism follows from the WIT(i) and WIT(j) conditions, as S(F) ~ F[—i]
in D(J) if F is WIT(i) with respect to S. O

~ HomD

~ HomD J)
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Remark 4.2.14. The Parseval formula is valid whenever the functor is fully faithful and
integral |6, p. 23], so especially also for the relative Fourier-Mukai functor Sps. By
Bondal and Orlov’s theorem [44, Proposition 7.1] the absolute Fourier-Mukai functor
F : D(X) — D(J) is not fully faithful. As $ is fully faithful the deficiency in F of not
being fully faithful can be circumvented by the isomorphism F ~ So Jx. This is used to

prove the following theorem.

Theorem 4.2.15. If E is a stable bundle on X, then
Ext!(FY(E),F°(EK)) ~ H*(Z,End(F)K).

The isomorphism is given by So Jx-

Proof. The proof is an application of the Parseval formula. From Corollary 4.1.8 the
functor F : D(X) — D(J) is isomorphic to So7j,. As E is stable it is IT(1) by Remark 4.2.8
and EK is similarly IT(0). As the S-transform of j.(E) and j.(EK) are isomorphic to
F(E) and F(EK), respectively, the sheaves j.(E) and j.(EK) are IT(1) and IT(0) with

respect to S, respectively. By the Parseval formula and Lemma 4.2.12
Ext!(F(E),FY(EK)) ~ Ext'(j.(E), j«(FK)) ~ H*(Z, End(E)K).

From Theorem 4.2.13 the first isomorphism is induced by S, By Lemma 4.2.12 the second
isomorphism is induced by the Abel-Jacobi map. O

Theorem 4.2.16. Let (E,®) be a stable degree zero Higgs bundle of rank at least two
with stable underlying holomorphic bundle E. For any A = [a : o] € P9, the extension
class of (4.4) restricted to Ja is completely determined by the Higgs field a® + o 1d.

Proof. For A = [a : a] the restriction of E to the slice J4 is the absolute Fourier-Mukai
transform of the Higgs bundle F wrtold g [14, Proposition 3.1.10]. The image of
the extension class under the string of isomorphisms in the proof of Theorem 4.2.15 is
a® + ald. O

Proposition 4.2.17. If E is a stable vector bundle of degree zero and rank at least two,

then for any Higgs field the extension class of (4.4), as an element of
Exct}ypo (Fpo (E), Fpy (EK (1)) = Ext;(F'(E), F'(EK)) ® H(P?,0(1)),
18

g9
apcep + E Q;iCa; 1d-

i=1
Here cg is the class of the extension restricted to J x [1:0:---:0]; cq,14 15 likewise the
class of the extension restricted to J X [0:---:0:1:0---:0] with 1 in the i’th position,
and a;, 1 =0,...,9 are coordinate sections of P9.
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Proof. First, notice that as Fi,(E) and F3, (EK (1)) are locally free sheaves

Extj,, (Fpo(E), Fpo (EK (1)) =~ H' (Jps, (F'(E)* @ F(EK)) K Ops(1))
~ HY (J,FYE)* @ FY(EK)) @ H(PY, Opq(1))
~ Ext}(FY(E),FY(EK)) ® H°(PY, Opy(1)),

where the second isomorphism is the Kiinneth formula combined with the vanishing of
the first cohomology of Ops(1).
Secondly, it follows from the proof of the Parseval formula the isomorphism induced

between extension groups is the relative functor Spo

S]P’Q

Exty,, (jpo. (E), jpo.(EK (1)) = Ext}, (Fps (), Fpo (EK(1))).

Thirdly, notice that jpe, (FK (1)) ~ j.(EK) X Ops(1) on J x P9, and that the zeroth

extension group is

Ext3,, (jeo. (E), jpo. (EK (1)) = H(Jps, Ext° (jpa, (E), jro . (EK(1))))
~ H°(Jps, Ext’(j«(E), j-(EK)) K Ops (1))
~ H(J,Ext°(j.(E), j.(EK))) @ H(PY, Opq (1))
~ Ext] (j.(E), j(EK)) ® H°(P?, Ops (1))

where £z’ is the i'th Ext-sheaf, and the second isomorphism is [31, Proposition III.6.7].
Combining all of the above gives a commutative diagram
Ext],, (0. (E), jro. (EK(1))) = Extj(ju(E), j(EK)) ® HO (P, Ops (1))
Spg lS‘@Id
Ext},, (Fps (E), Fpo(EK (1)) =~ Extj(F'(E),F(EK)) ® H°(PY, Ops(1)).
The proposition now follows from the fact that jps, induces an isomorphism between

H°(Sps, End(EK) ® Opy (1)) and Ext (jps.(E), jes.(EK(1))) by a relative version of
Lemma 4.2.12; and from the definition of the family of Higgs bundles (4.1). O

Corollary 4.2.18. The extension (4.4) is non-split.

Proof. If the extension was split all classes cg, ¢, must be zero, but this is equivalent to

® and all a; being zero by Theorem 4.2.15. O

Remark 4.2.19. Notice that only an rk E?(g — 1) + 1-dimensional subspace of the possible
g(rk E%(g — 1) + 1)-dimensional space of extensions is used. This subspace is determined

by the classes cg.
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4.2.5 CONSTITUENT SHEAVES IN RANK TWO AND GENUS TWO

For rank two bundles on a genus two curve Hitchin [39] gives an explicit list of the possible
holomorphic vector bundles supporting a stable Higgs bundle. We use this classification

to get a closer look at the constituent sheaves Q, R in this special case.

Proposition 4.2.20 ([39] Proposition 3.3). Let ¥ be a compact curve of genus two. A
rank holomorphic vector bundle E of rank two and degree zero supports a stabilising Higgs

field if and only if one of the following holds:
e F is stable;
o £ ~U® L where deg(L) =0 and U is a non-trivial extension of O by itself;
o £~ L@ N where deg(L) = deg(N) =0;
o E is decomposable as E = (L ® L™') ® N where L? ~ K and N? ~ det(E).

Proposition 4.2.21. Let (E,®) be a degree zero rank two Higgs bundle on a Riemann
surface of genus two, then the constituent sheaf Q from Proposition 4.2.5 is locally free of

rank two.

Proof. If FO(E) = 0, then @ ~ F)(EK) X Ops(1). By Lemma 1.3.7 the sheaf FO(EK) is
locally free as J has dimension two. The rank is easily calculated using Riemann—Roch.

The proof that FY(E) is the zero sheaf is a case by case study using Hitchin’s clas-
sification. The main tool used is Grauert’s theorem combined with Lemma 1.3.6. In all
cases but the last, the dimension of H°(X, EL¢) is zero for all but finitely many & € J.
Grauert’s theorem gives local freeness away from these points, thus F°(E) vanish on J
except for finitely many points. However as F(E) is torsion-free it must be the zero sheaf
on all of J, thus @ ~ FY(EK) @ O(1).

In the last case, let K/2 be a square root of the canonical bundle. As K~!/2 has
degree —1 neither it nor multiples of it by degree zero line bundles have global sections.

The natural ©-divisor on the Jacobian of degree one line bundles J!(X) is the subset
0 ={LecJY)|h(Z,L) > 0}.

The degree zero and degree one line bundles on 3 can be identified by tensoring with a
square root K2 and thus the direct image of K2 ® P to J is supported on a divisor,

but as FO(K1/2) is torsion-free (Lemma 1.3.6) it must be zero. O

Proposition 4.2.22. Let (E, ®) be a Higgs bundle of degree zero and rank two on a curve
of genus two. The constituent sheaf R from Proposition 4.2.5 is a sheaf of rank two with

extra properties depending on the case:
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e locally free if E is stable;

e strictly torsion-free if E is the non-trivial extension of a flat line bundle by itself or

a direct sum of flat line bundles;
e torsion sheaf if E = (L& L™ Y)Y® N, L? ~ K and deg(N) = 0.

Proof. The following table containing dimensions of sheaf cohomology groups will be im-
portant for the proof of the proposition. To avoid confusion the line bundle L in the last

case, is written as K2,

stable UL L&N (K'?2aK-1/?)o N
0forall Le 0 ifLe#AL' 0ifLe#L Pand Le #N~!1 0 if LeN € O
1ifLe=L"' 1ifLe=L'orLe=N"1 1if LeN € Qg2
2 lng =L~ ! and Lg =N"1

Dimensions of the cohomology group H 0(ELg) for the four different cases of Hitchin’s
classification in Proposition 4.2.20. The divisor © ;1,2 is the translate of the ©-divisor in
JYX) to JO(X) using K /2 The dimensions are easily computable, expect for the third
case where Clifford’s theorem must be applied.

When FE is stable it is clear from Grauert’s theorem that R is locally free. It has rank
two by Riemann—Roch.

In the case of a non-trivial extension of a trivial line bundle and the direct sum of
trivial line bundles, the jumping locus of the function h'(§, F) = dim H* (X, EL¢) on J is
of codimension two in J. As FO(E) = 0, it follows from [73, Corollary 1.4] that F!(E)
is torsion free. As R is a subsheaf of F1(E) X Ops it is torsion free. Since F?(E) = 0
it follows from Grauert’s theorem that F!(E) ® C¢ ~ H'(Z, EL¢) for all £ € J. From
the table above, the dimension of the fibre jumps and thus F!'(E) is torsion-free but not
reflexive, as if it was reflexive it would be locally free contradicting the jumps in the fibre
dimension. The points in J giving rise to jumps in h%(¢, E) is the locus where the stalks
are not free. It is also evident from the table and Grauert’s theorem that F!(EK) is a
pure torsion sheaf supported on the jumping locus of h%(¢, E). Again, it follows from the
last bullet of Grauert’s theorem that F!(EK) is not the zero-sheaf. Notice that R cannot
be locally free as it would then be the double dual of F}(E), implying that F*(E) was
locally-free.

In the last case, F'(K~Y/2 ® N) is locally free of rank two, F*(K3/2 ® N) = 0 and
F'(K'/2® N) is a pure torsion sheaf supported on the divisor © z1/2 C J. It follows from
[31, Exercise 11.5.8] that F'(K'/2N) ~ i,(N’) where i : © 12 — J is the inclusion and
N is a line bundle on © 1/2. Therefore F1(E) is the direct sum of a locally free rank two
sheaf and a pure torsion sheaf while F'(EK) = F'(K'/2N). Recall that R is the kernel of
FYE) X Op: — FYEK) X Op2(1). At the divisor at infinity this map respects the direct
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sum, and maps the torsion part F1(K'/2N) to F'(K3/2N) = 0. It therefore follows that
‘R has torsion. O

Remark 4.2.23. Propositions 4.2.21 and 4.2.22 show that in the case of stable Higgs bundles
of degree zero and rank two on a genus two curve, the constituent sheaf Q is locally free
but its counterpart R gets increasingly more complicated as the underlying bundle gets
further away from being stable. Notice also that the Parseval formula is not applicable in

other cases than E being stable as FK (1) is not WIT (i) with respect to Fps.

Remark 4.2.24. When the rank and genus is two and the holomorphic bundle is stable,
then the Chern characters of R and Q(—1) are 2+ 2¢ and 2 — 2¢, where ¢ is the first Chern
class of the ©-divisor. This is a simple application of Grothendieck—Riemann—Roch. The

reason for the 20-divisor cropping up is explained by the following proposition.

Proposition 4.2.25. Let E be a stable bundle of degree zero and rank two on a curve
of genus two and ® any Higgs field. Then the constituent bundle Q(—1) ~ F(EK)
is an elementary modification of a Fourier—Mukai transformed line bundle on X, and
the constituent bundle R ~ FY(E) is an elementary modification of a Fourier-Mukai

transformed line bundle on X, up to a twist by a line bundle on J.

Proof. Narasimhan and Ramanan [59] showed that the moduli space of stable vector
bundle of rank two with fixed determinant on a genus two curve is isomorphic to P? =
P(H°(JL(X),0(20))), where O(©) is the line bundle defined by the ©-divisor. This

identification is given by associating to a stable bundle E the set
Cg={LecJ' ()|’ (EL) #0}.

Narasimhan and Ramanan prove that all C'r are divisors linearly equivalent to 20. In
other words, a stable rank two bundle with trivial determinant can be defined as an
extension

0L 'S E—-L—=0 (4.5)

for some line bundle L of degree one. Multiplying this sequence by the canonical bundle
gives

0— L 'K+ EK — LK — 0. (4.6)

As FE is stable F}(EK) = 0. Furthermore, as L™K has degree one the sheaf FO(L1K)
is supported on the divisor ©; 1. However, FO(L~1K) is torsion free by Lemma 1.3.6
and thus FO(L7'K) = 0. By Grauert’s theorem F!(LK) = 0 and F*(LK) and F*(EK)
are rank two bundles. The Fourier—-Mukai transform of (4.6) is therefore

0—F(EK) = FY(LK) - FY(L'K) - 0.
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The degree of L™K is one which is the critical degree for Riemann-Roch in genus two.
If a line bundle of degree one on a genus two curve has global sections it can only have
a one dimensional space of such by Clifford’s theorem. From the last bullet of Grauert’s
theorem F'(L 1K) is a torsion sheaf of pure dimension one and as the fibre dimension is
constant it is a line bundle on © 1 [31, Exercise 11.5.8], i.e. F1(L7'K) ~ i,(N) where
i:©p-1x — J is the inclusion and N is a line bundle on ©; 1. Therefore F(EK) is an
elementary modification of FO(LK).

It follows by similar arguments that the Fourier-Mukai transform of (4.5) is
0—FYL™Y) - FY(E) - FYL) =0

with F1(L~!) and F!(E) rank two bundles, and F!(L) ~ i,(N’) where i : O 15 — J is
the inclusion and N’ is a line bundle on ©; 1. This shows that F1(L~1) is an elementary
modification of F!(E) which by [25, Page 42] is equivalent to F!(E) being an elementary
modification of FY(L™1) ® O(O;-1k). O

4.3 RELATION TO BEILINSON’S SPECTRAL SEQUENCE

For a holomorphic vector bundle on a projective space the Beilinson spectral sequence can
sometimes give extra information about the bundle. Depending on the explicit terms in
the spectral sequence the vector bundle might turn out to be given by a monad or sit in an
extension. In this section, a relative version of the Beilinson spectral sequence is applied
to a transformed Higgs bundle, and combined with the first hypercohomology spectral

sequence the result is shown to be equivalent to the sheaf extension in Proposition 4.2.5.

Theorem 4.3.1 (Beilinson). Let Z be a complex manifold, m : P9 x Z — Z the projection.

For every holomorphic vector bundle EE on P9 x Z there is a spectral sequence with Fr-term
E;"" = Opa(—p) ¥ R, (E ® Qﬁigxz/z(p))
which converges to

i E =0
0 otherwise.

Here Qpgy 7,7 denotes the relative cotangent bundle of the projection to Z, i.e. the cotan-
gent bundle of P9 pulled back to P9 x Z, and QP the p’th wedge power of Qpgy 77

Remark 4.3.2. There is a version of Beilinson’s theorem on any manifold X with a good
resolution of the diagonal in X x X. In Beilinson’s original version X = P" and the

resolution is provided by the Koszul complex of a canonical section of

Opn (1) X Q ~ Hom(piOpn (—1), p5Q)
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where the p;’s are projections from P" xP" and Q ~ TP"(—1). The same kind of resolution
exist in the relative case. For the application in this thesis the geometric description of
projective space as P9 = P(C® @& H°(K)) implies that the canonical section in question is

exactly multiplication by a® + «Id on a slice A x P9 where A = [a : a].

For a stable Higgs bundle (E, ®) of degree zero and rank at least two Proposition 4.2.5
expresses the transformed bundle as an extension. This extension is related to the Beilin-

son Spectral Sequence of E(—1).

Lemma 4.3.3. On J x P9 denote by QP the p’th wedge power of the relative cotangent
bundle of the projection m: J x P9 — J. Then

Rim (QP(p)) =0 if (p,q) # (0,0) T(Ogxps) ~ Oy
Rim (P (p—1)) =0 if (p,q) # (1,1) R'm.(Q) >~ 0Oy
RImo(QP(p+ 1)) ~0 if g 40 (P (p+ 1)) = OF)

Proof. The vanishing results follow from Grauert’s theorem by showing the vanishing of
the cohomology groups H?(PY9, QP (p)), H1(P9,QP(p — 1)), and HI(P9,QP(p + 1)) for the
appropriate ¢’s. Their dimensions are calculated using Bott’s rule [64, p. §|.

What remains is to show that the non-zero bundles are in fact trivial bundles. Only
the argument for 7, (QP(p + 1)) is given, as the others are parallel to this.

The dimension of the global holomorphic sections of 7, (Q2(p + 1)) is again computed
by Bott’s rule since

HY 07 + 1)) = B x P90 + 1) = @ 2+ 1) = (7).

The Chern character of m,(QP(p 4+ 1)) is computed by Grothendieck-Riemann—Roch

as all higher direct images vanish,

ch(m (2 (p + 1)) = /

e+ 1) Ta(e) = @+ 1) = (71).
P9

p+1

As the rank and the number of linearly independent holomorphic sections match up,
s1 A -+ A sp is a non-zero holomorphic section of det m,.(QP(p 4+ 1)) where {s1,...,s,} is
a basis of global holomorphic sections. From the Chern character above, this section is
non-zero at every point of J, implying that s;(z) # 0 for all x, i.e. {s1,...,s,} constitute

a global holomorphic frame of m,(QP(p + 1)). O

Theorem 4.3.4. Let (E,®) be a stable Higgs bundle of degree zero and rank at least two.
The Beilinson spectral sequence for E(—l) recovers E(—l) as a sheaf extension, which

when twisted with Opg (1) reproduces the sheaf extension for E found in Proposition 4.2.5.
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Proof. The proof of this theorem is an exercise in identifying the terms in Beilinson’s spec-
tral sequence using the definition of E via the first spectral sequence for hypercohomology.
The proof is unfortunately long and technical.

The definition of the Fourier—Mukai transform of a stable Higgs bundle of degree zero
uses the family (4.1). The sheaf morphism © is injective [14, Lemma 3.2.1.1|, thus defining

a short exact sequence of sheaves on ¥ x P9
0= ES BEK(1) > Qo — 0,

where Qg is a sheaf supported on the zero divisor of det(©). By Corollary 4.2.3 the
Fourier-Mukai transform of (E, ®) is the Fourier-Mukai transform of the corresponding
cokernel sheaf Qg up to a shift.

Pulling back the sheaf sequence to J x ¥ x P9 and tensoring by QF(k — 1)75 gives the

exact sequence
0— EQ¥(k —1)P = EKQF (k)P — Qo (k —1)P — 0. (4.7)

The terms in the relative Beilinson spectral sequence for E(—l) are derived images of
EQF(k — 1) under the projection 7 : J x P9 — .J,

R (EQF(k — 1)) K Ope (—F).
These sheaves can be computed by (4.7) as E ~ 113, (753(Qe) ® 7}, P) and
EQF(k — 1) ~ m13.(m33(QeQ (k — 1)) @ 75, P),

by the projection formula. Recall that m;; and 7; denote projections from J x ¥ x P9 to the
17’th or ¢’th factor, respectively. The pullbacks needed to make sense of tensor product
of Qg and QF(k — 1) are suppressed for ease of notation. As Qg is IT(0) with respect
to the relative Fourier-Mukai transform, the higher direct images of m33(Qe) ® 7iyP
under w3 vanish. Furthermore, by the projection formula the higher direct images of

7r§‘3(Q@Qk(k -1)® 7ri‘275 also vanish. This gives
R (EQF(k — 1)) ~ Ry, (w35(QeQF (k — 1)) ® 7ty P).

The terms in Beilinson’s spectral sequence also appear in the long exact sequence associ-
ated to (4.7) under 71 : J x ¥ x P9 — J. The other sheaves in the long exact sequence
are

R'11,(EQF(k —1)P) and R"m,(EKQ"(k)P).

These sheaves are easier to handle, and the rest of the proof argues why all terms in the

spectral sequence are sheaves of the above form.
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Combining Grauert’s theorem, Bott’s rule [64, p. 8], and the Kiinneth Formula for

sheaf cohomology gives the following vanishing result

R (EQE(k—1)P) =0 for (k,n) & {(0,0),(0,1)}
R'm1 (EKQF(k)YP) =0 for (k,n) ¢ {(1,1),(1,2)}.

In the case k£ = 0, the only non-vanishing sheaves are
T (E(=1)) ~ w1, (BE(=1)P) and R'm.(E(-1)) ~ R'm, (E(-1)P).
In the case k = 1, the only non-vanishing sheaves are
T (EQ) ~ R'n (EQP) and  R'm,(EQ) ~ R%*r, (EQP).
Consider the diagram of projections

Ix S xPIE o ]« P9

-

Jxyn—1 .

Regard € on J x 3 x PY as being pulled back by w3 from J X P9. As my = mom3 = gomyo
we revisit the above direct images, but now using g o m2. The direct image sheaves

R" 12, (m73(€2)) vanish if n # 1 by Bott’s rule, hence

R"(g 0 m2)+(m2(EP) ® 135(Q)) = R g R miz. (n1o( EP) ® m359)
~ R"” lQ* EP & R 7r12*7r13Q)
~ R lq*

NRTL 1q*

(
(
(EP) ® R'm,Q
(

~ R" 1(]* Eﬁ)
The last isomorphism is Lemma 4.3.3. Combining the above calculations finally gives

T (E(-1)) ~ ¢.(EKP) R'm,(E(-1)) ~ R'¢,(EKP)

~ ~ A~ ~

T.(EQ) ~ ¢.(EP) R'7.(EQ) ~ R'q.(EP).

The sheaves on the right hand sides are exactly F'(E) and F{(EK) for i = 0, 1. Inserting

this on the first page of the Beilinson spectral sequence
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0 FYE)XOps(-1) FYEK)XOps |1

0 FYE)XOps(-1) FUEK)XOps |0

-2 —1 0 g

with differentials on a slice J4 being multiplication by a® + « Id where A € P9 corresponds
to the line generated by a® + ald € C® @ H(K). The second page is stable and by

Theorem 4.3.1, E(—1) is an extension

0— Q(—1) = E(-1) > R(-1) =0
0 — FY(E)X Ops(—1) = FOY(EK)X Ops — Q(—1) = 0
0— R(—1) = FY(E)X Ops(~1) = FH(EK) X Opy — 0.

which is exactly the extension obtained in Proposition 4.2.5 twisted by Ops(—1). O

Remark 4.3.5. The Beilinson spectral sequence for E itself is rather complicated as it
includes R, (2(p+ 1)) which by Lemma 4.3.3 vanish for ¢ # 0 and for ¢ = 0 are trivial
+1
bundles of rank (g +1).
The first page of the spectral sequence contains only two non-zero rows ¢ = 0 and
q = 1 with non-zero entries from p = 0 to p = —g. The second page is not stable, but the

third is.

4.3.1 AN ALTERNATIVE VIEW UPON INJECTIVITY

In this section we use the first hypercohomology spectral sequence and Beilinson’s spectral

sequence to give an alternative proof of Bonsdorfl’s injectivity result [14, Theorem 3.2.1].

Theorem 4.3.6. Let (E,®), (F, V) be two degree zero Higgs bundles of rank at least two
on a Riemann surface of genus at least two. IfE ~ I as holomorphic bundles on J x P9,

then (E,®) ~ (F,V) as Higgs bundles.

Proof. As in [14, Theorem 3.2.1|, the proof is a procedure for recovering a Higgs bundle
from its transform E on J x PY.
Let ¢;; be the canonical projections from J x J x P9 to the ij’th factors. If Q is a

sheaf on Jpg which is I'T(0) with respect to g]pg, then as g]pg is an equivalence of categories
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Spa(Q) on Jps is WIT(g) with respect to Sps. The sheaf Q is IT(0) with respect to Spo
if by definition

Roqu3,. (0539 @ ¢iyP) =0 for s#0, and qi3,(¢53Q ® ¢lyP) is locally free.
From [6, Chap. 3, Cor. 3.4|
Q =~ RIgo3, (4i3(q13.(433(Q) © ¢12P)) @ ¢faP”).

It follows from Lemma 4.1.7 that E ~ Spq (jips, Qo) and that jps, Qe is an IT(0) sheaf on

Jps with respect to Spa. We can therefore recover Qg on Yps by
Qo =~ jts(RIga3,(E @ ¢}y P*)).

The data of a Higgs bundle is contained in the sheaf Qg on ¥ x P9. We can recover the
Higgs bundle by applying the Beilinson spectral sequence to Qg (—1) with respect to the
projection 7w : ¥ X P9 — 3. The sheaf Qg is defined by a short exact sequence. Tensored
by QF(p—1)

0—-FEQp—-1) - EKQP(p) - QoP(p—-1)—0

its direct images under 7 vanish by Lemma 4.3.3 except for p = 0 and p = 1. In these

cases, the exact sequence gives
T«(Qo(—1)) ~ EK and 7.(Qe®) ~E.

The first page of Beilinson’s spectral sequence only has non-zero terms E; Lo~ E(-1)
and E?’O ~ FEK. By definition of the spectral sequence, the differential is © as P9 =

P(®C @ H°(K)). The second page is stable, giving a short exact sequence
0 B0~ B(-1) 2 EY ~ EK — Qg(—1) = 0

from which we recover the Higgs field by restriction. O

Remark 4.3.7. In the proof of Theorem 4.3.6 we silently use Remark 1.1.9.

Remark 4.3.8. The difference between the proof given above and that of [14, Theorem
3.2.1] is the use of the Beilinson spectral sequence. Bonsdorff use an argument adapted

to the situation at hand, while the above is using a standard spectral sequence.
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4.4 A FAMILY OF HOMOGENEOUS BUNDLES

In this section we study the first hypercohomology spectral sequence and its implica-
tion for a transformed Higgs bundle considered as a family of holomorphic bundles on J
parametrised by P9.

Let (FE,®) be a stable Higgs bundle of degree zero and rank at least two, and let
C(E, A) be the complex

ad+ald
e

E EK

on ¥ concentrated in degrees zero and one with A = [a : o € P9.

Lemma 4.4.1. For a stable Higgs bundle (E,®) of degree zero and rank at least two,
the complex C(E, A) is IT (1) with respect to the absolute Fourier—Mukai transform for all
AePI.

Proof. Assume first that A = [1 : o] for o € H%(X, K). For every ¢ € J the hypercoho-
mology of the stable Higgs bundle

EL: 2 pr K
is concentrated in degree one with a dimension independent of . For A = [1 : a] the
complex C(E, A) is therefore IT'(1) with respect to the absolute Fourier-Mukai transform.
Let A =[0: «]. The complex E(q,&)

EL: *% EL.K
might not be a stable Higgs bundle and the previous argument does not work; however, the
hypercohomology groups can be computed by the first hypercohomology spectral sequence
(1.4) for E(a,§)

TERT = HP(S, HY(E(0,0)) ~ HY(S, HY(E(,0)) © L).

As «aId is an injective sheaf map the only non-zero cohomology sheaf is in degree one

where it is the cokernel sheaf
Qn = coker(E old, EK) = H'(E(a,0)).

The cokernel is a sum of skyscrapers on 3, each length of which is the vanishing multiplicity
of v at its zeros. As Q, is a sum of skyscrapers Q,®L¢ ~ Q, and hence higher cohomology
groups of Q, ® L¢ vanish. The only non-zero entry on the second page is (p,q) = (0,1),
proving that the second page is stable. It follows immediately that H'(E(a,&)) = 0 for
i # 1, and since Q, ® L¢ ~ Q, the dimensions of I Eg’l are independent of &, proving
that F1(C(E, A)) is locally free, and that C(E, A) is IT(1) with respect to the absolute

Fourier-Mukai transform when A = [0 : o. O
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Definition 4.4.2. Let (E, ®) be a stable Higgs bundle of degree zero and rank at least
two. For any A € PY denote by E:; the only non-zero cohomology sheaf of the absolute
Fourier-Mukai transform of C(E, A).

Lemma 4.4.3 ([14] Proposition 3.1.10). For any A € P9 restriction to Ja commutes with

the absolute Fourier—Mukai transform:

4.4.1 HOMOGENEOUS BUNDLES

Definition 4.4.4. A holomorphic vector bundle U on an abelian variety X which is
invariant under pullback by translations 7, : X — X, ie. 7jU ~ U for all x € X is called

homogeneous.
Definition 4.4.5. For A = [a: o] € P(C® ® HY(K)) define det ® 4 := det(a® + o Id).

Theorem 4.4.6. Let (E,®) be a stable Higgs bundle of degree zero and rank at least two,
and let A € PY9. If the holomorphic section det ® 4 of K" does not vanish identically on X,

then E|j, is a homogeneous vector bundle.

Proof. As det ® 4 is a non-zero section of K" the differential a® + «Id in the complex
C(E, A) is an injective sheaf morphism. This extends C(E, A) to a short exact sequence

of coherent sheaves on 2

0—E 2N pr 50,4 0.
The sheaf Q 4 is the cokernel sheaf supported on the vanishing locus of det ® 4 and is thus a
direct sum of skyscraper sheaves of various lengths. By the first hypercohomology spectral
sequence (or rather its sheaf analogue Corollary 4.2.3) the Fourier—Mukai transform of the
complex C(F, A) is isomorphic to the Fourier—Mukai transform of Q4, up to a shift. As
j: X — Jis an embedding, j.(Q4) is also a direct sum of skyscraper sheaves. It follows
from the isomorphism of functors in Corollary 4.1.8 that E;; is the image of a sum of
skyscraper sheaves under Mukai’s original transform S : D(J) — D(.J).
Let « € J be a point and consider the pullback of E‘,\q:

T3 (Ea) = 728(j.(Qa)) =~ 8(j.(Qa) ® Py) = 8(ju(Qa)) ~ Ea.

The second isomorphism is the projection formula and third isomorphism follows from the

support of j,(Q4) being points in J. O
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Given a stable Higgs bundle (E, ®) of degree zero and rank at least two, consider the
open set V' C P9 defined by

V ={AcP|detdy #0}.

Theorem 4.4.6 shows that F |7xv is a family of homogeneous vector bundles on J para-

metrised by V.
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Lemma 4.4.7. The complement of V. C P9 is at most tk E points.

Proof. Let r =1k E, and A € P9 be of the form [0 : ], then det(®4) = " and the only
solution to det®4 = 0 is a = 0.
Assume A = [1: ], then

det®p=a" +Trd "'+ - +detd.

The characteristic polynomial of ® defines an equation in the total space of the canonical
bundle on X,
0=det(®+nld) =n"+Trd "L 4. + det P,

with n the tautological section on K. The solutions of the characteristic polynomials
constitute a curve S in the total space of K. If there exists a point [1 : o] € P9 such that
det ®4 = 0, then as « is a section of K the image of this section in the total space is a
component of S. As there can be at most 7 such components the complement P9 \ V' is

empty or at most a r points. ]

4.4.2 UNIPOTENT BUNDLES

Definition 4.4.8. A vector bundle U on J is unipotent if U has a filtration of holomorphic
subbundles
0O=UycU;Cc---CcU,.1CU,=U

such that U;/U;—1 ~ Oy for alli=1,...,n.

Theorem 4.4.9. For (E,®) and A € P9 as in Theorem 4.4.6 let {z{, ..., 2{}} be the zeros

of det ® 4 then E|JA is a direct sum of twisted unipotent vector bundles
n
Ely, ~ @ L;®U; (4.8)
i=1
where L; are the degree zero line bundles given by the image of ZZA in J by the Abel-Jacobi

map and U; are unipotent bundles determined by the cokernel Q4 at zZA. The rank of U;

is the vanishing multiplicity of det ® 4 at ziA.

Proof. The theorem follows directly from Theorem 4.4.6 and Mukai’s Theorem 4.17 in
[56] O

Corollary 4.4.10. Let A € P9 be a point where det ® 4 has simple zeros, then E|jA s a

sum of line bundles.

Proof. If det ® 4 only has simple zeros, there are 2rk E(g — 1) distinct zeros and all U; are

trivial line bundles. O
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4.5 SPECTRAL DATA TRANSFORM FOR HIGGS BUNDLES

In this section we consider a stable Higgs bundle (E, ®) of degree zero and rank r at least
two. We furthermore assume that (E, ®) has smooth spectral data (S, L), meaning that

the curve of eigenvalues of ® in the total space of the canonical bundle p: K — X
0 = det(® + nId)

with 7 the tautological section of p*K on K is a smooth r-sheeted branched cover of ¥,
and p.L ~ F.
Define a hypersurface Y C S x P9 by

Y ={(z,4) € § x P|apn(z) + Y _ ap*(as)(x) = 0}

where A =[ag : a1 : -+ : ag] and {a1,..., a4} is a chosen basis for H°(K). The hypersur-
face is the zero locus of a section of p* KK Opy (1) on S xP9. Denote by i : Y — S x P9 the

inclusion, by 7 : S x P9 — P9 the canonical projection, and by 7’ = 7w o4 the composition.

Lemma 4.5.1. If S 2, % is a smooth r-sheeted branched cover, then Y ™\ P9 is a smooth

2r(g — 1)-sheeted branched cover.
Proof. The hypersurface Y is defined by the section
s=apn+aip oq + - +agpoy

where {a1,...,a,} is a basis for H(K) and [ag : a1 : -+ : a,] are coordinates on P9. If

(', A"y € S x P9 is a singular point of Y, then

85 (2/,A") =0 for all i.
a;

ds  |n 1=0
da; pra; i # 0,

a singular point (2/, A’) € Y has p*(«a;)(2') = a;(p(2’)) = 0 for all i = 1,...,g. Such a

s(z',A’) =0 and g;(x’,A’) =0 and

point does not exist as H(K) is base point free when the genus is at least two, proving
that Y is smooth.

The line bundle p* K has degree 2r(g —1) on S, and Y is the zero locus of a section of
p*K X Opg(1) it is a 2r(g — 1)-sheeted branched cover over P9. O

Remark 4.5.2. The result in Lemma 4.5.1 is contrasted by the support of the cokernel
sheaf Qg not being smooth at its intersection with the divisor at infinity > x P9 where

the points have high multiplicity.
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Lemma 4.5.3. The branch locus of Y — P9 corresponds to [1 : o] with « € H°(K) taking
values in a ramification point of S — % or [0 : a] with o € HY(K) having zeros at branch
points of S — X.

Proof. By definition of the spectral curve, z = (z,a(z)) € T*¥ is in S if and only if —a(z)
is an eigenvalue of ®,. The branch points of S L % are the points z € ¥ where @, has
multiple eigenvalues.

Let A = [ag : o] € P9 be short hand for [ag : a1 : -+ : ag] With & = a1 + - - + agay.
Assume ag # 0, then 7/~ 1({A}) consists of (z, a(z)) such that a(z) = —a(z), or the points
z € ¥ where a(z) is an eigenvalue of ®,. Assume ag = 0, then 7/~({A}) consists of points
(z,a(z)) € S where a(z) = 0.

The branch points of YV ™y P9 are therefore the A = [1: @] such that there is z € ¥
such that —a(z) is a multiple eigenvalue of ®,, or the A = [0 : a] where « vanish at a

branch point of S 2oy, ]

Definition 4.5.4. Let (E, ®) be a stable Higgs bundle of degree zero and rank at least
two with smooth spectral data (5, L). Define the spectral transform of (E,®) to be the
sheaf

E =m3,(m33(L@p K ® Opa(1)) @ Oy @ mio(Id xp)*P)

where ;; are the canonical projections on the ¢j’th factor of J x S x P9 and Oy is the

structure sheaf of the divisor J x Y in J x § x P9.

Theorem 4.5.5. Let (E,®) be a stable Higgs bundle of degree zero and rank at least
two with smooth spectral data. Then the spectral data transform and the Fourier—Mukai
transform are equivalent, i.e.

N &

EFE~FE
as holomorphic bundles on J x P9.

Proof. The spectral line bundle L together with the tautological section 7 defines the
Higgs bundle on ¥ by pushing down the sequence L -5 L ® p*K. We extend (L,n) to a
family

C(L)=L % LepK®Op(1)

on S x P9 which when restricted to S X [ag : aq : -+ : ag] is

LML@}?*K with a=aj0q + -+ ag0y.

This family pushes down to the family (4.1) on ¥ x P9. Let Pg be the pullback of the
Poincaré bundle to J x S, i.e. Pg = (Id xp)*P = (Id x(j o p))*P.
Since the morphism W in C(L) is a non-zero section of a line bundle it is an injective

sheaf map. It therefore follows from the first hypercohomology spectral sequence that the
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hyper direct image of m53C(L) ® m}yPs along w3 is concentrated in degree one where it is

locally free. We furthermore know from the first hypercohomology spectral sequence that
Rl713, (1355C(L) ® w4 Ps) ~ E.
It now directly follows from base-change that
R 713, (133C(L) @ iy Ps) ~ Fpy (C(E)) = E
proving the theorem. O

Proposition 4.5.6. Let S be a smooth spectral curve and Y the associated hypersurface
mn S x P9, then
Pic(Y) ~ Pic(S) x Z.

Proof. Let o = (20, a0(20)) € S be expressed as a point in the total space of the canonical
bundle, then the fibre of the projection ¥ — S at xzg is given by the solutions to the
equation

0 = apap(20) + a11(20) + -+ - + agoy(20)

on PY9. The equation is the vanishing locus of a section of Ops(1) and is therefore a
projective space of dimension ¢ — 1. As zg € S was arbitrary Y is a P9~ '-bundle on S.

The result now follows from [31, Exercise II1.12.5]. O

A simple application of Grothendieck—Riemann—Roch shows that the restriction of E

to a PY9-slice of J x P9 has Chern character
r(g—1)4+7r(g—1)ch(Ops(1)). (4.9)

Together with the above proposition this determines which line bundles on Y can be used

to construct transformed Higgs bundles.

Corollary 4.5.7. Let S be a smooth spectral curve and'Y ™y P9 the associated 2r(g—1)-
sheeted branched cover of P9. Then only line bundles of degree r(r 4+ 1)(g — 1) on S and

degree 1 on P9 have Chern character (4.9) under the direct image to P9.
Proof. From Proposition 4.5.6 every line bundle N on Y is of the form
N ~i*M ®i*Opg (m)

fori:Y < S x P9 the inclusion and M a line bundle on S and m an integer. By a simple,

but long and tedious calculation using Grothendieck—Riemann—Roch, we obtain
ch(m.N) = ch(Ops(m—1))(2r(g—1)+ (g —1) —deg M) +ch(Ops (m)) (deg M — (g — 1)r?).
This Chern character agrees with (4.9) only if degM = r(r +1)(g — 1) and m = 1. O
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Remark 4.5.8. Notice that if M has degree r(r +1)(g — 1) on S the degree of M ® p* K !
is r(r —1)(g — 1). Line bundles of this degree exactly push down to a degree zero vector
bundle on ¥, and as the spectral curve is smooth the corresponding Higgs bundle is stable.
The spectral transform of any line bundles of Pic"™+D=1) () x {1} ¢ Pic(Y) is therefore

in the image of the Fourier—-Mukai transform for Higgs bundles.

4.5.1 SPECTRAL TRANSFORM AND HOMOGENEOUS BUNDLES

In this section we investigate the consequences for E of (E, ®) having smooth spectral
data. First of all, we will see that the holomorphic structure of the homogeneous bundles
E] J, is tractable, and furthermore that information contained in the whole family of
homogeneous vector bundles recovers the spectral curve.

First, notice that when (E, ®) has smooth spectral curve, the set
V={AecPI| detPy =0} =P9.

This follows as an A € P9 with 0 = det ®4 = det(a® + aId) implies that & defines an
irreducible component of the spectral curve, assuming a # 0; if @ = 0, then 0 = det &4
implies = 0.

Therefore E on J x P9 is a family of homogeneous bundles on J parametrised by P9.

Proposition 4.5.9. If (E, ®) is a stable Higgs bundle with smooth spectral data, then for
every A = [1: o] € P9 the unipotent bundles in Theorem 4.4.9 are successive non-trivial

extensions of the trivial bundle.

Proof. The result is clear from Corollary 4.4.10 if det ® 4 only has simple zeros. Assume
2o € X is a zero of multiplicity k of det(®4), and A = [1 : a]. Then —a(zp) is an eigenvalue
of multiplicity k of ®,, and 2y is therefore a branch point of S — ¥ where k sheets come
together. On S the section 7 + p*« vanishes at (29, —(z9)) € S with multiplicity k.

As in the proof of Theorem 4.4.6, we can show that

E|J><[1:a] = Fl*(W;Qa & ,PS)

where 7; is the projection onto the 7'th component of J x S, and Q, is cokernel sheaf of

C(L) restricted to S x [1 : ]

0= LI 1 op K - Q, — 0.

Since 7 + p*« vanishes with multiplicity & at (zo, —a(z0)) the cokernel sheaf Q, is locally
O/w*© where w is a coordinate on S. The unipotent bundle corresponding to the zero

29 € ¥ is therefore the Fourier-Mukai transform of O/w*© which is a rank k bundle
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defined as k — 1 successive non-trivial extensions of O by itself. The extensions are non-
trivial as a trivial extension would induce a splitting of the unipotent bundle such a

splitting would correspond to
O/wfO ~O/w'O & O/ O with i+j=Fk and i,j#0,
which is not the case. O

Theorem 4.5.10. Let (E, ®) be a stable Higgs bundle of degree zero and rank at least two
with smooth spectral data. Then the holomorphic structure of the family of homogeneous

bundles E — J x P9 recovers the spectral curve from E.

Proof. We restrict our attention to the restriction E |7 HO( i) and denote it by E as well.

For every a € HY(K) the homogeneous bundle E|;, is
n

Elj, ~EP LUy
i=1

where the z{’s are the zeros of det(® + aId) and rk U the corresponding multiplicities.

Define a map into the symmetric product of X
HY(K) % s D(8) by am {28,285, 1)

with the z{’s repeated with the appropriate multiplicities. This map is holomorphic
(actually algebraic) as it coincides with the map obtained from the divisor of support of
the cokernel of the Higgs family on ¥ x H°(K) defining E. Such a divisor gives a unique
morphism H?(K) — $?"(9=1) (%) with the property that the divisor in ¥ x HO(K) is the
pullback of the universal divisor in ¥ x $2"(9=1)(X), see [65, Theorem 16.4].

Consider now the fibre product W’ of ¥ and the 2r(g — 1) : 1-branched covering
q: Y x §?7e=D-1(x) — ¥. By the universality of the fibre product, W' is isomorphic to
its image W in ¥ x H(K).

A point (z,a) € ¥ x H°(K) is in W if and only if det(® + «)(z) = 0, i.e. that —a(z)
is an eigenvalue of ®,. The image of W under the evaluation map ¥ x H°(K) — T*Y is
therefore set theoretically the spectral curve. As the spectral curve is smooth the induced

scheme structure on the image of W recovers the spectral curve as an algebraic curve. [

Remark 4.5.11. Theorem 4.5.10 gives a procedure of extracting data of a transformed
Higgs bundle E to produce a spectral curve. It does so by exploiting that Fisa family of
homogeneous bundles which gives a morphism P9 — $27(9=1) (%) this map has image in a
fibre of $2"(9=1(¥) — J which is a projective space. From this morphism we can recover
the spectral curve. If the Nahm transform is an isometry between moduli spaces there

ought to be an analogue of the Hitchin fibration in the ’moduli space’ of transformed
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Higgs bundles (if such a thing exists). Based on the above, the base of the fibration
might be rational maps P9 — P2 (9=1)=9_ Theorem 4.5.10 and Corollary 4.5.7 collectively
proves that the generic fibre is the same Jacobian of line bundles as in the original Hitchin

fibration.
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In this chapter we will discuss the holomorphic structure at infinity in J x P9 of a Nahm
transformed Higgs bundle.

Firstly, we consider the big stratum J x W C J x P9~ with W c P9~! = P(H(K))
consisting of holomorphic differentials without multiple zeros. In Section 5.1 we see that
all transformed Higgs bundles are isomorphic on J x W.

In Section 5.2 we make use of the product structure of the divisor at infinity J xP9~! to
describe the isomorphism class of Ew=F | 7xpo—1 as a family of holomorphic bundles on
P9~! parametrised by J. We see that E. does depend on the original Higgs bundle even
though on J x W it is fixed. We consider the jump locus of the holomorphic structure of
E. considered as a family of holomorphic vector bundles, and see that it includes a subset
depending on the holomorphic bundle in the original Higgs bundle. We shall see that in
the special case of a stable bundle the family is constant, and we shall give a complete
description in the case where the genus is two and the rank is two. Lastly, we study the
special case of the rank three canonical Higgs bundle and see that quite surprisingly the

holomorphic structure also depends on the curve on which the Higgs bundles live.

5.1 STRATIFICATION

In this section we consider the restriction of a transformed Higgs bundle to the big stra-
tum J x W with W C P9~ = P(H"(K)) the complement of the discriminant locus of
differentials with multiple zeros.

Let (E, ®) be a stable Higgs bundle of degree zero and rank at least two. Recall that
to define £ — J x P9 we extend E = EK to a family

C(E)=F S EeK(Q)

on ¥ x P9 where for [a : a] € PY the Higgs bundle on ¥ x [a : o] is

E ad+ald E® K.

In this section we are interested in the extension to a family C(E)w parametrised by
W Cc P9~ C P9,
E2Y EoK

on ¥ x W. As in the proof of [14, Proposition 3.1.10], the Fourier—-Mukai transform E
restricted to J x W is the Fourier—-Mukai transform defined by the family > x W. If we
denote by ¢;; the canonical projection to the ij’th factor of J x ¥ x W, then

E|yxw ~ Rl'qus, (g33(C(E)w) ® ¢52(P)) ~ qus. (433(Qw) @ ia(P))
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where Qyy is the cokernel of the injective sheaf map Oyy. The isomorphism follows from
the first hypercohomology spectral sequence.

As W is the complement of the discriminant locus, Qyw is the rank r = rk E trivial
bundle supported on the divisor D" C ¥ x W for which (z,a) € DV if a(z) = 0. This
follows as for & € W the cokernel of E “% EK on ¥ x {a} is supported on the zeros

LSRR Y, of o, and in a neighbourhood of these points

0— 0% 214 0% 5 (0/20)%" = 0.

As Opy-1(1) is trivial on W it follows that Qu ~ (’)%CV on X x W.

We therefore get
Elpsw = q13,(0 1 pw ® i2(P))®"

If we let v : J x DV < J x ¥ x W denote the inclusion, the projection formula gives

E|yxw = q13,6(C"q19P)®" = (qu3 0 1)s(qr2 0 )" (P)*".
Since DW is a divisor with the property that for each o € W
DW’EX{&} = Z? +o 2’3972

is a divisor of degree 2g — 2 we get a holomorphic map f : W — S%~2(X) mapping a to
the collection of its zeros on ¥. As for fixed « the z{*’s are distinct points, the image is
in the complement of the branched locus of the quotient map ¥ x --- x ¥ — §2972(%)

defined by the symmetric group. The map
p: Y x §2973(%) = §297%(%)  defined by (21, {z9,...,22g-2}) = {21,..., 2992}

is holomorphic. Now DW fits into a pullback diagram

DV Iy x « 52-3(x)

lp’ lp
w522y
Notice also that

Idxp =qzor: Jx DV 5 Jx W
qrzot=pro(ldxf): Jx DV = Jx¥%
where p1o 1 J x ¥ x §2973(X) — J x ¥ is the canonical projection. Using these identities
we have
Elyw ~ Id xp)(Ad x f)*(P))®"  where P = pi,P. (5.1)

By noting that D" is independent of (£, ®) we see that the maps 7’ and f’ derived from
DW are independent of (E, ®), thus we have proved the following theorem and immediate

corollary.
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Theorem 5.1.1. For a stable Higgs bundle (E, ®) of degree zero and rank at least two, the
transform E restricted to the big stratum J x W with W C P9=1 = P(H(K)) consisting
of holomorphic differentials without multiple zeros, is independent of (E, ®).

Corollary 5.1.2. Let (E, ®) be a stable Higgs bundle of degree zero and rank at least two.

Let o € HY(K) have simple zeros 23, .. ., 2599, then
E’JX[O:a} ~ L?r PP LSBQT_Q

where L; is the degree zero line bundle on J determined by the image of z{* by the Abel-

Jacobi map.
Proof. As p'~1({a}) = {(z§,q),..., (294—2, )} it follows directly from (5.1) that
Bl yxjoa) = (L1 @ -+ ® Log—2)®"
completing the proof. O

Remark 5.1.3. Assume o € H(K) has a multiple zero. It follows from Theorem 4.4.9
that the contribution to F | 7x[0:a) 18 determined by the local behaviour around the zeros
of a. Assume o = zFdz in a small neighbourhood over which FE and FK trivialise, then
the cokernel of O LN O is O/TF. Mukai [56, Theorem 4.12] shows that the transform of
O/TF is a k-fold successive non-trivial extension of O. The contribution of a multiplicity

k zero to E \ Jx[0:a] 18 7 copies of a non-trivial holomorphic vector bundle of rank .

5.2 FAMILY OF HOLOMORPHIC BUNDLES ON P9~!

In this section we consider Es, = E|;ps—1 as a family of holomorphic rank 2rk E(g — 1)

bundles on P9~! parametrised by J with each member of the family denoted by EOQf.

Proposition 5.2.1. The bundle EOO7§ on P91 is for each & € J an extension of holomor-
phic vector bundles

0= Q¢ — Foog — Re — 0
where Q¢ and Re are defined by
0— HYEL) ® 0 — H(EKL:) @ O(1) = Q¢ — 0
0— Re » H'(FL) ® 0 — H'(EKL¢g) @ O(1) = 0
Proof. Fix ¢ € J and denote by 4, ¢ the inclusions i : {¢} x P9~ — J x P9~! and
i€ x T x P97t — J x ¥ x P91, We denote by m3 and 75 the canonical projections

mg: J X D xPITt 5 Jx P97 and 75 1 {€} x B x P97 — {€} x P97 Tt follows from
the first hypercohomology spectral sequence, that the transform of a Higgs bundle (E, ®)
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is B = w13, (73306 ® 7}, P), where Qg is the cokernel sheaf of the family (4.1) on X x P9.
If we restrict to the divisor ¥ x P9~! for P9~1 = P(HY(K)) C P9, then by an argument
similar to [14, Proposition 3.1.10]

Eoo = E|Jng—1 = 7T13*(7T§3900 ® WTQP)a

where Q. is cokernel of (4.1) restricted to ¥ x P9~!. We now use the general base change
formula of [14, Corollary 2.1.4.(1)]. As E is locally free and i’ = Id xi only affects the
locally free sheaf P we get

Eog =i"E = m13,(Q00 ® Le).

As Qoo L¢ is the cokernel of EL¢ R EKL¢®Opg-1(1) on £ x P91 we get a five term long

exact sequence on P91 splitting into three short exact sequences:

0 — m(ELe) = m(EL:K)(1) = Q¢ — 0
0= Q¢ = m(QooLe) > Re — 0
0 — R¢ — R'm.(EL¢) — R\l (ELeK)(1) — 0.

Notice that R'mis)(EL¢) ~ H'(EL¢) ® O and likewise for direct image of EK L¢. As the
map

HYEL¢) ® O — HY(EL:K) ® O(1)

at a point [a] € P9~! is multiplication by a representative « it is injective, and Q¢ is
therefore locally free. A similar argument shows that R is locally free, proving the

result. O

5.2.1 STEINER BUNDLES

The holomorphic vector bundles Q¢ and R¢ in Proposition 5.2.1 are vector bundles on a
projective space. Holomorphic vector bundles on projective spaces have not been classi-
fied, except in dimension one. However, many types of vector bundles are known. One

particularly nice type are Steiner bundles of which Q¢(—1) and R are examples.

Definition 5.2.2. A vector bundle £ on P" = P(V) is a Steiner bundle if E admits a

resolution of the form
0= 1®0p(-1) 5 W®O0pm - E—0 (5.2)

where I and W are finite dimensional vector spaces.
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Bundles of this type have been studied by many authors, e.g. [21] who coined the term
Steiner bundle. Steiner bundles are a generalisation of Schwarzenberger bundles 68| that
are a special type of rank n bundles on P".

The map 7 between vector bundles I ® Opn(—1) and W ® Op» is uniquely determined
by a tensor

t € Hom(V,Hom(I,W)) =V*QI" @ W.

The tensor should be such that for each v € V, 7 = ¢(v) must be fiberwise injective.
When we in Section 5.2.5 consider the rank three canonical Higgs bundle, we will identify

Steiner bundles by specifying the tensor t.
Proposition 5.2.3. If F, G are Steiner bundles on P*, then H'(P", F(1) ® G) = 0

Proof. Tt follows from the short exact sequence defining G and Bott’s rule [64, p. 63| that
H'(G(1)) = 0 and H?(G) = 0. If we tensor the sequence defining the Steiner bundle F
by G(1), then the long exact sequence of cohomology associated to this sequence gives the

result. O

Corollary 5.2.4. For each & € J the bundle Eoo{ splits as

Eoog = Q¢ @ e,
where Q¢ and R¢ are the bundles from Proposition 5.2.1.

Proof. This follows immediately from Proposition 5.2.3 as by definition Q¢(—1) and R

are Steiner bundles. O

5.2.2 JuMP LOCUS

Proposition 5.2.5. The locus of J where the holomorphic structure of the family Eo

changes contains the jump locus of
dim H°(X,EL¢) and dim HY(S, EK L)
considered as functions J — N.

Proof. Let £ € J be given. It follows from Corollary 5.2.4 and the long exact cohomology
sequences of the Steiner bundles Q¢(—1) and R that

dim HO(PY™", B ¢(~1)) = dim H°(Q¢(—1)) + dim H°(Re(~1))
= dim H(3, EK L¢).
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This shows that the holomorphic structure of EA'Ooé(—l) and thereby of EA’ooé change when
a jump in dim H%(3, EK L¢) occurs. Likewise, the global holomorphic sections of Egog

are global holomorphic sections of RZ. By similar arguments as above,
dim HO(P9~, B2, ) = dim HO(Rf) = dim H'(Z, EL¢) — x(E)

proving that a change in dim H O(E,ELg) induces a change in holomorphic structure of

E:o,g and thereby of Eoo,g- O

Remark 5.2.6. Proposition 5.2.5 is the first indication that despite the results of Section 5.1
the holomorphic structure of FE. is non-standard. In Section 5.2.4, the families are worked

out completely when the genus is two and the rank is two as well.

5.2.3 STABLE BUNDLES

Proposition 5.2.7. If (E, ®) is a stable Higgs bundle of degree zero and rank at least two
with E a stable bundle, then

Eoo,f ~ OrkE(gfl) ® O(l)rkE(gfl)
on P9~ for all € € J.

Proof. The proof follows directly from Proposition 5.2.1 and Corollary 5.2.4 as
H(EL) =0 and HY(EKL¢)~ HE*L_¢)* =0

for all £ when FE is stable of degree zero. O

5.2.4 COMPLETE DESCRIPTION FOR GENUS TWO AND RANK TWO

We consider the special case of genus two and rank two. In this case, we use Hitchin’s
classification of holomorphic vector bundles supporting a stabilising Higgs field, see Propo-
sition 4.2.20. As the projective space P9~! is P! we give the splitting type of Eoo,§ for all
¢ in each of the cases. The case where F itself is stable is covered by Proposition 5.2.7.

We can naturally define a divisor © C J971(X) as the image of S971¥ — JI71(%)
given by associating to a collection of ¢ — 1 points of X its effective degree g — 1-divisor.
The divisor © coincides both set and scheme theoretically with the divisor of line bundles
of degree g — 1 with a non-zero holomorphic section. For any line bundle L of degree g — 1
we get a divisor O C JY(X) = J. If L is a square root of K then by Riemann-Roch O,
is symmetric meaning that L¢ € Oy, if and only if L_¢ € ©p,.

The following proposition has the splitting types in each of the cases from Proposi-

tion 4.2.20.
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Proposition 5.2.8. Let ¥ have genus two and let (E, ®) be a stable Higgs bundle of degree

zero and rank two. Then generically
Ere~01)a0(1) 203 0.

Changes in splitting type in each of the cases are as follows:

o '~ U®®L where U is a non-trivial extension of O by itself and deg L = 0. If £ is
such that L¢ ~ L=t then

Err~02)a0(1) 03 0(-1).
o B~ L®N withdegL =degN =0. If{ is such that L¢ ~ L' or L¢ ~ N1, then
Epe>0Q2)a0(1) 003 0(-1).
o E~L®N withdegL = degN = 0. If ¢ is such that L¢ ~ L= and Le ~ N~ then
Eve~0(2)®0(2) @ 0O(-1) @ O(-1).

e E~ (L L Y)Y ®N where L ~ K and N? ~ det E. If £ is such that L¢eN € O,
then
Epr>~0Q2)a0(1) 003 0O(-1).

Proof. The proof is based on the of dimensions of cohomology groups from the proof of

Proposition 4.2.22. We repeat it here for convenience.

stable UL L& N (K'?2a K1) N
0forall Le 0 ifLe#AL ' 0ifLe#L Pand Le # N1 0 if LeN € O 100
1ifLe=L"' 1ifLe=L 1t orLe=N"1 1if L¢N € Oy
2 lfLé =L1 and L§ = N1

Dimensions of the cohomology group H O(ELg) for the four different cases of Hitchin’s
classification in Proposition 4.2.20. The divisor © 41,2 is the translate of the ©-divisor in
JYZ) to JO(X) using K1/2.

It follows from Riemann-Roch that h'(EL¢) = 2 + h%(EL¢) and an explicit case by
case study shows that h!'(EL¢) = h®(E*L_¢K) = h®(EL¢K). It is therefore enough to
understand how hY(¢) = h°(EL¢) depends on ¢ to get a full understanding of variations
in the splitting type of EA'OO,S.

By the same argument as in Proposition 5.2.7 covering the stable case the generic

splitting type in all four cases is
OlHaoO0l)e 00,
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which is furthermore the only splitting type if E is stable.
The different types of jumps correspond to the jumps in the function h°(¢) which are
apparent from the table. Assume h°(¢) = 1. Then by definition of Q¢ and R¢ they are

cokernel and kernel of short exact sequences

0—-0—=01)% =5Q:—0
0— Re —» 0% = 0(1) =0

from which it follows that Q¢ ~ O(a) ® O(b) with a + b = 3 and R ~ O(c) ® O(d)
with ¢4+ d = —1. As O(1)®3 — Q)¢ is surjective we must have a,b > 1, and likewise as

Re — O%3 is injective ¢,d < 0. This gives
Qe ~02)®0(1) and Re~0®0O(-1).
If hO(¢) = 2, then Q¢ and R¢ are defined by
0— 0% 5 0% - Qc—0
0 — Re — 0% = 0(1)®? — 0.

By similar arguments as above, Q¢ ~ O(a) ® O(b) with a + b = 4 and a,b > 1. Since
E ~ L@ N is a direct sum and as the map H°(EF) ® O — H*(EK) ® O(1) respects the
splitting the only option is

Qe ~0(2) @ 0(2).

By similar arguments using that E is a direct sum of degree zero line bundles it follows
that
R{ ~ O(—l) ® O(—l),

completing the proof. ]

5.2.5 THE CANONICAL HIGGS BUNDLE

In this section we observe a new interesting phenomena of the holomorphic structure of

FE, namely that for the rank three canonical Higgs bundle
010
E~K®OoK ' with =0 0 1
000

the holomorphic structure is affected by the type of curve. We do explicit calculations on
the slice {0} x P9~! and denote by Q and R the cokernel and kernel from Proposition 5.2.1.
Since F ~ E* we have R = Q*(1) and we just need to understand the cokernel @

0 H(E)20 S H(EQK)2O(1) —» Q — 0,
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where O at [a] € P97! is multiplication by a : H*(E) — H°(EK). As the multiplication
by « respects the splitting of E, the cokernel ) also splits as a direct sum of bundles
Q1(1) ® Q2 @ O(1), where @1 and Q3 are defined by the short exact sequences

0— HY(K)(-1) S HY K90 —-Q,—0 (5.3)
0= 0% HY(K)(1) = Qy— 0. (5.4)

Notice that (5.4) is the Euler sequence defining the tangent space of P9~! as an extension,
0 = Opg—1 — Opg—1(1)%9 — TPI1 — 0,
and hence we identify Qo with TP9~!. Thus we have a splitting
KOO K luw=Q ®0a TP (1) e TP o O(1) ® Qi (1).

As h9(K?) = 3g — 3 the rank of @y is 2g — 3. We find explicit expressions for Q1 in genus

2,3 and 4 below in terms of a tensor as described in Section 5.2.1.

HYPERELLIPTIC CURVES

A compact curve X is hyperelliptic if it is realised as a double cover of P!, p : ¥ — PL.
Hyperelliptic curves can be described as the zeros of a section of Op1(2¢g + 2) pulled back
to the total space of p: Opi(g+ 1) — PL. Let n € H(Op1(g + 1), p*Op1(g + 1)) be the
tautological section of Op1(g + 1) pulled back along itself and s € H*(P!, Op1(2g + 2)) a

section. Then ¥ given by the equation
n? —p's=0

is hyperelliptic and all hyperelliptic curves can be given by such an equation.

The canonical bundle of ¥ is given by the adjunction formula,

For any vector bundle p : V' — B over a base B, there is a short exact sequence on the

total space of V relating the tangent space of V' to the tangent space of B,
0= pV =TV % »'TB - 0.
Taking determinants we have the following useful formula
Ky = p*(A*VV* @ Kp). (5.5)
In this case, V = 0O(g + 1) and (5.5) gives
Ko(g+1) =0 (O(=g — 3)).
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Thus
Ky ~p"(O(g — 1))ls.

The space of holomorphic sections of Ky is g-dimensional and this is the same dimen-
sion as the space of holomorphic sections of Op1 (g —1). Therefore all holomorphic sections
of Ks; — X are pulled back from holomorphic sections of Opi1(g — 1) — P*.

The space of holomorphic sections of K2 has dimension 3g — 3, however Op:1(2g — 2)
only has 2g — 1 linearly independent global sections. Denote by {n1,...,14—2} linearly

independent global sections of K% which are not pulled back from P!, then
HY(KE) = HY(Op1 (29 — 2)) @ spang{n, ..., ng-2}
If we let P! have coordinates [zg : 21] we choose as ordered bases for the vector spaces
HO(PY, Op (29 — 2)) and HO(PL, Op1 (g — 1))

2g—2

2g—3 2g—3 _2g—2 g—1 _g—2 g—2 _g—1
{z577 % 207 "2, oo 202y 0, 27 and {2, 20 e, ... 207 2 b

Let a € P(HY(Kyx)) be given by coordinates a = [ag : -+ : ag_1], with the basis above
this means a = aozg_l 4+ 4+ ag,lzf_l. Then by multiplying a with each of the basis

elements we obtain the tensor

ag 0 0

aj ag :

0

ag,1 CLg,Q e a

0 Ag—1 al

t(a) = !
(lgfl
0 e 0
0 B U

with g — 2 zero rows at the bottom. This completely defines the Steiner bundle Q1. Notice
how this splits Q1 = S @® 0972 where S is a Schwarzenberger bundle of rank g —1 on P9~1,

GENUS TWO

For genus g = 2 any curve is hyperelliptic and the splittings are determined by the results
in the previous section. However, when g = 2 the family of bundles E lives on P! and
due to Grothendieck’s classification we can determine Eoo,O explicitly.

From the short exact sequence (5.3) we see that Q1 ~ Op1(2) and thus

—

KO K 1lgo=0p(-2)PO0p1 @& Opi1(—1) B Op1(2) ® Op1 (1) & Op1(3).  (5.6)
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GENUS THREE

When g > 3 there is no classification of vector bundles on P9~!. Below, we therefore
describe the Steiner bundle @)1 by its tensor ¢ defined in Section 5.2.1.
When ¥ is a curve of genus 3 it is either hyperelliptic or a smooth quartic in P2. The

hyperelliptic case is treated above.

Quartic in P2 Let i : ¥ < P? be a quartic curve, then by the adjunction formula
KZ = ’i*KPQ ® i*OPQ (4) = l*(O]PQ(—?)) ® OPQ (4)) = Z*OPQ(].)

As the dimensions match up all holomorphic section of Ky and K% are pulled back from
P2
HO(Z,Ky) = H'(P?, Op2(1)) and HY(%, K2) = H(P?, Op2(2)).

As above, we let [20 : 21 : 23] € P? be coordinates and choose as ordered basis for
HY(¥,Kyx) and H(Z, K3)

2 2 2
{20, 21, 22} and {z§, 2120, 2220, 2221, 25, 2] — 2220}

Let a =[ap : a1 : ag] € IP’(HO(IF’2, O]pQ(l))) be coordinates, that is a = agzg + a121 + as29.
The tensor defining the Steiner bundle is found by multiplying the basis elements of
HY(Y, Ky) with a

aq 0 0

ay; Qo 0

. ag aip ag

t(a) - 0 as ail
0 0 a9

0 al 0

Remark 5.2.9. Notice that the tensor differs from that of the hyperelliptic case in just one
entry in the lowest row, telling us that the two cases are different - but only just. That
is, the non-hyperellipticity of the curve is to some extend remembered by the transform

at infinity.

GENUS FOUR

In genus 4, there are three classes of curves: hyperelliptic, intersections of a cubic and a
singular or non-singular quadric polynomial in P3. Any non-singular quadric is isomorphic
to P! x P! and the cubic polynomial is then a section of O(3,3) — P! x PL. The singular
case is described as the zero locus in the total space of p : Op1(2) — P! of a degree three

polynomial in 7 — the tautological section of p*Op1(2) — Op1(2).
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Non-singular quadric In this case, ¥ is the zero locus of a section of O(3,3) — P! x P!,
let i : ¥ — P! x P! be the inclusion. By the adjunction formula the canonical bundle on

¥ is related to the canonical bundle on P! x P! and O(3, 3),
KZ ~ i*(Kplxpl ® 0(3, 3))
Now the tangent bundle to P! x P! is O(2,0) © O(0,2) and hence the canonical bundle is

Kpiypt = det(T*(P* x P1)) = O(-2, -2).

Thus,
Kpip @ O(3,3) = 0(-2,-2) ® 0(3,3) = O(1,1)
and
Ky =i*0(1,1).
Therefore,
4=dim H(Z, Ky) > dim H(P' x P!, O0(1,1)) > dim H*(P', O(1))* = 4,
and

HY(®, Kx) = HY(P' x P*,0(1,1)).

As K& = i*0(2,2) and dim H°(X, KZ) = 9 the same argument as above shows that
HY(Z, K2) has a basis consisting of products of basis elements of H(P!, O(2)). Choose

the following ordered bases

0 0(pl  pl
H°(X,Kx) = H' (P xP*,0(1,1)) = spanc{zowop, zow1, 21w, 21W1 }
0l  pl 2.2 2 2 2
H° (P x P*,0(2,2)) = spanc{zgwg, zwow1, 202105, 2021WW1, 2021W7,
2 2.2 2 2 2 .2 2 2
le[)wl, lel’ Zowl - ZOleo, leo - ZOlel},
where z = [z : 2z1] € P! are coordinates on the first factor and w = [wg : wy] € P! are
coordinates on the second factor.

If we again let a = [ag : a1 : ag : ag] € P(HY(Kyx)) be a point, then in coordinates

a = apgzowgy + a1z0w1 + azziwy + azziwi, and the tensor defining the quotient bundle is

ag 0 0 O

ap ag 0 O

as aip ag 0

az az aip ag
tla)=10 a3z ay @
0 0 az ag

0 0 0 oag

0 ag 0 O

0 0 a2 O
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Singular quadric In this last case, the curve is given by the zero locus in the total

space of p: O(2) — P! of a degree three polynomial
3 2
n” 4 bin” + ban + bs,

where € H°(O(2),p*O(2)) is the tautological section and the b;’s are pulled back sections
of O(i) — PL.
By the adjunction formula and (5.5)

Ky ~p*O(2)|n.
Since dim HY(¥, Kx,) = 4 and dim H°(P!, O(2)) = 3 we have
HO(Z,Kx) = Cno H(P', 0(2)) = spanc{n, 28, 2021, 23},
with a choice of ordered basis. Now, K2 ~ p*O(4) and the dimension of global holomor-
phic sections of K2 is 9 whereas dim H°(P!, O(4)) = 5, hence
HO(S, K2) = HO(P', 0(4) & Cn? & spanc {123, nzo21, 23}
= spanc{n’, 025, n2021, N2t 221, 20405 21, 20 — 02021, 27 — 02}

with a choice of ordered basis. Let a = [ag : a1 : a2 : a3] € P(H°(Ky)), then a =

aopn + alzg + aszpz1 + agz% In this basis, the tensor defining the quotient bundle is

a 0 0 O

a; Qg 0 0
as ai ag 0
a3z a2 a1 Qo
tla)=10 az az a
0 0 asz ag
0 0 0 a3
0 ag 0 O
0 a2 aj 0

5.2.6 SUMMARY

In the examples above we find different tensors defining the Steiner bundles ()1 and there-
fore a different holomorphic structure of Eoo,o depending on the type of curve. The
dependencies are small but nevertheless present. The bundle EA'Ooyo mainly consists of the

same components for all genera
K®OOKluo=Q @0 TP (1)a TP @ O(1) & Qi(1),

and as it is apparent from the explicit calculation that only a very small part of () differs

in each of the cases.

Remark 5.2.10. Notice that the above calculations are independent of the Higgs field ®
and are therefore equally valid for any stable Higgs bundle (E, ®) with E ~ K& O o KL,
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6. HODGE THEORY FOR PARABOLIC HiIGGS
BUNDLES AND APPLICATIONS

In [41], Hitchin introduced a Dirac operator associated to a Higgs bundle and used Hodge
theory to show that there are unique harmonic representatives for the first Dolbeault
cohomology classes of a Higgs bundle, i.e. the first cohomology of the complex

QO(E) 8E+<I) 8E+¢'

QY(E) Q*(E).

In the first half of this chapter, we extend this result to parabolic Higgs bundles (Theo-
rem 6.3.1) and compute the dimension of the cohomology (Theorem 6.3.3). We use the
result to relate Dolbeault cohomology to hypercohomology of a certain two-term complex
naturally obtained from a parabolic Higgs bundle, and to the de Rham comology of the
associated flat connection. Due to the singularities introduced by the parabolic structure,
the proofs of these theorems require Hodge theory which can handle singularities. The
bulk of the proofs is setting up suitably weighted Sobolev spaces and proving Fredholm-
ness of certain operators. We use the weighted Sobolev spaces introduced by Biquard [8]
which were also used by Konno [50]. Section 6.1 introduces the setup, while the weighted
Sobolev spaces are introduced in Section 6.2. The Hodge decomposition for parabolic
Higgs bundles is Section 6.3, while Section 6.4 uses the Hodge theory to relate Dolbeault,
de Rham, and hypercohomology of the parabolic Higgs bundle.

In the last half of the chapter, we apply the Hodge theory to a number of situations.
Firstly, we prove in Section 6.5 that under mild assumptions on the parabolic data, the
moduli space of parabolic Higgs bundles is a fine moduli space, i.e. it carries a universal
parabolic Higgs bundle. Using this result and the Hodge theory, we construct in Section 6.6
a hyperholomorphic bundle on the moduli space.

Secondly, we consider a minimal non-trivial example of the hyperholomorphic bundle
obtained in the case of parabolic Higgs bundles on P' with four parabolic points. In this
case, the moduli space is complex two-dimensional. If the weights are suitably chosen the
hyperholomorphic vector bundle is a line bundle. We compute its topology and discuss
whether the curvature is L?. This is Section 6.7.

Thirdly, we discuss the construction of a special type of parabolic Higgs bundles called
limiting configurations. Limiting configurations were introduced by Mazzeo, Swoboda,
Weiss, and Witt [53] to discuss the asymptotics of the L?-metric on the moduli space
of ordinary Higgs bundles. This is Section 6.8. We also discuss the local shape of L?-
solutions to the Dirac—Higgs equations for limiting configurations. What seems like a
technical condition to get Fredholmness of certain operators is recovered by considering
the local solutions to the Dirac—Higgs equations for limiting configurations, giving the

abstract theory a reality check.
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Lastly, we use the Hodge theory of Section 6.3 to define a Nahm transform for parabolic
Higgs bundles in Section 6.9. In the special case of parabolic Higgs bundles on elliptic
curves, we show that the Nahm transform produces new finite energy doubly-periodic

instantons.

6.1 CONCEPTS AND NOTATION

We first set up notation which is fixed throughout. Let ¥ be a compact Riemann surface
with a choice of Kéhler metric normalised to have area 1. Let w be the associated K&hler
form. We let Py,..., P, € X denote a collection of points called parabolic points, D =
Py + - -+ 4 P, their divisor, and ¥9 = ¥\ {P4,..., P,} their complement.

Let E be a smooth complex vector bundle of rank [ on X. A parabolic structure on
FE is a collection of flags at each of the parabolic points P; together with an increasing

sequence of real numbers called weights

Ep, = F\Ep, 2 IoEp, 2+ 2 Fo,Ep, 2 Fojr1 Ep, = {0}

nggi)<w§i)< <w()<1

A collection of flags at each parabolic point without the weights is often called a quasi-

parabolic structure. Each weight has multiplicity

mp,(w) = dim(F;Ep, | Fj11 Ep,)

(4)

and to ease notation we often use an alternative set of weights ;. all of multiplicity one,
o) =w\” it |- dim F;Ep, < k <1—dim Fj,1 Ep,.

A holomorphic map between holomorphic vector bundles ¢ : E — F' both with parabolic
structures is called parabolic if a§i)(E) > oz,(j)(F ) implies p(F;Ep,) C Fyy1Fp, for all
P; € D and strongly parabolic if ag-i) (E) > ag)(F) implies ¢(F;Ep,) C Fyy1Fp, for all
P, € D. We denote by ParHom(E, F') and SParHom(E, F') the sheaves of parabolic and
strongly parabolic homomorphisms, respectively.

Define the parabolic degree of a bundle E with parabolic structure by

pardeg(F) = deg(F) + Z Z ak =deg(F) + Z Z mp,( wk ,

i=1 k=1 i=1 k=1

where deg(FE) is the degree of E in the usual sense. For a bundle with parabolic structure

we define the slope
pardeg(F)
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Let U; be neighbourhood of a parabolic point P; with 2z a local coordinate such that

z(P;) = 0. A smooth frame {e,(f) 2:1 trivialising E|y, such that
F;Ep, = Span{el(j) ]ag) > w](-i)} forall 1<j<agq

is called adapted. Define a Hermitian metric on a bundle with parabolic structure by
(O

declaring {|z|~“* e,(;)} to be a unitary frame on F|y, and extend smoothly to the rest of

Y. Such a metric is called an adapted Hermitian metric.

Notice that an adapted Hermitian metric vanishes at parabolic points like
©) ()
diag(!z\%‘l N P >

with respect to the smooth frame {eg)}.

Let ¢’ be the set of smooth holomorphic structures on a bundle E with parabolic
structure. Fix a Hermitian metric adapted to the parabolic structure, then for 94 € ¢”
denote by d4 the Chern connection of 94 with respect to the fixed adapted Hermitian
metric on F, and by F4 its curvature.. Denote by di and F f the induced connection on

det E and its curvature. Fix 04, € ¢” such that
L ApZ
5 AF4, = parp(E)

where A is contraction by the Kéhler form w. Such a holomorphic structure always exists,
see |8, Proposition 2.9]. Define the set of holomorphic structures with fixed induced

holomorphic structure on det £
¢ ={04€% |d5=d5,}.
At a parabolic point P;, denote by
N; ={g9 € End Ep, | g(F;Ep,) C Fj41Ep, for all j}
the nilpotent automorphisms with respect to the filtration at P;.

Definition 6.1.1. Let E be a smooth vector bundle with parabolic structure. An operator

D" = 04 + ® is a parabolic Higgs structure if
1. 0, €€

2. ® is a section of Endg F ® K which is d4-meromorphic on ¥ and d4-holomorphic

on X
3. ® has at most simple poles with residues in N; at P; for all i.

Let 2 be the set of parabolic Higgs structures on E. For D" € 2 the pair E = (E, D") is
a parabolic Higgs bundle.
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A subbundle V of E is a Higgs subbundle if V is a holomorphic subbundle of (E,d,)
and is preserved by @, i.e. ®(V) C V® K. If V is a subbundle of E it has an induced

parabolic structure
Ve, = F1\Vp, 2 F5Vp, 2+ 2 1y, Vp, 2 Fy,11Vp, = {0}
0<al! <ald < <o <1.

by taking the greatest k£ such that Vp, C FjEp, and setting a:&i) = wlgf). Define F;Vp,
and :cy) inductively by assuming mglzl = wg) and F;_1Vp, = Vp, N Fi,Ep,. Then define

F;Vp, = Vp, N Fi41Ep, and the weight :Eg-i) = w%), where m is the greatest integer such
that F;Vp, C F, Ep,.
A parabolic Higgs bundle [ is stable if for any Higgs subbundle V of E
_ pardeg(V)  pardeg(E)
If E = (E,04+®) and F = (F,0p + ¥) are two parabolic Higgs bundles, define the

two-term complex Hom(E, F):

ParHom(E, F') — SParHom(FE, F') ® K (D)
by fr f®— Uf, and let End(E) = Hom(E, E).
From [74], we have the following useful properties.

Proposition 6.1.2 (|74]).

e The endomorphisms and infinitesimal deformations of a parabolic Higgs bundle E

are given by the hypercohomology groups HY(End(E)) and H'(End(E)), respectivelsy.

e IfE, F are stable parabolic Higgs bundles with paru(E) > paru(F), then if E and F
are isomorphic dim H°(Hom(E, F)) = 1, otherwise it is 0.

The moduli space of stable parabolic Higgs bundles was constructed by Konno [50]
using appropriate Sobolev completions of 2 adapted to the parabolic structure before
taking the quotient by the complex gauge group. Just as for ordinary Higgs bundles, the
stability condition is equivalent to the existence of a Hermitian metric satisfying a PDE;
this time the Hermitian metric must be adapted to the parabolic structure. The main
theorem of [50] is the Hitchin—Simpson Theorem for parabolic Higgs bundles, stated here

for the parabolic degree zero case which is relevant to us.

Theorem 6.1.3 (|50] Theorem 1.5). Let (E,D") be a parabolic Higgs bundle of parabolic
degree zero. Then (E,D") is stable if and only if D" is irreducible and there erists an

adapted Hermitian metric on E satisfying the Higgs bundle equations
FA+[®,®]=0 and 04®=0 (6.1)

where D" = 04+ ® with Fy and ®* defined with respect to the adapted Hermitian metric.
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6.2 SOBOLEV SPACES

In [8], Biquard defined the right notion of Sobolev completion of the space of holomorphic
parabolic structures. Konno [50] followed Biquard’s recipe and extended the completion
to the space of parabolic Higgs structures. In this section we will take the same approach
to sections of parabolic bundles. This is a straightforward adaptation of the Sobolev space
constructions in [8, 50] but as the details are needed for later reference they are included

here.

6.2.1 WEIGHTED SOBOLEV SPACES

Let U be the unit disk in C with Euclidean coordinates z = = + iy or polar coordinates
z = re’?. Denote by L% the standard Sobolev space of functions on U with k derivatives

in LP. We define a weighted Sobolev norm on C*°(U) by

I, = ([ 32

i+j<k

r

ivjos A & pdrdy\'”
!

dzt dy’

where 0 € R. Notice that when changing to cylindrical coordinates t = —logr on U \ {0}
the weighted Sobolev norms are the ones defined by Lockhart and McOwen [51]. We will

use a special weight suiting our purpose, namely 6 = k — %, and define

.
ivj—k 4 &

" dzt dyi

I e = llwe, _, = </U 2

i+j<k

f‘pdxdy>

for f € C(U). Define W(U) to be f € Lj, (U \ {0}) with [1f [l finite.
With this special choice of weight Biquard showed the following useful theorem de-
mystifying the weighted Sobolev spaces.

Theorem 6.2.1 ([8] Theorem 1.3). If [ is a nonnegative integer with | —1 < k — % <l
then

W) = {f € Ly(U)| £(0) =0,..., V"' f(0) = 0}

and the W} norm is equivalent to the L} -norm on W} (U).

If 1 < p < 2, Biquard’s theorem gives the following useful identifications

We(U) = LP(U), W{(U) =L{(U), W3 (U)={f € LyU)[f(0) = 0}.

89



6. HODGE THEORY FOR PARABOLIC HIGGS BUNDLES AND APPLICATIONS

6.2.2 SINGULAR CHERN CONNECTIONS

If (E,04 + ®) is a parabolic Higgs bundle with an adapted Hermitian metric, then the
parabolic structure induce singularities in the Chern connection d 4 at the parabolic points.
In this section we extend the Sobolev norms from above to sections of E such that we get
an analytical setup capable of handling singular connections.

Fix a parabolic point F;. For the remaining part of this section we ignore the index
¢ when there is no room for confusion. Let U be a neighbourhood of P with local holo-
morphic coordinate z = re? centered at P and {ej} a smooth adapted frame of E. With

respect to the smooth frame {ey}, define diagonal endomorphisms
S =diag(|]z["*, ..., |]2|7) and «a=diag(ai, ..., m).

In the smooth frame {ej} we write the holomorphic structure 94 on E|y as 94 = 0 + A

where A is a [ x [-matrix of (0,1)-forms. In the unitary frame {|z|”“*e} it is

adz

op=0———+81AS.
2z

In this frame, the Chern connection of 04 and the adapted Hermitian metric is

5 -
=d+iadd +STAS — (STIAS)*.

afdz dz
z z

dy=d+=> -)+S*AS-@*A$*

Notice that if «aj is non-zero, then d4 has a singularity at 0 in the direction of ex. We

decompose E|y smoothly as E|y = Eg @ Er where
Eg = span{ei [ap # 0}  Er = span{ey, | oy, = 0}

are called the singular and regular part of E around P, respectively. Write u € Q°(E|y)
as u = ur + ug according to the decomposition. If we write dy = d + iadf with respect to

the singular frame, then dy respects this decomposition:
(dou)r = d(ug) and (dou)s = d(ug) + iqugdh.
We define a weighted Sobolev norm on QY(E|y) by
lullpp = lugll g + sy

where the parabolic Hermitian metric is used to define the Sobolev norms. As dy respects

the decomposition we get continuous maps
0 1
do : DiQ (Ely) — DZAQ (Elv)

where DYQ*(E|y) is the Sobolev completion of Q°(E|) with respect to the norm ||||D£
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6.2.3 SOBOLEV COMPLETIONS AND FREDHOLM OPERATORS

Using the locally defined weighted Sobolev norm we can now define the function spaces

we want to work with.

Definition 6.2.2. Let (F, D”) be a parabolic Higgs bundle with adapted Hermitian met-
ric. The Sobolev space DYQ*(FE) is the Sobolev completion of Q°(E) with respect to the

Sobolev norm ||- HDZ.

Remark 6.2.3. The Sobolev norm ||-|| pr is the DP-norm around the parabolic points

patched with the standard Li—norm on the complement.

Remark 6.2.4. Instead of using the decomposition of E|y into regular and singular parts

we can use the W7-norm on all of the sections. This gives Sobolev spaces WFQ*(E).

Lemma 6.2.5. If 1 < p < 2, then the codimension of WYQU(E) in DYQP(E) is the total

number of zero weights of E, i.e. Y pepmp(0).
Proof. This follows directly from Theorem 6.2.1. O

In [50], Konno extends the D}-Sobolev norm to define a completion of holomorphic
structures. That is define €7 = Oy + D¥ QUY(Endg E). If 04 € ¢! we get continuous
maps

DEOO(V) 24 DPaO (V) and  DEQMO(V) 24 DRQLY(V) (6.2)

where V' is E or Endg E.
Using the theory of Lockhart and McOwen [51], Biquard [8] finds conditions for p
under which the 04’s are Fredholm operators when V = End E:

Lemma 6.2.6. If p > 1 satisfies the following conditions

2 o) ()

k J

2 ‘ i i
1<p< ) o) if ozg) < a,(c)

for each parabolic point P;, then the operators

da : DYQ’(Endy ) — DYQ™ (End, E)
da : DYQM (Endy E) — DEQY (Endg F)

are Fredholm.
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Using the same method, we find new conditions on p under which the 04’s are Fredholm

operators when V' = FE in (6.2).

Lemma 6.2.7. If p > 1 satisfies the following conditions

I<p< G and 1<p< o) for a,(;);é()
2—aqy 1+ a
for each parabolic point P;, then
da : DEQ°(E) — DYQ™(E) da : DYQY(E) — DEO(E)
da : DEQY(E) — DIQY(E) da : DIQ™(E) — DY (E)

are Fredholm operators. Here 04 is the (1,0)-part of the Chern connection of O with

respect to an adapted Hermitian metric.

Proof. Using [51, Theorem 1.1] and the remark following it, it is enough to solve an eigen-

value problem locally around each parabolic point. In the singular frame constructed in

Section 6.2.2, the operator is 04 = 0 — %% and the equation (written in polar coordinates)
to check for solutions is
} 0
0= (\+io)f + o (6.3)

where A € C and f is a function on the circle. A solution to this equation can only exist
if Re(A) = 0 and Im(\) + ax € Z. From [51, Theorem 1.1] the imaginary part of A is
exactly the Soblev weight, which in the two cases we consider are 1 — 1% and 2 — %. For
the operators to be Fredholm there should be no solutions to equation (6.3), i.e. aj — %
is not an integer for any k. As 1 < p < 2 the case aj = 0 does not give any restrictions

on p. In the case of non-zero weights the condition on p is that

l<p<

T o for all oy # 0.

The same method is applied to show that 04 is a Fredholm operator in the two cases

mentioned if p satisfies

I<p< 2
p 2—Oék

for all oy # 0.

Strictly speaking the results in [51] can only be used to prove Fredholmness of operators
on the weighted Sobolev spaces W,f . By Theorem 6.2.1 this really only makes a difference
when k = 2. But, as the codimension of WYQ(E) in DEQC(E) is finite the extended

operators defined on the larger space are also Fredholm. ]

Definition 6.2.8. A p > 1 is compatible with the parabolic structure of E if the assump-

tions of Lemmas 6.2.6 and 6.2.7 are satisfied.
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Lemma 6.2.9. If (E,04 + ®) is a parabolic Higgs bundle and p is compatible with the
parabolic structure, then ® € Dle’O(Endo E) and defines compact operators

DEQY(E) 2 DPQYO(E) and DPQON(E) 2 DPQYY(E).

Proof. From [50, Lemma 2.6.(3)], ® is in DYQ1%(Endy E). By Theorem 6.2.1, D} = L}
and DY C L5, The lemma now follows from standard Sobolev theory.

Let {u;} be a bounded sequence in DYQY(E). As the Lb-norm is equivalent to the D5-
norm the sequence is also bounded when considered in LEQ°(E). The Sobolev embedding
theorem embeds L) compactly into C° when 1 < p < 2. The embedded sequence has a
Cauchy subsequence {u, }, by compactness. As multiplication COx LY — LF is continuous,
the sequence {®u;,} is Cauchy, and thus the operator ® : DYQY(E) — DIQYE) is
compact.

That also ® : DYQYE) — Q%(E) is compact, follows from similar arguments when
we notice that DYQ!(E) embeds compactly in L2Q!(E) and that the multiplication map

L? x LY — LP is continuous. O

Definition 6.2.10. For (E, D") a parabolic Higgs bundle with adapted Hermitian metric
and D" = 04 + ® define D’ = 94 + ®*, using the adapted Hermitian metric to give both

®* and the Chern connection.

Corollary 6.2.11. If p > 1 is compatible with the parabolic structure of E, then the

operators
D", D" : DEQY(E) — DYQN(E)

have finite dimensional kernels and closed images.

In the coming sections we will need the following lemma embedding our Sobolev spaces

in L2.

Lemma 6.2.12. If 1 < p < 2, the space D{QY(E) is embedded in L*Q(E), and therefore

carries an inner product.

Proof. As 1 < p < 2, Theorem 6.2.1 embeds DYQ(E) as a subspace of LYQ(E). As

¥ is a compact Riemann surface, the Sobolev embedding theorem embeds LYQ(E) in

LiIOY(E) where ¢ = 12—_’;. Since 1 < p < 2 we have ¢ > 2, giving the final inclusion

LIQYNE) c L2QYN(E). O
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When p > 1 is compatible with the parabolic structure we have the following useful

properties of sections in D) and DY.

Lemma 6.2.13. Let p > 1 be compatible with the parabolic structure of E, and assume

that u is a section of E and Oqu =0 on 2.
1. If u € DYQO(E), then u is Oa-holomorphic on 3.

2. If u € DYQY(E), then u is da-holomorphic on ¥\ D and has at most a simple pole

on D with residue in Esp at P.

Proof. The proof is the same as [50, Lemma 2.6] and follows from local considerations
around parabolic points using the definition of D}Z and the fact that p is adapted to the

parabolic structure. ]

6.3 HODGE THEORY

In the previous section we showed that if p is compatible with the parabolic structure on
E, then the maps D”, D’ have closed images. In this section we prove the following Hodge
decomposition for stable parabolic Higgs bundles of parabolic degree zero. Throughout

this section, we assume that the parabolic degree is zero.

Theorem 6.3.1. Let (E,D") be a stable parabolic Higgs bundle of parabolic degree zero.
If p > 1 is compatible with the parabolic structure on E, then we have the following
decompositions of DYQY(E).

DYQYE) ~H @ im(D') @ im(D")
ker(D') ~im(D") ® H
ker(D") ~im(D") & H

where

H={pecD'QYE): D'p=0 and D" =0} (6.4)
and the direct sum decomposition is with respect to the L?-inner product.

Corollary 6.3.2. If p > 1 is compatible with the parabolic structure on a stable parabolic
Higgs bundle (E, D") of parabolic degree zero, then each first cohomology class of

Dot (E) 25 prat(e) 25 praX(E)
is represented by a unique harmonic element.
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Theorem 6.3.3. If p > 1 is compatible with the parabolic structure on a stable parabolic
Higgs bundle (E, D") of parabolic degree zero, then the space of harmonic sections H from
(6.4) has dimension

dim#H =2rkE(g—1) + Z rk Eg p
PeD

where rk Eg p is the rank of the singular part of E at P. If wi(P) = 0, then rk Egp =
rtk E — mp(wi) otherwise tk Eg p =tk E.

Remark 6.3.4. Notice the similarity in the dimension of H to the dimension of the moduli

space of stable parabolic bundles with fixed determinant connection

20k E® —1)(g—1)+2 ) dim Np.
PeD

The term 2dim Np =tk E2 — 3", mp(wy)? is the rank of End E minus the parts weighted
by zero at P € D.

6.3.1 TECHNICAL LEMMAS

The Kéhler identities extend to parabolic Higgs bundles in the following way.

Lemma 6.3.5. Let (E,D") be a parabolic Higgs bundle with p > 1 compatible with the
parabolic structure. For D" = 0y + ® and D' = 04 + ®* we have the following Kdhler

identities
1. (D")V = —i[A, D]
2. (D" =i[A,D"]

where (D')V,(D")Y : DYQ*(E) — Dy Q*"Y(E) for k > 0 and A is contraction with the
fized Kdihler form on X. The adjoint is with respect to the L?-inner product induced on
DYQ*(E) by k > 0.

Proof. The lemma is proved in a similar fashion as the usual Kahler identities using the
compatibility of p with the parabolic structure to control the behaviour of sections around

the parabolic points. O

The rest of this section is devoted to proving the above theorems. Let us therefore
assume that (E, D") is a fixed stable parabolic Higgs bundle of parabolic degree zero and

p > 1 is compatible with the parabolic structure on FE.

Lemma 6.3.6. If D" is irreducible and solves the Higgs bundle equations (6.1), then
D" : DEQY(E) — DYQN(E)

has trivial kernel.
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Proof. The proof is similar to Lemma 2.1.4 using the irreducibility and that D'D” is a
real operator by the Higgs bundle equations. O

Corollary 6.3.7. If D' is irreducible and satisfies the Higgs bundle equations (6.1), then
D' : D5QY(E) — DPQY(E)
has trivial kernel.

Proof. The proof is equivalent to the proof of Lemma 6.3.6 as a non-zero solution to
D’'s = 0 is equivalent to the existence of a Higgs subline bundle of the dual parabolic

Higgs bundle (E*, —®*) which is also of parabolic degree zero. O

Remark 6.3.8. If the parabolic degree is non-zero, then the right handside of the Higgs
bundle equations is the parabolic slope. The proof of Lemma 6.3.6 can be generalised to
show that the lemma is valid only when the parabolic degree is at most zero. Likewise,
Corollary 6.3.7 is only valid when the parabolic degree is at least zero. As we need both

results to hold, we have to assume that the parabolic degree is zero.

Lemma 6.3.9. If D" and D’ are irreducible and satisfies the Higgs bundle equations (6.1),

then the operators
D2V (E) 225 DPOX(E) and DEQO(E) 272 DROX(E)
are isomorphisms.

Proof. We use results of Lockhart and McOwen [51] to prove that D'D” is a Fredholm
operator and to show that the index is zero. The result follows by applying Lemma 6.3.6.
We focus on D'D” as the other case is parallel to this.
As D'D"(u) = 9404u + ®*®u and ®*® : DYQY(E) — DFO?(E) is compact, it is
enough to prove that
9404 : DYQY(E) — DHQ*(E) (6.5)

is Fredholm of index zero.

Following [51], we must consider solutions to d494u = 0. Choose the singular frame
constructed in Section 6.2.2 and use polar coordinates with the parabolic point as zero.
We consider the Fourier transform of the 94041 = 0 locally around a parabolic point and
look for solutions to an eigenvalue problem. To transform d404u = 0 we replace 70, with
i\ and the equation becomes,

0= —\0+ (9 + i),
where A € C with ImA =1 — %. A solution of this equation exists if ReA = 0 and if
ar = Im A is an integer. But as ImA =1 — % and p is compatible with the parabolic
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structure, no solutions exists, and the operator (6.5) is Fredholm. Again, we use the fact
that WPQ(E) has finite codimension in DYQC(E).

As —iA0404 = 0504 : Q°(E) — Q°(E) is self-adjoint we get from [51, Theorem 7.4]
that the index of

0404 : WYQU(E) — WJQ*(E) = LPQ*(E) = DYQ*(E) (6.6)
is
1
-5 2 d»)
Im A=0
where d(\) is the total dimension of all local solutions to

0= (r0y)%u + (99 + iag)*u

of the form r~* P(#, r) where P is a polynomial in — log(r) with coefficients being functions
defined on a circle.

When imposing Im(A) = 0 a direct computation shows that if ay # 0 there are no
solutions to the equation. However, if ci; = 0 there is a two-dimensional space of solutions.

This shows that the index of (6.6) is
ind(9a04 : WEQU(E) = DEQ*(E)) = —|[{a” : o’ = 0}].

But, by Lemma 6.2.5 this is exactly the opposite of the codimension of WZPQO(E) in
DEQO(E). Let the codimension be N. Then for some n < N

dimker(9404 : DYQY(E) — DEQ?*(E)) = dim ker(aAéA’W2PQO(E)) +n
dim coker (9494 : D§Q°(E) — DEQ*(E)) + N — n = dim coker (0adalwrao ()

giving that the index of (6.5) is zero. The index of
D'D": DEQ°(E) — DEQ*(E)
is therefore also zero. d
Lemma 6.3.10. If p € DYQY(E), then there are 8,7 € DYQ(E) such that
D'(p—D"8)=0 and D"(p— D'y)=0.
Proof. If o € DYQY(E), then D' € DFO?(E) and by Lemma 6.3.9 there is a 8 € DEQC(E)

such that D'D"3 = D’y. The existence of + is equivalent. O
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6.3.2 PROOF OF THEOREMS

In this section we use the lemmas from Section 6.3.1 to prove Theorems 6.3.1 and 6.3.3.

Proof of Theorem 6.3.1. For p € DYQY(E) Lemma 6.3.10 gives 8,7 € D5Q°(E) such that
¢ —D"B~ D'y
is in H, proving that
DYQYNE) =H + D"DEQ(E) + D'DEQY(E).

The trivial intersection of the spaces follows from Lemma 6.3.9, e.g. if ¢ € H Nim(D’),

then 0 = D"¢ = D"D'f giving f = 0. The decomposition of ker(D”) and ker(D’) also
follow from Lemmas 6.3.9 and 6.3.10.

The L?-orthogonality of the decompositions follow directly from the Kihler identities.

O

Lemma 6.3.11. The operator
T =D& D": DYQYE) — DEQ?(E)®?
is Fredholm, and the index of T is dim H.
Proof. By Lemma 6.2.9 it is enough to prove that
A ® 0a : WPQNE) = DYQNE) — WO (E)®?

is Fredholm. As usual we use Lockhart and McOwen [51|. Assume a local section of
DYQY(E) has the form u = ay g—fikdz + by g—fikdi Then locally around a parabolic point

the equations for u to be in the kernel of T" are

0= —ir&qbk — 89bk — iakbk

0 = irorar — Ogai, — iagay.

Fourier transforming these equations by replacing —ird, by A in the equations above,
shows that they have no solutions if p is adapted to the parabolic structure. Therefore,
04 @ 04 is Fredholm.

By Lemma 6.3.9, D' : D"(D5Q°(E)) — DEQ?(E) and D" : D'(DEQC(E)) — DYQ*(E)
are surjective, and thus ind(7") = dimker(7") = dim H. O
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Proof of Theorem 6.3.3. By Lemma 6.3.11 we must compute the index of T = D' @ D".

As D'D"” is an isomorphism

0 = ind(D'D" : DYQ’(E) — DHQ*(E))
= ind(0404 : DYQ°(E) — DEQ*(E))
=ind(94 : DYQO(E) — DYQY(E)) +ind(94 : DYQY(E) — DEQA(E)),

giving that the index of T is

ind(T) = ind(d4 : DYQYY(E) — DEQ?(E)) +ind(da : DYQY(E) — DEQA(E))
= ind(9a : DYQY(E) — DEQ?(E)) — ind(da : DYQ°(E) — DYQY(E)).

Now, Lemma 6.2.13 gives that

ind(94 : DYQY(E) — DYQY(E)) = ind(d4 : Q°(E) — Q" Y(E)) = x(E)
ind(04 : DYQYEK) — DEQY™(EK)) = ind(da : Q°(SK) — Q"1 (SK)) = x(SK(D))
where S is the sheaf of sections of E with at most a simple pole on D with residue in the
singular part of E at each point of D and § = S(—D) is the sheaf of holomorphic sections

taking values in the singular part of F. From the exact sheaf sequence
0>S®K(D)—-E®K(D)—Q—0

where Q is a sky-scraper sheaf on ¥ supported on the parabolic points with a zero weight.
The length of a stalk is exactly the multiplicity of the zero weight at that point. It follows
that

dimH = x(S ® K(D)) — x(E) =2tk E(g— 1) + Y tk Eg,p,
PeD

proving Theorem 6.3.3. O

Remark 6.3.12. The sheaf S can also be defined as the kernel of the projection map onto
the regular part of E at each parabolic point. The fibre of @ at P € D can be identified
with Er,. See the end of Section 6.4.1 for a more natural description of S as strictly

parabolic homomorphism O to F.

6.4 DOLBEAULT, DE RHAM, AND HYPERCOHOMOLOGY

In this section we will use the Hodge theory from Section 6.3 to identify the Dolbeault
and de Rham cohomology of a stable parabolic Higgs bundle of parabolic degree zero with
the hypercohomology of E 2 S® K(D).
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6.4.1 HYPERCOHOMOLOGY

In this section we prove the following theorem relating Dolbeault cohomology and hyper-

cohomology.

Theorem 6.4.1. If (E,04+®) is a stable parabolic Higgs bundle of parabolic degree zero,
then
HY(E 2 S® K(D)) ~H

where H is defined using the adapted Hermitian metric solving the Higgs bundle equations.

Throughout this section we let (E,04 + ®) be a fixed stable parabolic Higgs bundle of
parabolic degree zero with metric solving the Higgs bundle equations, and fix p compatible
with the parabolic structure on F.

In this section we use the same notation for the spaces D;Q°(E) and their sheaves of
local sections.

To prove the theorem we need to find a resolution of £ and S ® K (D) using the sheaves
DPQ3(E) of DY-sections of AST*Y @ E.

Lemma 6.4.2. The sequence
0— & — DEQO(E) 2 DPoOl(R)
is a resolution of £.

Proof. Let U C ¥ be an open set. From Lemma 6.2.13 it follows that £(U) is the kernel
of 04.

What remains is to prove surjectivity of d4. If there are no parabolic points in U
surjectivity follows from the Dolbeault Lemma for Sobolev spaces. Assume U contains a
parabolic point P.

Choose a local frame {ek}ﬁczl of holomorphic sections of E adapted to the parabolic
structure. Let udz be an element of DYQYY(U, E) with u = Y ugeg. As {ex} is a holo-

morphic frame d4 = 0 and for each k we are seeking a solution to

Osk _
0z

It follows from Theorem 6.2.1 that the Dolbeault Lemma for Sobolev spaces gives a solu-

U -

tion s € LE(U). If the parabolic weight oy, = 0, then we can take s = s. If oy # 0, then
the solution we seek must vanish at 0. As 1 < p < 2 the solution s € L(U) is continuous

on U so s, = s — s(0) € WY(U) solves the equation. O
Lemma 6.4.3. The sequence

0= 8@ K(D) - DPQY(E) 24 proli(p)
is a resolution of S ® K (D).
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Proof. The proof is similar to Lemma 6.4.2 using Lemma 6.2.13 to identify S ® K (D) as
the kernel of d4. O

Proof of Theorem 6.4.1. By Lemma 6.2.9 multiplication by the Higgs field extends to a

morphism of the resolutions in Lemmas 6.4.2 and 6.4.3.

£ DIQYE) %4, prQOl(E)

| s

S® K(D) —— DPQWO(E) 24 Droll(p)

The hypercohomology of € %S ® K(D) can be computed by this double complex by a
spectral sequence argument. It follows that the first hypercohomology group is isomorphic

to the first cohomology group of
DEO(E) 224, pralO(E) & DY (E) 212, proli(k).

By Corollary 6.3.2 this cohomology is exactly H. O

If Eq,Ey are two parabolic Higgs bundles, then H?(Hom([E;,Es)) are the homomor-
phisms from [Eq to E,.
Hausel’s arguments in |33, Theorem 4.3] works equally well for the parabolic situation,

giving the following result.

Corollary 6.4.4. For any stable parabolic Higgs bundle E with pardeg(E) = 0 and E

non-trivial, then

HC (Hom(O, E)) = H?(Hom(O, E)) = 0,
where O 1is given parabolic weight zero and zero Higgs field.
The complex Hom(O, E) is
ParHom(O, F) — SParHom(O,E) = FE— S® K(D)

and thus the corollary is the holomorphic analogue of Lemma 6.3.6 and Corollary 6.3.7.
This also justifies why hypercohomology of the complex F — S® K (D) is the right object
to study as opposed to the more obvious choice F — E ® K (D). Notice that S = E if

there are no zero-weights.
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6.4.2 DE RHAM COHOMOLOGY

Let (E,D") be a stable parabolic Higgs bundle with parabolic degree zero and D" =
04 + ®. If we use the adapted Hermitian metric solving the Higgs bundle equations to
define D’ = 94 + ®*, then

D=D+D"=dy+®+ o*

is a flat connection on F with singularities at the parabolic points.

Conversely, if D is a flat connection, then a Hermitian metric h induce a splitting
D = dj, + ¥ into a unitary and a self-adjoint part. Splitting further dj, = 0 + 0 and
U = &+ ®* into types we can define the operator D” = Og+® and D’ = g+ ®*. Simpson
[70] showed there is a natural one-to-one correspondence between stable parabolic Higgs
bundles of parabolic degree zero and irreducible flat connections on a vector bundle with
parabolic structure which behaves sufficiently nice around the parabolic points (tameness).
The equivalence goes through the existence of a so-called harmonic metric: the operator
D" defined via the metric satisfies (D")? = dg(®) = 0, i.e that ® is holomorphic with
respect to Op. This is an extension of Donaldson [22] and Corlette [19] to the parabolic
situation.

Using the harmonic metric to define weighted Sobolev spaces as above we have oper-

ators

DEQY(E) 2 DPQY(E) and DPQNE) 2 DPQ(E).

Theorem 6.4.5. If (E, D) is a bundle with a parabolic structure and an irreducible flat

connection, then the first cohomology group of
DEOY(E) 2 DPY(E) 2 DRO2(E)
2 1 0
is isomorphic to H defined using the harmonic metric from [70].

Proof. We use the harmonic metric to split D to operators D’ and D”. We know from
Theorem 6.3.1 that every ¢ € DYQ(FE) has a unique decomposition ¢ = n + D'3 + D"y
for 8,y € DEQY(E). If B = v, then Dy = 0 gives ker D = H & im(D). This proves the
theorem. The connection D is flat 0 = D? = D’D"” + D"D’, and therefore

0:DQ(,O:D/’Dlﬁ—‘y—D/D”’y:D”D/(,B—’y).

Since D" D' is an isomorphism (Lemma 6.3.9) 5 = 7. O
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6.5 UNIVERSAL BUNDLE

In this section we will discuss the existence of a holomorphic universal parabolic Higgs
bundle on .#Z x ¥ where .# is the moduli space of stable parabolic Higgs bundles. This
was first constructed algebraically by Yokogawa [78] showing that .# is a coarse moduli
space. Thaddeus [74] mentions that a universal parabolic Higgs bundle can be constructed
using standard arguments similar to Newstead [62, §5.5]. In this section we make the
construction explicit to determine conditions on the parabolic data to determine when
the universal parabolic Higgs bundle exists. We follow Hausel [33, Section 5| who also
use Newstead’s approach. All ingredients used in this section appear elsewhere but not
collectively. Before we embark on this, we briefly review Konno’s construction [50] of the
moduli space .Z .

Let us first stress which objects we fix from the beginning:
e > a compact Riemann surface with Kéahler form w normalised for X to have area 1.

e F a smooth vector bundle on ¥ of rank [ and topological degree d.

D =P, +---+ P, adivisor of n distinct points.
e A quasi-parabolic structure, i.e. a flag in the fibre Ep, at each P;.

e A collection of weights a,(j) at each P;.

A Hermitian metric adapted to the parabolic structure.

A O-operator, 3A0, inducing a holomorphic structure on det E.

A set of parabolic weights is called generic if all semi-stable parabolic Higgs bundles
are stable for this choice of weights. Throughout this section we will assume the fixed set
of weights is generic.

Recall the definition of & from Section 6.1 as the space parametrising parabolic Higgs
structures D" = 94 + ® with ® being 04-meromorphic on ¥ with at most simple poles
at D with strictly parabolic residues. Since the flags at each parabolic point is fixed we

consider only gauge transformations preserving the flags
4° = {g € Q°(ParEnd(E))| detg, =1 for any z € X}.

If p > 1 is compatible with the fixed parabolic structure we define completions of  and

gc

PP ={D" =04+ ® c €" x DYQ"(Endy E) | 04® = 0}
4°h = {g € DYQ°(End F)| detg, =1 for any z € X}.
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From Biquard’s Sobolev embedding theorem (Theorem 6.2.1) we see that ¢ is a group
with a right action on 2. It furthermore follows that 2 is dense in 2} and ¢° is dense in
@°?. Define 2 as the subspace of 2 consisting of stable parabolic structures and extend

this to 2°t7. Konno then defines
M= |98

to be the moduli space of stable parabolic Higgs bundles and shows that it is a finite
dimensional hyperkdhler manifold. Konno furthermore shows that the metric on .# is

complete.

Definition 6.5.1. A parabolic structure is good if the collection of weights is generic and

one of the following three conditions hold for the quasi-parabolic structure:
e The rank [ and topological degree d are coprime.

e There is a parabolic point P; € D such that dim F’ kEpi is coprime to the rank for
some 1 < k < q;.

e There is a parabolic point P; € D such that dim F kEpi and [ 4+ d are coprime for
some 1 < k < q;.

Remark 6.5.2. Having a good parabolic structure is a rather mild condition on the quasi-
parabolic data, which is often satisfied in examples, e.g. if at one parabolic point the flag

is full, the parabolic structure is good.

Lemma 6.5.3. If €7 is the completion of the space of 0-operators with respect to the
weighted Sobolev norm defined from a fixed good parabolic structure, then there exists a
4¢P -equivariant holomorphic line bundle Ly on 6¥ on which C* C 9% acts by scalar

multiplication with trivial character.

Proof. This is [12, Proposition 1.7]. We reiterate the argument here for completeness.

Define bundles By = 47 x E and E%k = 67 x FFEp, for P, € D on 67 x %. Here
E is the fixed smooth complex vector bundle with fixed good parabolic structure. If ¥¢%
acts trivially on 3, then Fy and E%k are naturally ¥°%-equivariant bundles on which C*
acts by scalar multiplication. Fix a line bundle N of degree 1 on X and for each m € Z
let E4(m) = Ey ® ¢*N™ where ¢ : 4 x ¥ — ¥ is the projection.

As €7 is the space of d-operators on E we get a holomorphic line bundle Det Ey (m)
on €7 via Quillen’s determinant construction [66]. The action of A € C* on Det Fy(m) is
by AHA=g)+ml with g the genus of Y. If [ and d are coprime, then there exists integers
a,b such that al +b(d+ (g — 1)) = 1, and C* acts by scalar multiplication with trivial
character on

Ly = (Det Ex(1))* @ (Det Ey)b.
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If dim F kEpi and [ are coprime for some ¢ and k and if a and b are integers such that

adim FkEpi + bl = 1, then the action of C* on
Ly = (det EZF)* @ (Det E¢) ™ ® (Det B (1))°

is by scalar multiplication with a trivial character.

If dim FkEpi and [ + d are coprime for some i and k let a,b be integers such that
adim F¥Ep, + b(d + 1) = 1, then the action of C* is scalar multiplication with a trivial
character on

Ly = (det EZF)* @ (Det B¢ (1)) ® (det Ei,)*9~Y
where E% is the restriction of Ey to €7 x {P;}. B

Proposition 6.5.4. Let .# be the moduli space of stable parabolic Higgs bundles with
parabolic structure fized as above. If the parabolic structure is good, then there is a holo-

morphic universal parabolic Higgs bundle on .4 x X.

Proof. The proof relies on the construction of a bundle E , on .# x ¥ parametrising
the holomorphic structure of (E, D) for every D” € .#. To do this we follow a similar
construction by Atiyah and Bott [3, p. 579-580]. Let Fy be the tautological bundle on
EF x X, and let 9°% act trivially on X, then C* C 9° acts by scalar multiplication on
Ey. As the parabolic structure is good there is a holomorphic line bundle Ly on 47 x %
on which C* acts by scalar multiplication (Lemma 6.5.3).

Denote by E¢ the pullback of Fy ® L%l to 2° x ¥. Now C* acts trivially on Ey
and so Egy is a 9°% /C*-equivariant bundle. The only automorphisms of a stable parabolic
Higgs bundle are scalar multiples of the identity (Proposition 6.1.2), so ¢ /C* acts freely
on 251 Tt follows that Ey ® L%l reduces to a holomorphic vector bundle E , on A4 x X
with the property that E |5, 1o ~ (£, O4a).

To conclude the proof, we need a universal Higgs field. This follows exactly as in
[33]. The fibre of the projection ¥ — €7 is canonically H°(3, SParEndy(FE) ® K (D)), as

shown in [50, Lemma 2.6]. This gives a tautological section
®y € HY(2?,SParEndy(Ey) @ K(D)).

The section 4 defines a Higgs bundle Ey 22, E4® K (D) on 259 x ¥ which is 9¢L /C*-
equivariant and thus gives a holomorphic universal Higgs bundle E , REN E, ® K(D)
on A x X. O

Konno’s construction of the moduli space of stable parabolic Higgs bundles shows that
it is a coarse moduli space. Using Proposition 6.5.4 as the main ingredient one can show

that under mild assumptions the moduli space is actually fine.
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Definition 6.5.5. Two families Ep, Fr of stable parabolic Higgs bundles on T x 3
are equivalent if there exists a line bundle L on T such that Fr ~ Ep ® 7}.(L) where

m: T x ¥ — T is the projection.

The following lemma from [74| shows that two families are equivalent exactly if they

give the same map to the coarse moduli space .Z .

Lemma 6.5.6. If Er and Fr are families of stable parabolic Higgs bundles over ¥ para-
metrised by a variety T, and suppose By ~ Fy for all t € T. Then Ep and Fr are

equivalent.

Corollary 6.5.7. If ./ is the moduli space of stable parabolic Higgs bundles with fized

good parabolic structure, then 4 1is fine.

Proof. The corollary follows directly by the arguments of [62, Theorem 5.12| using Propo-
sition 6.5.4 and Lemma 6.5.6. O

Remark 6.5.8. In Konno’s construction [50], a flag at each parabolic point is fixed through-
out and the gauge transforms used preserve the flags. Another way to construct .# is
given by Yokogawa [78] where one does not need to fix the flags and therefore can use
all gauge transforms. The two moduli spaces are isomorphic and we find the latter de-
scription more useful for explicitly describing various submanifolds of .Z as we will do in

Section 6.7.

6.6 A HYPERHOLOMORPHIC BUNDLE

In this section we use the Hodge theory for parabolic Higgs bundles developed in Sec-
tion 6.3 to construct a hyperholomorphic vector bundle on the moduli space of parabolic
Higgs bundles. Throughout this section we consider stable parabolic Higgs bundles of
parabolic degree zero with fixed good parabolic structure. We denote by .# the moduli

space of these.

Theorem 6.6.1. There is a hyperholomorphic vector bundle (D, V) on A of rank

29— 1) +nl —mgy  with my = Z mp(wy)
PeD

where D C D are the parabolic points where the lowest weight is zero. This bundle is called

the Dirac—Higgs bundle.

Proof. From Proposition 6.5.4 there is a universal Higgs bundle E , P, E , ® K(D)
on .# x X. This Higgs bundle gives two families of operators D;’L(I, = 0y + ® and
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D'y 5 = 04 + ®* acting on DYQ'(E). Here we use the fixed adapted Hermitian metric.

Combining these we get an elliptic differential operator
" 0y @
Dig = <¢)* 8A> L DP(QMO(E)) @ DP(QO(B)) — DEQM ()92,
From Theorem 6.3.1 it follows that ker Df‘lﬁb is finite-dimensional and by Theorem 6.3.3
the dimension is independent of D;’Lq, € . Together, this produces a vector bundle D
on # of the right dimension. As

DYOY(E) @ DYQY(E) ¢ L2QYY(E) @ L?QYY(E) =: L?

there is an inner product on the infinite dimensional trivial bundle .# x L? on .#. The
inclusion i : ker D7 4 < L? of fibres embeds DD as a subbundle of .# x L?. We define a

connection on ID by projecting the trivial connection to D
V = Pdi.

The bundle with connection (D, V) is the Dirac-Higgs bundle.
What remains is to prove that the curvature of V is of type (1,1) with respect to all
complex structures on .. To do this we need the Hodge theory developed in Section 6.3.
The tangent space to €7 x DYQY Endg(E) at (04, ®) is naturally isomorphic to

TP = DPQY Endg(F) x DYQM Endy(E),

and for (3,®) € Z we have (as in the non-parabolic case) three inequivalent complex

structures
1(8,9) = (iB,id) J(B,®) = (id*,—if") K(B,®)= (-, 5").
For the complex structure I, consider the family of complexes
DROO(E) 22410 prol(p) 94t proz(p).

An infinitesimal deformation of 94 + ® is 3 + ® where (8,®) € J7 and thus I acts
as multiplication by 4 on the derivative of d4 + ®. In other words, this complex varies
holomorphically with respect to I. From Lemmas 6.3.6 and 6.3.9 the complex is exact
with cohomology concentrated in degree one. Furthermore, it is split by the inverse
of D)) D’y - The complex is a so-called infinite dimensional monad and from general
theory [23, Section 3.1.3| the cohomology defines a Hermitian holomorphic bundle on ..
By Theorem 6.3.1 it follows that D has a holomorphic structure with respect to I with
which V is compatible.
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For the complex structure J, consider the de Rham complex for the family of flat

connections d4 + ® + &*
DEQO(E) 48, pPoY(E) LB, DPOA(E),

where dgp = da + ® + ®*. This complex varies holomorphically with respect ot J as J is
multiplication by i on 8 — 8* + & + &*. Again from Lemmas 6.3.6 and 6.3.9 the zeroth
and second cohomology vanish and the family is an infinite dimensional monad defining
a Hermitian bundle on .# holomorphic with respect to J. From Theorem 6.4.5 it follows
that D has a holomorphic structure with respect to J with which V is compatible.

The argument for the complex structure K is equivalent to that for J, but we instead
consider the family of complexes with differentials d4 — ¢® + ¢®*. The complex structure
K is multiplication by ¢ on B - ﬂ* —i® + i®*. It follows from arguments similar to Theo-
rem 6.4.5 that the cohomology is concentrated in degree one and that D has a holomorphic

structure with respect to K with which V is compatible. O

6.6.1 DIRAC—HIGGS AND GREEN’S OPERATOR

In the proof of Theorem 6.6.1 we introduced an operator D7 4 associated to any parabolic
Higgs bundle. In this section we will explore this operator further and discuss some of its
properties.

Let (E, D") with D" = 04+ ® be a parabolic Higgs bundle, and assume p is compatible
with the parabolic structure. We follow Section 2.1 and define a Dirac-operator coupled
to a parabolic Higgs bundle by

Dao = (gﬁ __gl ) : DYQY(E)®? — DYOM(E) @ DYQ%Y(E).

We call Dy ¢ the Dirac-Higgs operator. The operator Df‘l,fb defined in the proof of Theo-

rem 6.6.1 B
DZ,@ = <ZA; ;4) :D{)QI’O(E) @D{)QOJ(E) N DgQLl(E)EBQ

is the adjoint of D4 ¢ with respect to the L?-inner product on DYQ!(E) in the following

sense:

Lemma 6.6.2. Let s € DYQY(E)¥? and u € DYQY(E) @ DYQUL(E), then with respect
to the L?-inner product induced on DYQ(E)

(u, Dy ps) = (iAD} gu,s).
Proof. This follows directly from the Ké&hler identities (Lemma 6.3.5). O

The connection on the Dirac-Higgs bundle is defined by a projector for ker D - The

projection operator can be defined using a Green’s operator for the Laplacian DZ(I,D 4.0
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Lemma 6.6.3. The projection Pa g : DIQY(E) @ DYQY(E) — ker D7 o is given by
PA,<1> =1d —DA,<I>GA,<I>DZ,<I>
where G 4 ¢ is the Green’s operator for the Dirac—Higgs Laplacian
D} D4 e : DY (E)®? — DEQN(E)®2.

When (E, D'} 4) is stable
G, = ((DQ@D/A,@)_I 0 )
0 (DhaDha) )
Proof. If Ga,¢ is the Green’s operator for D} 4D, 4, i.e the right inverse, then clearly

Id =D, 4G 4 4D} ¢ projects to ker D7 4 and Dy 4G 4 D7 ¢ to the orthogonal comple-
ment. Let s = s1 + so € DYQO(E)®2, then

. D'+ D'y 551
Dy 6Dyos = (_ 4° 5‘/}4) < > = DA Dy 35
AP A P52
where the last equality is the Higgs bundle equations. As (E, DZL@) is stable, Lemma 6.3.9

shows that D’} 4D’y 4 are isomorphisms. O

6.7 PARABOLIC HIGGS BUNDLES ON P! WITH 4 PARABOLIC
POINTS

In this section we discuss the Dirac-Higgs bundle from Theorem 6.6.1 in a special case
where it is a line bundle. We consider parabolic Higgs bundles on P! with four parabolic
points. Let D = z; + 22 + 23 + 24 be a collection of four distinct points on P!, and denote
by P} the curve with a fixed choice of D. The bundles under consideration must be of
rank two and of parabolic degree zero. The parabolic structure will be a full flag at each

point of D with weights distributed according to the following table, with a; > 0 and
Zi Q; = 1.
Points Z1 Zo 23 z4

0 0 0 ag
a1 g a3 Qs

Weights

Notice that such a choice of weights is generic in the sense that all semi-stable parabolic
Higgs bundles are stable.

In this case, the holomorphic description of a parabolic Higgs bundle is 2, E(2)
with ® nilpotent at each point of D.

In this section we only fix the type of the quasi-parabolic structure but let the actual
flag at each parabolic point be part of the moduli problem. This is Yokogawa’s approach

[78]. Yokogawa’s description is better suited for the explicit calculations in this section.
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Lemma 6.7.1. Let E = (E,®) be a stable parabolic Higgs bundle on P} with the above
specified weights. Then E ~ O @& O(—1).

Proof. As pardeg(E) = 0 and ), oy = 1 the topological degree of E is —1, giving that
E~0O(a)® O(—a—1).

If a > 0, then by stability, the part of ® mapping O(a) — O(—a — 1) cannot be
non-zero. Therefore a < %, that is a = 0.

If a < 0, then similarly, the part of ® mapping O(—a—1) — O(a+2) must be non-zero,
giving that a = —1. Either way, £ ~ O @& O(-1). O

Denote by .# the moduli space of stable rank two parabolic Higgs bundles of parabolic

degree zero on P} with the weights specified as above.

Proposition 6.7.2. The moduli space A is non-empty and is a complex elliptic fibration

over C with one singular fibre of type Da.

Proof. Define a parabolic structure on O & O(—1) by having the subspace aligning with
O(—-1) at every z. If & = <g 8), then the only ®-invariant subbundle is O(—1) which
has parabolic degree —ay < 0, proving that .# is non-empty.

The other properties follow from more general theory. By [50], the moduli space has
complex dimension two. In this case, the Hitchin fibration is .# X, C where the base is
H°(K?%(D)) = C as we require ® to be nilpotent with respect to the flag at each point
of D. The general fibre of the fibration is the Jacobian of a double cover of P} branched
at D, i.e. an elliptic curve. The only singular fibre is the nilpotent cone x~1(0). From
Hausel’s description of the nilpotent cone [32, Theorem 4.4.5] and Kodaira’s classification
of singular fibres of elliptic fibrations [5, p. 201], the nilpotent cone is a union of five

spheres sitting in a D4—conﬁguration, see Figure 6.1. O

Figure 6.1: The D, Dynkin diagram represents a configuration of five spheres with edges
indicating a single point of transverse intersection and the number is the algebraic multi-
plicity of the sphere.
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Remark 6.7.3. The moduli space .# is similar to Hausel’s Toy Model [32, p. 176f], except
that stable parabolic bundles with vanishing Higgs field constitute a component of the
nilpotent cone in Hausel’s Toy Model. In the present case, O @ O(—1) is not stable as a
parabolic Higgs bundle.

Definition 6.7.4. Denote by (L,V) — .# the Dirac-Higgs bundle for stable parabolic
Higgs bundles of parabolic degree zero and rank two on P} with parabolic weights as

specified in the beginning of this section.

6.7.1 THE NILPOTENT CONE

In this section we give an explicit description of each component of the nilpotent cone.
The flag at a parabolic point is a choice of a line in C? and thus P! x P! x P! x P! is
the configuration space for the flags, where first factor corresponds to the line at z; and so
on. The line at a point z corresponding to 3 € P! is span{Be; + es} where span{e;} = O,
and span{es} = O(—1),,s0 B =01is O(—1), and = 0 is O,.
The automorphism group of O @ O(—1)

€ €y

Aut(O @ O(-1)) = {(0 55) ce,6€C* and v € H”(O(l))}

acts on the configuration space by 3; — &%(zi), where 3; € P! is the line at z;. Thus the

parameter ¢ acts trivially and it is really the quotient Aut(O & O(—1))/C* which acts on
the configuration space. In terms of (8,7) € C* x H°(O(1)) the action is

(5,7) - (B1, B2, B3, fa) = (51 +7(21) B2+(22) Bs+(23) Ba ~|—7(Z4)).

) ’ 0 ’ ) ’ 0
Notice that any parameter 3; = oo is preserved by the action.

Lemma 6.7.5. If (B1, B2, B3, B4) is a configuration of flags at the parabolic points and
there is a stabilising Higgs field, then at most one of the B;’s is 0o.

Proof. Assume a Higgs field & = (i _ba) is written with respect to the decomposition
O@O(—-1). If B; = oo for some ¢, then a and ¢ must vanish at z; as ® is strictly parabolic.
Due to stability, ¢ must be a non-zero section of O(1). Therefore stability is violated if

there is more than one ¢ with 5; = oco. O

One of the benefits of working with strictly parabolic Higgs fields is that we have the
usual C*-action on .#. From [70, Theorem 8] we know that the Higgs bundles fixed by
U(1) c C* split as a direct sum E; @ Eg of parabolic bundles. In terms of configurations,
the flags must align with either O or O(—1) at each parabolic point. From Lemma 6.7.5

we have at most one flag aligning with O.
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Proposition 6.7.6. The fixed point set of the U(1)-action on 4 has five irreducible

components, which are

0

e P! parametrised by Higgs field (3) 0

uration (0,0,0,0).

), 0 € HO(O(1)) (up to scale) and flag config-

8) (up to scale) with ¢ vanishing at a z;

where the corresponding 3; = oo, and B; =0 for j # i.

e 4 isolated points given by Higgs fields (g

The Morse indices are 0 and 2, respectively.

Proof. This follows directly from considering |70, Theorem 8] in this specific case. The

Morse indices are from [29, Proposition 3.11| specified to this case. O
Corollary 6.7.7. The Poincaré polynomial of A is 1+ 5t2.

From [32, Theorem 4.4.5] the nilpotent cone consists of five P!’s in a Dy-configuration

with the central one consisting of fixed points of the U(1)-action.

Proposition 6.7.8. The nilpotent cone consists of five P7s: the central Xo, and four

non-intersecting X1, ..., X4 intersecting Xo once transversally.

e X is parametrised by Higgs fields (S) 8) (up to scale), ¢ € H°(O(1)) and flag
configuration (0,0,0,0).

o X;,i=1,...,4, is parametrised by the flag configuration B; € P and Bj =0 for

j # 1 and Higgs field <g 8) (up to scale) with p(z;) = 0.

Proof. From Proposition 6.7.6 the central component is given. Consider the configurations

(6,0,0,0) and Higgs field (g 8) This parabolic Higgs bundle is certainly stable as the

only invariant subbundle is O(—1) which has negative parabolic degree. This bundle is
10
0 ¢
will keep the three zeros fixed. Likewise the configurations (/3,0,0,0) and (0, 3,0,0) are

inequivalent to an element of the central sphere as only the scaling automorphism

inequivalent. Consider the scaling automorphism acting on Higgs fields by conjugation.
Then 6 € C* acts on ¢ as ~'y. Thus § acts on ¢ and 3 in the same way. By normalising

¢ using 0, the component X is parametrised by 3 € P O

Notice how the non-central components are connecting the central sphere to the iso-

lated fixed points of the U(1)-action.
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6.7.2 TOPOLOGY OF THE HYPERHOLOMORPHIC LINE BUNDLE

Theorem 6.7.9. The degrees of the hyperholomorphic line bundle . — .# restricted to
the components of the nilpotent cone are as given in the following table.
Component X9 X1 Xo X3 Xy
Degree 2 -1 -1 -1 0

When we fix a complex structure on .# it induces a holomorphic structure on L. The

holomorphic line bundle is denoted by £. On .# x P} let
0s0(-1)S s, (6.7)

be a universal parabolic Higgs bundle. Here © is a universal parabolic Higgs field and .S 4
is a universal bundle of strictly parabolic homomorphisms from O to the parabolic vector

bundle in question, i.e for all (E,®) € .#
S.#l(g,e) = SParHom(O, E) @ O(2).

The holomorphic line bundle £ can be obtained by the direct image of (6.7) along the
projection to . .

Notice that we have here included K (D) in the definition of S, and that S are
holomorphic sections. This is different to Section 6.3, but we’ve done this to ease notation.
Notice furthermore that in Yokogawa’s construction of .#, the universal bundle O @
O(—1)|.zxp comes equipped with a subsheaf defining the quasi-parabolic structure.

The proof of Theorem 6.7.9 amounts to identifying S 4 in all of the five cases above.

Before we do that we need the following lemma.
Lemma 6.7.10. R'7.(S ) =0, where 7 : M4 x P} — .4 is the projection.

Proof. Tt is enough to prove that for any (E,®) € .#, S,//]{(E@)}XM is either O & O or
O(-1)® O(1).

Let (E,®) be a fixed parabolic Higgs bundle, and denote by S the restriction of S 4.
By definition of S = SParHom(O, E(2)), there is an exact sequence

0 — SParHom(O, E(2)) — ParHom (O, E(2)) - Q — 0

where Q is a sky-scraper sheaf supported on z1, 2o, z3 and the stalk is of length one at each
point. Consequently, S has degree zero. From the action of the automorphism group on
the configuration space of flags we can assume that the flags at two of the points 21, 29, 23
align with O(—1), i.e. that the corresponding 3; is 0. Assume this is 29, z3. Let (f,g)
be a homomorphism O — O(2) @ O(1); this is strictly parabolic if f vanish at 23, z3 and
f(z1)/g9(z1) = B1. There is no condition at z4 as there is no zero-weight. If f vanish
completely g is unconstrained, so S ~ O(—1) @ O(1), while if f is non-zero we consider it

a section of O and the constraint on g makes it a section of O, and S ~ O @ O. O
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Proof of Theorem 6.7.9. Consider the restriction of O @& O(—1) 9, S to X; x PL, and
denote by 7 : X; x P} — X; the projection. Then

Lx, ~Rr (0 ®O(-1) S Sy,).

7

By the five term exact sequence for hypercohomology (1.6), the line bundle L|x, sits in

an exact sequence

0= m(0O®O0(-1)) » mSx, = L|x, = 0

where surjectivity follows as H(P), O @ O(—1)) = 0. We calculate the Chern character
of L|x, by the Grothendieck-Riemann-Roch formula

ch(Lx,) = ch(m.Sx,) — ch(m. (O & O(—1))) = m.(ch(Sx,) Td(P})) — 1

where we used Lemma 6.7.10 and that 7.(O & O(—1)) is the trivial line bundle.

The Chern character of Sy, varies from case to case, and the rest of the proof is a
study of each individual case.

Consider first the central component Xy, which by Proposition 6.7.8 is parametrised
by the Higgs field <<,(; 0

0
(0,0,0,0). Using the same arguments as in Lemma 6.7.10, Sx, restricts to O(—1) & O(1)

), ¢ € H°(O(1)) (up to scale) and fixed parabolic structure

on every slice of Xy X P}l. As the Higgs field is the coordinate on Xy, we have on Xg x P}
that Sx, ~ (O(—=1) ® O(1)) ® Ox,(1). Therefore ch(Sx,) = 2+ 2h where h is a generator
of H?(Xy,Z). Combining this with the above, we see that ch(L|x,) = 1+ 2h

On the non-central components X;, i # 0, the gauge-equivalence class of the Higgs
field is fixed. Using similar arguments as in Lemma 6.7.10, we have a short exact sequence

of sheaves on X; x P!
0—Sx, > 0(2)®0(1) = 1.Qx, >0 (6.8)

where 1, Qx, is a sheaf supported on X; x {z1, 22, 23} with ¢ being the inclusion. The
quotient Qx, is a line bundle on each X; x {2;} whose degree depends on the parabolic
structure at z;. Let h denote a generator of H*(P},Z). It follows from the short exact
sequence (6.8) that ¢ (t+Qx,) = 3h. Furthermore, c2(1+Qx,) = —t.c1(Qx;) by the action

of push forward on Chern classes. The Chern character of Sy, is therefore
ch(Sx,) =24 3h — ch(1.Qx;) =2 — 1.c1(Qx;).
If i € {1,2,3}, then Qx, on X; X {z;} is the quotient

0—0x,(-1) 080 — Qx, — 0
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as the parabolic structure at z; is defined by the coordinate on X;. On the other two
connected components, the parabolic structure does not change and the sequence defining
Qx, Is

0-0—=-000 — Qx, =+ 0.

Therefore ch(Sx,) = 2 — hh where h € H?(X;,Z) is a generator, and
ch(Llx,) = m((2—hh) (1 +h)) —1=1—h.
If i = 4, then Qy, is the trivial line bundle on X4 x {21, 22, 23} as the parabolic structure

at z1, 22, z3 is independent of the point in X;. Therefore, ¢1(Qx;) = 0, ch(Sx,) = 2, and
ch(L|x,) =m(2(1+h))—1=1.
This concludes the proof. ]

Corollary 6.7.11. The hyperholomorphic line bundle I is not isomorphic to the hyper-
holomorphic line bundle in [{3].

Proof. The hyperholomorphic line bundle constructed in [43] has curvature w; + dd§p
where p is the moment map for the U(1)-action on .# and w; is the Kéahler form for
the metric on .# with complex structure I, see [43, Section 2.1]. As the irreducible
components of the fibres of the Hitchin fibration are complex submanifolds of .#Z with
respect to complex structure I, wq restricts to a Kahler form on each irreducible component
of the nilpotent cone. As the components are curves, evaluating wy gives the volume of
the component with respect to wy which is always non-zero. It follows from Theorem 6.7.9
that the degree of L is 0 on X4, showing that the hyperholomorphic line bundle from [43]
is topologically different to L. ]

Remark 6.7.12. Comparing the curvatures in the toy model of Section 2.3 and the C2-
model of [43, Example 2, Section 2|

du N dv —du A dv and du N du — dv A dv,
the two hyperholomorphic line bundles were most likely different.
Corollary 6.7.13. The degree of I is 1 on a generic fibre of the Hitchin fibration.

Proof. This follows immediately as a generic fibre is homologous to 2Xy+ X1+ Xo+ X3+ X4,
see Figure 6.1. 0
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6.7.3 ANALYTICAL PROPERTIES

Not much is known about the hyperkéhler metric on .#. All we essentially know is that
it is hyperkdhler and complete. There are however several indications that the metric
should be of type ALG, i.e. that near infinity .# is diffeomorphic, up to a finite covering,
to the total space of a 2-torus fibration over R? minus a ball, and has a metric that is
asymptotically adapted to the fibration in the sense that it is asymptotically flat.

Cherkis and Kapustin [17] were the first suggest the metric to be of type ALG. They
used a Nahm transform between periodic monopoles with singularities and singular Higgs
bundles on a cylinder. The moduli space of periodic monopoles is hyperkéihler of type
ALG and as Nahm transforms are usually isometries it is believed that also the moduli
space of parabolic Higgs bundles on P! is of type ALG.

Recently, Hein [36] has constructed complete hyperkidhler ALG-metrics on the com-
plex manifold underlying .# with complex structure I. He did this by compactifying
it to an elliptic fibration over P! by adding a singular fibre, solving a complex Monge—
Ampére equation, and removing the added singular fibre again. It is not known whether
all hyperkdhler metrics are obtained this way.

The asymptotics of the hyperkédhler metric on Higgs bundle moduli spaces are a part of
a large conjectural framework set up by Gaiotto, Moore, and Nietzke |26, 27|, and indeed
they conjecture that in general the asymptotics should be semi-flat with respect to the
Hitchin fibration.

It is believed that part of the asymptotic properties of the hyperkdhler metrics on Higgs
bundle moduli spaces can be extracted from the recent work of Mazzeo, Swoboda, Weiss,
and Witt [53, 54]. There are good reasons to believe that this also extend to parabolic
Higgs bundles. If so, this would be further support for the conjecture by Cherkis and
Kapustin.

There is in other words, a good amount of evidence leaning in favour of the conjecture.
If the metric indeed is of type ALG we can use the topological information from Theo-
rem 6.7.9 to draw analytical conclusions about the connection on the hyperholomorphic

line bundle L — .Z.

Theorem 6.7.14. If the hyperkdhler metric on A is of type ALG, then the instanton
connection of the hyperholomorphic line bundle (L, V), does not have finite energy.

Proof. As L is a line bundle, the curvature two-form is closed. As being hyperholomorphic
in complex two dimensions is the same as having anti-self-dual curvature two-form, the
curvature two-form is in fact harmonic.

It follows from [34, Corollary 10] that the L?-harmonic two-forms is the image of the

compactly supported degree two-cohomology under the natural inclusion map into the
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normal degree two-cohomology
LW (A g) = im(H2 (M) 5 H(A)).

If 8 € L*H?(M,g), then § = j(v) for some v € H2(.4) where v = 3+, ¢; PD[X;] for
some ¢; € Z and PD[X;] are the Poincaré duals of the generators of Ha(.#). As a generic
fibre intersects [X;] trivially for all i evaluating /3 on a generic fibre is zero.

As L is a line bundle, the curvature two-form of V represents up to a constant the
first Chern class of .. From Corollary 6.7.13, we know that IL has degree one on a generic
fibre of the Hitchin fibration, and the arguments above now show that V does not have

finite energy. O

6.7.4 A GENERIC FIBRE OF THE HITCHIN FIBRATION

In this section we investigate the generic fibre of the Hitchin fibration in detail and compute
the Chern character of the hyperholomorphic line bundle restricted to a generic fibre

without using Theorem 6.7.9.

Proposition 6.7.15. Let ¢ € C*. Then x 1(c) is isomorphic to an abelian variety: the
Jacobian of degree one line bundles on C, a double cover of P} branched at the parabolic

points.

Proof. Let ¢ € C*. Define the spectral curve C C O(2) — P} as the solutions of the
equation

n? + clz—z1)(z—22)(z—23)(2 — 24) =0

where 7 is the tautological section of O(2) pulled back to its total space. The curve
p:C— P}; is a smooth double cover of Pi and is clearly branched at the parabolic points
z;. The curve C has genus one by the Riemann—Hurwitz formula.

If L is a degree one line bundle on C, then p,L ~ O @ O(—1) and carries a parabolic
structure at z; given by the kernel of the evaluation map at p~!(z;). That is, on C there
is an exact sequence

0—=N—=pp.L S5L—0

where N is a line bundle given as the kernel of the evaluation map. The parabolic structure
of p.L at z; is given by N, in p*p,L,,.

As C' is smooth, general theory [7] proves that x~!(c) is the Jacobian of degree one
line bundles on C. O

Using this description we have the following Chern character for the hyperholomorphic

line bundle restricted to a generic fibre of the Hitchin fibration.
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Proposition 6.7.16. Let ¢ € C*, then ch(L|,-1()) = 1+t where t is a generator of
H2(x"(c),Z), with x~'(c) = J(C) considered as the Jacobian of degree one line bundles
on the elliptic curve C' defined by c.

Proof. Let ¢ € C* be fixed. Denote by p : C — P} the spectral curve defined by ¢, and
J = JYC) = x () it’s degree one Jacobian. We can either describe the holomorphic
line bundle £]; as the direct image of a complex on J x P} or on J x C. As J x C has a
universal bundle, the latter description is more convenient.

As in the proof of Theorem 6.7.9, it is essential to get a description of SParHom(O, p. L)
for all degree one line bundles on C. As C is an elliptic curve, all sections of a degree
one line bundle vanish at the same point. Using similar arguments as in the proof of
Lemma 6.7.10, we see that SParHom(O,p,L) is O @ O for all L, except if L is the line
bundle Loy whose sections vanish at p~1(24), in which case it is O(—1) @ O(1).

Let P be the Poincaré line bundle on J x C normalised such that 73|{ Loyxc == Lo. The
following argument shows that the direct image of PLg on J x C to J x P} is S, the
universal bundle of strictly parabolic homomorphisms from O to FE, restricted to J.

As LLg has degree two, p.(LLg) is a rank two bundle of degree zero. As C'is an elliptic
curve hY(p.(LLo)) = h°(LLgy) = 2, and thus p.«(LLg) ~ O(a) ® O(—a) with a € {0,1}.
Furthermore, h%(p.(LLo) ® O(—1)) = h°(LLg ® p*O(—1)) is either 1 or 0 depending on
whether L ~ Lo or not. If L ~ Ly, a = 1 and p.(L%) ~ O(-1) ® O(1), and if L % Ly,
a=0and p,(LLy) >0 & O.

The above shows that the two term complex on J x C
P L PLy

pushed to J x P} is a universal parabolic Higgs bundle on J x Pj. Here we abuse
notation by identifying PLy by its image in P ® p*O(2) under a map vanishing on
I x A{p~H(21), 0 (22), 0 (23) }.

As h!(C, L) = 0 when deg(L) > 0, it follows that R!7.(P) = 0 and R'7.(PLg) = 0

where 7w : JxC — J is the canonical projection. Following the procedure of Theorem 6.7.9,

ch(LL|y-1(¢)) = ch(m«(PLo)) — ch(m(P)) = mx(ch(P)(ch(Lo) — 1) Td(S))
=m((l+t+c+s—c2(P))(1+c—1)) =1+t

where c and t are generators of H2(C,Z) and H?(J,Z), respectively, and s is the (1, 1)-part
of ¢1(P) in the Kiinneth decomposition of H?(J x C,Z) and therefore cs = 0. O
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6.8 LIMITING CONFIGURATIONS FOR HIGGS BUNDLES

In this section we shift focus to recent developments linking the asymptotics of the L?-
metric on the moduli space of ordinary Higgs bundles with certain parabolic Higgs bundles
known as limiting configurations. If the rank and degree are coprime the moduli space of
stable Higgs bundle is smooth and the L?-metric described in Section 1.1.3 is complete.
As mentioned in Section 6.7.3, Gaiotto, Moore, and Nietzke [26, 27| conjectured that the
metric is asymptotically semi-flat with respect to the Hitchin fibration. Recently, Mazzeo,
Swoboda, Weiss, and Witt [53] have suggested using limiting configurations to verify the
semi-flatness conjecture for rank two. In this section we give a construction of limiting
configurations suggested by Hitchin and discuss the local shape of solutions to the Dirac—
Higgs equations for a limiting configuration. When considering the local L2-solutions, we
recover the requirements of Lemma 6.2.7 on p > 1 for the general parabolic theory to work
using the Sobolev space L. This provides a nice reality check for our general theory.
Before we give the definition of a limiting configuration, we need the following local
singular solution to the Higgs bundle equations. Let U be an open disk (or C) centered at
0 and denote by U* = U \ {0}. Let (E,h) be a smooth Hermitian vector bundle of rank

two on U. Choose a unitary frame trivialising £ on U*. In this frame define

1/(1 0\ [dz dz 0 rl/?
Agg = g <O _1> <Z — Z> and (pfo:lg = (rl/Qeie 0 ) dz (69)

where @9 is specified in polar coordinates. Notice that the connection Afd is singular
at 0, ®id is continuous at 0 and otherwise smooth, ®fid is normal, and det 4 = —2d2?
has a simple zero. The pair (Afd, ®fd) is called the singular fiducial Higgs pair. It is not
difficult to see that (Afld, ®fid) satisfies the Higgs bundle equations on U*.

Definition 6.8.1. Let (E, h) be a rank two Hermitian vector bundle on a Riemann surface
Y of genus g > 2 and D = Py +-- -+ Pyg_4. A limiting configuration (Ass, Poo) is a Higgs
pair on ¥* = ¥\ D satisfying the decoupled Higgs bundle equations

F(Ax) =0 [P0, ®5]=0 04 P =0

and which agrees with (Afd ®fid) near each point of D with respect to some unitary frame
for (E, h).

Let ¢ € H°(K?) have simple zeros and 7 : C — X be the 2 : 1-covering of ¥ branched
at the 4g — 4 zeros of ¢ defined by the square root of ¢ (i.e. C is the curve in the total
space of the canonical bundle defined by the equation 7> = ¢ where 7 is the tautological

section). Finally, let o : C'— C be the involution permuting the sheets.
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Proposition 6.8.2. Let L be a line bundle on C with the property that c*L ® L ~ m* K,

then there is a Hermitian metric on the holomorphic vector bundle
E=m(L&o"L)°

such that the Chern connection and the Higgs field

()
*

0 —va
is a limiting configuration on X with singularities at the zeros of q.

Proof. Let (N, h) be a flat line bundle on C' which when considered as a holomorphic line
bundle is in the Prym-variety of C, i.e. ¢*N ~ N*. Let Vo = N @& ¢*N be a rank two
holomorphic bundle on C. Define a Hermitian metric Ho = h@®o*h on V¢ and Higgs field
¢c = diag(\/q, —/q)- Then (Vo, ¢, He) is a Higgs bundle with a Hermitian metric with
®c normal on C and He flat. As (Vo, ®¢, He) is o-invariant it descends to an orbifold
Hermitian Higgs bundle in the sense of Nasatyr and Steer [61]. To such an orbifold bundle
exists a parabolic bundle with rational weights. The general construction is a bit involved,
but in this case, we can obtain the parabolic bundle directly by considering V> as a locally

free sheaf and only push down the o-invariant sections, that is
V=m(N®&c*N)? and & =mPc = m.(diag(r/q,—1))-

Then V is a holomorphic vector bundle of rank two with detV ~ K~!. The parabolic
structure at the branch points p; is given as in the proof of Proposition 6.7.15 by the
kernel of the evaluation map. The weight of this subspace is % while the whole fibre has
weight 0.

In a holomorphic frame adapted to the parabolic structure, the parabolic metric and

1 0 0 =z
HN(O r> and @-(1 O)dz.

As N & o*N is flat, the Chern connection on V is flat away from the branch points.

Higgs field are

However, with respect to this metric ® is not normal. Furthermore, notice that the
behaviour of the metric in a limiting configuration at a zero of det @ is diag(ril/ 2 pl/ ),

This can be rectified by a simple twist of N and its Hermitian metric. Let K'/2 be a
square root of K and consider the line bundle N ® 7*K1/2, then

(N @ K'Y @ o*(N @ m*K'Y/?))” = n (N ® N*) @ *K'/?)7 =V @ K'/2.

Firstly, det(V @ K 1/ 2) ~ 0. Secondly, to get a Hermitian metric on V @ K 1/2 we multiply
the parabolic metric H on V by a section of K~/2@ K~1/2. As ¢ is a quadratic differential
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(q(j)_l/ 4 is exactly such a section, and as ¢ has only simple zeros the behaviour at the

branch points of H(qq)~/* is
N =2 0
H(qq) YA~ < 0 r1/2> :

Notice that with respect to this new metric ® is indeed normal, and as ¢ is a holomorphic
section of K2, the Hermitian metric (¢g)~/* on K'/? is flat away from the zeros of q.
Hence the metric H(qq’)*I/4 on V ® K2 over £* is flat and thus the Higgs bundle

equations are satisfied. O

Let (E,®) be a SL(2,C)-Higgs bundle, i.e. det E ~ O and Tr ® = 0. Assume further-
more that ¢ = —det ® € H°(K?) has simple zeros D = Py + -+ + Py,_4. The spectral
curve C' is smooth, and thus there is a line bundle N in the Prym-variety of C' such that
E = m.N. A limiting configuration associated to a Higgs bundle (F,®), is a limiting
configuration which is complex gauge equivalent to (E,®) on ¥*. Using the line bundle
N and following the proof of of Proposition 6.8.2 we get a limiting configuration (V, ®')
with the required properties. A gauge transform between (E, ®) and (V, ®’) on = exists
as on C, £,/q are the eigenvalues of 7*® on C \ 7*D and the flat bundle N & N* on
C'\ 7D is the eigenspace decomposition of E.

The asymptotics of the singular Hermitian metric of a limiting configuration is r+1/2,
and thus the weights of the parabolic structure are ii. Notice how tensoring with K'/2
and its metric changed the weights from 0 and % Previously in this chapter, we required
the weights of the parabolic structure to be in [0,1). By doing an elementary modification
at each of the zeros of g, the topological degree of the vector bundle underlying the
limiting configuration goes down by deg D = 4g — 4 while the weight —i becomes % and
i is left unchanged. Notice that the parabolic degree is unchanged and is still zero. In

the remaning part of this section, we will consider a limiting configuration as a parabolic

Higgs bundle of parabolic degree zero with D = P; + --- 4+ P44_4 as parabolic points and

13

weights 7, 7.

6.8.1 LOCAL SHAPE OF SOLUTIONS TO THE DIRAC-HIGGS EQUATIONS
FOR LIMITING CONFIGURATIONS

In this section we consider the singular fiducial Higgs pair (Afd, ®fid) defined in (6.9)
solving the Higgs bundle equations on C*, the complex plane with the origin removed.

The Dirac-Higgs equations for (Afd, ®fid) are

0— é% 0 0 r1/2dz Aoutdz

0 0 0+ é% r1/2¢ 0 Qinnd?z
0 rY2e7dz g+ L% 0 binndZ

ri/2dz 0 0 0— 2L | \bowdz
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The equations clearly split into two sets of coupled equations which we call the outer and
inner equations. We will focus on each set of equations separately and use same procedure

as in Section 2.2 to find all L2-solutions.

L?-solutions to outer equations The outer equations in polar coordinates are

1 . T 1 .
0= 5" 0rtou + e Dpatous - 876’9aout e
1 _. T 1 _.
0= 56 Zearbout - Ze eaQbout - ge ZGbout - T1/2a0ut

Expanding aous and boyt in Fourier series aous = Y ,,cz n (r)e™? and boy, = Y onez b (r)ei?,

the equations for the Fourier coefficients are
0 = 167%a! (r)+(3+8n—16n>—647)a,(r) and byyi(r) = %T_I/Qa;l(r)f%r_?’/zan(r).

Assuming that a,(r) = r1/? fa(3 13/2) the equation for f,, is the modified Bessel differential
equation (2.4) with v = % and thus a,, is either r1/21i1764n (f r3/2) or r1/2 K- 4n( r3/2).
From Lemma 2.2.1 we know that only K, (x) decays for large x and so we dlscard I, as a
valid solution. Lemma 2.2.1 also shows that the only values for which r'/2K 14, 4n (3 3/2)
is L? around zero in C is for n either 0 or —1. The integrability condition also apphes to
bn+1 which is determined by a, to be —rl/QKM(% 7‘3/2). This radial function on C* is
also only L? if n is either 0 or —1. That is, there ?s a two-dimensional space of L?-solutions
to the outer Dirac—Higgs equations of the singular fiducial Higgs pair. The solutions have
the shape

Gout = COT /2K1 (4 3/2) + c,1r1/2K%(%r3/2)6_i9

. 6.10
bout = _071T1/2K1(3T3/2) — CO?"I/2K§(% 7.3/2)67,0‘ ( )
6 6

Notice that these solutions are not just local L?-solutions but actually global L?-solutions

on C*.

L?-solutions to inner equations The inner equations in polar coordinates are

1 1 )
0= 56 a Qinn + 2 6 a(9amn + 3 6 alnn - T1/2620binn
1 1 .
0= 56_2 8'r‘binn - 27 _leaebinn 876_19b1nn r1/2€_leainn
T T

We proceed as for the outer equations by expanding the equations in terms of Fourier

series Ginn = Y,z an(r)e™ and by, = Y nez bn(r)e™. The equations for the Fourier

coefficients are
n

0 = 16r%a! (r) — (5—24n+16n24+6473)a,(r) and by (r) = %1"_1/2(1' (r)—%r_?’ﬂan(r).

Again, assuming that a,(r) = /2 fn(%r?’/ 2) the equation for f, is the modified Bessel

differential equation (2.4) with v = %. By the asymptotics we discard the modified
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Bessel functions Ii,, and we must have a,(r) = rl/QK&(% r3/2) and thus b,(r) =
6

—7‘1/2K%(% r3/2). Tt follows from Lemma 2.2.1 that the only n for which a, or b, as

functions on C* is L2, is n = 0. By the special identity for K 1, We see that

3 _4/343/2
741/2[(%%7:)/2): oo 1/4,—4/3r%/= (6.11)

We conclude that there is only a one-dimensional space of L2-solution to the inner Dirac—

Higgs equations of the singular fiducial Higgs pair. The solutions have the shape

— 3/2 _A/9.:3/2
1/4,—4/3r and 1/4,—4/3r3/2

Qinn = COT binn = —cor™

Again we notice that this is a global L?-solution on C*.

Combining the results above we get the following proposition.

Proposition 6.8.3. The space of global L?-solutions to the Dirac—Higgs equations for the

singular fiducial Higgs pair defined on C* is three-dimensional.

6.8.2 COMPARING L? AND L[-SOLUTIONS

In Proposition 6.8.3 we saw the singular fiducial Higgs pair on C has three linearly inde-
pendent solutions to the Dirac—Higgs equations. As a parabolic Higgs bundle, a limiting
configuration has 49 — 4 parabolic points with parabolic weights % and % at each point.
From the dimension formula Theorem 6.3.3, we see that for a p > 1 compatible with
the parabolic structure of the limiting configuration, the space of global solutions to the
Dirac—Higgs equations has dimension 12g — 12, i.e. a three-dimensional contribution from
each parabolic point.

A p > 1 is by Definition 6.2.8 compatible with the parabolic structure if p satisfies
the conditions of Lemmas 6.2.6 and 6.2.7. The condition in Lemma 6.2.6 is the original
condition found by Biquard [8] and reused by Konno [50] in his construction of the moduli
space of parabolic Higgs bundles. This condition requires 1 < p < %. The condition in
Lemma 6.2.7 is new, and in this case more restrictive as it requires both 1 < p < % and
l<p<?.

From the Sobolev embedding theorem we know that L] C L? when 1 < p<2. Asa
reality check on our theory, we consider the explicit L?-solutions to the outer and inner

equations, and investigate for which p > 1 they are also LF-solutions.

Proposition 6.8.4. The L?-solutions to the inner Dirac—Higgs equations for the singular
fiducial Higgs pair are in LY if 1 < p < % and the L?-solutions to the outer Dirac—Higgs

equations are in LY if 1 < p < %, matching the conditions from Lemma 6.2.7.
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Proof. From (6.11), we know that the behaviour of the derivative of a L?-solution to the

inner equations on a neighbourhood U of 0 is —ir‘5/ 4

. For this be in L} as a function on
U* we must have

5 ) 8
—Zp—i— 1> —1 or equivalently p < 5

From (6.10), we know that the behaviour around 0 of a solution to the outer equations is
determined by the behaviour of rl/QK,,(% 3/2) for v being % or %. By Lemma 2.2.1 the
behaviour around 0 is therefore ¢ 2~ where the constant ¢ depends on v. As a radial

. .. 143w .
function on U* the derivative ¢ v~ 2 isin LP if

14 3v .
EE— 4+ 1> —1 orequivalently p < 1
which for v = % isp < % and for v = % isp < %. Notice that a solution of the outer
equations both have a Bessel function of index % and one of index % making p < %
obsolete. O

6.8.3 LIMITING CONFIGURATIONS AS LIMITS OF HIGGS BUNDLES

The construction of limiting configurations in [53] is rather different to the construction
given in Proposition 6.8.2. In [53] they see limiting configurations as limits of solutions
to the Higgs bundle equations. Given a Higgs pair (A, ®) on a Hermitian vector bundle
satisfying the Higgs bundle equations, then by the Hitchin—Simpson Theorem there is a
pair (A, t®;) in the complex gauge orbit of (A, t®) satisfying the rescaled Higgs bundle
equations

F(A) + @, ®;] =0 and a,®; = 0. (6.12)

The limit of (A¢, ®;) as t — oo is how limiting configurations are perceived in [53]. Locally
around the zeros of det ®, the pairs (A4, ;) agree with a so-called fiducial Higgs pair
(Afd, @f9).

The one-parameter family (A4, ®fd) is defined as

1 0\ [(d: dz 0 ri/2eht ()
A?d — ft(T) <0 _1> <z — z) and (I)?d = <T1/26i9€ht(T) 0 ) dz

satisfying the rescaled Higgs bundle equations (6.12) which in this case are

1

fllr) = 2212 sinh(2h:(r)) and  fi(r) 3

1
+ Zrh;(r).

These equations can further be reduced and rewritten such that h; is a solution to the
Painlevé III equation with certain decay properties, see [53, Section 3| for further details.

We could play the same game as in Section 6.8.1 and ask for the local solutions to the
Higgs bundle equations for (A, t®;). As det ®; has a simple zero at the origin we expect

from Lemma 2.4.1 there to be a one-dimensional space of solutions, and that is indeed
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exactly what we observe. The Dirac-Higgs equations again split into two sets of equations
an outer set and an inner set. It turns out, that the outer set of equations do not have
any L2-solutions whereas the inner set of equations have a one-dimensional space which
can be specified directly in terms of the function h; above.

In this light, it is interesting that the limiting configuration which is supposed to
be the limit of stable Higgs pairs has a three-dimensional space of solutions. We can
understand this from the sheaf theoretic picture. The limiting Higgs field ®f9 is continuous
at zero and so its residue vanish, leaving a two-dimensional cokernel. Furthermore, that
the determinant vanish at the parabolic points yields yet another free parameter for the

cokernel.

6.9 NAHM TRANSFORM FOR PARABOLIC HIGGS BUNDLES

In this section we define a Nahm transform for parabolic Higgs bundles of parabolic degree
zero on a Riemann surface of genus ¢ > 1. The main ingredient is the Hodge theory in
Section 6.3.

We fix a Riemann surface ¥ of genus ¢ > 1. Let .# denote the moduli space of
parabolic Higgs bundles of rank [, parabolic degree zero, and with fixed weights. For each

E € # there is a family of parabolic Higgs bundles parametrised by T7*.J
E®P S E®KD)®P (6.13)

on T*J x ¥ where J is the Jacobian of degree zero line bundles on ¥ and P JxYis

a Poincaré line bundle pulled back by a choice of Abel-Jacobi map. Restricted to a slice
defined by (¢, ) € T*J ~ J x H°(X, K) the family is

By =E®Le 2% B @ K(D) ® L.
Notice that we use an inclusion of the holomorphic sections of F® K into the meromorphic
sections with simple poles at D. As « is holomorphic this does not change the residues of
® + o Id which are still strictly parabolic.

To define P we need to chose a base point zyp € ¥ and thereby an Abel-Jacobi map
j ¥ — J by mapping z to the divisor class of z — zp.

If E is a stable parabolic Higgs bundle of degree zero, then so is the restriction of the
above family to each slice. This is proved in the same way as [14, Lemma 3.1.7].

For each E € .#, the above defines a family of stable parabolic Higgs bundles of
parabolic degree zero parametrised by the hyperkdhler manifold 7*J of degree zero and
rank one Higgs bundles. By equipping these rank one bundles with weight zero, we consider
them as parabolic rank one Higgs bundles of parabolic degree zero. Since we furthermore

have a universal parabolic Higgs bundle on T*J x ¥ we can repeat the construction and
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proof of Theorem 6.6.1 and to each E € .# obtain a hyperholomorphic bundle (I@l, @) on
T*J of rank

20(g—1)+nl—mp with mgp= Z mp(w)
pPeD

where D C D are the points P where w;(P) = 0.

Definition 6.9.1. The pair (E, @) associated as in Theorem 6.6.1 to a stable parabolic
Higgs bundle E of parabolic degree zero, is called the Nahm transform of E.

Remark 6.9.2. If the fixed parabolic structure is good, then the Nahm transform of E € .#
could be defined as the pullback of the Dirac—Higgs bundle on .# by the orbit map
Ng : T*J — A defined by (§,a) = (E, D¢ ) with D | = dae + @ + ald where D4 is
the holomorphic structure induced by 94 on E ® Le.

Proposition 6.9.3. Let E be the Nahm transform of a parabolic Higgs bundle E, then
E extends to a holomorphic bundle E on J x P9 when E is considered as a holomorphic

bundle on T*J ~ J x H°(K).

Proof. Tt follows from Theorem 6.4.1 that the Nahm transform E of E, when considered
as a holomorphic bundle with respect to the complex structure I on T*.J ~ J x H°(K),
can be defined as the hyperdirect image of the family

EePSSoKD) P

on J x H°(K) x ¥ along the projection to J x HY(K). For each (¢,a) € J x H(K) the

above family is

E® L 2 S0 K(D)® L.

The proof is completely analogous to Bonsdorft’s [14, Theorem 3.1.12]. Extend the family
of parabolic Higgs bundles to a family

E@P S SoK(D)®P o O0p(1) (6.14)

on J x P9 x ¥ with P9 = P(H°(K) © C®) by defining
g
O=1t0+> ajy (6.15)
i=1

where {a1,..., a4} is a basis for H(K) and [t : a1 : - : ag] are homogenous coordinates
on PY9. If the hyperdirect image of the two-term complex (6.14) along the projection
to J x P9 is locally free it will be an extension of E. Locally-freeness will follow if the

hypercohomology of (6.14) restricted to each (&, [t : ])-slice is concentrated in degree one.
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This is indeed true when t # 0 as the corresponding parabolic Higgs bundle is stable. If
t = 0, then the parabolic Higgs bundle is of the form

EwL “% 80 K(D)® L.

where @ # 0. As ald is an injective sheaf map and its cokernel is a skyscraper sheaf
it follows from the first hypercohomology spectral sequence [30, p. 443] that the only
non-zero hypercohomology group is the first, and that it is isomorphic to the zero’th

cohomology of the cokernel of « Id. O
The holomorphic bundle & — J x P9 is called the extended Nahm transform.

Proposition 6.9.4. The Chern character of the extended Nahm transform E of E e A
18

ch(€) =21(g— 1) +nl —mg + (d+1(g — 1) + nl — mg)h — Ith
where [ is the rank of E, d is the topological degree of E, n is the number of parabolic points,
mo the total multiplicity of zero weights, h is a generator for H*(P9,7), t € H*(J,Z) is
the Poincaré dual of the ©-divisor on J, and ch(Ops(1)) = e/ =1+ h.

Proof. From Proposition 6.9.3, the extended Nahm transform £ is

E=R'7(E®P S S@K(D)®P o Op(l))

where 7 : JxXP9x Y — JxPY is the projection. As the zeroth and second hypercohomology

vanish, it follows from Grothendieck—Riemann—Roch that

ch(€) = ch(m(S @ K(D) @ P @ Ops(1)) — ch(m(E @ P)))
= 7.(TdY chP (chS ch K(D) chO(1) — ch E))

The Chern character of P is

ch(P)=14c—tx

where c is the component in H'(J,Z) ® H'(X,Z) under the Kiinneth decomposition, x is
a generator of H?(X,Z), and t € H?(J,7Z) is the Poincaré dual of the ©-divisor of .J, see
e.g. |2, Chapter 8.2]. Therefore,

22=0 and z-¢=0

and thus

ch(P)Td(X) =1— (g — 1) + ¢ — tx.
The sheaf S sits in an exact sequence
0-S®KD)—-E®KD)—2—0
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on J x P9 x 3 with Q is supported on J x P9 x {P;,,..., P, } where P;, are the parabolic

points with zero weights. Therefore,

ch(S ® K(D)) = ch(F) ch(K (D)) — ch(Q)
=1+ (d+2(g—1)+1In—mp)z.

Combining all of this, and using that m, is integration along 3, we get

ch(€) =2I(g — 1) + nl — mg
+ (ch(O(1)) = 1)(d+ (g — 1) +nl — myg)
+1t(1 — ch(O(1)))

which is the desired formula when using the shorthand notation ch(O(1)) = 1 + h. O

Remark 6.9.5. When there are no parabolic points and the topological degree therefore is
zero, the Chern character formula in Proposition 6.9.4 reduces to the Chern character in

[14, Proposition 3.1.15].

Theorem 6.9.6. Let E, F € .. If the extended Nahm transforms are isomorphic & ~ F,

then E and F are isomorphic as parabolic Higgs bundles.

Proof. The proof is very similar to [14, Theorem 3.2.1]. The theorem will follow if we
can recover the parabolic Higgs bundle from £. The proof will use two spectral sequence
arguments. Given a parabolic Higgs bundle E 2 EK (D) the first step in defining the
holomorphic bundle £ on J x P9 is to extend E 2 SK (D) on ¥ to a family

E 2 SK(D)® Ops(1)

on ¥ x P9. As in [14, Lemma 3.2.1.1], the sheaf map © is injective. Denote by Q the
cokernel sheaf
0 E2 SK(D)— Q0.

As the hypercohomology of a stable parabolic Higgs bundle is concentrated in degree one,

it follows from the first hypercohomology spectral sequence that

N

& ~m(q ) (Q) ®P)
where the maps are
Sx P9 L Jx P L Jx T xBTS ] x P

with j the Abel-Jacobi map and ¢, 7 are the canonical projections.

Notice that there is a spectral sequence with second page
Ey' = Rqu(n* (R'm (" (j.Q) © P)) @ P
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converging to j, Q if s+t = g and 0 otherwise [6, Cha. 3, Cor 3.4]. Since R'7.(q*(j+Q)®7P)

is only non-zero for ¢ = 0, it follows that
Rig.(n*(€) @ P~1) ~ j. Q.

From € on J x P9 we have obtained a sheaf on ¥ x P9 by pulling back qu*(w*é ® P71
by the Abel-Jacobi map. To recover the vector bundle and Higgs field from Q we use the
relative Beilinson spectral sequence [64, Theorem 4.1.11] on Q ® Ops(—1). The first page

has terms

it = Opo(5) B R pu(Q & O gy s (—5 — 1)

where p : 3 x P9 — ¥ is the projection.
Using that Q is the cokernel, it follows that only F| 10 and E?’O are non-zero and are
equal to E® Opg(—1) and SK (D), respectively. The convergence of the spectral sequence

gives a short exact sequence on X x P9
0= E®Ops(—1) S SK(D) = Q® Ops(—1) — 0.

That the sheaf map is indeed © follows from the definition of the spectral sequence. By

restricting the sequence to ¥ x [1 : 0] we recover the parabolic Higgs bundle. O

Recall, that a holomorphic vector bundle V' on an abelian variety J is homogeneous if

iV ~V for all x € J, where 7, : J — J is translation by x € J.

Proposition 6.9.7. Let E be a stable parabolic Higgs bundle of parabolic degree zero. Let
[t : a] € P9 be such that det(t® + a1d) is a non-trivial section of K'((I — 1)D). Then

S‘Jx[t:a} is a homogeneous bundle.

Proof. The proof is exactly the same as the proof of Theorem 4.4.6 adapted to the
parabolic setting.

O]

When we in the next section consider parabolic Higgs bundles on elliptic curves, we
can be more specific about the asymptotic holomorphic structure of a Nahm transformed

Higgs bundle.

6.9.1 DOUBLY-PERIODIC INSTANTONS

In this section we will consider the special case of g = 1 where T*J = J x C is a complex
two-dimensional surface and J is the dual to the Riemann surface J = % of genus 1 on

which the parabolic Higgs bundles live.
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Fix a parabolic structure and let .# be the moduli space of parabolic Higgs bundles
of parabolic degree zero. For E € .# the Nahm transform (IE, @) is a Hermitian vector

bundle of rank nl — mg with a unitary connection satisfying the anti-self-duality equation

where * is the Hodge-* on J x C equipped with the flat Euclidean metric.

Theorem 6.9.8. If E € .# is a stable parabolic Higgs bundle of parabolic degree zero,
then NV has finite energy.

Remark 6.9.9. In arecent paper, Mochizuki [55] gave an equivalence between L2-instantons
on J x C and harmonic bundles with so-called wild singularities on J. The equivalence
is given by a Nahm transform. The parabolic Higgs bundles we study are covered by

Mochizuki’s more general argument.

We will use a similar approach to that used by Jardim [46, Theorem 3| to prove
Theorem 6.9.8. First, we establish some notation. Let E = (E, D") be the fixed parabolic
Higgs bundle. The family (6.13) defines two families of differential operators D7, and
D’ by

D’Z"ws = gA,Zs + D5 = 045 + zdés + Os + wdés = D"s + zdEs + wds

D’ 5 =045+ ®ps = 05 — ZdEs + D75 + wdés = D's — zdés + wdEs

where z,w € C and £ is a coordinate on J with d¢ trivialising the canonical bundle. The
O-operator 5,472 is the 0-operator on E ® L, induced by 94 on E. As the canonical bundle
of J is trivial, holomorphic sections have the form wdé where w is a constant. Likewise,
denote by D, ,, and D}, the Dirac-Higgs operators for (£, D7 ), see Section 6.6.1.

Let u be a local section of E. Then consider it as a local section of E @ (K ;0 Kj)
on J x C x J with coordinates (z,w,§). If we consider the Dirac-Higgs operator and the
trivial connection d as operators acting on bundles on J x C x .J, then dD; , and D7 ,,d

are operators
P(m3(B @ (K ;@ K ) = D3 (B © (K; A K )™) 0w (T"(J x €)))

where 71, mo are projections to J x C and J , respectively.
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Lemma 6.9.10. Let u(z, w,§) = u1(z, w, &) +uz(z, w,§) be a section of 73 (E® (K ;8K ;)),

then ~
“ _ _(dz dw A
[, Dz lu = Qu = <dw —dz> <d§ A u2> '

Proof. The lemma follows as D7 ,, depends linearly on (z,w). Expanding the commutator

and using the following identities

[d, Oalur = [d, Daluz = 0 d, Plug = [d, ®*]u1 =0
[d, zd€]uy = dz(d€ A uy) [d, Zd€]ug = dz(d€ N uz)
[d, wd€]uy = dw(dE N uq) [d, wd€]ugy = dw(dg A ug)
defines the operator €. O

Corollary 6.9.11. If u is a section of E considered as a section of E ® (K; @ Kj) on
JxCxJ, then
D} ,du = Qu.

Proof. This follows directly from Lemma 6.9.10 as D} ,u = 0 for all (2, w). O

Lemma 6.9.12. There exists R > 0 and C > 0 depending on ® and ®*, such that for
when |w| > R
20112
C|w| HSHL2 < ‘<ws7szl,wD;,wS>‘

for all s € DYQO(E). Here w is the Kihler form on J.

Proof. First, notice that if s € DYQY(E), then D), s € DYQ'(E) and by Lemmas 6.2.12
and 6.3.5
[(ws, DY, D ys5)| = D% sl < oo

Let s € DEQO(E) have unit length with respect to the L%-norm. As
D!, D.,s=D.,D,,+ |w|?d€ A dEs + wdé A D*s — wdE A s,
it follows that
[(ws, DY, D’ ,s)| > ‘HD'Z,OSH%Q + |w|?* - [(ws, wdg A ®*s — wdé A Ps)||.

To determine the size of the last term we use that ® € DYQ!(Endy E) so the L?-norm is
finite,

[(ws, wd§ A ®*s) — (ws, wdé A Ds)| < |w|(|®*s| 12 + [|Ps][ 2)

< [w[([|®][ 2 + [ @]l 2) = [w]R
with R depending only on ¢ and ®*.
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When |w| > R we have |w|? — R|w| > 0 and there is a C such that |w|* — R|w| > C|w|*

for |w| > R, therefore

‘<WS7D//w‘D/z,wS>‘ > ||D;,05||%,2 + |w|2 - R‘w| > C|’U)|2,

Z’
as required. ]

Proof of Theorem 6.9.8. Let {u;} be a local frame for [E. With respect to the L2-inner
product, the (i, j)-coefficient of Fg is

(Fg)ij = <“iﬁ2u7>
= (u;, dPdu;)
— — (4, dD, ,G, D’ du;)

<dui7 Dz,sz,tz,wduj>
(iAD} ,dui, G, ,, D ,duy)
<ZAQU1, Gz,wQuj>

where the fourth equality is from D, G, D7, being projection onto the orthogonal

*

> and the second to last equality is Lemma 6.6.2.

complement of ker D
Using Lemmas 6.6.3 and 6.9.10 and splitting u; = u} + u? into types, we expand the
above equation. The anti-self-duality of F¢ and that the metric on J x C is Euclidean

gives that it is enough to consider the asymptotics of the coefficients
<z’A(d§_ Aub), G (dE A u})> and <iA(dg‘ Aud), G (dE A u§)>
where éz,w is the inverse of the isomorphism
DY D, : DYQY(E) — DO (E).

If s € DEQY(E) is such that D), D’ s is of the form d¢ A u for u € DYQM, then
| DY D~ 5l 12 < 0o. It follows from Lemma 6.9.12 and Cauchy-Schwarz that for such s

CluP|sll 2 < IIDZyDyslls  for  Jw| > R. (6.16)
Using the estimate (6.16) we get that for |w| > R

Hdé/\ UHL? = ||D,,z/,wD/z,wéz,w(dg/\ U)HL2
- HD/z/,wD/z,wsz7w”L2

> Clwl*|ls20

|12

= C\w\z\\@z,w(dér/\ u)l| 2
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and thus
[(iMdE A ub), G Aub )] < 1€ Al 2 G (A A ) o
1 _ _ _
< Glwl g Al 2 1€ Al 2

when |w| > R. A similar estimate for the other coefficient follows by a parallel argument.

Together, this proves |Fg| = O(Jw|™?) and therefore that V has finite energy. O

Remark 6.9.13. What is really shown in the proof of Theorem 6.9.8 is that the curvature
decays quadratically |Fg| ~ lw| ™2 for |w| — co. This is a stronger statement than being
L2

Remark 6.9.14. From the description of the curvature Fg in the proof of Theorem 6.9.8
and Lemma 6.9.10, it follows directly that Fg is of type (1,1) and orthogonal to the Kéhler
form on J x C associated to the flat Euclidean metric. This gives a different proof that

F-

¢ is an anti-self-dual two-form.

ASYMPTOTIC HOLOMORPHIC STRUCTURE

In this section we consider the holomorphic structure of I@\ J,, as |w| tends to co.

Proposition 6.9.15. Let E be a stable parabolic Higgs bundle of parabolic degree zero on
an elliptic curve. Then é|JOO 18 a homogenous bundle determined by the parabolic structure
of E.

Proof. As d¢ does not vanish on J it is an injective sheaf map E — EK. It then follows

from Proposition 6.9.7 that é’] J.. is a homogeneous bundle. The cokernel of
dg
0—-FE—=SKD)—Q—0

is a skyscraper sheaf supported on D of lengths [ — m(wy(P)) at each P € D with
w1 (P) = 0 otherwise of length [. The sheaf Q is therefore completely determined by the
parabolic structure. As €|y ~ m.(¢*Q ® P) where ¢: J x J — J and 7 : J x J — J are

projections, it follows that é |7, is determined by the parabolic structure. O

Corollary 6.9.16. Let D = P, + --- + P, be parabolic points with zero-weights of multi-
plicity mp,(0) =1 —1 for all i, then

(S‘A|JOo szl@---EBLpn.
Proof. From the assumptions, the cokernel sheaf of
d¢
0—-F—=>SKD)—Q9—0
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is a skyscraper sheaf supported on D with length one at each point. Then
T("*Q®P)~Lp @ - @ Lp,
proving the result. O

Example 6.9.17. Let D = P + (—P) where we use that J is an elliptic curve to say
—P € J. We also assume P is not an order two point of J. Define weights at =P to be 0
with multiplicity m4p(0) =1 — 1 and a4 of multiplicity 1. Finally, assume 1 = ay + a—.

Let E be a stable parabolic Higgs bundle of parabolic degree zero with the above
parabolic structure. Then the Nahm transform (E,@) has rank two and extends to a
holomorphic bundle on T x P! with Chern character 24 h — lth, where [ is the rank of E.

From Theorem 6.9.8 and Corollary 6.9.16, | is an SU(2)-instanton with quadratic
curvature decay. These instantons have been extensively studied by Jardim [46, 47| and
Biquard and Jardim [10], where they obtain an equivalence between SU(2)-instantons on
J x C and singular Higgs bundles on J. The equivalence also goes through a Nahm
transform defined using L?-theory. The singularities of the singular Higgs bundles are
much like the ones for our parabolic Higgs bundle but with one difference being that the
non-zero weights are 1 + a with 0 < a < % and topological degree —2. This is a singular
Higgs bundle rather than a parabolic Higgs bundle as the difference between the weights
is more than 1 at P. Another difference is that Jardim requires his residues of Higgs
fields to have a non-zero eigenvalue, whereas we require our Higgs fields to have nilpotent
residues.

The holomorphic structure of Jardim’s bundles also extend to J x P! and due to the
topological degree —2 the natural extension has Chern character 2 — [th. It should be
noted that if we do an elementary modification of our extended Nahm transform € on Jy
with the flat line bundle Lp, then the new holomorphic bundle & is also an extension of

E but now with Chern character 2 — Ith and with &'|;_ ~ Lp @& L_p.
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The results in this thesis raise several interesting questions which we discuss in this final

chapter.

1. In Section 2.2 we discussed the shape of the L2-solutions to the Dirac-Higgs equa-
tions for the global monomial rank one Higgs bundles (O, z¥dz) on C. The space of
L?-solutions to the Dirac-Higgs equations is k-dimensional. Based on this we made
Conjecture 2.2.4, claiming that if ¢ is a polynomial of degree k, then the space of

L2-solutions to the Dirac-Higgs equations for (O, ¢dz) has dimension k.

There are several possible avenues for proving the conjecture. Let D, denote the
Dirac-Higgs operator for (O, pdz). It is easy to prove that ker D, = 0. This follows
directly from DD, being a real operator. If we were able to prove that the index
of D, is —k, the conjecture would follow. To do this, we could use the conformal
invariance of the Dirac-Higgs operator, and compactify to P! by including the order
k + 2 pole of ¢dz. The right weighted L?-space to consider should emerge from the
analysis of Biquard and Boalch [9]. Having the right Sobolev spaces, we must prove
that D, is Fredholm. The homotopy t¢ + (1 — t)z* gives a homotopy between D,
and D_x showing that they have the same index. The conjecture then follows from

the explicit calculations of Lemma 2.2.3.

Alternatively, we could use the same approach as the proof of Theorem 6.4.1, giving
an isomorphism between ker D,, and H°(O &, O(k)). Here we again compactify
to P!, and consider the Higgs field dz as a section of O(k) as it is a meromorphic
section of O(—2) with a pole of order k£ + 2 at infinity. As the hypercohomology
is supported at the zeros of ¢ the Conjecture 2.2.4 would immediately follow. To
give a proof along the lines of Theorem 6.4.1, we could find an L2-resolution of

0 O(k) on P'. We expect the following to be such a resolution

O « ngo 9 1,200:1
dez Lpdz Jgodz
Ok) —— (1+ rk+2)L2Q1 0 _2 —— (1+ rk+2)L291 i1

where u € (14 r*+2) L2 if (1 4+ r¥+2)~1y € L2.

The latter approach to Conjecture 2.2.4 lends itself well to the Nahm transform.
At each point u the vector space ker Dy, splits, as Lemma 2.4.3, in a sum of
contributions from each zero of the z-polynomial ¢(z)+u on C. This decomposition
should be an eigenspace decomposition with respect to ¢(u), and the zeros of p(z)+u

are the eigenvalues of @(u).
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This description suggests that there is a spectral curve lurking behind the scenes,
facilitating the Nahm transform. The spectral curve should be the solution set of
©(2) +u on C2. Compactified to P! x P! it is the zero locus of a section of O(k, 1).
This makes for a 2k + 1-dimensional space of divisors. But as the Higgs field is
only singular at infinity, the intersection with {oo} x P! or P! x {oo} is (00, 0).
Furthermore, if the spectral curve is considered as a k : 1-covering of P!, the point
oo € P! is a branch point of order k. This cuts down the potential space of divisors
to k + 1. These k + 1 parameters match the number of coefficients in ¢. On the
other hand, the spectral curve is the zero locus of det(p(u) 4+ z1d). For fixed z this
must be a degree-one polynomial in « in order to get a line bundle when doing the
inverse Nahm transform. Expanding the characteristic polynomial for ¢ on P! x P!
we see that for it to agree with the spectral curve of ¢ we must have det ¢ be a
degree-one polynomial, and all other coeflicients of the characteristic polynomial be

constants. This again leaves k + 1 parameters.

In Chapter 3 we investigated the Dirac-Higgs bundle on the family of Higgs pairs
(A, ®+ta). Based on the localisation result in Theorem 3.1.1 and the model asymp-
totic behaviour in Proposition 3.2.1, we stated Conjecture 3.2.2 claiming that on a
small neighbourhood of a zero of a a solution to the Dirac—Higgs equations converge
as a distribution to a delta function. Based on the validity of this conjecture, we
show that there is a relation between the distributional behaviour of a solution to the
Dirac—Higgs equations and the limit of the corresponding sequence in the cokernel
decomposition. An element in a cokernel gives a functional on the fibre of the vector
bundle at the zeros of the Higgs field. Their limit is what we expect a solution to
the Dirac—Higgs equations distributionally converge to. The same picture should be

valid for higher rank Higgs bundles as well (Conjecture 3.2.6).

If the two conjectures are true we give below a natural condition for a frame to have
a unitary limit. We only consider the rank one case as the general case is similar.
Let (A, ®) be a Higgs pair solving the Higgs bundle equations on a Hermitian line
bundle (L, h), and denote by L the Nahm transform.

Recall from Lemma 2.4.3 the isomorphism

2g—2
D,
p i ker DYy o ~ H'Y(L,®) — @B coker(L., — LK.,
=1

given by evaluating the (1, 0)-part of a 1-form in ker D% 4 at the zeros of ®.

Assume a € H°(K) only has simple zeros. On the line generated by « consider a

frame &, = (fI,..., fﬁg_Q) for L. The frame é; is said to have the limiting property



. 7T p N .
tlgélo \/;p’(f,i) ce; =6 and ||ff|, constant in t
where p/(fL) - ¢; is the i’th component of the vector p/(ff).

3.,
We define a frame by identifying each coker(L,, — LK,) with C and a section in
the frame by specifying a complex number at each z;. A frame with the £’th element

of the frame being \/% at zp and zero at the other z; has the limiting property.

If Conjecture 3.2.2 is true we prove that frames with the limiting property are unitary

in the limit.

Theorem 7.0.18. Let L be the Nahm transform of a degree zero rank one Higgs
bundle. Assume o € HY(K) only has simple zeros. On the line generated by o let
ér = (ff, - ,fég_Q) be a frame with the limiting property. Then in the limit t — oo

the frame é; is unitary with respect to the L?-metric on L.

Proof. Let x1,...,x24_2 be the zeros of a and let U; be a disk around x;. The zeros
of ® + ta converge to the zeros of « as t — co. For ¢ sufficiently large there is one
zero of ® + ta in each U;. Let C' =X\ U?ifUi be the complement of the U;’s. By

definition
29—2

<?’f£>h=Lh( i fi)w + Z/Uh( i, fhw.
=1 i

The first term vanishes in the limit by Cauchy—Schwartz and Theorem 3.1.1

. ftopty |
Ji] [ 55 ] =
The limiting property of the frame é and the local distributional behaviour of so-
lutions to the Dirac—Higgs equations (Conjecture 3.2.2) shows that the element f'}é
concentrates at xp and decays to zero at z; for | # k. By Cauchy—Schwartz we get
for j # k

lim ‘/ h(f]’?,f,ﬁ)w‘ —0 for all 4.
U;

t—o00

If j = k the limiting property of f; and Conjecture 3.2.2 gives

lim/ ‘fﬂiw:éw
U;

t—o00

Combining all of the above, the theorem follows. O

. One of the main motivations for the study of asymptotics of solutions to the Dirac—
Higgs equations is to identify the essential image of the Nahm transform for Higgs

bundles constructed by Bonsdorff [14]. Bonsdorff shows that the Nahm transform is
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injective. His proof only uses the fact that as a holomorphic bundle on J x H°(K)
the Nahm transform of a Higgs bundle extends to J x P9. The connection plays
no role in that story. It is therefore likely that studying the asymptotics of the
connection on the transformed bundle will reveal boundary conditions under which

the image can be identified.

If Conjecture 3.2.6 is true, frames with the limiting property should be helpful in
revealing information about the asymptotic behaviour of the connection, e.g. it

should be possible to show that the curvature vanish at infinity.

A Nahm transform should ultimately be an isometry between moduli spaces of so-
lutions to different versions of the anti-self-duality equations. If this is also the case
for Higgs bundles, we would expect to see a Hitchin fibration in this suggested 'mod-
uli space’ of Nahm transformed Higgs bundles. The spectral data construction of
the Fourier—-Mukai transform in Section 4.5 seems to suggest that an appropriate
subspace of the rational maps P9 — P2 (9=1)=9 should constitue the base for the fi-
bration. To determine the base we need to understand the locus of PY on which the
rational maps are fixed. Furthermore, the fixed locus would also give information
about the deformation theory of the 'moduli space’ of transformed Higgs bundles.
A rational map in the base space is equivalent to a hypersurface Y from Section 4.5
as they both contain the information of the spectral curve (Theorem 4.5.10). In this
light, it is natural to conjecture that deformations of ¥ C S x P9 C T*¥ x P9 are
in one-to-one correspondence with deformations of the spectral curve S C T*3 used
to define Y. If this is so, it would indicate that the 'moduli space’ of transformed
Higgs bundles has the correct dimension and that the space of Y’s or rational maps

should indeed be the base space of the fibration.

A similar type of Hitchin fibration is also conjectured by Biquard and Jardim [10]

for doubly-periodic instantons.

In Section 6.9.1 we construct doubly-periodic instantons from parabolic Higgs bun-
dles on a genus one Riemann surface. To define the Nahm transform we fix the
topology of the underlying smooth bundle, the parabolic points, and the weights for
the parabolic structure. On the instanton side we recover the parabolic points as the
limiting holomorphic structure on the torus at infinity (Corollary 6.9.16). The rank
of the parabolic Higgs bundle we expect to be the energy of the instanton and also
the second Chern class of a bundle on the compactification extending the instanton,
Proposition 6.9.4. We expect the weights to be the monodromy of the instanton

around the torus at infinity.



The expectations are based on Example 6.9.17 where we construct rank two doubly-
periodic instantons with quadratic curvature decay similar to those constructed by
Jardim [46]. Using a good gauge at infinity Jardim [47] confirms the expectations
above in regards to the rank and weights. His arguments solely build on the quadratic
decay and therefore also applies to our situation. We expect it to be possible to

extend Jardim’s good gauge to the more general type of instantons.

Biquard and Jardim [10] identifies a third invariant x4 determined by the asymptotic
behaviour of the doubly-periodic instanton. This invariant corresponds to the one
non-zero eigenvalue of the residue of the singular Higgs field. In our case, the residues
are nilpotent. It is not that we construct instantons with u = 0, because if the
parabolic point P is not of order two, then there are no doubly-periodic instantons

with © = 0 by [10, Lemma 5.6].

If the invariants mentioned above are all fixed, Biquard and Jardim shows that
the moduli space of quadratically decaying SU(2)-doubly-periodic instantons is a
hyperkéhler manifold of complex dimension 4k — 2 where k is the instanton charge.
Furthermore, they show that with these invariants fixed the Nahm transform is a
hyperkéhler isometry. If we consider the parabolic Higgs bundles in Example 6.9.17,
the moduli space of these also has dimension 4k — 2 where k is the rank of the
parabolic Higgs bundle. In Example 6.9.17 we fix only the rank of the bundle, the
parabolic points, and the weights. There is no extra continuous parameter as in
the singular Higgs bundle case. Understanding the relation between the two Nahm

transforms seems interesting.

. In Section 6.8 we discussed the limiting configurations of [53] in the framework
of parabolic Higgs bundles. We also mentioned that the construction of limiting
configurations in [53] as limits of Higgs pairs (A¢, ®;) where (A, t®P;) satisfies the
Higgs bundle equations. It would be interesting to examine the behaviour of L?2-
solutions to the Dirac-Higgs equations for (A, t®;) in the large ¢-limit. Because
of the explicit expressions for the fiducial Higgs bundles it is possible to do a local
study of the solutions to the Dirac—Higgs equations along the lines of Section 6.8.1.
It is expected that the procedure for proving Conjecture 3.2.2 apply to this setting
as well. If it is furthermore possible to prove Theorem 3.1.1 for the family of pairs

(A4, t®;) we would be able to construct a limiting unitary frame discussed above.

The proof of Theorem 3.1.1 does not apply to the pairs (A, t®;) as both the con-
nection A; and Higgs field &, depend on t. In Remark 3.1.5 we stressed that it was

important that the Hermitian metric was independent of ¢, but this was under the
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assumption that A and ® are independent of ¢ as well. This is not the case any-
more. To make the same proof work we would need bounds on the operator norms
of G(—,®;), H(—,®,), in the notation of Section 3.1. The analytical work in [53]
might provide the bounds needed.

7. A similar limiting investigation of Higgs bundles is done by Collier and Li [18] for a

140

special type of Higgs bundles in the so-called Hitchin component. They obtain inter-
esting decay results for the Hermitian metric away from the zeros of the determinant
of the Higgs field. It would be interesting to understand the asymptotic properties

of solutions to the Dirac-Higgs equations in their setting.



NOTATIONAL CONVENTIONS

The following is a list of selected notation and notational conventions adopted throughout

the thesis.

> is a Riemann surface with canonical bundle K.

FE is either a complex or a holomorphic vector bundle.
FE K is shorthand for the tensor product £ ® K.

£ is a coherent sheaf.

HO(€) is an abbreviation for the cohomology group H°(X, £) when the underlying space
X is apparent.

R f.(F) is the higher direct image of sheaf F along a holomorphic map f.

R’ f,(F*) is the higher direct image of complex of sheaves F* along a holomorphic map
f.

In general, bold face notation refers to sequences of coherent sheaves or objects derived
from such, eg. E = F % E® K (D) is a parabolic Higgs bundle, Hom(E, F) are
homomorphisms between parabolic Higgs bundles, H*(E) is hypercohomology.

h is a Hermitian metric on E.

A is a unitary connection on (F, h).

04 and 94 the (1,0) and (0, 1)-parts of the covariant derivative d4 of a connection A.
(A, ®) is a Higgs pair.

D" =04+ ® and D' = 94 + ®* denote Higgs bundle differentials.

D4 ¢ is the Dirac-Higgs operator associated to a Higgs pair (A, ®) and D} ¢ its adjoint.
</ is the affine space of unitary connections on (E, h).

% is the affine space of J-operators on E.

A is the moduli space of polystable Higgs bundles of fixed rank and degree, and .#*

is the stable locus.
W} is the weighted Sobolev space of functions with & derivatives in weighted LP.

DZ is the weighted Sobolev space of sections with the regular part of a section in

unweighted Sobolev space LY and singular part of a section in weighted Sobolev space
P

W
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