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Abstract

The Dirac–Higgs Bundle

Jakob Lindblad Blaavand

Balliol College

A thesis submitted for the degree of Doctor of Philosophy, July 2015

The Dirac–Higgs bundle is a vector bundle with a natural connection on the moduli

space of stable Higgs bundles on a compact Riemann surface. It is a vector bundle of

null-spaces of a Dirac-operator coupled to stable Higgs bundles. In this thesis, we study

various aspects of this bundle and its natural connection.

The Dirac–Higgs bundle is hyperholomorphic on the smooth hyperkähler moduli space

of stable Higgs bundles. This property is a generalisation of the four-dimensional anti-

self-duality equations to hyperkähler manifolds. One use of the Dirac–Higgs bundle is the

construction of a Nahm transform for Higgs bundles. This transform produces hyperholo-

morphic bundles on the moduli space of rank one Higgs bundles.

The Higgs bundle moduli space is non-compact and we study the asymptotics of the

connection in the Nahm transform of a Higgs bundle. We show that elements of the null-

spaces concentrate at a finite number of points on the Riemann surface. This asymptotical

behaviour naturally defines a frame for the Nahm transform, which is conjectured to be

asymptotically unitary.

By considering only the holomorphic structure, the Nahm transform of a Higgs bundle

extends to a holomorphic bundle on the natural compactification of the rank one Higgs

bundle moduli space. We discuss various aspects of this extended holomorphic bundle.

Most importantly, it is a sheaf extension in which the constituent sheaves and the extension

class have natural interpretations in terms of the original Higgs bundle. Furthermore, the

extended bundle is not fixed at the divisor at infinity; explicit examples show that it

depends on the type of Riemann surface, for example.

The Dirac–Higgs bundle has a parabolic cousin. In the parabolic case the rank depends

on the number of marked points and the total multiplicity of the zero weights in the

parabolic structure. The moduli space of stable rank two parabolic Higgs bundles on the

Riemann sphere with four marked points has complex dimension two. Furthermore, there

is a combination of parabolic weights such that the Dirac–Higgs bundle is a line bundle

with an instanton connection. We study the topology of this line bundle and find that

the instanton does not have finite energy. As in the non-parabolic case we define a Nahm

transform for parabolic Higgs bundles, and in the case of genus one Riemann surfaces use

it to produce doubly-periodic instantons of finite energy.
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Introduction

The Dirac–Higgs bundle is a vector bundle with a natural connection on the moduli space

of stable Higgs bundles on a compact Riemann surface of genus at least two. It is an

example of a bundle of null spaces of a Dirac-operator; such bundles are often called Dirac

bundles.

One of the first instances of a Dirac bundle is the ADHM construction of instan-

tons on R4 [4]. In this case, the Dirac bundle provides a finite dimensional hyperkähler

construction of the otherwise gauge theoretic moduli space of instantons on R4 [52].

In the algebraic formulation of the moduli space M of polystable Higgs bundles of fixed

rank and degree on a compact Riemann surface of genus at least two, the vector bundle

underlying the Dirac–Higgs bundle can be seen as the direct image of a universal Higgs

bundle under the projection to M . The moduli space was first constructed algebraically

by Nitsure [63] using Geometric Invariant Theory, and showing that it is a coarse moduli

space. Hausel [33] showed that if the rank and degree are coprime, then a universal Higgs

bundle exists. When the degree is non-zero, the direct image is not concentrated in just

one degree, so the Dirac–Higgs bundle is only a virtual bundle. Hausel directly used

that the Dirac–Higgs bundle is a virtual bundle to prove that there are no topological

L2-harmonic forms on the moduli space of stable Higgs bundles of degree one with fixed

determinant.

In Hausel’s application the connection played no role. In most applications, however,

the connection is of utmost importance. Following the ADHM construction of instantons

Nahm [58] considered translation invariant instantons on R4 and obtained a correspon-

dence between time-invariant instantons and instantons invariant by translations in three

directions, i.e. an equivalence between solutions to what are now known as Nahm’s equa-

tions and monopoles. The correspondence was formalised by Corrigan and Goddard [20],

and later by Braam and van Baal [16] who coined the term Nahm transform. Today,

there are a whole host of examples of Nahm transforms, all following Nahm’s original

recipe; see, for example the survey [48]. One of their main purposes is to find solutions

to differential equations that are generally difficult to solve, by transforming solutions of

‘equivalent’ equations where solutions are known to exist for other reasons. For example,

the ADHM construction of instantons using linear algebra data [4], or Hitchin’s construc-

tion of monopoles [38] in which a spectral curve yields a solution to Nahm’s equations

that via the Nahm transform produces a monopole.

In the case of the self-duality equations, solutions which are translation invariant in two

directions reduce to a pair consisting of a connection and a Higgs field on a vector bundle

on R2 satisfying the Higgs bundle equations. The equations are conformally invariant and

can thus be defined on a compact Riemann surface. This was first considered by Hitchin
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Introduction

in his landmark paper [39], in which he showed (among many other things) that solutions

to the Higgs bundle equations are provided by a stability condition for Higgs bundles.

A Nahm transform for Higgs bundles should therefore produce solutions to equations

analogous to the self-duality equations. This was first considered by Jardim [46], who

constructed doubly-periodic instantons from singular Higgs bundles on a Riemann surface

of genus one. Recently, Jardim’s work and the subsequent work of Biquard and Jardim [10]

have been greatly extended by Mochizuki [55], who gives an equivalence between doubly-

periodic instantons of finite energy and wild harmonic bundles on a Riemann surface of

genus one. Following Nahm’s recipe, Corrigan and Goddard [20] suggest there is a Nahm

transform for solutions to the Higgs bundle equations on R2 that produces solutions to

the Higgs bundle equations on a ‘dual’ R2. Szabó [72] also considered this problem and

constructed a Nahm transform between certain types of parabolic Higgs bundles on P1

and a ‘dual’ P1. The original conjecture of Corrigan and Goddard is still open.

The Nahm transform for ordinary Higgs bundles on compact Riemann surfaces of genus

at least two was first studied by Bonsdorff [14]. Bonsdorff used the language of derived

categories of coherent sheaves to assign a holomorphic vector bundle on the moduli space

of degree zero, rank one Higgs bundles to every stable Higgs bundle of rank at least two and

degree zero. In [15], he used twistor methods to obtain a connection on the transformed

bundle. The moduli space of rank one Higgs bundles is a hyperkähler manifold, and if

the curvature of a connection is of type (1, 1) with respect to all complex structures the

pair consisting of the bundle and connection is called a hyperholomorphic bundle. If the

hyperkähler manifold is four-dimensional, then the connection is an instanton. Bonsdorff’s

transform of a Higgs bundle is indeed a hyperholomorphic bundle. More generally, the

moduli space of stable higher rank Higgs bundles is hyperkähler and the Dirac–Higgs

bundle is also hyperholomorphic.

Hyperholomorphic bundles have come into fashion in recent years, most notably be-

cause of their role in mirror symmetry. Roughly speaking, one instance of the SYZ ap-

proach to mirror symmetry is a duality between a so-called BAA-brane in a hyperkähler

manifold and a BBB-brane in a ‘dual’ hyperkähler manifold. The three-letter combina-

tion of a brane indicates its relationship with the symplectic and complex structures of

the hyperkähler structure, with “A” standing for symplectic and “B” for holomorphic. To

first approximation an A-brane is a Lagrangian submanifold with a flat vector bundle and

a B-brane is a complex submanifold with a holomorphic bundle. A BBB-brane is there-

fore a holomorphic vector bundle on a complex submanifold for all complex structures, or

equivalently a hyperkähler submanifold with a hyperholomorphic bundle.

The moduli space of Higgs bundles found its way into the world of mirror symmetry

through the work of Hausel and Thaddeus [35], and Higgs bundle moduli spaces were

used by Kapustin and Witten [49] to give a physical proof of the Geometric Langlands
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Correspondence. Hitchin [42] has recently constructed examples of BBB-branes and their

conjectured BAA-brane counterparts in which the Dirac–Higgs bundle plays the role of

the hyperholomorphic bundle.

Returning to the Nahm transform, in good cases these are hyperkähler isometries

between various moduli spaces. In the case of Higgs bundles, Biquard and Jardim [10]

found appropriate boundary conditions on the doubly-periodic instantons to get a hy-

perkähler isometry between the moduli spaces of certain doubly-periodic instantons and

certain singular Higgs bundles on a Riemann surface of genus one. In the case of ordi-

nary Higgs bundles on a Riemann surface of genus at least two, Bonsdorff [14] showed

that the holomorphic bundle of the Nahm transform extends to a holomorphic bundle on

a natural compactification of the rank one Higgs bundle moduli space. He additionally

showed that the association of this extended bundle to a stable Higgs bundle is injective.

However, the essential image of Bonsdorff’s transform is unknown, though it is expected

to be determined by boundary conditions on the connection. One of the first corollaries

to the Hitchin–Simpson Theorem (Theorem 1.1.4) is the existence of a Riemannian metric

with negative constant curvature, and finding the essential image of Bonsdorff’s transform

would give new information about the uniformizing metrics on the Riemann surface. This

is one of the reasons why this is an interesting, but also difficult, problem.

The Higgs bundles of most concern in this thesis are stable of degree zero and rank at

least two. The moduli space of these is however only coarse and lacks a universal Higgs

bundle. The Dirac–Higgs bundle is, strictly speaking, only defined locally. For the purpose

of studying properties of the connection this is of course not an issue as connections are

local objects. However, it would be interesting to understand the geometry of the Dirac–

Higgs bundle where it is globally defined. This is where parabolic Higgs bundles enter the

picture. Parabolic Higgs bundles often live very parallel lives to ordinary Higgs bundles,

but need more complicated analytic arguments due to the singularities. The moduli space

of parabolic Higgs bundles was first constructed by Konno [50], using weighted Sobolev

spaces defined by Biquard [8] but otherwise following Hitchin’s approach [39]. Despite

the close analogies, there are differences in the parabolic story, one being that under very

mild conditions on the parabolic structure, the moduli space is fine and has a universal

parabolic Higgs bundle. This makes it possible to construct a globally defined Dirac–Higgs

bundle when the parabolic degree is zero.

Results and overview of the thesis

This thesis revolves around the Dirac–Higgs bundle on the moduli space of stable Higgs

bundles on a compact Riemann surface Σ of genus at least two with underlying topological

bundle of degree zero and rank at least two. It is divided into seven chapters, the first of
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Introduction

which contains the background material. The following is an overview of the results from

each of the subsequent chapters.

In Chapter 2 we define the Dirac–Higgs bundle by introducing the Dirac–Higgs op-

erator and Hodge theory for Higgs bundles. Hodge theory gives an isomorphism between

the analytical and holomorphic aspects of the theory, and is an important tool in the

construction of the bundle. Ultimately, Hodge theory is the main ingredient of Theo-

rem 2.6.3, which shows that the Dirac–Higgs bundle is hyperholomorphic. We consider

the Dirac–Higgs equations for the trivial line bundle on C with monomial Higgs fields.

In this case, the equations can be explicitly solved using modified Bessel functions. We

find that if the monomial Higgs field has degree k, then there are k global solutions. We

conjecture this to be true more generally for polynomial Higgs fields of degree k. We use

the explicit calculations to give a toy model for the Dirac–Higgs connection and its cur-

vature. If the conjecture is true, we can construct a Dirac–Higgs bundle of rank k. This

Dirac–Higgs bundle can be used to construct a Nahm transform for Higgs line bundles on

R2, as conjectured by Corrigan and Goddard [20].

In Chapter 3 we use the Dirac–Higgs bundle to give an analytic construction of

Bonsdorff’s [14] transform, producing a hyperholomorphic bundle on J×H0(K), where J

is the Jacobian of Σ and K is the canonical bundle of Σ. The chapter primarily concerns

the asymptotics of the Dirac–Higgs connection along rays defined by a holomorphic one-

form. In the main theorem (Theorem 3.1.1), we consider square integrable solutions to

the Dirac–Higgs equations. We see that these solutions concentrate around the zeros of a

holomorphic one-form.

Following this, we return to the Higgs line bundles on C, focusing on Higgs fields

of degree one. In this explicit case, we observe the localisation of Theorem 3.1.1 and

furthermore see that a solution converges to a delta-function as a distribution. Based

on this observation, we conjecture it to be true also for Higgs line bundles on a compact

Riemann surface. The remaining part of Chapter 3 is conjectural in the sense that it

builds on the validity of this distributional conjecture.

We then shift focus and in Chapter 4 consider the holomorphic aspects of the Nahm

transform. Considered as a holomorphic bundle on the cotangent bundle of the Jacobian

we obtain Bonsdorff’s Nahm transform, which in algebraic terms may be thought of as

a Fourier–Mukai transform. We are mainly concerned with the extension to a holomor-

phic bundle on the natural compactification. The Fourier–Mukai transform is defined by

hypercohomology of a complex of sheaves. There are two spectral sequences converging

to hypercohomology and Chapter 4 consists of an investigation of the properties of the

Fourier–Mukai transform that can be extracted from these spectral sequences. The sec-

ond hypercohomology spectral sequence recovers the transformed Higgs bundle as a sheaf

extension. Generically, the constituent sheaves in the extension are locally free and are

xii



restrictions of Picard bundles determined by the vector bundle in the original Higgs bun-

dle (Corollary 4.2.10). In this generic case, the extension class is completely determined

by the Higgs field (Theorem 4.2.15). This is a way of extracting a Higgs bundle from an

element in the image of Bonsdorff’s transform. We formalise this using Beilinson’s spectral

sequence to give a different proof of Bonsdorff’s injectivity result (Theorem 4.3.6). We

also give a detailed analysis of the constituent sheaves in the non-generic situation and

see that they are not locally free (Proposition 4.2.22).

The first hypercohomology spectral sequence shows that applying the Fourier–Mukai

transform to a Higgs bundle results in a family of homogeneous vector bundles (The-

orem 4.4.6). We construct a Fourier–Mukai transform based on spectral data (Theo-

rem 4.5.5) and use the homogeneous bundle description to recover the spectral curve from

the holomorphic structure of the Fourier–Mukai transform (Theorem 4.5.10).

In order to understand the boundary conditions on the connection in the Nahm trans-

form of a Higgs bundle, it is natural to ask if the holomorphic structure of the extension to

the natural compactification is fixed along the divisor at infinity. We answer this question

in Chapter 5, in which Theorem 5.1.1 shows that on the big stratum consisting of holo-

morphic differentials without multiple zeros all transformed Higgs bundles are isomorphic.

In Section 5.2 we consider the holomorphic structure at infinity in various examples of

stable Higgs bundles. We see that the holomorphic structure not only depends on the un-

derlying vector bundle but also, rather surprisingly, on the type of the Riemann surface.

As a consequence, the holomorphic structure is not fixed on the whole divisor at infinity.

In Chapter 6 we turn our attention to parabolic Higgs bundles. Contrary to the

non-parabolic situation, only very mild conditions have to be imposed on the parabolic

structure for the moduli space to have a universal parabolic Higgs bundle (Section 6.5).

In Theorem 6.6.1 we construct the hyperholomorphic Dirac–Higgs bundle on the moduli

space of parabolic Higgs bundles. The proof of Theorem 6.6.1 requires many technical

results regarding weighted Sobolev spaces and the Fredholmness of certain elliptic oper-

ators. The centerpiece and most important theorem is a Hodge theorem for parabolic

Higgs bundles (Theorem 6.3.1). The rank of the hyperholomorphic vector bundle depends

on the number of parabolic points, as well as the total multiplicity of the zero-weights in

the fixed parabolic structure. A minimal non-trivial example is the case of four parabolic

points on P1 with parabolic structure such that the hyperholomorphic bundle has rank

one. Throughout Section 6.7.2, we investigate the topology and use this to argue why the

instanton most likely does not have finite energy (Theorem 6.7.14). Recently, the asymp-

totics of the L2-metric on the moduli space of ordinary Higgs bundles has been investigated

by Mazzeo, Swoboda, Weiss, and Witt [53] using so-called limiting configurations. Limit-

ing configurations are a special type of parabolic Higgs bundles. In Section 6.8 we discuss

the local shape of L2-solutions to the Dirac–Higgs equations for limiting configurations.
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In Section 6.9 we use the Hodge theorem to construct a Nahm transform for parabolic

Higgs bundles. We finish the chapter by specifying to the case of genus one, and show that

the Nahm transform constructs finite energy doubly-periodic instantons (Theorem 6.9.8).

Chapter 7 outlines a list of interesting problems related to the theory developed in

the previous chapters.
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1. Background material

In this chapter we recall general theory and basic facts that are used throughout the thesis.

We begin by giving an introduction to classical Higgs bundle theory: the foundation

on which the thesis builds. The material presented here mainly follows Hitchin’s original

landmark paper [39], and is a rundown of the important theorems in this area which will

be used in the thesis. The introduction is followed by a brief review of hypercohomology,

and lastly, we recall the most important properties of direct images of sheaves and their

higher derived versions.

1.1 Higgs bundles

Throughout this thesis, Σ is a compact Riemann surface and K denotes its canonical

bundle. The genus g of Σ is assumed to be at least two, except in Chapter 6 discussing

parabolic theory. We fix a metric in the conformal class of Σ and denote by ω the associated

Kähler form.

Let E → Σ be a smooth complex vector bundle of degree zero. Let h be a Hermitian

metric on E. We assume that (E, h) is fixed. Denote by A the space of unitary connections

on (E, h); this is an infinite dimensional affine space modelled on Ω1(u(E)) the space of

smooth 1-forms with values in u(E) the bundle of skew-Hermitian endomorphisms with

respect to h. Notice that Ω1(u(E)) ' Ω0,1(EndE) the (0, 1)-forms with values in EndE.

Definition 1.1.1. A Higgs pair (A,Φ) on (E, h) consists of a unitary connection A and

a Higgs field Φ ∈ Ω1,0(EndE).

A connection on a trivial bundle on four-dimensional Euclidean space which is transla-

tion invariant in two directions can be seen as a Higgs pair on two-dimensional Euclidean

space. If we in the same way consider the dimensional reduction of the four-dimensional

self-duality equations, we obtain the Higgs bundle equations for pairs (A,Φ)

FA + [Φ,Φ∗] = 0 and ∂̄AΦ = 0 (1.1)

where [Φ,Φ∗] = ΦΦ∗+ Φ∗Φ is the usual extension of the Lie bracket to Lie algebra valued

forms. The dual Φ∗ is taken with respect to the Hermitian metric h, and ∂̄A is the (0, 1)-

part of the covariant derivative of the connection A. The equations are often also known

as Hitchin’s self-duality equations as they first appeared in [39].

The Hermitian metric on E defines a bundle U(E, h) of unitary automorphisms of

(E, h). We denote by U the unitary gauge group of sections of U(E, h). The unitary

gauge group acts on A by

dA 7→ dAg := g−1 ◦ dA ◦ g = dA + g−1dAg for all g ∈ U ,

1



1. Background material

where dA is the covariant derivative of a point A ∈ A .

By choosing a local frame for E the covariant derivative has the form dAs = ds+ As

where we abuse notation and denote by A the connection matrix of the connection A. If

the frame is unitary the connection matrix A is skew-Hermitian. The curvature FA of A

can be defined as dA ◦ dA where we naturally extend dA to 1-forms with values in E. The

curvature therefore transforms as

FAg = g−1FAg for all g ∈ U .

The unitary gauge group U acts on Ω = Ω1,0(EndE) by conjugation g−1Φg for g ∈ U .

As g is unitary with respect to h the Higgs bundle equations are invariant under unitary

gauge transformations. The group U acts thus not only on A × Ω but on the solution

space to the Higgs bundle equations. The moduli space of Higgs bundles is the infinite

dimensional quotient

M = {(A,Φ) ∈ A × Ω | (A,Φ) satisfies (1.1)}/U .

A Higgs pair is called reducible if there is a splitting of the underlying Hermitian bundle

(E, h) = (E1, h1)⊕ (E2, h2) which is carried to the Higgs pair (A,Φ) = (A1,Φ1)⊕ (A2,Φ2)

such that Ai is a unitary connection on (Ei, hi) and Φi is a Higgs field on Ei. A Higgs pair

is irreducible if it is not reducible. The subset of M consisting of irreducible solutions is

denoted M ∗.

Theorem 1.1.2. The moduli space M ∗ of irreducible Higgs pairs satisfying the Higgs

bundle equations is a smooth real manifold of dimension 4 + 4(rkE)2(g − 1).

The theorem was first proved by Hitchin [39] for rank two and generalised to the higher

rank cases by Simpson [69].

Example 1.1.3. If (E, h) is a line bundle of topological degree zero and Hermitian metric

h, then as the commutator of 1-forms vanish the Higgs bundle equations requires A to be a

flat connection and Φ to be holomorphic with respect to ∂̄A, that is M ' Jac(Σ)×H0(K)

or by Serre duality M ' T ∗ Jac(Σ).

1.1.1 Algebraic formulation

On a Riemann surface the (0, 1)-part ∂̄A of a covariant derivative of a connection A defines

a ∂̄-operator on the underlying vector bundle. If (A,Φ) is a Higgs pair satisfying the Higgs

bundle equations the last of the equations requires Φ to be holomorphic with respect to

the holomorphic structure defined by ∂̄A. We can in other words consider a Higgs pair

as the holomorphic object (E, ∂̄A,Φ) where Φ ∈ H0(Σ,EndE ⊗ K). We call such a

2



1.1. Higgs bundles

pair a Higgs bundle. We will often abuse notation and write (E,Φ) with E denoting a

holomorphic vector bundle.

Let C denote the space of ∂̄-operators on E. This space is an infinite dimensional

affine space modelled on Ω0,1(EndE). In a local frame of E, a ∂̄-operator has the form

∂̄As = ∂̄s+ βs where β ∈ Ω0,1(EndE). The frame is holomorphic if β = 0.

The spaces A and C are isomorphic by associating to a unitary connection A the

∂̄-operator ∂̄A. Given a Hermitian metric, then to any ∂̄-operator ∂̄β there is a unique

unitary connection A = A(h, ∂̄β) called the Chern connection such that ∂̄A = ∂̄β. The

inverse map is given by associating to ∂̄β the Chern connection A(h, ∂̄β). In terms of local

connection matrices,

A(h, ∂̄β) = β − β∗ for β ∈ Ω0,1(EndE).

The complex gauge group G of sections of the bundle of complex automorphisms of E

acts naturally on C by

∂̄β 7→ ∂̄βg = g−1 ◦ ∂̄β ◦ g = ∂̄β + g−1∂̄βg for all g ∈ G .

The complex gauge group G also acts on A by A(H, ∂̄β)g = A(H, ∂̄βg) or in terms of

covariant derivatives,

dAg = ∂̄Ag + ∂Ag = g−1 ◦ ∂̄A ◦ g + g∗ ◦ ∂A ◦ g∗−1.

The first idea to construct the moduli space of Higgs bundles would be to consider the

quotient space

{(∂̄β,Φ) ∈ C × Ω | ∂̄βΦ = 0}/G

but due to jumping phenomena this quotient is not even Hausdorff. Also, we need a

condition equivalent to the first Higgs bundle equation. This condition is stability.

A Higgs bundle (E,Φ) is stable if all subbundles F ⊂ E preserved by Φ, that is

Φ(F ) ⊂ F ⊗K, satisfy

µ(F ) =
degF

rkF
<

degE

rkE
= µ(E),

and is semistable if the inequality is not strict. The fraction µ(E) is called the slope of

E. A Higgs bundle is polystable if it is a direct sum of stable Higgs bundles of the same

slope.

Using the notion of polystability we define the moduli space

M ′ = {(∂̄β,Φ) ∈ C × Ω | ∂̄βΦ = 0 and (E, ∂̄β,Φ) is polystable}/G .

One of the main theorems of [39] and [69] is identifying the moduli spaces.

3



1. Background material

Theorem 1.1.4 (Hitchin [39]/Simpson [69]). Let (E,Φ) be a Higgs bundle of degree zero,

then (E,Φ) is polystable if and only if E admits a Hermitian metric such that the Chern

connection satisfies the Higgs bundle equations (1.1). Furthermore, the Hermitian metric

is unique up to multiplication by a positive scalar. That is there is a homeomorphism

M 'M ′ giving a homeomorphism between the irreducible and stable loci M ∗ 'M ′st.

The purely analytic Theorem 1.1.2 also has an algebraic formulation. Nitsure [63] used

Geometric Invariant Theory to prove the following version.

Theorem 1.1.5. The moduli space M ′ of polystable Higgs bundles of degree zero and rank

rkE is a quasi-projective variety of complex dimension 2 + 2(rkE)2(g− 1) containing the

stable locus M ′st as an open smooth subvariety.

Requiring the degree of the vector bundle E to vanish is not a requirement for the

above theorems to work. Any degree will do, but the Higgs bundle equations must be

altered slightly. If the degree is non-zero the right hand side of the first equation is

iµ(E) Idω. When the degree and rank are coprime stability and semi-stability conincide

and the whole moduli space M ′ is smooth. Also, the moduli space is initially just a coarse

moduli space but Hausel showed [33] that if the degree and rank are coprime the moduli

space is fine.

One of the advantages of working with degree zero is that the Higgs bundle equations

are conformally invariant, as opposed to the non-zero case where the presence of ω on

makes the equations non-conformal.

Example 1.1.6. If E is a stable vector bundle on Σ, then for any Φ ∈ H0(Σ,EndE⊗K)

the corresponding Higgs bundle (E,Φ) is stable. If N is the moduli space of stable bundles

of degree zero and rank rkE then by Serre duality T ∗N ' N ×H0(EndE⊗K) and thus

T ∗N ⊂M . The complement has codimension at least two [40, Proof of Proposition 4.4].

Example 1.1.7. A non-trivial example is the canonical Higgs bundle of rank n ≥ 2

E = K(n−1)/2 ⊕K(n−3)/2 ⊕ · · · ⊕K−(n−3)/2 ⊕K−(n−1)/2

with Higgs field

Φ =


0 0 0 · · · 0
1 0 0 · · · 0

0 1 0 · · ·
...

...
. . . . . .

...
0 · · · 0 1 0

 where 1 : K(k−1)/2 → K(k−3)/2 ⊗K ' K(k−1)/2

is the identity section of O and K1/2 is a choice of one of the 22g square roots of K. The

only Φ-invariant subbundles are ⊕kj=1K
−(n−(2j+1))/2 with k = 1, . . . , n− 2 which all have

negative degree. Since deg(E) = 0 the canonical Higgs bundle is stable.
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1.1. Higgs bundles

Consider the rank 3 case

E = K ⊕O ⊕K−1 and Φ =

0 0 0
1 0 0
0 1 0

 .

The canonical Higgs bundle is of special interest since the Hermitian metric given by the

Hitchin–Simpson Theorem induces a metric on the tangent bundleK−1. The Higgs bundle

equations for this metric reduce to the single equation

FK−1 = −ω

where ω is the Kähler form on Σ determined by the Hermitian structure on K−1 and the

complex structure on Σ. If X is a local holomorphic section of the tangent bundle K−1

with pointwise length h(X,X) = 1, then the coefficient to the curvature FK−1 is

FK−1(X, JX) = −ω(X, JX) = −h(X,X) = −1,

thus the metric h has constant sectional curvature −1. Here J is the complex structure on

Σ. In other words, the Uniformization Theorem is a consequence of the Hitchin–Simpson

Theorem.

1.1.2 Flat connections

Let (A,Φ) be an irreducible Higgs pair solving the Higgs bundle equations on a bundle E

of degree zero. It is then easy to see that

D = dA + Φ + Φ∗

is a flat irreducible complex connection on E.

Conversely, if D is a flat complex connection then a Hermitian metric h induces a split-

ting D = dh+Ψ into a unitary and a self-adjoint part. Splitting further dh = ∂A+ ∂̄A and

Ψ = Φ+Φ∗ into types we can define the operators D′′ = ∂̄A+Φ and D′ = ∂A+Φ∗. Donald-

son showed [22] (for rank two) that there is a natural one-to-one correspondence between

irreducible Higgs pairs (A,Φ) satisfying the Higgs bundle equations and irreducible flat

complex connections. The equivalence goes through the existence of a so-called harmonic

metric: the operator D′′ defined via the metric satisfy (D′′)2 = ∂̄A(Φ) = 0. The proof was

later generalised by Corlette [19] to higher rank and to a more general setting relating

the existence of harmonic metrics for principal G-bundles with a flat semisimple complex

connection, when G is a complex reductive algebraic group.

Let X be the infinite dimensional affine space of complex connections modelled on

Ω1(Σ,EndE), and let X0 be the subset of flat complex semisimple connections. The

complex gauge group G acts on X in the usual way

D 7→ Dg = g−1 ◦D ◦ g = D + g−1Dg for all g ∈ G .

5



1. Background material

Donaldson and Corlette’s theorem can be interpreted as giving a homeomorphism

X0/G 'M .

This is a generalisation of the classical theorem of Narasimhan and Seshadri [60] giv-

ing a homeomorphism between the moduli space of flat unitary connections and stable

holomorphic vector bundles.

1.1.3 Hyperkähler structure

One of Hitchin’s main motivations for studying the Higgs bundle equations and the moduli

space of solutions was to find new examples of hyperkähler manifolds, and indeed M ∗

carries the structure of a smooth hyperkähler manifold [39].

In this section we review the definition of the three inequivalent complex structures

I, J,K generating the hyperkähler structure.

As above, we fix a topologically trivial smooth Hermitian vector bundle (E, h) on a

Riemann surface Σ.

The space Ω = Ω1,0(EndE) has a natural complex structure defined by multiplication

by i, denoted IΩ, and a natural symplectic structure

ωΩ(Φ̇1, Φ̇2) =

∫
Σ

Tr(Φ̇1 ∧ Φ̇∗2 − Φ̇2 ∧ Φ̇∗1) for Φ ∈ Ω and Φ̇1, Φ̇2 ∈ TΦΩ = Ω1,0(EndE).

The space C ' A also has a natural complex structure IC induced from the complex

structure on Σ: as C is modelled on Ω0,1(EndE) the complex structure is multiplication

by i, IC (β̇) = iβ̇ for ∂̄A ∈ C and β̇ ∈ T∂̄AC = Ω0,1(EndE). The natural symplectic

structure on C is

ωC (β̇1, β̇2) =

∫
Σ

Tr(β̇∗2 ∧ β̇1 − β̇∗1 ∧ β̇2) for ∂̄β ∈ C and β̇1, β̇2 ∈ T∂̄βC = Ω0,1(EndE).

The combination (ωC + ωΩ, IC + IΩ) of the symplectic and complex structures on C and

Ω defines a Kähler structure on C × Ω and hence on the subvariety

Dst = {(∂̄A,Φ) ∈ C × Ω | ∂̄AΦ = 0, (∂̄A,Φ) is stable}.

As we saw above, the moduli space of stable Higgs bundles M st with smooth underlying

vector bundle E is the quotient Dst/G .

The Riemannian metric defined by the symplectic structure ωC + ωΩ and complex

structure IC + IΩ is the natural L2-Hermitian metric

g((β̇, Φ̇), (β̇, Φ̇)) = 2i

∫
Σ

Tr(β̇∗ ∧ β̇ + Φ̇ ∧ Φ̇∗)

for (∂̄β,Φ) ∈ C × Ω and (β̇, Φ̇) ∈ T(∂̄β ,Φ)C × Ω = Ω0,1(EndE)⊕ Ω1,0(EndE).
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1.1. Higgs bundles

The space of complex connections X is an infinite dimensional affine space modelled

on Ω1(Σ,EndE) ' Ω0(Σ, T ∗Σ⊗R EndE) and has a natural complex structure J = 1⊗ i
coming from the complex structure of E (and not the complex structure of Σ). The

Hermitian metric on E, with the choice of a Riemannian metric from the conformal class

on Σ, defines a Riemannian metric on X which is Kähler with respect to J . By defining

the affine map C × Ω → X as (β,Φ) 7→ β − β∗ + Φ + Φ∗ the complex structure J on

X defines a complex structure also denoted J on C × Ω. In the coordinates (β̇, Φ̇) on

T(∂̄A,Φ)C × Ω = Ω0,1(EndE) ⊕ Ω1,0(EndE), J is J(β̇, Φ̇) = (iΦ̇∗,−iβ̇∗). The product

K = IJ defines another complex structure K(β̇, Φ̇) = (−Φ̇∗, β̇∗). For later reference

I(β̇, Φ̇) = (iβ̇, iΦ̇) J(β̇, Φ̇) = (iΦ̇∗,−iβ̇∗) K(β̇, Φ̇) = (−Φ̇∗, β̇∗) (1.2)

are three linearly inequivalent complex structures on C × Ω.

If we denote by ωJ and ωK the symplectic structures associated to (g, J) and (g,K),

respectively, then the symplectic structure ωJ + iωK is holomorphic with respect to the

complex structure I. Explicitly the symplectic structure is

ωJ((β̇1, Φ̇1), (β̇2, Φ̇2)) + iωK((β̇1, Φ̇1), (β̇2, Φ̇2)) = 2

∫
Σ

Tr(Φ̇1 ∧ β̇2 − Φ̇2 ∧ β̇1) (1.3)

in the coordinates on T(∂̄A,Φ)C × Ω.

1.1.4 Spectral data and the Hitchin fibration

The Higgs bundle moduli space M has a very rich geometry. Besides the hyperkähler

structure considered above, Hitchin [39] also showed that M is an algebraically completely

integrable Hamiltonian system, more specifically that the map

M
H−→

rkE⊕
n=1

H0(Σ,Kn) defined by (E,Φ) 7→ (Tr Φ,Tr∧2Φ, . . . ,det Φ)

is proper, surjective, and choosing a basis {λi}rkE
2(g−1)+1

i=1 for the dual of the base space,

the functions fi = λi ◦H commute with respect to the Poisson bracket determined by the

holomorphic symplectic structure (1.3) on M . The map H is called the Hitchin map. In

the remainder of this section we follow [7] and describe the generic fibre of the Hitchin

map.

Let (E,Φ) be a stable degree zero Higgs bundle rank of rank r on Σ. Then, the

characteristic polynomial of Φ defines a curve of eigenvalues of Φ in the total space of the

canonical bundle p : K → Σ

0 = det(Φ + η Id) = ηr + Tr Φ ηr−1 + · · ·+ det Φ

where η is the tautological section of p∗K on K. This curve is called the spectral curve

of (E,Φ) and is denoted by S. The spectral curve is a r : 1-branched cover of Σ. The

7



1. Background material

branch points are the points on Σ where Φ has multiple eigenvalues. The total space of

the cotangent bundle has trivial canonical bundle. Combining this with the adjunction

formula, the the canonical bundle of S isKS ' p∗Kr, and thus the genus of S is r2(g−1)+1.

On a smooth spectral curve S there is a line bundle L defined by the exact sequence

of vector bundles [7]

0→ L⊗ p∗K1−r → p∗E
Φ+η−−−→ p∗(E ⊗K)→ L⊗ p∗K → 0.

The vector bundle E is recovered as the direct image sheaf p∗L of the line bundle L under

the branching map p. The degree of L is r(r−1)(g−1) and any line bundle of this degree

pushes down to a vector bundle of degree zero. The Higgs field is recovered by pushing

down

L
η−→ L⊗ p∗K

under p. If S is smooth, then the Higgs bundle (E,Φ) is equivalent to (S,L).

Notice that a point in the base of the integrable system defines the equation of a

spectral curve. For a generic point in the base the associated spectral curve S is smooth.

By following the above recipe, pushing down any degree r(r − 1)(g − 1) line bundle and

tautological section from S to Σ produces a Higgs bundle of degree zero and rank r. By

the Cayley–Hamilton Theorem the Higgs field will satisfy the equation defining S, and

restricting the Higgs field to an invariant subbundle would divide the equation for S.

However, S is smooth and hence irreducible and there are hence no invariant subbundles

of this Higgs field. The constructed Higgs bundle is therefore stable.

The above shows that the generic fibre of the Hitchin map is the Jacobian of degree

r(r − 1)(g − 1) line bundles on the spectral curve determined by the point in the base.

Notice that the genus of S is 1 + r2(g− 1), i.e. half the dimension of the moduli space, as

it should be.

1.1.5 Higgs bundles and the derived category of coherent
sheaves

In Chapter 4 we use the derived category of coherent sheaves as a convenient tool for

some of the computations. A good introduction to derived categories for the purpose of

Fourier–Mukai transforms can be found in [6] or [44]. In this section we describe how

Higgs bundles can be treated using derived categories.

Let (E,Φ) be a Higgs bundle and consider it as a two term complex of locally free

sheaves concentrated in degrees 0 and 1

E
Φ−→ E ⊗K,

that is an object in D(Σ) the bounded derived category of coherent sheaves on Σ.
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A homomorphism between two Higgs bundles (E,Φ) and (F,Ψ) is a homomorphism

η : E → F making the following diagram commutative.

E E ⊗K

F F ⊗K.

Φ

η η⊗Id

Ψ

Homomorphisms between objects in the derived category do not require the homomor-

phism E ⊗K → F ⊗K to be of the form η ⊗ Id and it is therefore easy to see that for

any non-zero c ∈ C there is a homomorphism between (E,Φ) and (E, cΦ) as elements of

D(Σ) but not as Higgs bundles in general. As c is non-zero, the homomorphism induce an

isomorphism between the cohomology sheaves of the complexes, i.e. a quasi-isomorphism,

and therefore an isomorphism in the derived category. This is problematic as in general

(E,Φ) and (E, cΦ) are not isomorphic as Higgs bundles. To rectify this we extend a Higgs

bundle (E,Φ) to a family of Higgs bundles.

Let (E,Φ) be a Higgs bundle on Σ. Consider the family of Higgs bundles

E
Θ−→ E ⊗K ⊗OPg(1)

parametrised by Pg = P(CΦ ⊕ H0(Σ,K)), such that the restriction to Σ × [a : α] is the

Higgs bundle

E
aΦ+α Id−−−−−→ E ⊗K.

We view this family of Higgs bundles as a two term complex of coherent sheaves on Σ×Pg

and denoted it by C(E). As above, C(E) ∈ D(Σ× Pg).

Proposition 1.1.8. The category of stable Higgs bundles is a full subcategory of D(Σ×Pg).

Proof. Let C(E) and C(F ) be two Higgs bundles considered as elements of D(Σ×Pg) and
let f• be a homomorphism between C(E) and C(F ), that is the diagram of locally free

sheaves on Σ× Pg

E E ⊗K ⊗OPg(1)

F F ⊗K ⊗OPg(1)

f0

ΘE

f1

ΘF

is commutative. When restricting to Σ × [0 : α] for any α ∈ H0(K) it follows that

f1 = f0⊗ Id, and f• therefore restricts to a homomorphism of Higgs bundles on Σ× [1 : 0].

Assume now that f• is a quasi-isomorphism. It is not difficult to show that ΘE and ΘF

are injective [14, Lemma 3.2.1.1], giving a commutative diagram of short exact sequences

0 E E ⊗K ⊗OPg(1) QE 0

0 F F ⊗K ⊗OPg(1) QF 0

f0

ΘE

f0⊗Id f

ΘF

9
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where f is the isomorphism induced on cohomology by the quasi-isomorphism f•. The

short exact sequences combined with f : QE → QF being an isomorphism implies that

ch(E) = ch(F ), and thus µ(E) = µ(F ). It now follows from [33, Theorem 4.3] that the

restriction of C(E) and C(F ) to Σ× [1 : 0] are isomorphic as Higgs bundles.

Remark 1.1.9. Another way to rephrase Proposition 1.1.8 is to say that quasi-isomorphisms

of complexes on Σ× Pg associated to Higgs bundles are isomorphisms of Higgs bundles.

1.1.6 Kähler identities

A very useful but often overlooked fact is that Higgs pairs satisfies the usual Kähler

identities.

Lemma 1.1.10. Let (A,Φ) be a Higgs pair on a smooth Hermitian vector bundle (E, h)

and denote by D′′ = ∂̄A + Φ and D′ = ∂A + Φ∗. We have the following Kähler identities

1. (D′′)∨ = −i[Λ, D′]

2. (D′)∨ = i[Λ, D′′]

where (D′)∨, (D′′)∨ : Ωs(E) → Ωs−1(E) are adjoints with respect to the L2-inner product

on Ωs(E) defined by h, and Λ is contraction with the fixed Kähler form on Σ.

Proof. The lemma is proved in a similar fashion to the usual Kähler identities; see e.g. [71].

1.2 Hypercohomology

An essential tool used time and time again in the present thesis is hypercohomology of a

complex of sheaves. In this section we set the notation straight and introduce the most

important results.

Let (E•, δ) be a complex of sheaves on a topological space X

E0 → · · · → Ep δ−→ Ep+1 → . . . ,

where Ep’s are abelian sheaves and δ’s are sheaf maps satisfying δ2 = 0.

For a complex of sheaves (E•, δ) the notion of cohomology sheaves Hq = Hq(E•) is

defined as the sheafication of the presheaves

U 7→ ker{δ : Eq(U)→ Eq+1(U)}
δEq−1(U)

where Eq(U) = H0(U, Eq) and U is an open subset of X.
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Let U = {Uα} be a covering of X and Cp(U,Hq) the Čech cochains of degree p with

values in Hq. The two coboundary operators

d : Cp(U,Hq)→ Cp+1(U,Hq)

δ : Cp(U,Hq)→ Cp(U,Hq+1),

anti-commute, dδ + δd = 0, and square to zero, d2 = δ2 = 0, thus giving rise to a double

complex

(Cp(U,Hq), d, δ).

The hypercohomology is defined as the direct limit of the cohomology of the total complex

(C•(U), d+ δ) of (Cp(U,Hq), d, δ),

H∗(X, E•) = lim
U
H∗(C•(U), d+ δ).

The hypercohomology can be calculated by either of two spectral sequences with second

pages given by

IEp,q2 = Hp(X,Hq(E•)) and IIEp,q2 = Hp
δ (Hq(X, E•)), (1.4)

where the first spectral sequence is the Čech cohomology of the cohomology sheaves

H∗(E•), and the second spectral sequence is the cohomology of the complex

H∗(X, E0)
δ−→ H∗(X, E1)

δ−→ . . . .

If a spectral sequence only has two non-zero adjacent rows on the second page, then there

is a long exact sequence relating the groups in the spectral sequence to the limit, see e.g.

[75, Exercise 5.2.2],

· · · → Hp → Ep−1,1
2 → Ep+1,0

2 → Hp+1 → Ep,12 → Ep+2,0
2 → Hp+2 → . . . (1.5)

This can be generalised to the case of a spectral sequence with only two non-zero rows

or two non-zero columns on the final page. For a spectral sequence with only non-zero

groups in the first quadrant (1.5) contains the five term exact sequence,

0→ E1,0
2 → H1 → E0,1

2 → E2,0
2 → H2. (1.6)

For ordinary cohomology Serre duality is essential in any explicit computation; a gen-

eralisation to hypercohomology does exist and is stated here for reference. For a bounded

complex E• of locally free sheaves on a Riemann surface Σ of the form

0→ E0 → · · · → Em → 0

there exists a natural duality

Hi(E•)∗ ' H1−i+m((E•)∗ ⊗K), (1.7)

11
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where (E•)∗ ⊗K is the complex of twisted dual sheaves

0→ (Em)∗ ⊗K → · · · → (E0)∗ ⊗K → 0.

Notice that in the case of a one step complex hypercohomology is just ordinary Čech

cohomology, and Serre duality of hypercohomology is the classical Serre duality.

In the language of derived categories of coherent sheaves, hypercohomology of a com-

plex of coherent sheaves is defined as the cohomology of the derived pushforward of the

complex along the constant map. The hypercohomological Serre duality follows from the

general Serre duality in the derived category of coherent sheaves.

1.3 The direct image functor

The direct image functor of sheaves plays an essential role in almost all of the succeeding

chapters. The facts summarised here are from a host of different sources, especially [31].

Let F be a sheaf on a complex manifold X and f : X → Y a proper holomorphic map

to a complex manifold Y . The (zero’th) direct image of F under f is the sheaf defined by

f∗(F)(U) = F(f−1(U))

for each open set U of Y . The direct image sheaf f∗(F) on Y is coherent if F is coherent

on X. The functor f∗ : Coh(X)→ Coh(Y ) is left exact but rarely right exact. The right

derived functors of the direct image are called the higher direct images and are denoted

Rif∗. It can be shown that Rif∗(F) is the sheaf associated to the presheaf

U 7→ H i(f−1(U),F).

When f is a proper holomorphic map the higher direct images of a coherent sheaf are

again coherent.

The projection formula is a key tool when working with direct image sheaves:

Rif∗(E)⊗OY F ' R
if∗(E ⊗OX f

∗F).

The projection formula is valid whenever E is a coherent sheaf, F is locally free and f is

a proper holomorphic map.

Definition 1.3.1. Let X,Y be complex manifolds and f : X → Y a proper holomorphic

map. A coherent sheaf F on X is flat over Y if all stalks Fx are flat OY,f(x)-modules. The

map f is called flat if OX is flat over Y .

Example 1.3.2. Let X,Y be smooth complex manifolds. Then any proper holomorphic

submersion f : X → Y is flat.
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1.3. The direct image functor

Example 1.3.3. A coherent sheaf on X is locally free if and only if it is flat over X. If

f : X → Y is a flat map then locally free sheaves are flat over Y .

Theorem 1.3.4 (Base change). Let f : X → Y , g : Z → Y be holomorphic maps between

smooth complex manifolds with g flat and F a coherent sheaf on X. Consider the push-out

diagram

Z ×Y X X

Z Y,

g′

f ′ f

g

then there is an isomorphism

g∗Rif∗(F) ' Rif ′∗(g′∗F).

The cohomology groups H i(Xy,Fy) where Xy = f−1({y}) and Fy = F|Xy are inti-

mately related to the i’th higher direct image of F under f . The following theorem by

Grauert summarises the relationship.

Theorem 1.3.5 (Grauert). Let X,Y be smooth complex manifolds and f : X → Y a

proper holomorphic map. If F is a coherent sheaf on X flat over Y the following is true:

• The Euler characteristic χ(Xy,Fy) =
∑

(−1)ihi(Xy,Fy) is a locally constant func-

tion on Y .

• The functions hi(y,Fy) = dimH i(Xy,Fy) are upper semi-continuous in y for all

i ≥ 0.

• If hi(y,Fy) is constant, then Rif∗(F) is locally free.

• If hi(y,Fy) is constant, then Rif∗(F)⊗ Cy → H i(Xy,Fy) is an isomorphism.

• If hi(y,Fy) is constant, then Ri−1f∗(F)⊗ Cy → H i−1(Xy,Fy) is an isomorphism.

The following well-known facts about torsion-free and reflexive sheaves and their direct

images will be important in several instances in Chapter 4.

Lemma 1.3.6. Let X and Y be smooth complex manifolds, f : X → Y a proper holo-

morphic submersion and F a coherent sheaf on X. If F is torsion free, then so is f∗(F).

Lemma 1.3.7. Let X and Y be smooth complex manifolds, π : X×Y → Y the projection,

and E a reflexive sheaf on X × Y , then π∗(E) is reflexive.
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2. The Dirac–Higgs bundle

Let Σ be a Riemann surface of genus g ≥ 2. The Dirac–Higgs bundle (D,∇) is a hyper-

holomorphic bundle on the smooth hyperkähler manifold M st of stable Higgs bundles on

Σ of degree zero and fixed rank at least two. A vector bundle with connection is hyper-

holomorphic if the curvature of the connection is of type (1, 1) with respect to all complex

structures on the underlying hyperkähler manifold. If the real dimension of the manifold

is four the connection of a hyperholomorphic bundle is an anti-self-dual connection.

Coupling the Dirac-operator to a Higgs bundle gives a new Dirac-type operator called

the Dirac–Higgs operator. If the Higgs bundle is stable and of degree zero and rank

at least two the kernel of the Dirac–Higgs operator is always trivial. The Dirac–Higgs

vector bundle is thus the bundle of cokernels of the Dirac–Higgs operator. The connection

is obtained by projecting the trivial connection to the bundle of cokernels. Technically

speaking we do not get a vector bundle on M st as this space does not have a universal

bundle, but on every open set of M st we do indeed get a bundle with a connection. The

connection is of most interest and as this is a local object the lack of universal bundle

poses no real problem.

The Dirac–Higgs operator and all its properties are introduced in Section 2.1. We give

conditions for when the kernel vanishes and compute the index.

The cokernel of the Dirac–Higgs operator is equivalent to the solution set of a coupled

set of differential equations called the Dirac–Higgs equations. In Section 2.2 we consider

rank one Higgs bundles on C with the Higgs field being a polynomial. We see that for the

monomials zk the Dirac–Higgs equations have a k-dimensional space of global L2-solutions.

We conjecture this to be generally so for any degree k polynomial. For the trivial line

bundle on C with monomial Higgs fields we can explicitly solve the Dirac–Higgs equations

using modified Bessel functions.

In Section 2.3 we use the explicit calculations of Section 2.2 to construct a toy model

for the Dirac–Higgs bundle on C2. We show that the natural connection is an instanton

by explicitly computing its curvature.

In Section 2.4 we return to Higgs bundles on Σ. We use Hodge theory to identify

the cokernel of the Dirac–Higgs operator with hypercohomology of the Higgs bundles

considered as a two term complex of locally free sheaves. We also get an identification

with the de Rham cohomology of the Higgs bundle.

In Section 2.5 we construct the Dirac–Higgs vector bundle D. We examine more closely

the obstructions for D to be a bundle on all of M st.

The Dirac–Higgs connection is constructed in Section 2.6 and we prove that (D,∇) is

indeed hyperholomorphic as claimed above.
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2. The Dirac–Higgs bundle

In Section 2.8 we use the toy model of Section 2.3 to construct a Nahm like transform

for Higgs line bundles on C, which constructs other Higgs bundles on C. This Nahm type

transform was conjectured by Corrigan and Goddard [20].

Throughout this chapter we let ω be a fixed Kähler form on Σ given by choosing a

metric in the conformal class.

2.1 The Dirac–Higgs operator

Let (E, h) be a fixed Hermitian vector bundle on Σ. Let (A,Φ) be a Higgs pair consisting

of a unitary connection on E and Φ a section of EndE ⊗K. Denote by ∂A and ∂̄A the

(1, 0) and (0, 1)-parts of the covariant derivative of the connection A, respectively.

In [41] Hitchin defines a Dirac-operator coupled to a Higgs pair (A,Φ)

DA,Φ =

(
∂A −Φ
Φ∗ −∂̄A

)
: Ω0(E)⊕2 → Ω1,0(E)⊕ Ω0,1(E), (2.1)

called the Dirac–Higgs operator. The operator

D∗A,Φ =

(
∂̄A Φ
Φ∗ ∂A

)
: Ω1,0(E)⊕ Ω0,1(E)→ Ω1,1(E)⊕2 (2.2)

is the adjoint of DA,Φ with respect to the L2-inner product on Ω1(E) in the following

sense:

Lemma 2.1.1. Let s ∈ Ω0(E)⊕2 and u ∈ Ω1,0(E)⊕ Ω0,1(E), then

〈
u,DA,Φs

〉
h

=
〈
iΛD∗A,Φu, s

〉
h

where 〈 , 〉h is the L2-inner product on Ωs(E) defined by the Hermitian metric h and the

conformal structure on Σ, and Λ is the adjoint of wedging with the fixed Kähler form on

Σ.

Proof. The lemma is a direct consequence of the Kähler identities for Higgs bundles,

Lemma 1.1.10.

Remark 2.1.2. Strictly speaking, the adjoint of DA,Φ should take values in the zero forms

and not (1, 1)-forms as above. However, by choosing a Kähler form on Σ and letting Λ be

contraction with this form Ω1,1(E) and Ω0,0(E) are identified. The Dirac–Higgs bundle

defined in Section 2.5 should only depend on the conformal structure of Σ which is why

the above operator is preferred. Whilst doing calculations the choice of a metric in the

conformal class is however often needed.
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2.1. The Dirac–Higgs operator

Remark 2.1.3. The Dirac–Higgs operator DA,Φ defined for a vector bundle E on R2 is the

dimensional reduction of the usual Dirac-operator in the vector representation coupled to

a connection on a vector bundle on R4, in the same way as the Higgs bundle equations are

a dimensional reduction of the self-duality equations. In light of the above, DA,Φ ought to

be C∞(S+ ⊗ E) → C∞(S− ⊗ E) with the spinor bundles S+ = ∧0,0T ∗Σ ⊕ ∧1,1T ∗Σ and

S− = ∧1,0T ∗Σ⊕ ∧0,1T ∗Σ. As in Remark 2.1.2 we replace the (1, 1)-forms by (0, 0)-forms

to make the adjoint conformally invariant.

Lemma 2.1.4. Let (A,Φ) be an irreducible Higgs pair on a vector bundle of degree zero

and rank at least two satisfying the Higgs bundle equations (1.1), then kerDA,Φ = 0.

Proof. The proof essentially follows from the irreducibility of (A,Φ) and that D∗A,ΦDA,Φ
is a real operator due to the Higgs bundle equations.

Let (s1, s2) ∈ kerDA,Φ. The Higgs bundle equations specifically imply that

0 = D∗A,ΦDA,Φ(s1, s2) = −
(
∂A∂̄As1 + Φ∗Φs1

∂A∂̄As2 + Φ∗Φs2

)
.

Pairing this with (s1, s2)

0 =
〈
iΛD∗A,ΦDA,Φ(s1, s2), (s1, s2)

〉
h

= ‖∂̄As1‖2h + ‖Φs1‖2h + ‖∂̄As2‖2h + ‖Φs2‖2h

shows that non-zero s1, s2 defines holomorphic embeddings of the trivial line bundle O in

E which are Φ invariant.

Assume that one of the sections s1, s2 are non-zero. With respect to a smooth splitting

of E ' O ⊕Q the Higgs field and ∂̄-operator are

Φ =

(
0 ϕ
0 ΦQ

)
and ∂̄A =

(
∂̄ β
0 ∂̄Q

)
where β ∈ Ω0,1(Q∗) is the second fundamental form. The connection A is

A =

(
∇ β
−β∗ ∇Q

)
where ∇ and ∇Q are the induced connections on O and Q, respectively. Writing out the

Higgs bundle equations explicitly with respect to the smooth splitting of E we get four

equations. The equation corresponding to O is

0 = F (∇)− β ∧ β∗ + ϕ ∧ ϕ∗ = −β ∧ β∗ + ϕ ∧ ϕ∗.

Integrating this identity over Σ gives

0 = ‖β‖2h + ‖ϕ‖2h,

implying that β and ϕ vanish and hence that (A,Φ) is reducible.
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2. The Dirac–Higgs bundle

Remark 2.1.5. From the proof of Lemma 2.1.4 we see that if the degree of E is not zero,

then kerDA,Φ might be non-zero.

Remark 2.1.6. If E is a line bundle of degree zero and Φ = 0, then kerDA,Φ consists of

holomorphic sections of E and E∗. Unless E is trivial there are no holomorphic sections

of E. We therefore see that dim kerDA,0 = 2 if A = 0 and 0 otherwise.

Remark 2.1.7. If E is a line bundle of degree zero and Φ 6= 0 the proof of Lemma 2.1.4

gives Φs = 0 which is only satisfied if s = 0 as Φ is a section of a line bundle. This shows

that kerDA,Φ = 0.

Lemma 2.1.8. Let (A,Φ) be a Higgs pair, then the index of

DA,Φ : Ω0(E)⊕2 → Ω1,0(E)⊕ Ω0,1(E) is − 2r(g − 1)

where r is the rank of E.

Proof. As Σ is compact the elliptic operator DA,Φ is Fredholm. Furthermore, the index

only depends on the principal symbol and thus

ind(DA,Φ) = ind(∂A : Ω0(E)→ Ω1,0(E)) + ind(∂̄A : Ω0(E)→ Ω0,1(E)).

From the ordinary Kähler identities and the Atiyah–Singer Index Theorem

ind(∂A : Ω0(E)→ Ω1,0(E)) = − ind(∂̄A : Ω1,0(E)→ Ω1,1(E))

= − ind(∂̄A : Ω0(EK)→ Ω0,1(EK)) = −χ(EK).

It follows that

ind(DA,Φ) = χ(E)− χ(EK) = −2r(g − 1)

proving the lemma.

Remark 2.1.9. Notice that the proof of Lemma 2.1.8 does not require the Higgs pair to

satisfy the Higgs bundle equations. Neither the degree nor the rank requirements are

needed.

Proposition 2.1.10. Let (A,Φ) be an irreducible Higgs pair solving the Higgs bundle

equations (1.1) on a Hermitian bundle (E, h) of degree zero and rank at least two. Then

the dimension of kerD∗A,Φ is

dim kerD∗A,Φ = 2 rkE(g − 1).

and is independent of (A,Φ).

Proof. The result follows directly from Lemmas 2.1.4 and 2.1.8.
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2.2. Solutions to rank one Dirac–Higgs equations on C

Remark 2.1.11. From remarks 2.1.6 and 2.1.7 we see that when E is the trivial line bundle

the dimension of kerD∗A,Φ jumps when Φ is the 0-section of K, and is otherwise constantly

2(g − 1).

Definition 2.1.12. Let (A,Φ) be a Higgs pair, then the equations for kerD∗A,Φ

0 = ∂̄Aψ1 + Φψ2 and 0 = ∂Aψ2 + Φ∗ψ1 (2.3)

for (ψ1, ψ2) ∈ Ω1,0(E)⊕ Ω0,1(E) are called the Dirac–Higgs equations for (A,Φ).

In the following section we study a special case in which the Dirac–Higgs equations

can be explicitly solved.

2.2 Solutions to rank one Dirac–Higgs equations
on C

In this section we discuss the shape of solutions to the Dirac–Higgs equations for rank one

Higgs bundles on C. We explicitly solve the Dirac–Higgs equations for monomial Higgs

fields and see that the number of solutions is the degree of the Higgs field monomial. We

conjecture that this is true for general polynomial Higgs fields.

2.2.1 Square integrable solutions

Modified Bessel functions turn out to play an important role in solving the Dirac–Higgs

equations on C. For the benefit of the results to follow we recall here basic properties

about modified Bessel functions. These can be found in e.g. [1].

Lemma 2.2.1. The differential equation

x2d
2f

dx2
+ x

df

dx
− (ν2 + x2) = 0 (2.4)

for a real function f on the positive real half line has solutions I±ν(x) and Kν(x) called the

modified Bessel functions of the second kind. Each Bessel function is a regular function

with the following properties.

• Iν(x) is unbounded as x→∞ for all ν.

• Kν(z) = π
2
I−ν(x)−Iν(x)

sin(νπ) so K−ν(x) = Kν(x).

• K0(x) ∼ − lnx for x→ 0.

• Kν(x) ∼ 1
2Γ(ν)(1

2x)−ν for x→ 0 when ν > 0.

• Kν(x) ∼
√

2
πxe
−x(1 +O(x−1)) for x→∞ with ν fixed.

• K1/2(x) =
√

2
πxe
−x.
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2. The Dirac–Higgs bundle

Lemma 2.2.2. There are no non-trivial L2-solutions to the Dirac–Higgs equations for

the Higgs bundle (O, dz) on C.

Proof. If ψ ∈ Ω1 is written as ψ = ψ1dz + ψ2dz̄ the Dirac–Higgs equations for the Higgs

bundle (O, dz) are equivalent to

0 = ∂2
zz̄ψ1 − ψ1 and ψ2 = ∂z̄ψ1.

We are only interested in L2-solutions and expands ψ1 as a Fourier series ψ1 =
∑

n∈Z ane
inθ.

The equations for the Fourier coefficients an are

0 = r2a′′n + ra′n − (n2 + 4r2)an.

Assuming solutions have the form an(r) = fn(2r) the functions fn must satisfy the mod-

ified Bessel differential equation (2.4) with ν = n. The function an is thus a modified

Bessel function of the second kind In(2r) or Kn(2r).

For ψ to be L2 the components ψi must be L2. In the case of ψ1, we must have∑
n∈Z

∫ ∞
0
|an|2rdr <∞.

It follows from Lemma 2.2.1 that K0(2r) is the only L2-function on C. This determines

ψ1 and ψ2

ψ1 = cK0(2r) and ψ2 = −cK1(2r)eiθ

for c ∈ C. From Lemma 2.2.1 the radial function K1(2r) on C is not L2 around zero,

giving that c = 0 is the only L2-solution.

Lemma 2.2.3. The only L2-solutions to the Dirac–Higgs equations for the rank one Higgs

bundle (O, zdz) on C are

ce−zz̄dz − ce−zz̄dz̄

for any c ∈ C. There are more generally k linearly independent L2-solutions to the Dirac–

Higgs equations for the rank one Higgs bundle (O, zkdz) on C, k ≥ 1, all given by Bessel

functions.

Proof. We proceed as in the proof of Lemma 2.2.2. If we write ψ ∈ Ω1 as ψ = ψ1dz+ψ2dz̄

the Dirac–Higgs equations for (O, zdz) on C are equivalent to

0 = ∂2
zz̄ψ1 − z−1∂z̄ψ1 − |z|2ψ1 and ψ2 = z−1∂z̄ψ1.

We are only interested in solutions where ψ1, ψ2 are square integrable, and express them

in terms of their Fourier series in polar coordinates ψ1 =
∑

n∈Z an(r)einθ and ψ2 =∑
n∈Z bn(r)einθ. Then an is a solution to

0 = r2a′′n − ra′n − (n2 − 2n+ 4r4)an and bn(r) =
1

2
r−1a′n(r)− n

2
r−2an(r)
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2.2. Solutions to rank one Dirac–Higgs equations on C

for each n ∈ Z. Assuming that an(r) = rfn(r2) the equation for an becomes

0 = x2f ′′n(x) + xf ′n(x)−
((n− 1

2

)2
+ x2

)
fn(x)

which is the modified Bessel differential equation for ν = n−1
2 and solutions are modified

Bessel functions I±n−1
2

(x) and Kn−1
2

(x). Lemma 2.2.1 shows that only Kn−1
2

(x) decays

for large x. Combining this with the above, we see that the Fourier coefficients are

an(r) = cnrKn−1
2

(r2) for cn ∈ C.

The function ψ1 is square integrable if and only if∑
n∈Z

∫ ∞
0
|an|2rdr <∞.

Firstly, we notice from Lemma 2.2.1 that for any ε > 0 the integrals
∫∞
ε |an|

2rdr are all

finite. However, we also see that the Bessel functions Kn−1
2

(x) have a singularity at zero

for all n. The asymptotic expansion for small x shows that the only values of n for which∫ ε
0 |an|

2rdr is finite are 0, 1, 2.

The function bn is

bn(r) =
1

2
r−1a′n(r)− n

2
r−2an(r) = −cnrKn+1

2
(r2).

It follows from Lemma 2.2.1 that the radial function bn on C is L2 around zero only if n is

−2,−1, 0. Along with the above, we conclude that the only L2-solution of the Dirac–Higgs

equations comes from the zeroth Fourier mode.

Combining all of the above, we see that all L2-solutions to the Dirac–Higgs equations

have the form

ce−zz̄dz − ce−zz̄dz̄ with c ∈ C.

The case of monomials of degree k is similar to the derivations above. The Dirac–Higgs

equations for (O, zkdz) are equivalent to

0 = ∂2
zz̄ψ1 − kz−1∂z̄ψ1 − |z|2kψ1 and ψ2 = z−k∂z̄ψ1.

Splitting ψ1 =
∑

n∈Z ane
inθ and ψ2 =

∑
n∈Z bne

inθ into Fourier series the coefficients an, bn
must satisfy

0 = r2a′′n − (2k − 1)ra′n − (n2 − 2kn+ 4r2+2k)an and bn−k+1 =
1

2
r−ka′n −

n

2
r−k−1an.

Solutions to this differential equation are as above modified Bessel functions

rkI± k−n
k+1

(
2

k + 1
rk+1

)
and rkK k−n

k+1

(
2

k + 1
rk+1

)
.
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2. The Dirac–Higgs bundle

The asymptotic behaviour of modified Bessel functions (Lemma 2.2.1) shows that only

Kν(x) decays for large x, and that it is only when n ∈ {0, . . . , 2k} that rkK k−n
k+1

(
2

k+1r
k+1
)

is quadratic integrable on C. If an(r) = rkK k−n
k+1

(
2

k+1r
k+1
)
, then

bn−k+1(r) = −rkKn+1
k+1

(
2

k + 1
rk+1

)
is only L2 around zero if n ∈ {−k−1, . . . , k−1}. The general solution to the Dirac–Higgs

equations are ψ1dz + ψ2dz̄ with ψ1, ψ2 determined by k complex numbers c0, . . . , ck−1

ψ1 = c0r
kK k

k+1

(
2

k + 1
rk+1

)
+ · · ·+ ck−1r

kK 1
k+1

(
2

k + 1
rk+1

)
ei(k−1)θ

ψ2 = −c0r
kK 1

k+1

(
2

k + 1
rk+1

)
e−i(k−1)θ − · · · − ck−1r

kK k
k+1

(
2

k + 1
rk+1

)
.

This proves that there are k linearly independent solutions to the Dirac–Higgs equations

for (O, zkdz) all of which are given by modified Bessel functions.

Based on the results from Lemma 2.2.3 we make the following conjecture regarding

the solutions to the Dirac–Higgs equations for a polynomial Higgs field.

Conjecture 2.2.4. If ϕ is a polynomial of degree k, then there are k linearly independent

L2-solutions to the Dirac–Higgs equations for the Higgs bundle (O, ϕdz) on C.

A possible proof of the conjecture is discussed in Chapter 7.

Remark 2.2.5. The picture emerging from the global solutions to the Dirac–Higgs equa-

tions on C resembles that of the abelian vortex equations on C studied by Jaffe and Taubes

[45] and extended to vortices on Riemann Surfaces by García-Prada [28].

2.3 Toy model for the Dirac–Higgs bundle

We study the Higgs line bundle (O, zdz) on C, and use the result of Lemma 2.2.3 to

construct a toy model of the Dirac–Higgs bundle.

If we deform the Higgs bundle by conjugating the ∂̄-operator by the exponential of a

linear map and the Higgs field by adding a constant one-form, we get a family of Higgs

line bundles (∂̄ + vdz̄, (z + u)dz) parametrised by (u, v) ∈ C2.

Lemma 2.2.3 is easily modified to show that for any (u, v) there is only a one-dimen-

sional space of L2-solutions to the Dirac–Higgs equations for this family. Furthermore, if

a solution is written as ψ(z, u, v) = ψ1(z, u, v)dz + ψ2(z, u, v)dz̄, then ψ1 and ψ2 are

ψ1(z, u, v) = cev̄z−vz̄−(z+u)(z̄+ū) and ψ2 = −ψ1 with c ∈ C. (2.5)

As the dimension of the L2-solution space is independent of (u, v), the solution spaces

collectively define a line bundle L on C2.
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2.3. Toy model for the Dirac–Higgs bundle

The line bundle L inherits a Hermitian metric by inclusion into the infinite-dimensional

trivial bundle

Ω = Ω1,0 ⊕ Ω0,1 × C2.

The bundle Ω is equipped with the L2-metric induced by the standard complex structure

and Kähler form on C.

Additionally, L has a natural unitary connection ∇ given by projecting the trivial

connection d onto the line bundle L

∇ = Pdi,

where P at a point (u, v) is projection of a one-form onto the L2-solution space for the

Dirac–Higgs equations for (∂̄ + vdz̄, (z + u)dz), and i is the inclusion of L in Ω.

A simple calculation shows that a unitary frame for L is given by a section ψ with

c = 1√
π
in (2.5). Define ψ = ψ1dz + ψ2dz̄ to be such a unitary frame for L.

The explicit expression in (2.5) makes it possible to directly compute the covariant

derivative. The following identities are immediate consequences of (2.5)

∂vψ1 = −z̄ψ1 ∂v̄ψ1 = zψ1 ∂uψ1 = −(z̄ + ū)ψ1 ∂ūψ1 = −(z + u)ψ1.

By definition of the connection, the derivative ∇∂vψ is ∂vψ projected back onto ψ using

the L2-metric.

〈∂vψ,ψ〉 =

∫
C
∂vψ1ψ̄1 dVol +

∫
C
∂vψ2ψ̄2 dVol

= 2

∫
C
−z̄|ψ1|2 dVol

=
−2

π

∫
C
z̄e−2(z+u)(z̄+ū) dVol

=
−2

π

∫
C

(z̄ − ū)e−2zz̄ dVol

= ū

where the last equality follows from
∫∞

0 4e−2r2
rdr = 1 and

∫
C z̄f(r) dVol = 0 where f is a

radial function. We can do the same calculations for the other partial derivatives and get

∇∂vψ = ūψ ∇∂v̄ψ = −uψ ∇∂uψ = 0 ∇∂ūψ = 0. (2.6)

This completely specifies the connection ∇, and the curvature F (∇) can be obtained by

computing the commutators

[∇∂u ,∇∂ū ] = 0 [∇∂u ,∇∂v ] = 0 [∇∂u ,∇∂v̄ ] = −1

[∇∂ū ,∇∂v̄ ] = 0 [∇∂v ,∇∂v̄ ] = 0 [∇∂ū ,∇∂v ] = 1
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2. The Dirac–Higgs bundle

giving

F (∇) = dū ∧ dv − du ∧ dv̄.

The curvature is clearly of type (1, 1) and orthogonal to the standard symplectic form
i
2(du∧dū+dv∧dv̄) on C2. In other words, the connection ∇ on C2 is an instanton. When

we in the following sections consider the Dirac–Higgs bundle on the hyperkähler moduli

space of Higgs bundles on a compact Riemann surfaces, the anti-self-duality equations are

generalised to the curvature being of type (1, 1) with respect to all complex structures,

i.e. the Dirac–Higgs bundle is hyperholomorphic, see Theorem 2.6.3.

2.4 Hodge theory

We now return to Higgs bundles on a compact Riemann surface. As we saw in Section 1.1,

Higgs bundles both have a description as a holomorphic object (E,Φ) and as a differential

geometric object (A,Φ). This duality is also present for the Dirac–Higgs operator where

it is reflected via Hodge theory.

Consider a Higgs bundle (E,Φ) as a two term complex of locally free sheaves

E
Φ−→ EK. (2.7)

The hypercohomology H∗(E,Φ) of (2.7) can be computed by choosing the standard Dol-

beault resolution of (2.7), giving that the hypercohomology groups are isomorphic to the

cohomology of

Ω0(E)
∂̄E+Φ−−−−→ Ω1,0(E)⊕ Ω0,1(E)

∂̄E+Φ−−−−→ Ω1,1(E). (2.8)

Lemma 2.4.1. Let (E, h,Φ) be a Higgs bundle with a Hermitian metric and (A,Φ) the

associated Higgs pair, then H1(E,Φ) ' ker(D∗A,Φ).

Proof. The differential in (2.8) is D′′ = ∂̄A+ Φ where A is the Chern connection of (E, h).

From the Kähler identities its adjoint is D′ = ∂A + Φ∗. If ψ1 + ψ2 ∈ Ω1,0(E) ⊕ Ω0,1(E)

satisfy both

0 = D′′(ψ1 + ψ2) = ∂̄Aψ1 + Φψ2 and 0 = D′(ψ1 + ψ2) = ∂Aψ2 + Φ∗ψ1

it is a harmonic representative of the cohomology H1(E,Φ) = ker(D′′)/ im(D′′), but is

also an element of ker(D∗A,Φ). Standard Hodge theory for elliptic differential operators

on compact manifolds [76, Chap IV, Theorem 5.2] now identifies the spaces ker(D∗A,Φ) '
H1(E,Φ).

Remark 2.4.2. The identification in Lemma 2.4.1 also extends to the other hypercoho-

mology groups, H0(E,Φ) ⊕ H2(E,Φ) ' kerDA,Φ, proving that these cohomology groups

vanish when (E,Φ) is stable of degree zero and rank at least two. This vanishing result

can also be obtained directly from the definition of hypercohomology and Serre duality.
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Lemma 2.4.3. Let (E,Φ) be a Higgs bundle of degree zero and rank r with det Φ having

only simple zeros z1, . . . , zN . Then

H1(E,Φ) '
N⊕
i=1

coker(Ezi
Φzi−−→ EKzi)

where N = 2 rkE(g − 1).

Proof. From the first hypercohomology spectral sequence (1.4) the hypercohomology group

Hi(E,Φ) can be computed from the cohomology sheaves Hi(E Φ−→ EK). Since det Φ has

simple zeros Φ is an injective sheaf map and thus H0 = 0. For the same reason H1 is a

skyscraper sheaf supported on the N = 2 rkE(g − 1) zeros of det Φ ∈ H0(KrkE ⊗ detE),

each non-zero stalk having length one. The result follows by definition of the spectral

sequence.

More concretely, identify H1(E,Φ) with the first Dolbeault cohomology group of

(E, ∂̄E + Φ). A cohomology class [ψ] is represented by a 1-form ψ = ψ1 + ψ2 ∈ Ω1(E) =

Ω1,0(E)⊕ Ω0,1(E), with D′′ψ = ∂̄Eψ1 + Φψ2 = 0. Define

ρ′ : H1(E,Φ)→
N⊕
i=1

coker(Ezi
Φzi−−→ EKzi) as ρ′(ψ) = (ψ1(z1), . . . , ψ1(zN ))

the evaluation of ψ1 at the zeros of det Φ. The map ρ′ is well-defined as a different

representative for the cohomology class differ from ψ by D′′s = ∂̄Es + Φs for s a section

of E and the (1, 0)-parts therefore differ by Φs.

Given a tuple (v1, . . . , vN ) of elements in the cokernel we can by choosing trivialisations

of EK around each zi and using appropriately chosen bump functions for these neighbour-

hoods construct a solution to D′′ψ = 0 defining the inverse of ρ. The different choices

involved in the construction will give different solutions to D′′ψ = 0 but all differing by

D′′s where s is a section of E. For the details see e.g. [72, Proposition 4.22].

2.4.1 de Rham cohomology

Let (A,Φ) be an irreducible Higgs pair solving the Higgs bundle equations on a vector

bundle E of degree zero and rank at least two. Recall from Section 1.1.2 that

D = dA + Φ + Φ∗

is a flat irreducible complex connection on E.

Proposition 2.4.4. If (E,D) is a vector bundle of degree zero and rank at least two with

an irreducible flat connection D, then the first cohomology group of the de Rham complex

of D

Ω0(E)
D−→ Ω1(E)

D−→ Ω2(E)
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2. The Dirac–Higgs bundle

is isomorphic to kerD∗A,Φ, where (A,Φ) is the Higgs pair from Donaldson’s equivalence,

and the other cohomology groups vanish.

Proof. From Donaldson [22] there is a harmonic metric splitting D into operators D′ =

∂A + Φ∗, D′′ = ∂̄A + Φ where

D = dA + Φ + Φ∗ = D′ +D′′

is split into unitary and self-adjoint parts. It follows from the Higgs bundle Kähler iden-

tities Lemma 1.1.10 that ψ ∈ Ω1(E) satisfying

0 = Dψ = D′ψ +D′′ψ and 0 = D∗ψ = iΛ(D′′ψ −D′ψ)

is equivalent to 0 = D′ψ and 0 = D′′ψ, that is ψ ∈ kerD∗A,Φ. Hodge theory therefore

shows that the first cohomology group of the de Rham complex of the flat connection D

is kerD∗A,Φ.
The remaining cohomology groups vanish as for ψ ∈ Ω0(E) satisfying 0 = Dψ is

equivalent to ψ ∈ kerDA,Φ. The equation 0 = D∗ψ for ψ ∈ Ω2(E) is likewise equivalent

to iΛψ ∈ kerDA,Φ. By Donaldson’s result (A,Φ) satisfies the Higgs bundle equations.

Furthermore, as E has degree zero and rank at least two the kernel of DA,Φ vanish by

Lemma 2.1.4.

Remark 2.4.5. If (A,Φ) satisfies the Higgs bundle equations, then for any ζ ∈ C∗

Dζ = dA + ζΦ + ζ−1Φ∗

is a flat complex connection. By a proof equivalent to that of Proposition 2.4.4 the de

Rham cohomology of Dζ is concentrated in degree one and is kerD∗A,Φ.

2.5 The Dirac–Higgs bundle

Proposition 2.1.10 shows that the dimension of kerD∗A,Φ is independent of the Higgs pair

(A,Φ) on a compact Riemann surface Σ if the pair satisfies the Higgs bundle equations

and the topology of the underlying vector bundle is trivial and has rank at least two.

If there were a universal Higgs bundle E Θ−→ E ⊗ K on Σ ×M st we would obtain a

locally free sheaf on M st by taking its first direct image along the projection to M st.

The zeroth and higher direct images all vanish in this case. By Lemma 2.4.1, the fibre at

each point is kerD∗A,Φ where (A,Φ) is the Higgs pair solving the Higgs bundle equations

associated to a stable Higgs bundle (E,Φ). This is indeed the way Hausel [33] constructs

his virtual Dirac bundle on the moduli space of rank two and degree one Higgs bundles. As

mentioned in Remark 2.1.5, the kernel of the Dirac–Higgs operator might be non-trivial
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2.5. The Dirac–Higgs bundle

which is reflected in the fact that Hausel has a virtual bundle, as in his case the direct

image is not just concentrated in one degree.

For the moduli space of semi-stable bundles on a Riemann surface of genus g ≥ 2,

Ramanan [67] showed that when the rank and degree are not coprime there is no universal

bundle. The same is true for Higgs bundles as it is not possible to construct a universal

vector bundle parametrising the holomorphic vector bundles underlying the Higgs bundles.

However, given an open covering {Ui} of M st there is a local universal vector bundle Ei on

Ui×Σ and on intersections Ui∩Uj there is a line bundle Lij such that Ei ⊗ Lij ' Ej with
extra compatibility conditions on the isomorphisms for triple intersections. This describes

a so-called gerbe. For an open set Ui with a universal vector bundle Ei on Ui×Σ we define

the sheaf

Di = R1π∗(Ei
Θ−→ Ei ⊗ π∗K)

on Ui. By the Hodge theory in Lemma 2.4.1, this is the bundle of cokernels of Dirac–Higgs

operators. The topological assumptions on the underlying vector bundle Proposition 2.1.10

gives that Di is locally free of rank 2 rkE(g−1). On intersections Ui∩Uj the vector bundles
Di and Dj are related by the line bundle Lij .

In what follows we will drop the index i and mainly treat D as a bundle on all of M st.

In the next section we define a metric and a connection on D, both of which are local

concepts. The vector bundle D on M st is called the Dirac–Higgs vector bundle.

Remark 2.5.1. Instead of defining the vector bundle D locally we could have defined it

globally as a projective bundle. This projective bundle is not the projectivisation of a

vector bundle; if it was, the gerbe above would be trivial and D could be globally defined.

Remark 2.5.2. In Section 2.6 we equip the Dirac–Higgs vector bundle with a Hermitian

metric and a unitary connection. Considered as a projective bundle the Dirac–Higgs

bundle is therefore a principal PU(N)-bundle, N = 2 rkE(g− 1), which is the closest one

can get to a U(N)-bundle.

Remark 2.5.3. In Chapter 6 we shift attention to parabolic Higgs bundles. The extra data

of a parabolic structure allows us to construct a universal parabolic Higgs bundle under

very mild assumptions on the parabolic structure (Section 6.5). We use this in Section 6.6

to globally define a Dirac–Higgs bundle for parabolic Higgs bundles.

Serre duality gives the cotangent bundle of the Jacobian of Σ a group structure T ∗J '
J ×H0(K) and T ∗J acts on M st by

(ξ, α) · (E,Φ) = (E ⊗ Lξ,Φ + α Id)

where Lξ denotes the degree zero line bundle given by ξ ∈ J . The orbit OrbT ∗J(E,Φ)

gives an immersion of T ∗J in M st through the point given by the equivalence class of
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2. The Dirac–Higgs bundle

(E,Φ). By choosing a base point z0 on Σ we define an Abel–Jacobi map Σ → J to the

dual Jacobian by mapping a point z to the divisor class of z − z0. The Poincaré bundle

P on Ĵ × J defined by the choice of Abel–Jacobi map now pulls back to a universal line

bundle on Σ× Ĵ ' Σ× J denoted P̃.

Given a stable Higgs bundle (E,Φ) of degree zero there is a universal Higgs bundle on

Σ× J ×H0(K)

E ⊗ P̃ Θ−→ E ⊗K ⊗ P̃

parametrising the stable Higgs bundles in the orbit OrbT ∗J(E,Φ), that is restricting to

Σ×{ξ, α} is the Higgs bundle (E⊗Lξ,Φ +α Id). The direct image of this universal Higgs

bundle to J×H0(K) is the same as finding an open set U in M st containing OrbT ∗J(E,Φ)

and pulling back D defined on U to J ×H0(K) along the map defined by the action.

The pull-back of D to J × H0(K) by the orbit map is how the Dirac–Higgs vector

bundle is discussed in Chapters 3, 4, and 5.

2.6 The Dirac–Higgs connection

The vector bundle D has a natural Hermitian metric and unitary connection. Both are

obtained by embedding D in the infinite dimensional trivial bundle

Ω = Ω1,0(E)⊕ Ω0,1(E)×M st

on M st by the inclusion iA,Φ : ker(D∗A,Φ)→ Ω1,0(E)⊕Ω0,1(E). The bundle Ω is equipped

with the L2-metric induced by the fixed Hermitian metric on E and the Hodge-∗ on Σ.

Denote by PA,Φ the orthogonal projection onto kerD∗A,Φ with respect to the L2-metric

and by P the family of projection operators. We define a unitary connection ∇ on D by

∇ = Pdi

where d is the trivial connection on Ω.

Definition 2.6.1. The bundle with connection (D,∇) on M st is called the Dirac–Higgs

bundle and ∇ the Dirac–Higgs connection.

Remark 2.6.2. The Hermitian metric on Ω only depends on the conformal structure of Σ as

the Hodge star is conformally invariant on 1-forms on a Riemann surface. The Dirac–Higgs

operator is also conformally invariant and hence (D,∇) is conformally invariant.

Theorem 2.6.3. The Dirac–Higgs connection is of type (1, 1) with respect to all complex

structures on the moduli space of stable Higgs bundles.
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Proof. The moduli space of stable Higgs bundles is a hyperkähler manifold with three

inequivalent complex structures I, J,K defined in Section 1.1.3.

For the complex structure I consider the family of complexes

Ω0(E)
∂̄A+Φ−−−−→ Ω1(E)

∂̄A+Φ−−−−→ Ω2(E).

An infinitesimal deformation of the differentials around a point (∂̄A,Φ) is β̇ + Φ̇ where

(β̇, Φ̇) ∈ Ω0,1(EndE)⊕Ω1,0(EndE) is in the tangent space to C ×Ω at the point (∂̄A,Φ),

and thus I acts as multiplication by i on the derivative of ∂̄A + Φ, in other words the

complex varies holomorphically with respect to I. From Lemmas 2.1.4 and 2.4.1 the

complex is exact with cohomology concentrated in degree one. Furthermore, it is split by

the Green’s operator for (∂̄A + Φ)(∂A + Φ∗). The complex is therefore a so-called infinite

dimensional monad and from general theory [23, Section 3.1.3] the cohomology defines

a Hermitian holomorphic bunde on M st. The bundle D therefore has a holomorphic

structure with respect to I with which ∇ is compatible.

For the complex structure J consider the de Rham complex for the family of flat

connections dA + Φ + Φ∗,

Ω0(E)
dA+Φ+Φ∗−−−−−−→ Ω1(E)

dA+Φ+Φ∗−−−−−−→ Ω2(E).

As the complex structure J is multiplication by i on β̇ − β̇∗ + Φ̇ + Φ̇∗, the complex

varies holomorphically with respect to J . By Proposition 2.4.4 the family is an infinite

dimensional monad, and furthermore that D has a holomorphic structure with respect to

J with which ∇ is compatible.

The argument for the complex structure K is equivalent to that for J , but instead

consider the family of complexes with differentials dA− iΦ + iΦ∗ as K is multiplication by

i on β̇− β̇∗− iΦ̇ + iΦ̇∗. It follows from Remark 2.4.5 that the cohomology is concentrated

in degree one and that D has a holomorphic structure with respect to K with which ∇ is

compatible.

2.7 Example

A more general type of Higgs bundle is defined via principal bundles for complex Lie

groups. ForG a complex Lie group a principalG-Higgs bundle is a pair (P,Φ) of a principal

G-bundle P and Φ a section of adP ⊗K where adP is the vector bundle associated to

the adjoint representation of G. If we assume G is a matrix group G ⊂ GL(n,C) and

let E = P ×G Cn be the vector bundle associated to P by the vector representation we

recover the definition of Higgs bundles as pairs (E,Φ).

The ordinary Dirac-operator on a manifold with spin structure can be seen as an

operator D : C∞(S+) → C∞(S−) where S± are the spinor bundles. In Remark 2.1.3 we
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2. The Dirac–Higgs bundle

noted that the Dirac–Higgs operator is the ordinary Dirac-operator coupled to a Higgs

bundle and that we can see it as an operator D(E,Φ) : C∞(S+ ⊗ E) → C∞(S− ⊗ E).

From this perspective it is clear that given any representation V of G we can couple the

Dirac–Higgs operator to this representation DV : C∞(S+ ⊗ V ) → C∞(S− ⊗ V ). One

natural example to consider is the Lie algebra V = Lie(G) with G acting by the adjoint

representation. In this case, the Dirac–Higgs bundle is the tangent bundle of the moduli

space along with the Levi-Civita connection.

2.8 Nahm transform from C to C

In Chapter 3 we shall use the Dirac–Higgs bundle to construct a Nahm transform for Higgs

bundles on a compact Riemann surface Σ. Before doing that, we extend the construction

of the toy model to Higgs line bundles on C with polynomial Higgs field of degree k, and

use it to construct a Nahm transform for these Higgs bundles. The transform will produce

Higgs bundles on a ‘dual’ C. This Nahm transform fits into the framework of a transform

between solutions to the anti-self-duality equations on R4 which are translation invariant in

n directions to those which are translation invariant in 4−n directions. This was formalised

by Corrigan and Goddard [20], who also conjectured the existence of the transform when

n = 2. Obtaining such a transform was one of Hitchin’s original motivations for studying

the Higgs bundle equations. The following is based on the validity of Conjecture 2.2.4

Firstly, observe from Section 2.3, and the the explicit computation (2.6) that the

Dirac–Higgs connection is independent of v. The connection is furthermore an instanton,

and as it is independent of v it descends to a rank one solution of the Higgs bundle

equations on the copy of C parametrising deformations of the Higgs field. In this simple

case, equation (2.6) also explicitly shows that the Higgs field is −udu.
We consider the same deformations for a Higgs bundle (O, ϕdz) with ϕ a polynomial

of degree k, that is a family of Higgs bundles

(∂̄ + vdz̄, (ϕ+ u)dz) (2.9)

parametrised by (u, v) ∈ C2.

If Conjecture 2.2.4 is true, the construction of the toy model in Section 2.3 immediately

generalise to give a Dirac–Higgs bundle (D,∇) on C2 of rank k. That the connection is

an instanton follows from the general argument in Theorem 2.6.3. Following the outline

above, if the connection is independent of v, it descends to a Higgs pair on C parametrising

u, and solves the Higgs bundle equations.

Writing ψ1dz+ψ2dz̄ ∈ Ω1, a solution to the Dirac–Higgs equations for the family (2.9)

0 = ∂̄(ψ1dz) + vψ1dz̄ ∧ dz − (ϕ+ u)ψ2dz̄ ∧ dz

0 = ∂(ψ2dz̄)− v̄ψ2dz ∧ dz̄ − (ϕ̄+ ū)ψ1dz ∧ dz̄
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can be written in the form

ψ1 = e−vz̄+v̄zs1 and ψ2 = e−vz̄+v̄zs2 (2.10)

where s1dz + s2dz̄ solves the Dirac–Higgs equations for (O, (ϕ+ u)dz)

0 = ∂̄(s1dz)− (ϕ+ u)s2dz̄ ∧ dz

0 = ∂(s2dz̄)− (ϕ̄+ ū)s1dz ∧ dz̄.

The solutions s1dz + s2dz̄ are independent of v and the solutions ψ1dz + ψ2dz̄ depend on

v as specified in (2.10). In other words, a section of D is of the form

ψ(u, v, z) = e−vz̄+v̄zs(u, z)

where for each u the section s(u, z) is a 1-form solving the Dirac–Higgs equations for

(O, (ϕ+ u)dz). The derivatives of ψ are

∂vψ = −z̄e−vz̄+v̄zs ∂v̄ψ = ze−vz̄+v̄zs ∂uψ = e−vz̄+v̄z∂us ∂ūψ = e−vz̄+v̄z∂ūs. (2.11)

Assume {η1, . . . , ηk} is a local frame for D and ηi = e−vz̄+v̄zρi. It then follows directly

from (2.11) that the covariant derivatives are independent of v, e.g.

〈∂vψ, ηi〉 =

∫
C
−z̄s(u, z)ρ(u, z)i dVol and 〈∂uψ, ηi〉 =

∫
C
∂us(u, z)ρ(u, z)i dVol .

This shows that the Dirac–Higgs connection ∇ is pulled back from C where it solves the

Higgs bundle equations.

Remark 2.8.1. As mentioned above, Corrigan and Goddard [20] discusses a Nahm trans-

form for Higgs line bundles. It is interesting to notice that their formula (5.16) for the

connection and Higgs field are the same as those which immediately follow from (2.11).

Assuming Conjecture 2.2.4 is true, the above gives a Nahm transform taking rank

one Higgs bundles (O, ϕdz) on C with ϕ a polynomial of degree k, to a rank k Higgs

bundles (Ok, ϕ̂du) on C. The construction of a Higgs line bundle given by the toy model

is clearly invertible. An inverse Nahm transform should produce a Higgs line bundle with

polynomial Higgs field from (Ok, ϕ̂du). This puts constraints on what type of rank k

Higgs bundles can be in the image our Nahm transform. The solutions of ϕ(z) + u = 0

on C2 parametrising (z, u) is a spectral curve, which for fixed u gives the k eigenvalues of

ϕ̂(u). This spectral curve remain fixed under the transform, that is it can also be seen as

the solutions of det(ϕ̂(u) + z Id). For fixed z there must be exactly one u where −z is an

eigenvalue. As this should be true for all z ∈ C the determinant det ϕ̂ must be a degree

one polynomial in u, and all other coefficients of the characteristic polynomial of ϕ̂ must

be constants. By counting parameters with these conditions on the Higgs field we get a
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2. The Dirac–Higgs bundle

k + 1-dimensional space of potential ϕ̂’s, exactly the same as the dimension of the space

of degree k-polynomials parametrising ϕ. We expect these rank k Higgs fields to be the

image of the Nahm transform.

Compactified to P1 × P1, the spectral curve is the zero locus of a section of O(k, 1).

Additionally, the zero locus only intersects either of the divisors at infinity at (∞,∞). As

a k : 1-branched cover of P1 the spectral curve is branched at ∞ to order k.

A very similar situation to the Nahm transform above was studied by Szabó [72], giving

a Nahm transform for a certain type of parabolic Higgs bundles on P1 with a double pole

at infinity and otherwise simple poles. Szabó’s Nahm transform produces parabolic Higgs

bundles of the same type. Szabó proves that the transform is invertible, and that there is

a spectral curve mediating the transform.
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Let Σ be a Riemann surface of genus g ≥ 2, and let T ∗J ' J ×H0(K) be the cotangent

bundle of the Jacobian of Σ. Given the standard group structure J ×H0(K) acts on M st

the moduli space of stable Higgs bundles of degree zero and rank at least two by

(ξ, α) · (E,Φ) = (ELξ,Φ + α Id)

where Lξ is the degree zero line bundle on Σ corresponding to the point ξ ∈ J and

α ∈ H0(K). Denote by N(E,Φ) : J ×H0(K)→M st the orbit map defined by (E,Φ).

Definition 3.0.2. The Nahm transform of a Higgs bundle (E,Φ) of degree zero and rank

at least two is the pull-back of the Dirac–Higgs bundle (D,∇) by the orbit map NE,Φ to

a bundle with connection on J ×H0(K) denoted (Ê, ∇̂).

The holomorphic version of the Nahm transform, called the Fourier–Mukai transform,

is discussed to great extent in Chapters 4 and 5, and was first defined by Bonsdorff

[14]. The analytical version constructed above, is discussed by Frejlich and Jardim [24],

reproving main theorems from [14] by differential geometric methods.

An important property of the Nahm transform is that Ê considered as a holomorphic

bundle on J ×H0(K) with the holomorphic structure induced by the complex structure

I (see Section 1.1.3) extends to a holomorphic bundle (also denoted Ê) on P(T ∗J ⊕O) '
J×Pg. The main theorem of [14] is that the association of a holomorphic bundle on J×Pg

to a stable degree zero Higgs bundle of rank at least two is injective. However, the essential

image of this association is not known. The Higgs bundles produced in Section 2.8 from

Higgs line bundles on C with polynomial Higgs fields are quite simple, and it is possible

to identify the image of the transform, or rather identify the boundary conditions on the

Dirac–Higgs connection. When we extend to compact Riemann surfaces we generalise

these boundary conditions. Determining the boundary conditions for ∇̂ should identify

the essential image of Bonsdorff’s Nahm transform.

The main motivation for this chapter is to shed a bit of light on the asymptotics of

the connection. In this regard, the important parts of the cotangent bundle are the non-

compact fibres. We therefore fix a point ξ ∈ J and consider the Nahm transform restricted

to the fibre of T ∗J at ξ. In the remaining part of this chapter, (Ê, ∇̂) denotes the Nahm

transform of (E,Φ) restricted to the fibre over ξ ∈ J .
Throughout this chapter we fix α ∈ H0(K) and restrict attention to the one-parameter

family of Higgs bundles (ELξ,Φ + tα Id), t ∈ R, given by a Higgs bundle (E,Φ). If (E,Φ)

is stable and of degree zero and rank at least two, the same is true for the whole one-

parameter family. Furthermore, if h is the Hermitian metric on the holomorphic bundle

ELξ such that the Chern connection satisfies the Higgs bundle equations, then the same
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metric solves the Higgs bundle equations for every other member of the one-parameter

family as

[Φ + tα Id,Φ∗ + tᾱ Id] = [Φ,Φ∗].

We denote by Dt the associated Dirac–Higgs operator.

In Section 3.1 we use an adaptation of Witten’s proof of the holomorphic Morse in-

equalities to prove that any t-sequence of elements of kerD∗t with bounded L2-norm vanish

away from the zeros of α as t→∞.

In Section 3.2 we discuss the behaviour around the zeros of α. We consider a model

solution to the Dirac–Higgs equations and show that under mild natural conditions the

distributional limit of a sequence of solutions is a delta-function. We conjecture that this is

true for all local solutions. Working under the assumption that the conjecture is true, the

localisation can be enhanced to a distributional convergence to a sum of delta-functions

supported at the zeros of α.

Throughout this chapter we let ω be a fixed Kähler form on Σ given by choosing a

metric in the conformal class.

3.1 Localisation

Let (A,Φ) be a Higgs pair on a Hermitian vector bundle (E, h). Fix α ∈ H0(K) and

denote by Dt the Dirac–Higgs operator for the family (A,Φ + tα Id), t ∈ R. A detailed

account of Witten’s proof of the holomorphic Morse inequalities [77] is given in [37]. We

use similar methods to understand the elements of kerD∗t as t tends to infinity.

Theorem 3.1.1. Let (A,Φ) be a Higgs pair on a Hermitian vector bundle (E, h). Fix

α ∈ H0(K) and C ⊂ Σ a compact subset of Σ not containing zeros of α. Then there

exists a constant m depending on C, α, (E, h), (A,Φ), and Σ such that for t large and all

ψ ∈ kerD∗t ∫
C
h(ψ,ψ)ω ≤ m

t
‖ψ‖2h.

In this section it is more appropriate to use the definition of the adjoint Dirac–Higgs

operator requiring the choice of a metric in the conformal class on Σ, cf. Remark 2.1.2.

Recall the definition of the Dirac–Higgs operator Dt and its adjoint D∗t

Dt =

(
∂A −Φ− tα Id

Φ∗ + tᾱ Id −∂̄A

)
and D∗t =

(
iΛ∂̄A iΛΦ + itΛ(α Id)

iΛΦ∗ + itΛ(ᾱ Id) iΛ∂A

)
.

Denote by Φt = Φ + tα Id, then for every ψ ∈ kerD∗t

0 = DtD∗tψ =

(
i∂A(Λ∂̄Aψ1) + i∂A(Λ(Φtψ2))− iΦtΛ(Φ∗tψ1)− iΦtΛ(∂Aψ2)
iΦ∗tΛ(∂̄Aψ1) + iΦ∗tΛ(Φtψ2)− i∂̄A(Λ(Φ∗tψ1))− i∂̄AΛ∂Aψ2

)
,

where ψ = ψ1 + ψ2 is the decomposition into (1, 0) and (0, 1)-parts.
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3.1. Localisation

Taking the inner product with ψ

0 = 〈DtD∗tψ,ψ〉h =
〈
∂̄∗A∂̄Aψ1, ψ1

〉
h

+ 〈∂∗A∂Aψ2, ψ2〉h − 〈iΦtΛ(Φ∗tψ1), ψ1〉h
+ 〈iΦ∗tΛ(Φtψ2), ψ2〉h +

〈
Φt∂̄

∗
Aψ2 + ∂̄∗A(Φtψ2), ψ1

〉
h

(3.1)

+ 〈∂∗A(Φ∗tψ1) + Φ∗t∂
∗
Aψ1, ψ2〉h .

The first two terms of the above are〈
∂̄∗A∂̄Aψ1, ψ1

〉
h

= ‖∂̄Aψ1‖2h = ‖∂̄Aψ‖2h and 〈∂∗A∂Aψ2, ψ2〉h = ‖∂Aψ2‖2h = ‖∂Aψ‖2h.

We define the following operators

G(ψ,Φ) = Φ∂̄∗Aψ + ∂̄∗A(Φψ) + ∂∗A(Φ∗ψ) + Φ∗∂∗Aψ (3.2)

H(ψ,Φ) = −iΦΛ(Φ∗ψ) + iΦ∗Λ(Φψ). (3.3)

Notice that G in some sense records the effect of not having a Leibniz rule for the adjoint

differentials ∂̄∗A and ∂∗A. Using these operators (3.1) is

0 = 〈DtD∗tψ,ψ〉h = ‖∂Aψ‖2h + ‖∂̄Aψ‖2h + 〈G(ψ,Φt), ψ〉h + 〈H(ψ,Φt), ψ〉h . (3.4)

To prove Theorem 3.1.1 the following lemmas concerning properties of the operators de-

fined above are needed.

Lemma 3.1.2. The operators G and H defined in (3.2) and (3.3), respectively, are

C∞(Σ)-linear in the first entry.

Proof. It is clear that H is C∞(Σ)-linear in the first entry as multiplication by Φ is a zero

order differential operator. But as G is a first order differential operator a bit more effort

is required. The first two terms of G(fψ,Φ) are:

−iΦΛ∂A(fψ) = −iΦΛ(∂(f)ψ)− fiΦΛ∂A(ψ)

i∂AΛ(Φfψ) = i∂(f)Λ(Φψ) + fi∂AΛ(Φψ).

As ΦΛ(∂(f)ψ) = ∂(f)Λ(Φψ) the first terms in each line above cancel and the sum is thus

C∞(Σ)-linear. In the same way, the sum of the last two terms in G are C∞(Σ)-linear.

It is clear that G is complex linear in the second entry, so

G(ψ,Φt) = G(ψ,Φ) + tG(ψ, α).

Expanding H(ψ,Φt) gives

H(ψ,Φt) =H(ψ,Φ) + t2(−iαΛ(ᾱψ) + iᾱΛ(αψ))

+ it(−ΦΛ(ᾱψ)− αΛ(Φ∗ψ) + Φ∗Λ(αψ) + ᾱΛ(Φψ))

=H(ψ,Φ) + itF (ψ, α,Φ) + t2H(ψ, α)
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3. Nahm transform for Higgs bundles

where F (ψ, α,Φ) by definition is the coefficient of t,

F (ψ, α,Φ) = −ΦΛ(ᾱψ)− αΛ(Φ∗ψ) + Φ∗Λ(αψ) + ᾱΛ(Φψ).

Lemma 3.1.3.

〈H(ψ, α), ψ〉h = ‖αψ‖2h + ‖ᾱψ‖2h.

Proof. The proof is a simple calculation.

Lemma 3.1.4. Let C ⊂ Σ be a compact set avoiding all zeros of α, and let ψ ∈ kerD∗t .
Then there exists ε > 0 such that

0 ≤ ε
∫
C
h(ψ1, ψ1)ω ≤ ‖αψ‖2h and 0 ≤ ε

∫
C
h(ψ2, ψ2)ω ≤ ‖ᾱψ‖2h.

Proof. Locally α = adz, and ψ = ψ1 + ψ2 = ϕ1dz + ϕ2dz̄ is a vector valued differential

form. In a local neighbourhood, the Kähler form on Σ is 2ifdz ∧ dz̄ with f a positive

real-valued function. In that case,

h(αψ2, αψ2)ω = 2if |a|2h(ϕ2, ϕ2)dz ∧ dz̄.

Furthermore, on a compact set C not containing the zeros of α this is bounded below by

a constant ε > 0. Thus

0 ≤ ε
∫
C
h(ψ2, ψ2)ω ≤

∫
C
h(αψ2, αψ2)ω ≤

∫
Σ
h(αψ2, αψ2)ω = ‖αψ2‖2h = ‖αψ‖2h.

The other case follows by similar considerations.

Proof of Theorem 3.1.1. Let ψ ∈ kerD∗t . Then equation (3.4), the expansion of H(ψ,Φt),

and Lemma 3.1.3 gives

‖∂Aψ‖2h+‖∂̄Aψ‖2h + t2(‖αψ‖2h + ‖ᾱψ‖2h)

= |〈G(ψ,Φ), ψ〉h + 〈H(ψ,Φ), ψ〉h + t 〈G(ψ, α), ψ〉h + t 〈iF (ψ, α,Φ), ψ〉h|.

By Lemma 3.1.2 all operators on the right hand side are C∞(Σ)-linear in the first entry,

meaning that the operators are endomorphisms of the fibers of ∧1T ∗Σ⊗E. Since each of

the operators at every point of Σ is a C∞(Σ)-linear operator of the fibre they are pointwise

bounded, e.g.

h(Gz(ψ(z),Φz), ψ(z)) ≤ ‖Gz(Φz)‖2h h(ψ(z), ψ(z)).

The operator norm of Gz(−,Φz) is continuous in z and since Σ is compact Gz(−,Φz) as a

function of z is bounded by a constantM > 0 depending on (A,Φ) and h but independent

of t, thus

‖G(ψ,Φ)‖h ≤M‖ψ‖h.
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3.2. Distributional behaviour of solutions to Dirac–Higgs equations

The same is true for the other three operators. For all ψ ∈ Ω1(E)

0 ≤ ‖∂Aψ‖2h + ‖∂̄Aψ‖2h,

and with the constants from above, the Cauchy–Schwartz inequality gives

t2(‖αψ‖2h + ‖ᾱψ‖2h) ≤ (‖G(ψ,Φ)‖h + ‖H(ψ,Φ)‖h + t‖G(ψ, α)‖h + t‖F (ψ, α,Φ)‖h)‖ψ‖h
≤ (M1 + tM2)‖ψ‖2h,

where M1, M2 depend on (A,Φ) and h but are independent of t.

From Lemma 3.1.4 the t2-term on the left hand side is bounded from below by the

integral over a compact subset C ⊂ Σ avoiding zeroes of α:

‖αψ‖2h + ‖ᾱψ‖2h ≥ ε
∫
C
h(ψ,ψ)ω.

Combining the above, ∫
C
h(ψ,ψ)ω ≤

(m
t

+
m′

t2
)
‖ψ‖2h

where m = M2
ε and m′ = M1

ε depend on (A,Φ) and h but are independent of t. For large

t the first term is dominating.

Remark 3.1.5. It is clear from the proof of Theorem 3.1.1 that the independence of the

Hermitian metric of the parameter t is crucial. If the Hermitian metric depended on t the

constants used to bound operators G, F and H would depend on t and a detailed analysis

of this dependence would be required.

3.2 Distributional behaviour of solutions to
Dirac–Higgs equations

In this section we discuss the distributional properties of solutions to the Dirac–Higgs

equations for Higgs pairs on a Hermitian line bundle. We first consider the model Higgs

pairs (0, ϕdz+tαdz) where ϕ, α are degree one polynomials on C. We study the behaviour

of the elements of kerD∗t as t tends to infinity. This is a model for the local behaviour

of elements of kerD∗t for Higgs pairs (A,Φ + tα) on a Hermitian line bundle (L, h) on a

Riemann surface of genus g ≥ 2. We conjecture that the behaviour is the same.

Proposition 3.2.1. Let ϕt = ϕ+ tα be a degree one polynomial on C with α = a(z− z∞)

and ϕ = b(z − z0) for a, b ∈ C and z0, z∞ ∈ C. Write ψt ∈ kerD∗0,ϕtdz on C as ψt =

ψ1
t dz + ψ2

t dz̄. Let zt be the zero of ϕt. If the sequence of complex numbers π
|a|tψ

1
t (zt)

converges to λ ∈ C, then ψt converges as a distribution to Tλ ∈ (Ω1)∗ defined as

Tλ
(
η1(z)dz + η2(z)dz̄

)
= λ(η̄1(z∞)− η̄2(z∞)).
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3. Nahm transform for Higgs bundles

Proof. As ϕt = ϕ+ tα is a degree one polynomial we know from Lemma 2.2.3 that there

is a one dimensional space of global solutions to the Dirac–Higgs equations for the pair

(0, ϕtdz). The Dirac–Higgs equations are

0 = ∂z̄ψ
1
t − ϕtψ2

t and 0 = ∂zψ
2
t − ϕtψ1

t .

Denote by Φ̂t an antiderivative of 2ϕt with respect to ∂z vanishing to order two at zt. It

is now easy to see that

ψ1
t = cte

−|Φ̂t| and ψ2
t = −ψ1

t with ct ∈ C

are the only global L2-solution to the Dirac–Higgs equations.

As α(z) = a(z− z∞) and ϕ(z) = b(z− z0) with a, b ∈ C, then Φ̂t = 1
at+b(ϕ+ tα)2. It is

now easy to check that 1
at Φ̂t converges as a polynomial to (z − z∞)2. For a test function

η we therefore have

lim
t→∞

∫
C
ψ1
t η̄ dVol = lim

t→∞

∫
C
cte
−t|a||z−z∞|2 η̄ dVol .

By the assumption on the convergence of ψ1
t (zt), the sequence ct ∈ C is of the form

ct = t|a|
π λt with λ the limit of λt. It is well-known that t|a|

π e
−t|a||z−z∞|2 converges as a

distribution to the delta-function supported at z∞ and thus

lim
t→∞

∫
C
ψ1
t η̄ dVol = λη̄(z∞),

where λ is the limit of λt. The above shows that ψt = ψ1
t dz + ψ2

t dz̄ converges as a

distribution to Tλ ∈ (Ω1)∗ defined as

Tλ
(
η1(z)dz + η2(z)dz̄

)
= λ(η̄1(z∞)− η̄2(z∞)),

proving the proposition.

For the general situation let (A,Φ) be a Higgs pair on a Hermitian line bundle (L, h)

with A a flat connection and α ∈ H0(K). Let z0 be a simple zero of α. Choose a

neighbourhood U of z0 such that α = zdz and Φ = ϕdz, and choose a unitary frame f for

(L, h). For t sufficiently large there is only one zero of ϕ+ tz in U for each t, denote this

zero by zt. Write ψt ∈ kerD∗A,Φ+tα on U as

ψt = ψ1
t fdz + ψ2

t fdz̄.

Conjecture 3.2.2. Let (A,Φ), α ∈ H0(K), ψt ∈ kerDA,Φ+tα and (U, z0) be as above. In

the above notation, if the sequence of complex numbers π
t ψ

1
t (zt) converges to λ ∈ C, then

ψt|U converges as a distribution to Tλ ∈ (Ω1(L|U ))∗ defined as

Tλ
(
a(z)fdz + b(z)fdz̄

)
= λ(ā(0)− b̄(0)).
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Remark 3.2.3. On the bounded disk U the Dirac–Higgs equations for (A,ϕtdz) has more

L2-solutions than just the radial solution from Lemma 2.2.3 centered at the zero of ϕt
in U . If there were only the one solution we could use arguments similar to that of

Proposition 3.2.1 to obtain convergence.

Based on the above conjecture, we extend the result to a global statement for rank one

Higgs bundles. First, we establish some notation. Let z be a point on Σ and λ ∈ (LKz)
∗

a functional on the fibre of LK at z. If we consider K as ∧1,0T ∗Σ we denote by λ̄ the

complex conjugate of the form part of λ so that λ̄ ∈ (∧0,1T ∗z Σ⊗ Lz)∗ = (LK̄z)
∗.

If (E,Φ) is a stable Higgs bundle with det Φ having simple zeros z1, . . . , zN , and (A,Φ)

is the corresponding Higgs pair solving the Higgs bundle equations and h the corresponding

Hermitian metric, we can extend the map ρ′ from Lemma 2.4.3 identifying the hyperco-

homology with a sum of cokernels to

ρ : kerD∗A,Φ →
2r(g−1)⊕
i=1

Vi as ρ(ψ) = (h(ψ1(z1)), . . . , h(ψ1(zN ))) (3.5)

where Vi ⊂ (EKzi)
∗ is a one-dimensional subspace of the dual space of the fibre of EK at

zi, and ψ1 is the (1, 0)-part of a solution ψ to the Dirac–Higgs equations.

Theorem 3.2.4. Let (A,Φ) be a Higgs pair on a Hermitian line bundle (L, h) with A

a flat connection, and α ∈ H0(K) having only simple zeros. Let ψt ∈ kerD∗t with

‖ψt‖h = 1 for all t and such that the sequence π
t ρ(ψt) ∈

⊕2g−2
i=1 (LKzi(t))

∗ converges to

λ = (λ1, . . . , λ2g−2) ∈
⊕2g−2

i=1 (LKxi)
∗ when t → ∞ where zi(t) are the zeros of Φ + tα,

then ψt converges as a distribution to

2g−2∑
i=1

λiδxi − λ̄iδxi

where x1, . . . , x2g−2 are the zeros of α.

Proof. Let x1, . . . , x2g−2 be the zeros of α and let Ui be small disks around each xi not

containing other zeros of α. Let C be the complement of the union of the Ui’s in Σ,

C = Σ \ ∪2g−2
i=1 Ui. Let η ∈ Ω1(L) be a test-form. From Theorem 3.1.1 it follows that∣∣∣∫

C
h(ψt, η)ω

∣∣∣ ≤ ∫
C
|ψt|2hω

∫
C
|η|2hω ≤

m

t

∫
C
|η|2hω

and thus the limit of 〈ψt, η〉h is determined by local considerations around the zeros of α.

By the assumptions on the convergence of πt ρ(ψt) the result now follows from Conjec-

ture 3.2.2.

Remark 3.2.5. The condition in Theorem 3.2.4 that π
t ρ(ψt) converges as t → ∞ is not

implied by requiring ‖ψt‖h = 1 for all t. If the latter condition is satisfied we only know

that 1
t ρ(ψt) has a convergent subsequence.
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3. Nahm transform for Higgs bundles

Theorem 3.1.1 is valid for any Higgs pair on a Hermitian vector bundle (E, h), also for

higher rank. It is therefore natural to conjecture that the generalisation of Theorem 3.2.4

to higher rank is also true.

Conjecture 3.2.6. Let (A,Φ) be an irreducible Higgs pair on a Hermitian vector bundle

(E, h) satisfying the Higgs bundle equations, and α ∈ H0(K) having only simple zeros. Let

ψt ∈ kerD∗t with ‖ψt‖h = 1 for all t and such that the sequence π
t ρ(ψt) ∈

⊕N
i=1(EKzi(t))

∗

converges to λ = (λ1, . . . , λN ) ∈
⊕N

i=1(EKzi)
∗ when t → ∞ where zi(t) are the zeros of

det(Φ + tα), then ψt converges as a distribution to

N∑
i=1

λiδzi − λ̄iδzi

where z1, . . . , zN are the zeros of αrkE repeated with multiplicity, and N = 2 rkE(g − 1).

Remark 3.2.7. If Conjecture 3.2.2 is true we can use the cokernel description of the hyper-

cohomology to define a frame, which in the limit is unitary with respect to the L2-metric

on the Nahm transform. We discuss this in Chapter 7.
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4. Fourier–Mukai transform for
Higgs bundles

In this chapter we discuss the holomorphic aspects of the Nahm transform for Higgs

bundles. We follow Bonsdorff’s [14] naming convention and denote it the Fourier–Mukai

transform. We do this to distinguish the holomorphic from the analytical Nahm transform

of Chapter 3.

Bonsdorff’s Fourier–Mukai transform [14] is described completely in algebraic terms.

It is a holomorphic vector bundle on the cotangent bundle of the Jacobian T ∗J which by

Serre duality is J ×H0(K). The fibre of a transformed Higgs bundle is given by the first

hypercohomology group of a certain complex associated to the point in J × H0(K). In

[14], the transformed bundle is shown to extend to a holomorphic bundle on the natural

compactification J × Pg. As this chapter concerns solely holomorphic properties of the

transformed bundle we denote the extension to J × Pg the Fourier–Mukai transform. In

[14], it is called the Total Fourier transform. This chapter builds on top of the foundations

laid by Bonsdorff [14]. The two spectral sequences converging to the hypercohomology

of a complex of sheaves discussed in Section 1.2 is used to provide new features of the

Fourier–Mukai transform.

This chapter is organised as follows. In Section 4.1 we give the definition of the Fourier–

Mukai transform from [14] and show that it is isomorphic to the analytical definition given

in Chapter 3.

In Section 4.2 we investigate the second hypercohomology spectral sequence and see

that it expresses the transformed Higgs bundle as a sheaf extension. In the generic situa-

tion of a stable bundle with any Higgs field, the constituent sheaves of the extension are

locally free and solely determined by the stable vector bundle. Furthermore, the exten-

sion class is completely determined by the Higgs field. The remaining part of the section

discusses properties of the constituent sheaves. The extension is very briefly mentioned

by Bonsdorff in his thesis [13, Remark 3.1.13 (ii)] but is not given any further attention.

The Fourier–Mukai transform for Higgs bundles is essentially a relative version of

Mukai’s original transform. Since we obtain a vector bundle on J ×Pg it is natural to ask

what information is contained in the relative Beilinson spectral sequence. In Section 4.3

we use the first hypercohomology spectral sequence to show that the relative Beilinson

spectral sequence recovers the sheaf extension from Section 4.2.

In Section 4.4 we see how the first hypercohomology spectral sequence makes a trans-

formed Higgs bundle into a family of homogeneous bundles on J parametrised by Pg. We

give a spectral data construction of the Fourier–Mukai transform, and show that when the
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4. Fourier–Mukai transform for Higgs bundles

spectral curve is smooth, the holomorphic structure of the family of homogeneous bundles

recovers the spectral curve.

4.1 Definition

Let z0 ∈ Σ be a base point on the curve Σ of genus at least two and denote by j : Σ→ J

the corresponding Abel–Jacobi map, given by mapping z to the line bundle Lz on Σ given

by the divisor class (z − z0). The Abel–Jacobi map induces a principal polarisation on J

and an isomorphism between the Jacobian and its dual abelian variety Ĵ , ϕz0 : J
'−→ Ĵ .

This identification is used throughout this chapter, except if distinction is need to clarify

the argument.

Let P be the Poincaré bundle on Ĵ × J normalised such that P|Ĵ×0 and P|0×J are

trivial. Let P̃ be the pullback of P via Id×j to a line bundle on Ĵ × Σ ' J × Σ.

Given a Higgs bundle (E,Φ) on Σ consider the family of Higgs bundles

C(E) = E
Θ−→ EK(1) (4.1)

on Σ × Pg defined such that the restriction to Σ × [a : α], with [a : α] ∈ Pg, is the Higgs

bundle

E
aΦ+α Id−−−−−→ EK.

The projective space Pg is the projectivisation of CΦ ⊕ H0(Σ,K) and thus the above

definition makes sense. The family can be seen as a two term complex of coherent sheaves

concentrated in degree zero and one, and hence as an element of D(Σ× Pg) the bounded

derived category of coherent sheaves on Σ× Pg. This complex will be denoted C(E).

The following naming conventions for projections are used throughout the chapter:

Σ
p←− J ×Σ

q−→ J Σ× Pg π23←−− J ×Σ× Pg π13−−→ J × Pg π1−→ J J ×Σ× Pg π12−−→ J ×Σ.

Definition 4.1.1. The Fourier–Mukai transform of a Higgs bundle (E,Φ) is the image of

C(E) under the functor

FPg : D(Σ× Pg)→ D(J × Pg) defined by A• 7→ Rπ13∗(π
∗
23A• ⊗ π∗12P̃)

The functor FPg is often called the relative Fourier–Mukai functor as opposed to the

absolute Fourier–Mukai functor:

Definition 4.1.2. The absolute Fourier–Mukai functor F : D(Σ)→ D(J) maps a complex

A• to the complex Rq∗(p∗(A•)⊗ P̃).

Definition 4.1.3. A complex of sheaves A• ∈ D(X) is called WIT (i) with respect to

a Fourier–Mukai functor F : D(X) → D(X̂) between derived categories of an algebraic

variety X and its partner X̂ if the cohomology sheaves Hj(F (A•)) vanish for j 6= i and is

called IT (i) if it is WIT (i) and the i’th cohomology sheaf is locally free.
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Theorem 4.1.4 (Theorem 3.1.12, [14]). A stable Higgs bundle of degree zero and rank at

least two is IT (1) with respect to FPg , i.e. the cohomology of the transformed complex is

concentrated in degree one and is a locally free sheaf. This locally free sheaf is denoted Ê.

Remark 4.1.5. In [14, Section 3.3], Bonsdorff shows that the trivial Higgs bundle (OΣ, 0)

is not IT (1) with respect to FPg . Not only is it not just concentrated in degree 1, but it

is also not locally free. The degree two cohomology sheaf of FPg(OΣ, 0) is a skyscraper

supported at (0, 0) ∈ J ×H0(K) ⊂ J × Pg. The requirement of having at least rank two

cannot be removed if we want the transform to be locally free. This is analogous to the

analytical Remark 2.1.6

To ease the notation, X × Pg is denoted by XPg in the following.

4.1.1 An isomorphism of functors

The Abel–Jacobi map j : Σ→ J is a closed embedding and its composition with a relative

version of Mukai’s original transform ŜPg : D(JPg) → D(ĴPg) ' D(JPg) is isomorphic to

the Fourier–Mukai transform in Definition 4.1.1.

Definition 4.1.6. The relative Fourier–Mukai transform ŜPg : D(JPg) → D(JPg) of a

complex A• is

ŜPg(A•) = Rq13∗(q
∗
23(A•)⊗ q∗12P),

where qij is the canonical projection to the ij’th factor of J × J × Pg

JPg
q23←−− J × J × Pg q13−−→ JPg J × J × Pg q12−−→ J × J.

Lemma 4.1.7. The functors FPg and ŜPg ◦ (jPg)∗ : D(ΣPg)→ D(JPg) are isomorphic.

Proof. As j is a closed embedding it has no higher direct images. Combining this with a

simple base change and use of the projection formula the result follows.

Corollary 4.1.8. The absolute functors F and Ŝ ◦ j∗ : D(Σ)→ D(J) are isomorphic.

4.1.2 Fourier–Mukai and Nahm transforms

The Fourier–Mukai transform of a Higgs bundle is a holomorphic bundle on J × Pg.

Restricted to J × H0(K) it is a holomorphic bundle on the same space as the Nahm

transform bundle. The two bundles are isomorphic as holomorphic bundles.

Proposition 4.1.9. The Nahm and Fourier–Mukai transform of a stable degree zero Higgs

bundle of rank at least two are isomorphic as holomorphic bundles on J ×H0(K).
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4. Fourier–Mukai transform for Higgs bundles

Proof. Given the complex structure I the cotangent bundle T ∗J identifies as J×H0(K) via

Serre duality. We know from Theorem 2.6.3 that the Nahm transform of (E,Φ), considered

as a holomorphic bundle with respect to this complex structure, is the cohomology of the

infinite dimensional monad

Ω0,0(E)
∂̄E,ξ+Φ+α Id
−−−−−−−−→ Ω1,0(E)⊕ Ω0,1(E)

∂̄E,ξ+Φ+α Id
−−−−−−−−→ Ω1,1(E) (4.2)

varying holomorphically with respect to the coordinates (ξ, α) ∈ J ×H0(K). The impor-

tant ingredient is Hodge theory giving a harmonic representative of each first cohomology

class.

The Fourier–Mukai transform on J ×H0(K) is defined as

R1π13∗(π
∗
23C(E)⊗ π∗12P),

where C(E) is the family of complexes (4.1) restricted to Σ×H0(K). This bundle has as

fibre at (ξ, α) the first hypercohomology group of the complex of locally free sheaves

ELξ
Φ+α Id−−−−→ ELξK.

One way of computing the hypercohomology is to take fine resolutions of the sheaves ELξ
and ELξK and take cohomology of the total complex. The total complex of the standard

Dolbeault resolutions of ELξ and ELξK is exactly the infinite-dimensional monad (4.2).

The holomorphic structure of the Fourier–Mukai transform is also the one coming from

(4.2) varying holomorphically in the parameters (ξ, α). Therefore, the two transforms are

holomorphically isomorphic on J ×H0(K).

4.2 Sheaf extension

In this section we use the second hypercohomology spectral sequence to show that the

transformed Higgs bundle on J×Pg is a sheaf extension. The following subsection includes

useful homological results used for constructing the extension.

4.2.1 A homological intermezzo

The homological results in this section concerning a general abelian category A and its

bounded derived category D(A), can be found in e.g. [44], except Lemma 4.2.2 which is

easy to prove.

Definition 4.2.1. Let A•,B• be objects ofD(A) and let u : A• → B• be a morphism. The

cone of u is the complex (C•(u), dC) with Cq = Bq ⊕Aq+1 and dC(b, a) = (db+ u(a),−da).
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4.2. Sheaf extension

A special case is when A and B are elements of A considered as one-term complexes

of D(A) concentrated in degree 0. In that case, the cone C′ of a morphism u : A → B is

just the complex A u−→ B concentrated in degrees −1 and 0.

A morphism between objects of D(A) can be completed to a distinguished triangle by

use of the cone

A• u−→ B• → C•(u)→ A•[1],

and especially for a morphism between objects of A we consider the distinguished triangle

A u−→ B → C′ → A[1].

If F : D(A) → D(B) is an exact functor it maps distinguished triangles to distinguished

triangles, hence

F (A•)→ F (B•)→ F (C•(u))→ F (A•[1]).

Cohomology of this distinguished triangle naturally induces a long exact sequence of

sheaves

· · · → Hi(F (A•))→ Hi(F (B•))→ Hi(F (C•(u)))→ Hi+1(F (A•))→ . . . (4.3)

In the special case of a morphism between two objects of A, (4.3) gives a long exact se-

quence relating the cohomology of the transformed two-term complex and the cohomology

of the transform of the individual objects.

Lemma 4.2.2. Suppose A,B, C are three objects of an abelian category A with morphisms

a : A → B and b : B → C. The sequence

0→ A a−→ B b−→ C → 0

is exact if and only if

A a−→ B b−→ C → A[1]

is a distinguished triangle in D(A) for some morphism C c−→ A[1].

Corollary 4.2.3. Let A,B, C be objects of an abelian category A with morphisms A a−→ B
and B b−→ C such that the sequence

0→ A a−→ B b−→ C → 0

is exact. Let F : D(A)→ D(B) be an exact functor, then

F (C) ' F (C′(a))

in D(B), where C′(a) is the cone of A a−→ B.
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4. Fourier–Mukai transform for Higgs bundles

Remark 4.2.4. If the exact functor F in Corollary 4.2.3 is a Fourier–Mukai type functor

D(X)→ D(Y ) given by a kernel sheaf on X × Y , then the isomorphism F (C′(a)) ' F (C)
induces an isomorphism of the fibres of the cohomology sheaves of F (C′(a)) and F (C)
at each point in Y . The fibres are hypercohomology groups and the isomorphism is the

convergence of the first hypercohomology spectral sequence. In this sense, Corollary 4.2.3

is a sheaf version of the first hypercohomology spectral sequence.

4.2.2 Fourier–Mukai transform is an extension of sheaves

The Fourier–Mukai functor is a composition of exact functors and the homological ma-

chinery from the previous section is directly applicable.

Proposition 4.2.5. Let (E,Φ) be a stable degree zero Higgs bundle of rank at least two.

Then there exists a canonical exact sequence of sheaves on J × Pg

0→ Q→ Ê → R→ 0

where Q and R are cokernel and kernel of sheaf morphisms,

0→ q∗(p
∗(E)⊗ P̃) �OPg → q∗(p

∗(EK)⊗ P̃) �OPg(1)→ Q→ 0

0→ R→ R1q∗(p
∗(E)⊗ P̃) �OPg → R1q∗(p

∗(EK)⊗ P̃) �OPg(1)→ 0.

Proof. Given a stable degree zero Higgs bundle (E,Φ) the complex C(E) in (4.1) is concen-

trated in degrees 0 and 1 and is therefore the shifted cone of the morphism E
Θ−→ EK(1).

Considered as complexes E and EK(1) are concentrated in degree 0, and thus the cone

C(Θ) is concentrated in degrees −1 and 0, i.e. C(E) = C(Θ)[−1]. Taking cohomology

of the exact Fourier–Mukai functor on C(E) gives a long exact sequence by (4.3). As

Fi(C(Θ)) = Fi+1(C(E)) and as C(E) is IT (1) with respect to FPg , C(Θ) is IT (0) with

respect to FPg . The long exact sequence reduces to

0→ H0(FPg(E))→ H0(FPg(EK(1)))→ H1(FPg(C(E)))

→ H1(FPg(E))→ H1(FPg(EK(1)))→ 0

By definition Riq∗(p
∗(E) ⊗ P̃) = Hi(FPg(E)) when E is a complex concentrated in a

single degree, so splitting this five term exact sequence into three short exact sequences

and using the projection formula gives the statement.

We often denote by FiPg(E) the cohomology sheaf Hi(FPg(E)).

Remark 4.2.6. On the level of fibres, the extension in Proposition 4.2.5 is the second

hypercohomology spectral sequence.
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Remark 4.2.7. The extension in Proposition 4.2.5 also appears in [13] Remark 3.1.13.ii,

but is not discussed in any detail.

Remark 4.2.8. The sheavesQ andR in Proposition 4.2.5 are a priori only coherent sheaves.

However, if the underlying holomorphic vector bundle E of the stable Higgs bundle is itself

stable they are locally free.

4.2.3 Constituent bundles

In this section we follow up on Remark 4.2.8. We investigate the constituent sheaves in

the generic situation where the vector bundle is stable.

Proposition 4.2.9. If E is a stable vector bundle of degree zero and rank at least two,

then the constituent sheaves Q and R associated to (E,Φ) for any Φ are locally free.

Furthermore, the bundles Q and R are solely determined by E.

Proof. As E is stable of degree zero it does not have any non-zero holomorphic sections.

It therefore follows by Grauert’s theorem and Serre duality that Q and R are locally free.

In case E is stable, E is IT (1) and EK(1) is IT (0) with respect to FPg and

Q ' q∗(p∗(EK)⊗ P̃) �OPg(1) and R ' R1q∗(p
∗(E)⊗ P̃) �OPg .

From the isomorphism above it follows that Q and R are completely determined by E.

Corollary 4.2.10. If E is a stable vector bundle of degree zero and rank at least two,

then for any Higgs field the constituent sheaves Q⊗OPg(−1) and R∗ are Picard bundles

on the moduli space of stable bundles restricted to an orbit of the Jacobian.

Proof. Denote by Nd,r the moduli space of stable bundles of degree d and rank r. A Picard

bundle is the direct image of a universal bundle on U → Σ ×Nd,r along the projection

to the moduli space Nd,r. As E is stable of degree zero EK is stable of degree 2r(g − 1).

Although the moduli space of degree 2r(g− 1) and rank r bundles does not have a global

universal bundle (as discussed in Section 2.5) there is a universal bundle on the orbit of

the Jacobian through EK given by the Poincaré bundle.

From the proof of Proposition 4.2.9 the constituent bundle Q⊗OPg(−1) is exactly the

Picard bundle restricted to the mentioned Jacobian orbit.

From the Relative Duality Theorem (see e.g. [11, Theorem D.10, p 590])

R∗ ' q∗(p∗(E∗ ⊗K)⊗ P̃∗) �OPg

and by the same reasoning as above R∗ is a Picard bundle restricted to a Jacobian orbit.
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4. Fourier–Mukai transform for Higgs bundles

Corollary 4.2.11. If E is a stable vector bundle of degree zero and rank at least two,

then for any Higgs field the sheaf extension in Proposition 4.2.5 reduces to

0→ q∗(p
∗(EK)⊗ P̃) �OPg(1)→ Ê → R1q∗(p

∗(E)⊗ P̃) �OPg → 0 (4.4)

an extension of holomorphic vector bundles.

4.2.4 Extension class completely determined by the Higgs
field

If the holomorphic bundle underlying a stable Higgs bundle is itself stable, the extension

from Proposition 4.2.5 is completely determined by the Higgs field. The crucial part in

proving this is the isomorphism between F and Ŝ ◦ j∗.

Lemma 4.2.12. Let F ,G be coherent sheaves on Σ. The Abel–Jacobi map j : Σ → J

induces an isomorphism

j∗ : HomΣ(F ,G)
'−→ HomJ(j∗(F), j∗(G)).

Proof. The lemma follows directly from the definition of j∗ and that j is a closed embed-

ding.

In [57, Corollary 2.5], Mukai proves the following Parseval formula for Ŝ. The proof

is rather simple and is included for later reference.

Theorem 4.2.13 (Parseval formula). Assume F is a WIT (i)-sheaf and G a WIT (j)-

sheaf on J with respect to the Fourier–Mukai functor Ŝ : D(J) → D(Ĵ), then for every

integer k

ExtkJ(F ,G) ' Extk+i−j
Ĵ

(F̂ , Ĝ)

and especially

ExtkJ(F ,F) ' Extk
Ĵ
(F̂ , F̂).

The isomorphism is given by the Fourier–Mukai functor Ŝ.

Proof. The proof is a simple application of the Fourier–Mukai functor Ŝ.

ExtkJ(F ,G) ' HomD(J)(F ,G[k])

' HomD(Ĵ)(Ŝ(F), Ŝ(G)[k])

' HomD(Ĵ)(F̂ [−i], Ĝ[k − j])

' HomD(Ĵ)(F̂ , Ĝ[k − j + i])

' Extk−j+i
Ĵ

(F̂ , Ĝ).

The third isomorphism follows from theWIT (i) andWIT (j) conditions, as Ŝ(F) ' F̂ [−i]
in D(Ĵ) if F is WIT (i) with respect to Ŝ.
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4.2. Sheaf extension

Remark 4.2.14. The Parseval formula is valid whenever the functor is fully faithful and

integral [6, p. 23], so especially also for the relative Fourier–Mukai functor ŜPg . By

Bondal and Orlov’s theorem [44, Proposition 7.1] the absolute Fourier–Mukai functor

F : D(Σ) → D(J) is not fully faithful. As Ŝ is fully faithful the deficiency in F of not

being fully faithful can be circumvented by the isomorphism F ' Ŝ ◦ j∗. This is used to

prove the following theorem.

Theorem 4.2.15. If E is a stable bundle on Σ, then

Ext1(F1(E),F0(EK)) ' H0(Σ,End(E)K).

The isomorphism is given by Ŝ ◦ j∗.

Proof. The proof is an application of the Parseval formula. From Corollary 4.1.8 the

functor F : D(Σ)→ D(J) is isomorphic to Ŝ◦j∗. As E is stable it is IT (1) by Remark 4.2.8

and EK is similarly IT (0). As the Ŝ-transform of j∗(E) and j∗(EK) are isomorphic to

F(E) and F(EK), respectively, the sheaves j∗(E) and j∗(EK) are IT (1) and IT (0) with

respect to Ŝ, respectively. By the Parseval formula and Lemma 4.2.12

Ext1(F1(E),F0(EK)) ' Ext0(j∗(E), j∗(EK)) ' H0(Σ,End(E)K).

From Theorem 4.2.13 the first isomorphism is induced by Ŝ. By Lemma 4.2.12 the second

isomorphism is induced by the Abel–Jacobi map.

Theorem 4.2.16. Let (E,Φ) be a stable degree zero Higgs bundle of rank at least two

with stable underlying holomorphic bundle E. For any A = [a : α] ∈ Pg, the extension

class of (4.4) restricted to JA is completely determined by the Higgs field aΦ + α Id.

Proof. For A = [a : α] the restriction of Ê to the slice JA is the absolute Fourier–Mukai

transform of the Higgs bundle E aΦ+α Id−−−−−→ EK [14, Proposition 3.1.10]. The image of

the extension class under the string of isomorphisms in the proof of Theorem 4.2.15 is

aΦ + α Id.

Proposition 4.2.17. If E is a stable vector bundle of degree zero and rank at least two,

then for any Higgs field the extension class of (4.4), as an element of

Ext1
J×Pg(F1

Pg(E),F0
Pg(EK(1))) ' Ext1

J(F1(E),F0(EK))⊗H0(Pg,O(1)),

is

a0cΦ +

g∑
i=1

aicαi Id.

Here cΦ is the class of the extension restricted to J × [1 : 0 : · · · : 0]; cαi Id is likewise the

class of the extension restricted to J × [0 : · · · : 0 : 1 : 0 · · · : 0] with 1 in the i’th position,

and ai, i = 0, . . . , g are coordinate sections of Pg.
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4. Fourier–Mukai transform for Higgs bundles

Proof. First, notice that as F1
Pg(E) and F0

Pg(EK(1)) are locally free sheaves

Ext1
JPg

(F1
Pg(E),F0

Pg(EK(1))) ' H1(JPg , (F1(E)∗ ⊗ F0(EK)) �OPg(1))

' H1(J,F1(E)∗ ⊗ F0(EK))⊗H0(Pg,OPg(1))

' Ext1
J(F1(E),F0(EK))⊗H0(Pg,OPg(1)),

where the second isomorphism is the Künneth formula combined with the vanishing of

the first cohomology of OPg(1).

Secondly, it follows from the proof of the Parseval formula the isomorphism induced

between extension groups is the relative functor ŜPg

Ext0
JPg

(jPg∗(E), jPg∗(EK(1)))
ŜPg−−→ Ext1

JPg
(F1

Pg(E),F0
Pg(EK(1))).

Thirdly, notice that jPg∗(EK(1)) ' j∗(EK) �OPg(1) on J × Pg, and that the zeroth

extension group is

Ext0
JPg

(jPg∗(E), jPg∗(EK(1))) ' H0(JPg , Ext0(jPg∗(E), jPg∗(EK(1))))

' H0(JPg , Ext0(j∗(E), j∗(EK)) �OPg(1))

' H0(J, Ext0(j∗(E), j∗(EK)))⊗H0(Pg,OPg(1))

' Ext0
J(j∗(E), j∗(EK))⊗H0(Pg,OPg(1))

where Exti is the i’th Ext-sheaf, and the second isomorphism is [31, Proposition III.6.7].

Combining all of the above gives a commutative diagram

Ext0
JPg

(jPg∗(E), jPg∗(EK(1))) '

ŜPg
��

Ext0
J(j∗(E), j∗(EK))⊗H0(Pg,OPg(1))

Ŝ⊗ Id
��

Ext1
JPg

(F1
Pg(E),F0

Pg(EK(1))) ' Ext1
J(F1(E),F0(EK))⊗H0(Pg,OPg(1)).

The proposition now follows from the fact that jPg∗ induces an isomorphism between

H0(ΣPg ,End(EK) � OPg(1)) and Ext0
JPg

(jPg∗(E), jPg∗(EK(1))) by a relative version of

Lemma 4.2.12, and from the definition of the family of Higgs bundles (4.1).

Corollary 4.2.18. The extension (4.4) is non-split.

Proof. If the extension was split all classes cΦ, cαi must be zero, but this is equivalent to

Φ and all αi being zero by Theorem 4.2.15.

Remark 4.2.19. Notice that only an rkE2(g− 1) + 1-dimensional subspace of the possible

g(rkE2(g − 1) + 1)-dimensional space of extensions is used. This subspace is determined

by the classes cΦ.
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4.2.5 Constituent sheaves in rank two and genus two

For rank two bundles on a genus two curve Hitchin [39] gives an explicit list of the possible

holomorphic vector bundles supporting a stable Higgs bundle. We use this classification

to get a closer look at the constituent sheaves Q, R in this special case.

Proposition 4.2.20 ([39] Proposition 3.3). Let Σ be a compact curve of genus two. A

rank holomorphic vector bundle E of rank two and degree zero supports a stabilising Higgs

field if and only if one of the following holds:

• E is stable;

• E ' U ⊗ L where deg(L) = 0 and U is a non-trivial extension of O by itself;

• E ' L⊕N where deg(L) = deg(N) = 0;

• E is decomposable as E = (L⊕ L−1)⊗N where L2 ' K and N2 ' det(E).

Proposition 4.2.21. Let (E,Φ) be a degree zero rank two Higgs bundle on a Riemann

surface of genus two, then the constituent sheaf Q from Proposition 4.2.5 is locally free of

rank two.

Proof. If F0(E) = 0, then Q ' F0(EK) � OPg(1). By Lemma 1.3.7 the sheaf F0(EK) is

locally free as J has dimension two. The rank is easily calculated using Riemann–Roch.

The proof that F0(E) is the zero sheaf is a case by case study using Hitchin’s clas-

sification. The main tool used is Grauert’s theorem combined with Lemma 1.3.6. In all

cases but the last, the dimension of H0(Σ, ELξ) is zero for all but finitely many ξ ∈ J .
Grauert’s theorem gives local freeness away from these points, thus F0(E) vanish on J

except for finitely many points. However as F0(E) is torsion-free it must be the zero sheaf

on all of J , thus Q ' F0(EK)⊗O(1).

In the last case, let K1/2 be a square root of the canonical bundle. As K−1/2 has

degree −1 neither it nor multiples of it by degree zero line bundles have global sections.

The natural Θ-divisor on the Jacobian of degree one line bundles J1(Σ) is the subset

Θ = {L ∈ J1(Σ) |h0(Σ, L) > 0}.

The degree zero and degree one line bundles on Σ can be identified by tensoring with a

square root K1/2 and thus the direct image of K1/2 ⊗ P̃ to J is supported on a divisor,

but as F0(K1/2) is torsion-free (Lemma 1.3.6) it must be zero.

Proposition 4.2.22. Let (E,Φ) be a Higgs bundle of degree zero and rank two on a curve

of genus two. The constituent sheaf R from Proposition 4.2.5 is a sheaf of rank two with

extra properties depending on the case:
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4. Fourier–Mukai transform for Higgs bundles

• locally free if E is stable;

• strictly torsion-free if E is the non-trivial extension of a flat line bundle by itself or

a direct sum of flat line bundles;

• torsion sheaf if E = (L⊕ L−1)⊗N , L2 ' K and deg(N) = 0.

Proof. The following table containing dimensions of sheaf cohomology groups will be im-

portant for the proof of the proposition. To avoid confusion the line bundle L in the last

case, is written as K1/2.

stable U ⊗ L L⊕N (K1/2 ⊕K−1/2)⊗N

0 for all Lξ 0 if Lξ 6= L−1 0 if Lξ 6= L−1 and Lξ 6= N−1 0 if LξN 6∈ ΘK1/2

1 if Lξ = L−1 1 if Lξ = L−1 or Lξ = N−1 1 if LξN ∈ ΘK1/2

2 if Lξ = L−1 and Lξ = N−1

Dimensions of the cohomology group H0(ELξ) for the four different cases of Hitchin’s
classification in Proposition 4.2.20. The divisor ΘK1/2 is the translate of the Θ-divisor in
J1(Σ) to J0(Σ) using K1/2. The dimensions are easily computable, expect for the third
case where Clifford’s theorem must be applied.

When E is stable it is clear from Grauert’s theorem that R is locally free. It has rank

two by Riemann–Roch.

In the case of a non-trivial extension of a trivial line bundle and the direct sum of

trivial line bundles, the jumping locus of the function hi(ξ, E) = dimH i(Σ, ELξ) on J is

of codimension two in J . As F0(E) = 0, it follows from [73, Corollary 1.4] that F1(E)

is torsion free. As R is a subsheaf of F1(E) � OP2 it is torsion free. Since F2(E) = 0

it follows from Grauert’s theorem that F1(E) ⊗ Cξ ' H1(Σ, ELξ) for all ξ ∈ J . From

the table above, the dimension of the fibre jumps and thus F1(E) is torsion-free but not

reflexive, as if it was reflexive it would be locally free contradicting the jumps in the fibre

dimension. The points in J giving rise to jumps in h0(ξ, E) is the locus where the stalks

are not free. It is also evident from the table and Grauert’s theorem that F1(EK) is a

pure torsion sheaf supported on the jumping locus of h0(ξ, E). Again, it follows from the

last bullet of Grauert’s theorem that F1(EK) is not the zero-sheaf. Notice that R cannot

be locally free as it would then be the double dual of F1(E), implying that F1(E) was

locally-free.

In the last case, F1(K−1/2 ⊗ N) is locally free of rank two, F1(K3/2 ⊗ N) = 0 and

F1(K1/2 ⊗N) is a pure torsion sheaf supported on the divisor ΘK1/2 ⊂ J . It follows from
[31, Exercise II.5.8] that F1(K1/2N) ' i∗(N

′) where i : ΘK1/2 → J is the inclusion and

N ′ is a line bundle on ΘK1/2 . Therefore F1(E) is the direct sum of a locally free rank two

sheaf and a pure torsion sheaf while F1(EK) = F1(K1/2N). Recall that R is the kernel of

F1(E) �OP2 → F1(EK) �OP2(1). At the divisor at infinity this map respects the direct
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sum, and maps the torsion part F1(K1/2N) to F1(K3/2N) = 0. It therefore follows that

R has torsion.

Remark 4.2.23. Propositions 4.2.21 and 4.2.22 show that in the case of stable Higgs bundles

of degree zero and rank two on a genus two curve, the constituent sheaf Q is locally free

but its counterpart R gets increasingly more complicated as the underlying bundle gets

further away from being stable. Notice also that the Parseval formula is not applicable in

other cases than E being stable as EK(1) is not WIT (i) with respect to FPg .

Remark 4.2.24. When the rank and genus is two and the holomorphic bundle is stable,

then the Chern characters of R and Q(−1) are 2+2t and 2−2t, where t is the first Chern

class of the Θ-divisor. This is a simple application of Grothendieck–Riemann–Roch. The

reason for the 2Θ-divisor cropping up is explained by the following proposition.

Proposition 4.2.25. Let E be a stable bundle of degree zero and rank two on a curve

of genus two and Φ any Higgs field. Then the constituent bundle Q(−1) ' F0(EK)

is an elementary modification of a Fourier–Mukai transformed line bundle on Σ, and

the constituent bundle R ' F1(E) is an elementary modification of a Fourier–Mukai

transformed line bundle on Σ, up to a twist by a line bundle on J .

Proof. Narasimhan and Ramanan [59] showed that the moduli space of stable vector

bundle of rank two with fixed determinant on a genus two curve is isomorphic to P3 =

P(H0(J1(Σ),O(2Θ))), where O(Θ) is the line bundle defined by the Θ-divisor. This

identification is given by associating to a stable bundle E the set

CE = {L ∈ J1(Σ) |h0(EL) 6= 0}.

Narasimhan and Ramanan prove that all CE are divisors linearly equivalent to 2Θ. In

other words, a stable rank two bundle with trivial determinant can be defined as an

extension

0→ L−1 → E → L→ 0 (4.5)

for some line bundle L of degree one. Multiplying this sequence by the canonical bundle

gives

0→ L−1K → EK → LK → 0. (4.6)

As E is stable F1(EK) = 0. Furthermore, as L−1K has degree one the sheaf F0(L−1K)

is supported on the divisor ΘL−1K . However, F0(L−1K) is torsion free by Lemma 1.3.6

and thus F0(L−1K) = 0. By Grauert’s theorem F1(LK) = 0 and F0(LK) and F0(EK)

are rank two bundles. The Fourier–Mukai transform of (4.6) is therefore

0→ F0(EK)→ F0(LK)→ F1(L−1K)→ 0.

53
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The degree of L−1K is one which is the critical degree for Riemann–Roch in genus two.

If a line bundle of degree one on a genus two curve has global sections it can only have

a one dimensional space of such by Clifford’s theorem. From the last bullet of Grauert’s

theorem F1(L−1K) is a torsion sheaf of pure dimension one and as the fibre dimension is

constant it is a line bundle on ΘL−1K [31, Exercise II.5.8], i.e. F1(L−1K) ' i∗(N) where

i : ΘL−1K → J is the inclusion and N is a line bundle on ΘL−1K . Therefore F0(EK) is an

elementary modification of F0(LK).

It follows by similar arguments that the Fourier–Mukai transform of (4.5) is

0→ F1(L−1)→ F1(E)→ F1(L)→ 0

with F1(L−1) and F1(E) rank two bundles, and F1(L) ' i∗(N
′) where i : ΘL−1K → J is

the inclusion and N ′ is a line bundle on ΘL−1K . This shows that F1(L−1) is an elementary

modification of F1(E) which by [25, Page 42] is equivalent to F1(E) being an elementary

modification of F1(L−1)⊗O(ΘL−1K).

4.3 Relation to Beilinson’s spectral sequence

For a holomorphic vector bundle on a projective space the Beilinson spectral sequence can

sometimes give extra information about the bundle. Depending on the explicit terms in

the spectral sequence the vector bundle might turn out to be given by a monad or sit in an

extension. In this section, a relative version of the Beilinson spectral sequence is applied

to a transformed Higgs bundle, and combined with the first hypercohomology spectral

sequence the result is shown to be equivalent to the sheaf extension in Proposition 4.2.5.

Theorem 4.3.1 (Beilinson). Let Z be a complex manifold, π : Pg×Z → Z the projection.

For every holomorphic vector bundle E on Pg×Z there is a spectral sequence with E1-term

E−p,q1 = OPg(−p) �Rqπ∗(E ⊗ Ωp
Pg×Z/Z(p))

which converges to

Ei =

{
E i = 0

0 otherwise.

Here ΩPg×Z/Z denotes the relative cotangent bundle of the projection to Z, i.e. the cotan-

gent bundle of Pg pulled back to Pg × Z, and Ωp the p’th wedge power of ΩPg×Z/Z .

Remark 4.3.2. There is a version of Beilinson’s theorem on any manifold X with a good

resolution of the diagonal in X × X. In Beilinson’s original version X = Pn and the

resolution is provided by the Koszul complex of a canonical section of

OPn(1) �Q ' Hom(p∗1OPn(−1), p∗2Q)
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4.3. Relation to Beilinson’s spectral sequence

where the pi’s are projections from Pn×Pn and Q ' TPn(−1). The same kind of resolution

exist in the relative case. For the application in this thesis the geometric description of

projective space as Pg = P(CΦ⊕H0(K)) implies that the canonical section in question is

exactly multiplication by aΦ + α Id on a slice A× Pg where A = [a : α].

For a stable Higgs bundle (E,Φ) of degree zero and rank at least two Proposition 4.2.5

expresses the transformed bundle as an extension. This extension is related to the Beilin-

son Spectral Sequence of Ê(−1).

Lemma 4.3.3. On J × Pg denote by Ωp the p’th wedge power of the relative cotangent

bundle of the projection π : J × Pg → J . Then

Rqπ∗(Ω
p(p)) ' 0 if (p, q) 6= (0, 0) π∗(OJ×Pg) ' OJ

Rqπ∗(Ω
p(p− 1)) ' 0 if (p, q) 6= (1, 1) R1π∗(Ω) ' OJ

Rqπ∗(Ω
p(p+ 1)) ' 0 if q 6= 0 π∗(Ω

p(p+ 1)) ' O(g+1
p+1)
J

Proof. The vanishing results follow from Grauert’s theorem by showing the vanishing of

the cohomology groups Hq(Pg,Ωp(p)), Hq(Pg,Ωp(p − 1)), and Hq(Pg,Ωp(p + 1)) for the

appropriate q’s. Their dimensions are calculated using Bott’s rule [64, p. 8].

What remains is to show that the non-zero bundles are in fact trivial bundles. Only

the argument for π∗(Ωp(p+ 1)) is given, as the others are parallel to this.

The dimension of the global holomorphic sections of π∗(Ωp(p+ 1)) is again computed

by Bott’s rule since

H0(J, π∗(Ω
p(p+ 1))) = H0(J × Pg,Ωp(p+ 1)) ' H0(Pg,Ωp(p+ 1)) '

(
g + 1

p+ 1

)
.

The Chern character of π∗(Ωp(p + 1)) is computed by Grothendieck–Riemann–Roch

as all higher direct images vanish,

ch(π∗(Ω
p(p+ 1))) =

∫
Pg

ch(Ωp(p+ 1)) Td(Pg) = χ(Ωp(p+ 1)) =

(
g + 1

p+ 1

)
.

As the rank and the number of linearly independent holomorphic sections match up,

s1 ∧ · · · ∧ sn is a non-zero holomorphic section of detπ∗(Ω
p(p + 1)) where {s1, . . . , sn} is

a basis of global holomorphic sections. From the Chern character above, this section is

non-zero at every point of J , implying that si(x) 6= 0 for all x, i.e. {s1, . . . , sn} constitute
a global holomorphic frame of π∗(Ωp(p+ 1)).

Theorem 4.3.4. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least two.

The Beilinson spectral sequence for Ê(−1) recovers Ê(−1) as a sheaf extension, which

when twisted with OPg(1) reproduces the sheaf extension for Ê found in Proposition 4.2.5.
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4. Fourier–Mukai transform for Higgs bundles

Proof. The proof of this theorem is an exercise in identifying the terms in Beilinson’s spec-

tral sequence using the definition of Ê via the first spectral sequence for hypercohomology.

The proof is unfortunately long and technical.

The definition of the Fourier–Mukai transform of a stable Higgs bundle of degree zero

uses the family (4.1). The sheaf morphism Θ is injective [14, Lemma 3.2.1.1], thus defining

a short exact sequence of sheaves on Σ× Pg

0→ E
Θ−→ EK(1)→ QΘ → 0,

where QΘ is a sheaf supported on the zero divisor of det(Θ). By Corollary 4.2.3 the

Fourier–Mukai transform of (E,Φ) is the Fourier–Mukai transform of the corresponding

cokernel sheaf QΘ up to a shift.

Pulling back the sheaf sequence to J ×Σ× Pg and tensoring by Ωk(k − 1)P̃ gives the

exact sequence

0→ EΩk(k − 1)P̃ → EKΩk(k)P̃ → QΘΩk(k − 1)P̃ → 0. (4.7)

The terms in the relative Beilinson spectral sequence for Ê(−1) are derived images of

ÊΩk(k − 1) under the projection π : J × Pg → J ,

Rnπ∗(ÊΩk(k − 1)) �OPg(−k).

These sheaves can be computed by (4.7) as Ê ' π13∗(π
∗
23(QΘ)⊗ π∗12P̃) and

ÊΩk(k − 1) ' π13∗(π
∗
23(QΘΩk(k − 1))⊗ π∗12P̃),

by the projection formula. Recall that πij and πi denote projections from J×Σ×Pg to the

ij’th or i’th factor, respectively. The pullbacks needed to make sense of tensor product

of QΘ and Ωk(k − 1) are suppressed for ease of notation. As QΘ is IT (0) with respect

to the relative Fourier–Mukai transform, the higher direct images of π∗23(QΘ) ⊗ π∗12P̃
under π13 vanish. Furthermore, by the projection formula the higher direct images of

π∗23(QΘΩk(k − 1))⊗ π∗12P̃ also vanish. This gives

Rnπ∗(ÊΩk(k − 1)) ' Rnπ1∗(π
∗
23(QΘΩk(k − 1))⊗ π∗12P̃).

The terms in Beilinson’s spectral sequence also appear in the long exact sequence associ-

ated to (4.7) under π1 : J × Σ × Pg → J . The other sheaves in the long exact sequence

are

Rnπ1∗(EΩk(k − 1)P̃) and Rnπ1∗(EKΩk(k)P̃).

These sheaves are easier to handle, and the rest of the proof argues why all terms in the

spectral sequence are sheaves of the above form.
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4.3. Relation to Beilinson’s spectral sequence

Combining Grauert’s theorem, Bott’s rule [64, p. 8], and the Künneth Formula for

sheaf cohomology gives the following vanishing result

Rnπ1∗(EΩk(k − 1)P̃) = 0 for (k, n) 6∈ {(0, 0), (0, 1)}

Rnπ1∗(EKΩk(k)P̃) = 0 for (k, n) 6∈ {(1, 1), (1, 2)}.

In the case k = 0, the only non-vanishing sheaves are

π∗(Ê(−1)) ' π1∗(E(−1)P̃) and R1π∗(Ê(−1)) ' R1π1∗(E(−1)P̃).

In the case k = 1, the only non-vanishing sheaves are

π∗(ÊΩ) ' R1π1∗(EΩP̃) and R1π∗(ÊΩ) ' R2π1∗(EΩP̃).

Consider the diagram of projections

J × Σ× Pg π13 //

π12

��

J × Pg

π
��

J × Σ
q // J.

Regard Ω on J×Σ×Pg as being pulled back by π13 from J×Pg. As π1 = π ◦π13 = q ◦π12

we revisit the above direct images, but now using q ◦ π12. The direct image sheaves

Rnπ12∗(π
∗
13(Ω)) vanish if n 6= 1 by Bott’s rule, hence

Rn(q ◦ π12)∗(π
∗
12(EP̃)⊗ π∗13(Ω)) ' Rn−1q∗R

1π12∗(π
∗
12(EP̃)⊗ π∗13Ω)

' Rn−1q∗(EP̃ ⊗R1π12∗π
∗
13Ω)

' Rn−1q∗(EP̃ ⊗ q∗R1π∗(Ω))

' Rn−1q∗(EP̃)⊗R1π∗Ω

' Rn−1q∗(EP̃).

The last isomorphism is Lemma 4.3.3. Combining the above calculations finally gives

π∗(Ê(−1)) ' q∗(EKP̃) R1π∗(Ê(−1)) ' R1q∗(EKP̃)

π∗(ÊΩ) ' q∗(EP̃) R1π∗(ÊΩ) ' R1q∗(EP̃).

The sheaves on the right hand sides are exactly Fi(E) and Fi(EK) for i = 0, 1. Inserting

this on the first page of the Beilinson spectral sequence
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4. Fourier–Mukai transform for Higgs bundles

q

0 0 0 2

0 F1(E) �OPg(−1) F1(EK) �OPg 1

0 F0(E) �OPg(−1) F0(EK) �OPg 0

−2 −1 0 p

with differentials on a slice JA being multiplication by aΦ+α Id where A ∈ Pg corresponds
to the line generated by aΦ + α Id ∈ CΦ ⊕ H0(K). The second page is stable and by

Theorem 4.3.1, Ê(−1) is an extension

0→ Q(−1)→ Ê(−1)→ R(−1)→ 0

0→ F0(E) �OPg(−1)→ F0(EK) �OPg → Q(−1)→ 0

0→ R(−1)→ F1(E) �OPg(−1)→ F1(EK) �OPg → 0.

which is exactly the extension obtained in Proposition 4.2.5 twisted by OPg(−1).

Remark 4.3.5. The Beilinson spectral sequence for Ê itself is rather complicated as it

includes Rqπ∗(Ωp(p+ 1)) which by Lemma 4.3.3 vanish for q 6= 0 and for q = 0 are trivial

bundles of rank
(
g+1
p+1

)
.

The first page of the spectral sequence contains only two non-zero rows q = 0 and

q = 1 with non-zero entries from p = 0 to p = −g. The second page is not stable, but the

third is.

4.3.1 An alternative view upon injectivity

In this section we use the first hypercohomology spectral sequence and Beilinson’s spectral

sequence to give an alternative proof of Bonsdorff’s injectivity result [14, Theorem 3.2.1].

Theorem 4.3.6. Let (E,Φ), (F,Ψ) be two degree zero Higgs bundles of rank at least two

on a Riemann surface of genus at least two. If Ê ' F̂ as holomorphic bundles on J ×Pg,
then (E,Φ) ' (F,Ψ) as Higgs bundles.

Proof. As in [14, Theorem 3.2.1], the proof is a procedure for recovering a Higgs bundle

from its transform Ê on J × Pg.

Let qij be the canonical projections from Ĵ × J × Pg to the ij’th factors. If Q̃ is a

sheaf on JPg which is IT (0) with respect to ŜPg , then as ŜPg is an equivalence of categories
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4.3. Relation to Beilinson’s spectral sequence

ŜPg(Q̃) on ĴPg is WIT (g) with respect to SPg . The sheaf Q̃ is IT (0) with respect to ŜPg

if by definition

Rsq13∗(q
∗
23Q̃ ⊗ q∗12P) = 0 for s 6= 0, and q13∗(q

∗
23Q̃ ⊗ q∗12P) is locally free.

From [6, Chap. 3, Cor. 3.4]

Q̃ ' Rgq23∗(q
∗
13(q13∗(q

∗
23(Q̃)⊗ q∗12P))⊗ q∗12P̃∗).

It follows from Lemma 4.1.7 that Ê ' ŜPg(jPg∗QΘ) and that jPg∗QΘ is an IT (0) sheaf on

JPg with respect to ŜPg . We can therefore recover QΘ on ΣPg by

QΘ ' j∗Pg(Rgq23∗(Ê ⊗ q∗12P∗)).

The data of a Higgs bundle is contained in the sheaf QΘ on Σ × Pg. We can recover the

Higgs bundle by applying the Beilinson spectral sequence to QΘ(−1) with respect to the

projection π : Σ× Pg → Σ. The sheaf QΘ is defined by a short exact sequence. Tensored

by Ωp(p− 1)

0→ E ⊗ Ωp(p− 1)→ EK ⊗ Ωp(p)→ QΘ ⊗ Ωp(p− 1)→ 0

its direct images under π vanish by Lemma 4.3.3 except for p = 0 and p = 1. In these

cases, the exact sequence gives

π∗(QΘ(−1)) ' EK and π∗(QΘ ⊗ Ω) ' E.

The first page of Beilinson’s spectral sequence only has non-zero terms E−1,0
1 ' E(−1)

and E0,0
1 ' EK. By definition of the spectral sequence, the differential is Θ as Pg =

P(ΦC⊕H0(K)). The second page is stable, giving a short exact sequence

0→ E−1,0
1 ' E(−1)

Θ−→ E0,0
1 ' EK → QΘ(−1)→ 0

from which we recover the Higgs field by restriction.

Remark 4.3.7. In the proof of Theorem 4.3.6 we silently use Remark 1.1.9.

Remark 4.3.8. The difference between the proof given above and that of [14, Theorem

3.2.1] is the use of the Beilinson spectral sequence. Bonsdorff use an argument adapted

to the situation at hand, while the above is using a standard spectral sequence.
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4. Fourier–Mukai transform for Higgs bundles

4.4 A family of homogeneous bundles

In this section we study the first hypercohomology spectral sequence and its implica-

tion for a transformed Higgs bundle considered as a family of holomorphic bundles on J

parametrised by Pg.
Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least two, and let

C(E,A) be the complex

E
aΦ+α Id−−−−−→ EK

on Σ concentrated in degrees zero and one with A = [a : α] ∈ Pg.

Lemma 4.4.1. For a stable Higgs bundle (E,Φ) of degree zero and rank at least two,

the complex C(E,A) is IT (1) with respect to the absolute Fourier–Mukai transform for all

A ∈ Pg.

Proof. Assume first that A = [1 : α] for α ∈ H0(Σ,K). For every ξ ∈ J the hypercoho-

mology of the stable Higgs bundle

ELξ
Φ+α Id−−−−→ ELξK

is concentrated in degree one with a dimension independent of ξ. For A = [1 : α] the

complex C(E,A) is therefore IT (1) with respect to the absolute Fourier–Mukai transform.

Let A = [0 : α]. The complex E(α, ξ)

ELξ
α Id−−→ ELξK

might not be a stable Higgs bundle and the previous argument does not work; however, the

hypercohomology groups can be computed by the first hypercohomology spectral sequence

(1.4) for E(α, ξ)

IEp,q2 = Hp(Σ,Hq(E(α, ξ))) ' Hp(Σ,Hq(E(α, 0))⊗ Lξ).

As α Id is an injective sheaf map the only non-zero cohomology sheaf is in degree one

where it is the cokernel sheaf

Qα = coker(E
α Id−−→ EK) = H1(E(α, 0)).

The cokernel is a sum of skyscrapers on Σ, each length of which is the vanishing multiplicity

of α at its zeros. AsQα is a sum of skyscrapersQα⊗Lξ ' Qα and hence higher cohomology

groups of Qα ⊗ Lξ vanish. The only non-zero entry on the second page is (p, q) = (0, 1),

proving that the second page is stable. It follows immediately that Hi(E(α, ξ)) = 0 for

i 6= 1, and since Qα ⊗ Lξ ' Qα the dimensions of IE0,1
2 are independent of ξ, proving

that F1(C(E,A)) is locally free, and that C(E,A) is IT (1) with respect to the absolute

Fourier–Mukai transform when A = [0 : α].
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Definition 4.4.2. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least

two. For any A ∈ Pg denote by ÊA the only non-zero cohomology sheaf of the absolute

Fourier–Mukai transform of C(E,A).

Lemma 4.4.3 ([14] Proposition 3.1.10). For any A ∈ Pg restriction to JA commutes with

the absolute Fourier–Mukai transform:

Ê|JA ' ÊA.

4.4.1 Homogeneous bundles

Definition 4.4.4. A holomorphic vector bundle U on an abelian variety X which is

invariant under pullback by translations τx : X → X, i.e. τ∗xU ' U for all x ∈ X, is called

homogeneous.

Definition 4.4.5. For A = [a : α] ∈ P(CΦ⊕H0(K)) define det ΦA := det(aΦ + α Id).

Theorem 4.4.6. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least two,

and let A ∈ Pg. If the holomorphic section det ΦA of Kr does not vanish identically on Σ,

then Ê|JA is a homogeneous vector bundle.

Proof. As det ΦA is a non-zero section of Kr the differential aΦ + α Id in the complex

C(E,A) is an injective sheaf morphism. This extends C(E,A) to a short exact sequence

of coherent sheaves on Σ

0→ E
aΦ+α Id−−−−−→ EK → QA → 0.

The sheaf QA is the cokernel sheaf supported on the vanishing locus of det ΦA and is thus a

direct sum of skyscraper sheaves of various lengths. By the first hypercohomology spectral

sequence (or rather its sheaf analogue Corollary 4.2.3) the Fourier–Mukai transform of the

complex C(E,A) is isomorphic to the Fourier–Mukai transform of QA, up to a shift. As

j : Σ → J is an embedding, j∗(QA) is also a direct sum of skyscraper sheaves. It follows

from the isomorphism of functors in Corollary 4.1.8 that ÊA is the image of a sum of

skyscraper sheaves under Mukai’s original transform Ŝ : D(J)→ D(J).

Let x ∈ J be a point and consider the pullback of ÊA:

τ∗x(ÊA) ' τ∗x Ŝ(j∗(QA)) ' Ŝ(j∗(QA)⊗ Px) ' Ŝ(j∗(QA)) ' ÊA.

The second isomorphism is the projection formula and third isomorphism follows from the

support of j∗(QA) being points in J .
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4. Fourier–Mukai transform for Higgs bundles

Given a stable Higgs bundle (E,Φ) of degree zero and rank at least two, consider the

open set V ⊂ Pg defined by

V = {A ∈ Pg | det ΦA 6= 0}.

Theorem 4.4.6 shows that Ê|J×V is a family of homogeneous vector bundles on J para-

metrised by V .
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Lemma 4.4.7. The complement of V ⊂ Pg is at most rkE points.

Proof. Let r = rkE, and A ∈ Pg be of the form [0 : α], then det(ΦA) = αr and the only

solution to det ΦA = 0 is α = 0.

Assume A = [1 : α], then

det ΦA = αr + Tr Φ αr−1 + · · ·+ det Φ.

The characteristic polynomial of Φ defines an equation in the total space of the canonical

bundle on Σ,

0 = det(Φ + η Id) = ηr + Tr Φ ηr−1 + · · ·+ det Φ,

with η the tautological section on K. The solutions of the characteristic polynomials

constitute a curve S in the total space of K. If there exists a point [1 : α] ∈ Pg such that

det ΦA = 0, then as α is a section of K the image of this section in the total space is a

component of S. As there can be at most r such components the complement Pg \ V is

empty or at most a r points.

4.4.2 Unipotent bundles

Definition 4.4.8. A vector bundle U on J is unipotent if U has a filtration of holomorphic

subbundles

0 = U0 ⊂ U1 ⊂ · · · ⊂ Un−1 ⊂ Un = U

such that Ui/Ui−1 ' OJ for all i = 1, . . . , n.

Theorem 4.4.9. For (E,Φ) and A ∈ Pg as in Theorem 4.4.6 let {zA1 , . . . , zAn } be the zeros
of det ΦA then Ê|JA is a direct sum of twisted unipotent vector bundles

Ê|JA '
n⊕
i=1

Li ⊗ Ui (4.8)

where Li are the degree zero line bundles given by the image of zAi in J by the Abel–Jacobi

map and Ui are unipotent bundles determined by the cokernel QA at zAi . The rank of Ui
is the vanishing multiplicity of det ΦA at zAi .

Proof. The theorem follows directly from Theorem 4.4.6 and Mukai’s Theorem 4.17 in

[56]

Corollary 4.4.10. Let A ∈ Pg be a point where det ΦA has simple zeros, then Ê|JA is a

sum of line bundles.

Proof. If det ΦA only has simple zeros, there are 2 rkE(g− 1) distinct zeros and all Ui are

trivial line bundles.
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4.5 Spectral data transform for Higgs bundles

In this section we consider a stable Higgs bundle (E,Φ) of degree zero and rank r at least

two. We furthermore assume that (E,Φ) has smooth spectral data (S,L), meaning that

the curve of eigenvalues of Φ in the total space of the canonical bundle p : K → Σ

0 = det(Φ + η Id)

with η the tautological section of p∗K on K is a smooth r-sheeted branched cover of Σ,

and p∗L ' E.

Define a hypersurface Y ⊂ S × Pg by

Y = {(x,A) ∈ S × Pg | a0η(x) +
∑

aip
∗(αi)(x) = 0}

where A = [a0 : a1 : · · · : ag] and {α1, . . . , αg} is a chosen basis for H0(K). The hypersur-

face is the zero locus of a section of p∗K�OPg(1) on S×Pg. Denote by i : Y ↪→ S×Pg the
inclusion, by π : S ×Pg → Pg the canonical projection, and by π′ = π ◦ i the composition.

Lemma 4.5.1. If S p−→ Σ is a smooth r-sheeted branched cover, then Y π′−→ Pg is a smooth

2r(g − 1)-sheeted branched cover.

Proof. The hypersurface Y is defined by the section

s = a0η + a1p
∗α1 + · · ·+ agp

∗αg

where {α1, . . . , αg} is a basis for H0(K) and [a0 : a1 : · · · : ag] are coordinates on Pg. If

(x′, A′) ∈ S × Pg is a singular point of Y , then

s(x′, A′) = 0 and
∂s

∂x
(x′, A′) = 0 and

∂s

∂ai
(x′, A′) = 0 for all i.

As
∂s

∂ai
=

{
η i = 0

p∗αi i 6= 0,

a singular point (x′, A′) ∈ Y has p∗(αi)(x′) = αi(p(x
′)) = 0 for all i = 1, . . . , g. Such a

point does not exist as H0(K) is base point free when the genus is at least two, proving

that Y is smooth.

The line bundle p∗K has degree 2r(g− 1) on S, and Y is the zero locus of a section of

p∗K �OPg(1) it is a 2r(g − 1)-sheeted branched cover over Pg.

Remark 4.5.2. The result in Lemma 4.5.1 is contrasted by the support of the cokernel

sheaf QΘ not being smooth at its intersection with the divisor at infinity Σ × Pg where

the points have high multiplicity.
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Lemma 4.5.3. The branch locus of Y → Pg corresponds to [1 : α] with α ∈ H0(K) taking

values in a ramification point of S → Σ or [0 : α] with α ∈ H0(K) having zeros at branch

points of S → Σ.

Proof. By definition of the spectral curve, x = (z, a(z)) ∈ T ∗Σ is in S if and only if −a(z)

is an eigenvalue of Φz. The branch points of S p−→ Σ are the points z ∈ Σ where Φz has

multiple eigenvalues.

Let A = [a0 : α] ∈ Pg be short hand for [a0 : a1 : · · · : ag] with α = a1α1 + · · ·+ agαg.

Assume a0 6= 0, then π′−1({A}) consists of (z, a(z)) such that a(z) = −α(z), or the points

z ∈ Σ where α(z) is an eigenvalue of Φz. Assume a0 = 0, then π′−1({A}) consists of points
(z, a(z)) ∈ S where α(z) = 0.

The branch points of Y π′−→ Pg are therefore the A = [1 : α] such that there is z ∈ Σ

such that −α(z) is a multiple eigenvalue of Φz, or the A = [0 : α] where α vanish at a

branch point of S p−→ Σ.

Definition 4.5.4. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least

two with smooth spectral data (S,L). Define the spectral transform of (E,Φ) to be the

sheaf

Ě = π13∗(π
∗
23(L⊗ p∗K ⊗OPg(1))⊗OJ×Y ⊗ π∗12(Id×p)∗P̃)

where πij are the canonical projections on the ij’th factor of J × S × Pg and OJ×Y is the

structure sheaf of the divisor J × Y in J × S × Pg.

Theorem 4.5.5. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least

two with smooth spectral data. Then the spectral data transform and the Fourier–Mukai

transform are equivalent, i.e.

Ê ' Ě

as holomorphic bundles on J × Pg.

Proof. The spectral line bundle L together with the tautological section η defines the

Higgs bundle on Σ by pushing down the sequence L η−→ L ⊗ p∗K. We extend (L, η) to a

family

C(L) = L
Ψ−→ L⊗ p∗K ⊗OPg(1)

on S × Pg which when restricted to S × [a0 : a1 : · · · : ag] is

L
a0η+p∗α−−−−−→ L⊗ p∗K with α = a1α1 + · · ·+ agαg.

This family pushes down to the family (4.1) on Σ × Pg. Let PS be the pullback of the

Poincaré bundle to J × S, i.e. PS = (Id×p)∗P̃ = (Id×(j ◦ p))∗P.
Since the morphism Ψ in C(L) is a non-zero section of a line bundle it is an injective

sheaf map. It therefore follows from the first hypercohomology spectral sequence that the
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4. Fourier–Mukai transform for Higgs bundles

hyper direct image of π∗23C(L)⊗ π∗12PS along π13 is concentrated in degree one where it is

locally free. We furthermore know from the first hypercohomology spectral sequence that

R1π13∗(π
∗
23C(L)⊗ π∗12PS) ' Ě.

It now directly follows from base-change that

R1π13∗(π
∗
23C(L)⊗ π∗12PS) ' FPg(C(E)) = Ê

proving the theorem.

Proposition 4.5.6. Let S be a smooth spectral curve and Y the associated hypersurface

in S × Pg, then
Pic(Y ) ' Pic(S)× Z.

Proof. Let x0 = (z0, α0(z0)) ∈ S be expressed as a point in the total space of the canonical

bundle, then the fibre of the projection Y → S at x0 is given by the solutions to the

equation

0 = a0α0(z0) + a1α1(z0) + · · ·+ agαg(z0)

on Pg. The equation is the vanishing locus of a section of OPg(1) and is therefore a

projective space of dimension g − 1. As x0 ∈ S was arbitrary Y is a Pg−1-bundle on S.

The result now follows from [31, Exercise III.12.5].

A simple application of Grothendieck–Riemann–Roch shows that the restriction of Ê

to a Pg-slice of J × Pg has Chern character

r(g − 1) + r(g − 1) ch(OPg(1)). (4.9)

Together with the above proposition this determines which line bundles on Y can be used

to construct transformed Higgs bundles.

Corollary 4.5.7. Let S be a smooth spectral curve and Y π′−→ Pg the associated 2r(g−1)-

sheeted branched cover of Pg. Then only line bundles of degree r(r + 1)(g − 1) on S and

degree 1 on Pg have Chern character (4.9) under the direct image to Pg.

Proof. From Proposition 4.5.6 every line bundle N on Y is of the form

N ' i∗M ⊗ i∗OPg(m)

for i : Y ↪→ S×Pg the inclusion and M a line bundle on S and m an integer. By a simple,

but long and tedious calculation using Grothendieck–Riemann–Roch, we obtain

ch(π′∗N) = ch
(
OPg(m−1)

)(
2r(g−1)+(g−1)−degM

)
+ch

(
OPg(m)

)(
degM−(g−1)r2

)
.

This Chern character agrees with (4.9) only if degM = r(r + 1)(g − 1) and m = 1.
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Remark 4.5.8. Notice that if M has degree r(r+ 1)(g− 1) on S the degree of M ⊗ p∗K−1

is r(r − 1)(g − 1). Line bundles of this degree exactly push down to a degree zero vector

bundle on Σ, and as the spectral curve is smooth the corresponding Higgs bundle is stable.

The spectral transform of any line bundles of Picr(r+1)(g−1)(S)×{1} ⊂ Pic(Y ) is therefore

in the image of the Fourier–Mukai transform for Higgs bundles.

4.5.1 Spectral transform and homogeneous bundles

In this section we investigate the consequences for Ê of (E,Φ) having smooth spectral

data. First of all, we will see that the holomorphic structure of the homogeneous bundles

Ê|JA is tractable, and furthermore that information contained in the whole family of

homogeneous vector bundles recovers the spectral curve.

First, notice that when (E,Φ) has smooth spectral curve, the set

V = {A ∈ Pg | det ΦA = 0} = Pg.

This follows as an A ∈ Pg with 0 = det ΦA = det(aΦ + α Id) implies that α
a defines an

irreducible component of the spectral curve, assuming a 6= 0; if a = 0, then 0 = det ΦA

implies α = 0.

Therefore Ê on J × Pg is a family of homogeneous bundles on J parametrised by Pg.

Proposition 4.5.9. If (E,Φ) is a stable Higgs bundle with smooth spectral data, then for

every A = [1 : α] ∈ Pg the unipotent bundles in Theorem 4.4.9 are successive non-trivial

extensions of the trivial bundle.

Proof. The result is clear from Corollary 4.4.10 if det ΦA only has simple zeros. Assume

z0 ∈ Σ is a zero of multiplicity k of det(ΦA), and A = [1 : α]. Then −α(z0) is an eigenvalue

of multiplicity k of Φz0 and z0 is therefore a branch point of S → Σ where k sheets come

together. On S the section η + p∗α vanishes at (z0,−α(z0)) ∈ S with multiplicity k.

As in the proof of Theorem 4.4.6, we can show that

Ě|J×[1:α] = π1∗(π
∗
2Qα ⊗ PS)

where πi is the projection onto the i′th component of J × S, and Qα is cokernel sheaf of

C(L) restricted to S × [1 : α]

0→ L
η+p∗α−−−−→ L⊗ p∗K → Qα → 0.

Since η+ p∗α vanishes with multiplicity k at (z0,−α(z0)) the cokernel sheaf Qα is locally

O/wkO where w is a coordinate on S. The unipotent bundle corresponding to the zero

z0 ∈ Σ is therefore the Fourier–Mukai transform of O/wkO which is a rank k bundle
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4. Fourier–Mukai transform for Higgs bundles

defined as k − 1 successive non-trivial extensions of O by itself. The extensions are non-

trivial as a trivial extension would induce a splitting of the unipotent bundle such a

splitting would correspond to

O/wkO ' O/wiO ⊕O/wjO with i+ j = k and i, j 6= 0,

which is not the case.

Theorem 4.5.10. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least two

with smooth spectral data. Then the holomorphic structure of the family of homogeneous

bundles Ê → J × Pg recovers the spectral curve from Ê.

Proof. We restrict our attention to the restriction Ê|J×H0(K) and denote it by Ê as well.

For every α ∈ H0(K) the homogeneous bundle Ê|Jα is

Ê|Jα '
n⊕
i=1

Lzαi ⊗ U
α
i

where the zαi ’s are the zeros of det(Φ + α Id) and rkUαi the corresponding multiplicities.

Define a map into the symmetric product of Σ

H0(K)
Ψ−→ S2r(g−1)(Σ) by α 7→ {zα1 , . . . , zα2r(g−1)}

with the zαi ’s repeated with the appropriate multiplicities. This map is holomorphic

(actually algebraic) as it coincides with the map obtained from the divisor of support of

the cokernel of the Higgs family on Σ×H0(K) defining Ê. Such a divisor gives a unique

morphism H0(K) → S2r(g−1)(Σ) with the property that the divisor in Σ×H0(K) is the

pullback of the universal divisor in Σ× S2r(g−1)(Σ), see [65, Theorem 16.4].

Consider now the fibre product W ′ of Ψ and the 2r(g − 1) : 1-branched covering

q : Σ× S2r(g−1)−1(Σ)→ Σ. By the universality of the fibre product, W ′ is isomorphic to

its image W in Σ×H0(K).

A point (z, α) ∈ Σ×H0(K) is in W if and only if det(Φ + α)(z) = 0, i.e. that −α(z)

is an eigenvalue of Φz. The image of W under the evaluation map Σ×H0(K)→ T ∗Σ is

therefore set theoretically the spectral curve. As the spectral curve is smooth the induced

scheme structure on the image of W recovers the spectral curve as an algebraic curve.

Remark 4.5.11. Theorem 4.5.10 gives a procedure of extracting data of a transformed

Higgs bundle Ê to produce a spectral curve. It does so by exploiting that Ê is a family of

homogeneous bundles which gives a morphism Pg → S2r(g−1)(Σ) this map has image in a

fibre of S2r(g−1)(Σ)→ J which is a projective space. From this morphism we can recover

the spectral curve. If the Nahm transform is an isometry between moduli spaces there

ought to be an analogue of the Hitchin fibration in the ’moduli space’ of transformed
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Higgs bundles (if such a thing exists). Based on the above, the base of the fibration

might be rational maps Pg → P2r(g−1)−g. Theorem 4.5.10 and Corollary 4.5.7 collectively

proves that the generic fibre is the same Jacobian of line bundles as in the original Hitchin

fibration.
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In this chapter we will discuss the holomorphic structure at infinity in J × Pg of a Nahm

transformed Higgs bundle.

Firstly, we consider the big stratum J ×W ⊂ J × Pg−1 with W ⊂ Pg−1 = P(H0(K))

consisting of holomorphic differentials without multiple zeros. In Section 5.1 we see that

all transformed Higgs bundles are isomorphic on J ×W .

In Section 5.2 we make use of the product structure of the divisor at infinity J×Pg−1 to

describe the isomorphism class of Ê∞ = Ê|J×Pg−1 as a family of holomorphic bundles on

Pg−1 parametrised by J . We see that Ê∞ does depend on the original Higgs bundle even

though on J ×W it is fixed. We consider the jump locus of the holomorphic structure of

Ê∞ considered as a family of holomorphic vector bundles, and see that it includes a subset

depending on the holomorphic bundle in the original Higgs bundle. We shall see that in

the special case of a stable bundle the family is constant, and we shall give a complete

description in the case where the genus is two and the rank is two. Lastly, we study the

special case of the rank three canonical Higgs bundle and see that quite surprisingly the

holomorphic structure also depends on the curve on which the Higgs bundles live.

5.1 Stratification

In this section we consider the restriction of a transformed Higgs bundle to the big stra-

tum J ×W with W ⊂ Pg−1 = P(H0(K)) the complement of the discriminant locus of

differentials with multiple zeros.

Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least two. Recall that

to define Ê → J × Pg we extend E Φ−→ EK to a family

C(E) = E
Θ−→ E ⊗K(1)

on Σ× Pg where for [a : α] ∈ Pg the Higgs bundle on Σ× [a : α] is

E
aΦ+α Id−−−−−→ E ⊗K.

In this section we are interested in the extension to a family C(E)W parametrised by

W ⊂ Pg−1 ⊂ Pg,
E

ΘW−−→ E ⊗K

on Σ ×W . As in the proof of [14, Proposition 3.1.10], the Fourier–Mukai transform Ê

restricted to J ×W is the Fourier–Mukai transform defined by the family Σ ×W . If we

denote by qij the canonical projection to the ij’th factor of J × Σ×W , then

Ê|J×W ' R1q13∗(q
∗
23(C(E)W )⊗ q∗12(P̃)) ' q13∗(q

∗
23(QW )⊗ q∗12(P̃))
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5. Limiting holomorphic structure

where QW is the cokernel of the injective sheaf map ΘW . The isomorphism follows from

the first hypercohomology spectral sequence.

As W is the complement of the discriminant locus, QW is the rank r = rkE trivial

bundle supported on the divisor DW ⊂ Σ ×W for which (z, α) ∈ DW if α(z) = 0. This

follows as for α ∈ W the cokernel of E α Id−−→ EK on Σ × {α} is supported on the zeros

zα1 , . . . , z
α
2g−2 of α, and in a neighbourhood of these points

0→ O⊕r z Id−−→ O⊕r → (O/zO)⊕r → 0.

As OPg−1(1) is trivial on W it follows that QW ' O⊕rDW on Σ×W .

We therefore get

Ê|J×W ' q13∗(OJ×DW ⊗ q∗12(P))⊕r.

If we let ι : J ×DW ↪→ J × Σ×W denote the inclusion, the projection formula gives

Ê|J×W ' q13∗ι∗(ι
∗q∗12P̃)⊕r ' (q13 ◦ ι)∗(q12 ◦ ι)∗(P̃)⊕r.

Since DW is a divisor with the property that for each α ∈W

DW |Σ×{α} = zα1 + · · ·+ zα2g−2

is a divisor of degree 2g − 2 we get a holomorphic map f : W → S2g−2(Σ) mapping α to

the collection of its zeros on Σ. As for fixed α the zαi ’s are distinct points, the image is

in the complement of the branched locus of the quotient map Σ × · · · × Σ → S2g−2(Σ)

defined by the symmetric group. The map

ρ : Σ× S2g−3(Σ)→ S2g−2(Σ) defined by (z1, {z2, . . . , z2g−2}) 7→ {z1, . . . , z2g−2}

is holomorphic. Now DW fits into a pullback diagram

DW Σ× S2g−3(Σ)

W S2g−2(Σ)

f ′

ρ′ ρ

f

Notice also that

Id×ρ′ = q13 ◦ ι : J ×DW → J ×W

q12 ◦ ι = p12 ◦ (Id×f ′) : J ×DW → J × Σ

where p12 : J × Σ× S2g−3(Σ)→ J × Σ is the canonical projection. Using these identities

we have

Ê|J×W ' (Id×ρ′)∗((Id×f ′)∗(P̂))⊕r where P̂ = p∗12P̃. (5.1)

By noting that DW is independent of (E,Φ) we see that the maps π′ and f ′ derived from

DW are independent of (E,Φ), thus we have proved the following theorem and immediate

corollary.
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Theorem 5.1.1. For a stable Higgs bundle (E,Φ) of degree zero and rank at least two, the

transform Ê restricted to the big stratum J ×W with W ⊂ Pg−1 = P(H0(K)) consisting

of holomorphic differentials without multiple zeros, is independent of (E,Φ).

Corollary 5.1.2. Let (E,Φ) be a stable Higgs bundle of degree zero and rank at least two.

Let α ∈ H0(K) have simple zeros zα1 , . . . , z
α
2g−2, then

Ê|J×[0:α] ' L⊕r1 ⊕ · · · ⊕ L
⊕r
2g−2

where Li is the degree zero line bundle on J determined by the image of zαi by the Abel–

Jacobi map.

Proof. As ρ′−1({α}) = {(zα1 , α), . . . , (zα2g−2, α)} it follows directly from (5.1) that

Ê|J×[0:α] ' (L1 ⊕ · · · ⊕ L2g−2)⊕r

completing the proof.

Remark 5.1.3. Assume α ∈ H0(K) has a multiple zero. It follows from Theorem 4.4.9

that the contribution to Ê|J×[0:α] is determined by the local behaviour around the zeros

of α. Assume α = zkdz in a small neighbourhood over which E and EK trivialise, then

the cokernel of O zk−→ O is O/Ik. Mukai [56, Theorem 4.12] shows that the transform of

O/Ik is a k-fold successive non-trivial extension of O. The contribution of a multiplicity

k zero to Ê|J×[0:α] is r copies of a non-trivial holomorphic vector bundle of rank k.

5.2 Family of holomorphic bundles on Pg−1

In this section we consider Ê∞ = Ê|J×Pg−1 as a family of holomorphic rank 2 rkE(g − 1)

bundles on Pg−1 parametrised by J with each member of the family denoted by Ê∞,ξ.

Proposition 5.2.1. The bundle Ê∞,ξ on Pg−1 is for each ξ ∈ J an extension of holomor-

phic vector bundles

0→ Qξ → Ê∞,ξ → Rξ → 0

where Qξ and Rξ are defined by

0→ H0(ELξ)⊗O → H0(EKLξ)⊗O(1)→ Qξ → 0

0→ Rξ → H1(ELξ)⊗O → H1(EKLξ)⊗O(1)→ 0

Proof. Fix ξ ∈ J and denote by i, i′ the inclusions i : {ξ} × Pg−1 → J × Pg−1 and

i′ : {ξ} × Σ× Pg−1 → J × Σ× Pg−1. We denote by π13 and π′13 the canonical projections

π13 : J × Σ × Pg−1 → J × Pg−1 and π′13 : {ξ} × Σ × Pg−1 → {ξ} × Pg−1. It follows from

the first hypercohomology spectral sequence, that the transform of a Higgs bundle (E,Φ)
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is Ê = π13∗(π
∗
23QΘ⊗ π∗12P), where QΘ is the cokernel sheaf of the family (4.1) on Σ×Pg.

If we restrict to the divisor Σ × Pg−1 for Pg−1 = P(H0(K)) ⊂ Pg, then by an argument

similar to [14, Proposition 3.1.10]

Ê∞ = Ê|J×Pg−1 = π13∗(π
∗
23Q∞ ⊗ π∗12P),

where Q∞ is cokernel of (4.1) restricted to Σ×Pg−1. We now use the general base change

formula of [14, Corollary 2.1.4.(1)]. As Ê is locally free and i′ = Id×i only affects the

locally free sheaf P we get

Ê∞,ξ = i∗Ê = π′13∗(Q∞ ⊗ Lξ).

As Q∞Lξ is the cokernel of ELξ
Θ−→ EKLξ⊗OPg−1(1) on Σ×Pg−1 we get a five term long

exact sequence on Pg−1 splitting into three short exact sequences:

0→ π′∗(ELξ)→ π′∗(ELξK)(1)→ Qξ → 0

0→ Qξ → π′∗(Q∞Lξ)→ Rξ → 0

0→ Rξ → R1π∗(ELξ)→ R1π′∗(ELξK)(1)→ 0.

Notice that Riπ13
′
∗(ELξ) ' H i(ELξ)⊗O and likewise for direct image of EKLξ. As the

map

H0(ELξ)⊗O → H0(ELξK)⊗O(1)

at a point [α] ∈ Pg−1 is multiplication by a representative α it is injective, and Qξ is

therefore locally free. A similar argument shows that Rξ is locally free, proving the

result.

5.2.1 Steiner bundles

The holomorphic vector bundles Qξ and Rξ in Proposition 5.2.1 are vector bundles on a

projective space. Holomorphic vector bundles on projective spaces have not been classi-

fied, except in dimension one. However, many types of vector bundles are known. One

particularly nice type are Steiner bundles of which Qξ(−1) and R∗ξ are examples.

Definition 5.2.2. A vector bundle E on Pn = P(V ) is a Steiner bundle if E admits a

resolution of the form

0→ I ⊗OPn(−1)
τ−→W ⊗OPn → E → 0 (5.2)

where I and W are finite dimensional vector spaces.
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Bundles of this type have been studied by many authors, e.g. [21] who coined the term

Steiner bundle. Steiner bundles are a generalisation of Schwarzenberger bundles [68] that

are a special type of rank n bundles on Pn.

The map τ between vector bundles I ⊗OPn(−1) and W ⊗OPn is uniquely determined

by a tensor

t ∈ Hom(V,Hom(I,W )) = V ∗ ⊗ I∗ ⊗W.

The tensor should be such that for each v ∈ V , τ = t(v) must be fiberwise injective.

When we in Section 5.2.5 consider the rank three canonical Higgs bundle, we will identify

Steiner bundles by specifying the tensor t.

Proposition 5.2.3. If F,G are Steiner bundles on Pn, then H1(Pn, F (1)⊗G) = 0

Proof. It follows from the short exact sequence defining G and Bott’s rule [64, p. 63] that

H1(G(1)) = 0 and H2(G) = 0. If we tensor the sequence defining the Steiner bundle F

by G(1), then the long exact sequence of cohomology associated to this sequence gives the

result.

Corollary 5.2.4. For each ξ ∈ J the bundle Ê∞,ξ splits as

Ê∞,ξ ' Qξ ⊕Rξ,

where Qξ and Rξ are the bundles from Proposition 5.2.1.

Proof. This follows immediately from Proposition 5.2.3 as by definition Qξ(−1) and R∗ξ

are Steiner bundles.

5.2.2 Jump locus

Proposition 5.2.5. The locus of J where the holomorphic structure of the family Ê∞
changes contains the jump locus of

dimH0(Σ, ELξ) and dimH0(Σ, EKLξ)

considered as functions J → N.

Proof. Let ξ ∈ J be given. It follows from Corollary 5.2.4 and the long exact cohomology

sequences of the Steiner bundles Qξ(−1) and R∗ξ that

dimH0(Pg−1, Ê∞,ξ(−1)) = dimH0(Qξ(−1)) + dimH0(Rξ(−1))

= dimH0(Σ, EKLξ).
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This shows that the holomorphic structure of Ê∞,ξ(−1) and thereby of Ê∞,ξ change when

a jump in dimH0(Σ, EKLξ) occurs. Likewise, the global holomorphic sections of Ê∗∞,ξ
are global holomorphic sections of R∗ξ . By similar arguments as above,

dimH0(Pg−1, Ê∗∞,ξ) = dimH0(R∗ξ) = dimH0(Σ, ELξ)− χ(E)

proving that a change in dimH0(Σ, ELξ) induces a change in holomorphic structure of

Ê∗∞,ξ and thereby of Ê∞,ξ.

Remark 5.2.6. Proposition 5.2.5 is the first indication that despite the results of Section 5.1

the holomorphic structure of Ê∞ is non-standard. In Section 5.2.4, the families are worked

out completely when the genus is two and the rank is two as well.

5.2.3 Stable bundles

Proposition 5.2.7. If (E,Φ) is a stable Higgs bundle of degree zero and rank at least two

with E a stable bundle, then

Ê∞,ξ ' OrkE(g−1) ⊕O(1)rkE(g−1)

on Pg−1 for all ξ ∈ J .

Proof. The proof follows directly from Proposition 5.2.1 and Corollary 5.2.4 as

H0(ELξ) = 0 and H1(EKLξ) ' H0(E∗L−ξ)
∗ = 0

for all ξ when E is stable of degree zero.

5.2.4 Complete description for genus two and rank two

We consider the special case of genus two and rank two. In this case, we use Hitchin’s

classification of holomorphic vector bundles supporting a stabilising Higgs field, see Propo-

sition 4.2.20. As the projective space Pg−1 is P1 we give the splitting type of Ê∞,ξ for all

ξ in each of the cases. The case where E itself is stable is covered by Proposition 5.2.7.

We can naturally define a divisor Θ ⊂ Jg−1(Σ) as the image of Sg−1Σ → Jg−1(Σ)

given by associating to a collection of g − 1 points of Σ its effective degree g − 1-divisor.

The divisor Θ coincides both set and scheme theoretically with the divisor of line bundles

of degree g−1 with a non-zero holomorphic section. For any line bundle L of degree g−1

we get a divisor ΘL ⊂ J0(Σ) = J . If L is a square root of K then by Riemann–Roch ΘL

is symmetric meaning that Lξ ∈ ΘL if and only if L−ξ ∈ ΘL.

The following proposition has the splitting types in each of the cases from Proposi-

tion 4.2.20.
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Proposition 5.2.8. Let Σ have genus two and let (E,Φ) be a stable Higgs bundle of degree

zero and rank two. Then generically

Ê∞,ξ ' O(1)⊕O(1)⊕O ⊕O.

Changes in splitting type in each of the cases are as follows:

• E ' U ⊗ L where U is a non-trivial extension of O by itself and degL = 0. If ξ is

such that Lξ ' L−1, then

Ê∞,ξ ' O(2)⊕O(1)⊕O ⊕O(−1).

• E ' L⊕N with degL = degN = 0. If ξ is such that Lξ ' L−1 or Lξ ' N−1, then

Ê∞,ξ ' O(2)⊕O(1)⊕O ⊕O(−1).

• E ' L⊕N with degL = degN = 0. If ξ is such that Lξ ' L−1 and Lξ ' N−1, then

Ê∞,ξ ' O(2)⊕O(2)⊕O(−1)⊕O(−1).

• E ' (L ⊕ L−1) ⊗ N where L2 ' K and N2 ' detE. If ξ is such that LξN ∈ ΘL,

then

Ê∞,ξ ' O(2)⊕O(1)⊕O ⊕O(−1).

Proof. The proof is based on the of dimensions of cohomology groups from the proof of

Proposition 4.2.22. We repeat it here for convenience.

stable U ⊗ L L⊕N (K1/2 ⊕K−1/2)⊗N

0 for all Lξ 0 if Lξ 6= L−1 0 if Lξ 6= L−1 and Lξ 6= N−1 0 if LξN 6∈ ΘK1/2

1 if Lξ = L−1 1 if Lξ = L−1 or Lξ = N−1 1 if LξN ∈ ΘK1/2

2 if Lξ = L−1 and Lξ = N−1

Dimensions of the cohomology group H0(ELξ) for the four different cases of Hitchin’s
classification in Proposition 4.2.20. The divisor ΘK1/2 is the translate of the Θ-divisor in
J1(Σ) to J0(Σ) using K1/2.

It follows from Riemann–Roch that h1(ELξ) = 2 + h0(ELξ) and an explicit case by

case study shows that h1(ELξ) = h0(E∗L−ξK) = h0(ELξK). It is therefore enough to

understand how h0(ξ) = h0(ELξ) depends on ξ to get a full understanding of variations

in the splitting type of Ê∞,ξ.

By the same argument as in Proposition 5.2.7 covering the stable case the generic

splitting type in all four cases is

O(1)⊕O(1)⊕O ⊕O,
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5. Limiting holomorphic structure

which is furthermore the only splitting type if E is stable.

The different types of jumps correspond to the jumps in the function h0(ξ) which are

apparent from the table. Assume h0(ξ) = 1. Then by definition of Qξ and Rξ they are

cokernel and kernel of short exact sequences

0→ O → O(1)⊕3 → Qξ → 0

0→ Rξ → O⊕3 → O(1)→ 0

from which it follows that Qξ ' O(a) ⊕ O(b) with a + b = 3 and Rξ ' O(c) ⊕ O(d)

with c + d = −1. As O(1)⊕3 → Qξ is surjective we must have a, b ≥ 1, and likewise as

Rξ → O⊕3 is injective c, d ≤ 0. This gives

Qξ ' O(2)⊕O(1) and Rξ ' O ⊕O(−1).

If h0(ξ) = 2, then Qξ and Rξ are defined by

0→ O⊕2 → O(1)⊕4 → Qξ → 0

0→ Rξ → O⊕4 → O(1)⊕2 → 0.

By similar arguments as above, Qξ ' O(a) ⊕ O(b) with a + b = 4 and a, b ≥ 1. Since

E ' L ⊕N is a direct sum and as the map H0(E) ⊗ O → H0(EK) ⊗ O(1) respects the

splitting the only option is

Qξ ' O(2)⊕O(2).

By similar arguments using that E is a direct sum of degree zero line bundles it follows

that

Rξ ' O(−1)⊕O(−1),

completing the proof.

5.2.5 The canonical Higgs bundle

In this section we observe a new interesting phenomena of the holomorphic structure of

Ê∞, namely that for the rank three canonical Higgs bundle

E ' K ⊕O ⊕K−1 with Φ =

0 1 0
0 0 1
0 0 0


the holomorphic structure is affected by the type of curve. We do explicit calculations on

the slice {0}×Pg−1 and denote by Q and R the cokernel and kernel from Proposition 5.2.1.

Since E ' E∗ we have R = Q∗(1) and we just need to understand the cokernel Q

0→ H0(E)⊗O Θ−→ H0(E ⊗K)⊗O(1)→ Q→ 0,
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5.2. Family of holomorphic bundles on Pg−1

where Θ at [α] ∈ Pg−1 is multiplication by α : H0(E)→ H0(EK). As the multiplication

by α respects the splitting of E, the cokernel Q also splits as a direct sum of bundles

Q1(1)⊕Q2 ⊕O(1), where Q1 and Q2 are defined by the short exact sequences

0→ H0(K)(−1)
α−→ H0(K2)⊗O → Q1 → 0 (5.3)

0→ O α−→ H0(K)(1)→ Q2 → 0. (5.4)

Notice that (5.4) is the Euler sequence defining the tangent space of Pg−1 as an extension,

0→ OPg−1 → OPg−1(1)⊕g → TPg−1 → 0,

and hence we identify Q2 with TPg−1. Thus we have a splitting

̂K ⊕O ⊕K−1∞ = Q∗1 ⊕O ⊕ T ∗Pg−1(1)⊕ TPg−1 ⊕O(1)⊕Q1(1).

As h0(K2) = 3g− 3 the rank of Q1 is 2g− 3. We find explicit expressions for Q1 in genus

2, 3 and 4 below in terms of a tensor as described in Section 5.2.1.

Hyperelliptic curves

A compact curve Σ is hyperelliptic if it is realised as a double cover of P1, p : Σ → P1.

Hyperelliptic curves can be described as the zeros of a section of OP1(2g + 2) pulled back

to the total space of p : OP1(g + 1) → P1. Let η ∈ H0(OP1(g + 1), p∗OP1(g + 1)) be the

tautological section of OP1(g + 1) pulled back along itself and s ∈ H0(P1,OP1(2g + 2)) a

section. Then Σ given by the equation

η2 − p∗s = 0

is hyperelliptic and all hyperelliptic curves can be given by such an equation.

The canonical bundle of Σ is given by the adjunction formula,

KΣ ' (KO(g+1) ⊗ p∗O(2g + 2))|Σ.

For any vector bundle p : V → B over a base B, there is a short exact sequence on the

total space of V relating the tangent space of V to the tangent space of B,

0→ p∗V → TV
dp−→ p∗TB → 0.

Taking determinants we have the following useful formula

KV = p∗(∧rkV V ∗ ⊗KB). (5.5)

In this case, V = O(g + 1) and (5.5) gives

KO(g+1) = p∗(O(−g − 3)).

79



5. Limiting holomorphic structure

Thus

KΣ ' p∗(O(g − 1))|Σ.

The space of holomorphic sections of KΣ is g-dimensional and this is the same dimen-

sion as the space of holomorphic sections of OP1(g−1). Therefore all holomorphic sections

of KΣ → Σ are pulled back from holomorphic sections of OP1(g − 1)→ P1.

The space of holomorphic sections of K2
Σ has dimension 3g − 3, however OP1(2g − 2)

only has 2g − 1 linearly independent global sections. Denote by {η1, . . . , ηg−2} linearly

independent global sections of K2
Σ which are not pulled back from P1, then

H0(K2
Σ) = H0(OP1(2g − 2))⊕ spanC{η1, . . . , ηg−2}.

If we let P1 have coordinates [z0 : z1] we choose as ordered bases for the vector spaces

H0(P1,OP1(2g − 2)) and H0(P1,OP1(g − 1))

{z2g−2
0 , z2g−3

0 z1, . . . , z0z
2g−3
1 , z2g−2

1 } and {zg−1
0 , zg−2

0 z1, . . . , z0z
g−2
1 , zg−1

1 }.

Let a ∈ P(H0(KΣ)) be given by coordinates a = [a0 : · · · : ag−1], with the basis above

this means a = a0z
g−1
0 + · · · + ag−1z

g−1
1 . Then by multiplying a with each of the basis

elements we obtain the tensor

t(a) =



a0 0 . . . 0

a1 a0
. . .

...
...

...
. . . 0

ag−1 ag−2 . . . a0

0 ag−1 . . . a1
...

. . . . . .
...

...
. . . ag−1

0 . . . . . . 0
...

...
0 . . . . . . 0


with g−2 zero rows at the bottom. This completely defines the Steiner bundle Q1. Notice

how this splits Q1 = S⊕Og−2 where S is a Schwarzenberger bundle of rank g−1 on Pg−1.

Genus two

For genus g = 2 any curve is hyperelliptic and the splittings are determined by the results

in the previous section. However, when g = 2 the family of bundles Ê∞ lives on P1 and

due to Grothendieck’s classification we can determine Ê∞,0 explicitly.

From the short exact sequence (5.3) we see that Q1 ' OP1(2) and thus

̂K ⊕O ⊕K−1∞,0 = OP1(−2)⊕OP1 ⊕OP1(−1)⊕OP1(2)⊕OP1(1)⊕OP1(3). (5.6)
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Genus three

When g ≥ 3 there is no classification of vector bundles on Pg−1. Below, we therefore

describe the Steiner bundle Q1 by its tensor t defined in Section 5.2.1.

When Σ is a curve of genus 3 it is either hyperelliptic or a smooth quartic in P2. The

hyperelliptic case is treated above.

Quartic in P2 Let i : Σ ↪→ P2 be a quartic curve, then by the adjunction formula

KΣ = i∗KP2 ⊗ i∗OP2(4) = i∗(OP2(−3)⊗OP2(4)) = i∗OP2(1).

As the dimensions match up all holomorphic section of KΣ and K2
Σ are pulled back from

P2

H0(Σ,KΣ) = H0(P2,OP2(1)) and H0(Σ,K2
Σ) = H0(P2,OP2(2)).

As above, we let [z0 : z1 : z2] ∈ P2 be coordinates and choose as ordered basis for

H0(Σ,KΣ) and H0(Σ,K2
Σ)

{z0, z1, z2} and {z2
0 , z1z0, z2z0, z2z1, z

2
2 , z

2
1 − z2z0}.

Let a = [a0 : a1 : a2] ∈ P
(
H0(P2,OP2(1))

)
be coordinates, that is a = a0z0 + a1z1 + a2z2.

The tensor defining the Steiner bundle is found by multiplying the basis elements of

H0(Σ,KΣ) with a

t(a) =



a0 0 0
a1 a0 0
a2 a1 a0

0 a2 a1

0 0 a2

0 a1 0

 .

Remark 5.2.9. Notice that the tensor differs from that of the hyperelliptic case in just one

entry in the lowest row, telling us that the two cases are different - but only just. That

is, the non-hyperellipticity of the curve is to some extend remembered by the transform

at infinity.

Genus four

In genus 4, there are three classes of curves: hyperelliptic, intersections of a cubic and a

singular or non-singular quadric polynomial in P3. Any non-singular quadric is isomorphic

to P1 × P1 and the cubic polynomial is then a section of O(3, 3)→ P1 × P1. The singular

case is described as the zero locus in the total space of p : OP1(2)→ P1 of a degree three

polynomial in η – the tautological section of p∗OP1(2)→ OP1(2).
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5. Limiting holomorphic structure

Non-singular quadric In this case, Σ is the zero locus of a section of O(3, 3)→ P1×P1,

let i : Σ → P1 × P1 be the inclusion. By the adjunction formula the canonical bundle on

Σ is related to the canonical bundle on P1 × P1 and O(3, 3),

KΣ ' i∗(KP1×P1 ⊗O(3, 3)).

Now the tangent bundle to P1 × P1 is O(2, 0)⊕O(0, 2) and hence the canonical bundle is

KP1×P1 = det(T ∗(P1 × P1)) = O(−2,−2).

Thus,

KP1×P1 ⊗O(3, 3) = O(−2,−2)⊗O(3, 3) = O(1, 1)

and

KΣ = i∗O(1, 1).

Therefore,

4 = dimH0(Σ,KΣ) ≥ dimH0(P1 × P1,O(1, 1)) ≥ dimH0(P1,O(1))2 = 4,

and

H0(Σ,KΣ) = H0(P1 × P1,O(1, 1)).

As K2
Σ = i∗O(2, 2) and dimH0(Σ,K2

Σ) = 9 the same argument as above shows that

H0(Σ,K2
Σ) has a basis consisting of products of basis elements of H0(P1,O(2)). Choose

the following ordered bases

H0(Σ,KΣ) = H0(P1 × P1,O(1, 1)) = spanC{z0w0, z0w1, z1w0, z1w1}

H0(P1 × P1,O(2, 2)) = spanC{z2
0w

2
0, z

2
0w0w1, z0z1w

2
0, z0z1w0w1, z0z1w

2
1,

z2
1w0w1, z

2
1w

2
1, z

2
0w

2
1 − z0z1w

2
0, z

2
1w

2
0 − z0z1w

2
1},

where z = [z0 : z1] ∈ P1 are coordinates on the first factor and w = [w0 : w1] ∈ P1 are

coordinates on the second factor.

If we again let a = [a0 : a1 : a2 : a3] ∈ P(H0(KΣ)) be a point, then in coordinates

a = a0z0w0 + a1z0w1 + a2z1w0 + a3z1w1, and the tensor defining the quotient bundle is

t(a) =



a0 0 0 0
a1 a0 0 0
a2 a1 a0 0
a3 a2 a1 a0

0 a3 a2 a1

0 0 a3 a2

0 0 0 a3

0 a1 0 0
0 0 a2 0


.
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Singular quadric In this last case, the curve is given by the zero locus in the total

space of p : O(2)→ P1 of a degree three polynomial

η3 + b1η
2 + b2η + b3,

where η ∈ H0(O(2), p∗O(2)) is the tautological section and the bi’s are pulled back sections

of O(i)→ P1.

By the adjunction formula and (5.5)

KΣ ' p∗O(2)|Σ.

Since dimH0(Σ,KΣ) = 4 and dimH0(P1,O(2)) = 3 we have

H0(Σ,KΣ) = Cη ⊕H0(P1,O(2)) = spanC{η, z2
0 , z0z1, z

2
1},

with a choice of ordered basis. Now, K2
Σ ' p∗O(4) and the dimension of global holomor-

phic sections of K2
Σ is 9 whereas dimH0(P1,O(4)) = 5, hence

H0(Σ,K2
Σ) = H0(P1,O(4))⊕ Cη2 ⊕ spanC{ηz2

0 , ηz0z1, ηz
2
1}

= spanC{η2, ηz2
0 , ηz0z1, ηz

2
1 , z

2
0z

2
1 , z0z

3
1 , z

4
1 , z

4
0 − ηz0z1, z

3
0z1 − ηz2

1},

with a choice of ordered basis. Let a = [a0 : a1 : a2 : a3] ∈ P(H0(KΣ)), then a =

a0η + a1z
2
0 + a2z0z1 + a3z

2
1 . In this basis, the tensor defining the quotient bundle is

t(a) =



a0 0 0 0
a1 a0 0 0
a2 a1 a0 0
a3 a2 a1 a0

0 a3 a2 a1

0 0 a3 a2

0 0 0 a3

0 a1 0 0
0 a2 a1 0


.

5.2.6 Summary

In the examples above we find different tensors defining the Steiner bundles Q1 and there-

fore a different holomorphic structure of Ê∞,0 depending on the type of curve. The

dependencies are small but nevertheless present. The bundle Ê∞,0 mainly consists of the

same components for all genera

̂K ⊕O ⊕K−1∞,0 = Q∗1 ⊕O ⊕ T ∗Pg−1(1)⊕ TPg−1 ⊕O(1)⊕Q1(1),

and as it is apparent from the explicit calculation that only a very small part of Q1 differs

in each of the cases.

Remark 5.2.10. Notice that the above calculations are independent of the Higgs field Φ

and are therefore equally valid for any stable Higgs bundle (E,Φ) with E ' K⊕O⊕K−1.

83





6. Hodge theory for parabolic Higgs
bundles and applications

In [41], Hitchin introduced a Dirac operator associated to a Higgs bundle and used Hodge

theory to show that there are unique harmonic representatives for the first Dolbeault

cohomology classes of a Higgs bundle, i.e. the first cohomology of the complex

Ω0(E)
∂̄E+Φ−−−−→ Ω1(E)

∂̄E+Φ−−−−→ Ω2(E).

In the first half of this chapter, we extend this result to parabolic Higgs bundles (Theo-

rem 6.3.1) and compute the dimension of the cohomology (Theorem 6.3.3). We use the

result to relate Dolbeault cohomology to hypercohomology of a certain two-term complex

naturally obtained from a parabolic Higgs bundle, and to the de Rham comology of the

associated flat connection. Due to the singularities introduced by the parabolic structure,

the proofs of these theorems require Hodge theory which can handle singularities. The

bulk of the proofs is setting up suitably weighted Sobolev spaces and proving Fredholm-

ness of certain operators. We use the weighted Sobolev spaces introduced by Biquard [8]

which were also used by Konno [50]. Section 6.1 introduces the setup, while the weighted

Sobolev spaces are introduced in Section 6.2. The Hodge decomposition for parabolic

Higgs bundles is Section 6.3, while Section 6.4 uses the Hodge theory to relate Dolbeault,

de Rham, and hypercohomology of the parabolic Higgs bundle.

In the last half of the chapter, we apply the Hodge theory to a number of situations.

Firstly, we prove in Section 6.5 that under mild assumptions on the parabolic data, the

moduli space of parabolic Higgs bundles is a fine moduli space, i.e. it carries a universal

parabolic Higgs bundle. Using this result and the Hodge theory, we construct in Section 6.6

a hyperholomorphic bundle on the moduli space.

Secondly, we consider a minimal non-trivial example of the hyperholomorphic bundle

obtained in the case of parabolic Higgs bundles on P1 with four parabolic points. In this

case, the moduli space is complex two-dimensional. If the weights are suitably chosen the

hyperholomorphic vector bundle is a line bundle. We compute its topology and discuss

whether the curvature is L2. This is Section 6.7.

Thirdly, we discuss the construction of a special type of parabolic Higgs bundles called

limiting configurations. Limiting configurations were introduced by Mazzeo, Swoboda,

Weiss, and Witt [53] to discuss the asymptotics of the L2-metric on the moduli space

of ordinary Higgs bundles. This is Section 6.8. We also discuss the local shape of L2-

solutions to the Dirac–Higgs equations for limiting configurations. What seems like a

technical condition to get Fredholmness of certain operators is recovered by considering

the local solutions to the Dirac–Higgs equations for limiting configurations, giving the

abstract theory a reality check.
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Lastly, we use the Hodge theory of Section 6.3 to define a Nahm transform for parabolic

Higgs bundles in Section 6.9. In the special case of parabolic Higgs bundles on elliptic

curves, we show that the Nahm transform produces new finite energy doubly-periodic

instantons.

6.1 Concepts and notation

We first set up notation which is fixed throughout. Let Σ be a compact Riemann surface

with a choice of Kähler metric normalised to have area 1. Let ω be the associated Kähler

form. We let P1, . . . , Pn ∈ Σ denote a collection of points called parabolic points, D =

P1 + · · ·+ Pn their divisor, and Σ0 = Σ \ {P1, . . . , Pn} their complement.

Let E be a smooth complex vector bundle of rank l on Σ. A parabolic structure on

E is a collection of flags at each of the parabolic points Pi together with an increasing

sequence of real numbers called weights

EPi = F1EPi ) F2EPi ) · · · ) FaiEPi ) Fai+1EPi = {0}

0 ≤ w(i)
1 < w

(i)
2 < · · · < w(i)

ai < 1.

A collection of flags at each parabolic point without the weights is often called a quasi-

parabolic structure. Each weight has multiplicity

mPi(w
(i)
j ) = dim(FjEPi/Fj+1EPi)

and to ease notation we often use an alternative set of weights α(i)
k all of multiplicity one,

α
(i)
k = w

(i)
j if l − dimFjEPi < k ≤ l − dimFj+1EPi .

A holomorphic map between holomorphic vector bundles ϕ : E → F both with parabolic

structures is called parabolic if α(i)
j (E) > α

(i)
k (F ) implies ϕ(FjEPi) ⊂ Fk+1FPi for all

Pi ∈ D and strongly parabolic if α(i)
j (E) ≥ α

(i)
k (F ) implies ϕ(FjEPi) ⊂ Fk+1FPi for all

Pi ∈ D. We denote by ParHom(E,F ) and SParHom(E,F ) the sheaves of parabolic and

strongly parabolic homomorphisms, respectively.

Define the parabolic degree of a bundle E with parabolic structure by

pardeg(E) = deg(E) +
n∑
i=1

l∑
k=1

α
(i)
k = deg(E) +

n∑
i=1

ai∑
k=1

mPi(w
(i)
k )w

(i)
k ,

where deg(E) is the degree of E in the usual sense. For a bundle with parabolic structure

we define the slope

parµ(E) =
pardeg(E)

rkE
.
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Let Ui be neighbourhood of a parabolic point Pi with z a local coordinate such that

z(Pi) = 0. A smooth frame {e(i)
k }

l
k=1 trivialising E|Ui such that

FjEPi = span{e(i)
k |α

(i)
k ≥ w

(i)
j } for all 1 ≤ j ≤ ai

is called adapted. Define a Hermitian metric on a bundle with parabolic structure by

declaring
{
|z|−α

(i)
k e

(i)
k

}
to be a unitary frame on E|Ui and extend smoothly to the rest of

Σ. Such a metric is called an adapted Hermitian metric.

Notice that an adapted Hermitian metric vanishes at parabolic points like

diag

(
|z|2α

(i)
1 , . . . , |z|2α

(i)
l

)
with respect to the smooth frame {e(i)

k }.
Let C ′ be the set of smooth holomorphic structures on a bundle E with parabolic

structure. Fix a Hermitian metric adapted to the parabolic structure, then for ∂̄A ∈ C ′

denote by dA the Chern connection of ∂̄A with respect to the fixed adapted Hermitian

metric on E, and by FA its curvature.. Denote by dZA and FZA the induced connection on

detE and its curvature. Fix ∂̄A0 ∈ C ′ such that

i

2π
ΛFZA0

= parµ(E)

where Λ is contraction by the Kähler form ω. Such a holomorphic structure always exists,

see [8, Proposition 2.9]. Define the set of holomorphic structures with fixed induced

holomorphic structure on detE

C = {∂̄A ∈ C ′ | dZA = dZA0
}.

At a parabolic point Pi, denote by

Ni = {g ∈ EndEPi | g(FjEPi) ⊂ Fj+1EPi for all j}

the nilpotent automorphisms with respect to the filtration at Pi.

Definition 6.1.1. Let E be a smooth vector bundle with parabolic structure. An operator

D′′ = ∂̄A + Φ is a parabolic Higgs structure if

1. ∂̄A ∈ C

2. Φ is a section of End0E ⊗ K which is ∂̄A-meromorphic on Σ and ∂̄A-holomorphic

on Σ0

3. Φ has at most simple poles with residues in Ni at Pi for all i.

Let D be the set of parabolic Higgs structures on E. For D′′ ∈ D the pair E = (E,D′′) is

a parabolic Higgs bundle.
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A subbundle V of E is a Higgs subbundle if V is a holomorphic subbundle of (E, ∂̄A)

and is preserved by Φ, i.e. Φ(V ) ⊂ V ⊗K. If V is a subbundle of E it has an induced

parabolic structure

VPi = F1VPi ) F2VPi ) · · · ) FbiVPi ) Fbi+1VPi = {0}

0 ≤ x(i)
1 < x

(i)
2 < · · · < x

(i)
bi
< 1.

by taking the greatest k such that VPi ⊂ FkEPi and setting x(i)
1 = w

(i)
k . Define FjVPi

and x
(i)
j inductively by assuming x(i)

j−1 = w
(i)
k and Fj−1VPi = VPi ∩ FkEPi . Then define

FjVPi = VPi ∩ Fk+1EPi and the weight x(i)
j = w

(i)
m , where m is the greatest integer such

that FjVPi ⊂ FmEPi .
A parabolic Higgs bundle E is stable if for any Higgs subbundle V of E

parµ(V) =
pardeg(V)

rkV
<

pardeg(E)

rkE
= parµ(E).

If E = (E, ∂̄A + Φ) and F = (F, ∂̄B + Ψ) are two parabolic Higgs bundles, define the

two-term complex Hom(E,F):

ParHom(E,F )→ SParHom(E,F )⊗K(D)

by f 7→ fΦ−Ψf , and let End(E) = Hom(E,E).

From [74], we have the following useful properties.

Proposition 6.1.2 ([74]).

• The endomorphisms and infinitesimal deformations of a parabolic Higgs bundle E
are given by the hypercohomology groups H0(End(E)) and H1(End(E)), respectively.

• If E, F are stable parabolic Higgs bundles with parµ(E) ≥ parµ(F), then if E and F
are isomorphic dimH0(Hom(E,F)) = 1, otherwise it is 0.

The moduli space of stable parabolic Higgs bundles was constructed by Konno [50]

using appropriate Sobolev completions of D adapted to the parabolic structure before

taking the quotient by the complex gauge group. Just as for ordinary Higgs bundles, the

stability condition is equivalent to the existence of a Hermitian metric satisfying a PDE;

this time the Hermitian metric must be adapted to the parabolic structure. The main

theorem of [50] is the Hitchin–Simpson Theorem for parabolic Higgs bundles, stated here

for the parabolic degree zero case which is relevant to us.

Theorem 6.1.3 ([50] Theorem 1.5). Let (E,D′′) be a parabolic Higgs bundle of parabolic

degree zero. Then (E,D′′) is stable if and only if D′′ is irreducible and there exists an

adapted Hermitian metric on E satisfying the Higgs bundle equations

FA + [Φ,Φ∗] = 0 and ∂̄AΦ = 0 (6.1)

where D′′ = ∂̄A + Φ with FA and Φ∗ defined with respect to the adapted Hermitian metric.

88



6.2. Sobolev spaces

6.2 Sobolev spaces

In [8], Biquard defined the right notion of Sobolev completion of the space of holomorphic

parabolic structures. Konno [50] followed Biquard’s recipe and extended the completion

to the space of parabolic Higgs structures. In this section we will take the same approach

to sections of parabolic bundles. This is a straightforward adaptation of the Sobolev space

constructions in [8, 50] but as the details are needed for later reference they are included

here.

6.2.1 Weighted Sobolev spaces

Let U be the unit disk in C with Euclidean coordinates z = x + iy or polar coordinates

z = reiθ. Denote by Lpk the standard Sobolev space of functions on U with k derivatives

in Lp. We define a weighted Sobolev norm on C∞(U) by

‖f‖W p
k,δ

=

(∫
U

∑
i+j≤k

∣∣∣ri+j−δ di
dxi

dj

dyj
f
∣∣∣pdxdy

r2

)1/p

where δ ∈ R. Notice that when changing to cylindrical coordinates t = − log r on U \ {0}

the weighted Sobolev norms are the ones defined by Lockhart and McOwen [51]. We will

use a special weight suiting our purpose, namely δ = k − 2
p , and define

‖f‖W p
k

= ‖f‖W p
k,k−2/p

=

(∫
U

∑
i+j≤k

∣∣∣ri+j−k di
dxi

dj

dyj
f
∣∣∣pdxdy)1/p

for f ∈ C∞(U). Define W p
k (U) to be f ∈ Lpk;loc(U \ {0}) with ‖f‖W p

k
finite.

With this special choice of weight Biquard showed the following useful theorem de-

mystifying the weighted Sobolev spaces.

Theorem 6.2.1 ([8] Theorem 1.3). If l is a nonnegative integer with l − 1 < k − 2
p < l,

then

W p
k (U) = {f ∈ Lpk(U) | f(0) = 0, . . . ,∇l−1f(0) = 0}

and the W p
k norm is equivalent to the Lpk-norm on W p

k (U).

If 1 < p < 2, Biquard’s theorem gives the following useful identifications

W p
0 (U) = Lp(U), W p

1 (U) = Lp1(U), W p
2 (U) = {f ∈ Lp2(U) | f(0) = 0}.
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6.2.2 Singular Chern connections

If (E, ∂̄A + Φ) is a parabolic Higgs bundle with an adapted Hermitian metric, then the

parabolic structure induce singularities in the Chern connection dA at the parabolic points.

In this section we extend the Sobolev norms from above to sections of E such that we get

an analytical setup capable of handling singular connections.

Fix a parabolic point Pi. For the remaining part of this section we ignore the index

i when there is no room for confusion. Let U be a neighbourhood of P with local holo-

morphic coordinate z = reiθ centered at P and {ek} a smooth adapted frame of E. With

respect to the smooth frame {ek}, define diagonal endomorphisms

S = diag
(
|z|−α1 , . . . , |z|−αl

)
and α = diag

(
α1, . . . , αl

)
.

In the smooth frame {ek} we write the holomorphic structure ∂̄A on E|U as ∂̄A = ∂̄ + A

where A is a l × l-matrix of (0, 1)-forms. In the unitary frame {|z|−αkek} it is

∂̄A = ∂̄ − α

2

dz̄

z̄
+ S−1AS.

In this frame, the Chern connection of ∂̄A and the adapted Hermitian metric is

dA = d+
α

2

(
dz

z
− dz̄

z̄

)
+ S−1AS − (S−1AS)∗

= d+ iαdθ + S−1AS − (S−1AS)∗.

Notice that if αk is non-zero, then dA has a singularity at 0 in the direction of ek. We

decompose E|U smoothly as E|U = ES ⊕ ER where

ES = span{ek |αk 6= 0} ER = span{ek |αk = 0}

are called the singular and regular part of E around P , respectively. Write u ∈ Ω0(E|U )

as u = uR +uS according to the decomposition. If we write d0 = d+ iαdθ with respect to

the singular frame, then d0 respects this decomposition:

(d0u)R = d(uR) and (d0u)S = d(uS) + iαuSdθ.

We define a weighted Sobolev norm on Ω0(E|U ) by

‖u‖Dpk = ‖uR‖Lpk + ‖uS‖W p
k
,

where the parabolic Hermitian metric is used to define the Sobolev norms. As d0 respects

the decomposition we get continuous maps

d0 : Dp
kΩ

0(E|U )→ Dp
k−1Ω1(E|U )

where Dp
kΩ

s(E|U ) is the Sobolev completion of Ωs(E|U ) with respect to the norm ‖·‖Dpk .
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6.2.3 Sobolev completions and Fredholm operators

Using the locally defined weighted Sobolev norm we can now define the function spaces

we want to work with.

Definition 6.2.2. Let (E,D′′) be a parabolic Higgs bundle with adapted Hermitian met-

ric. The Sobolev space Dp
kΩ

s(E) is the Sobolev completion of Ωs(E) with respect to the

Sobolev norm ‖·‖Dpk .

Remark 6.2.3. The Sobolev norm ‖·‖Dpk is the Dp
k-norm around the parabolic points

patched with the standard Lpk-norm on the complement.

Remark 6.2.4. Instead of using the decomposition of E|U into regular and singular parts

we can use the W p
k -norm on all of the sections. This gives Sobolev spaces W p

kΩs(E).

Lemma 6.2.5. If 1 < p < 2, then the codimension of W p
2 Ω0(E) in Dp

2Ω0(E) is the total

number of zero weights of E, i.e.
∑

P∈DmP (0).

Proof. This follows directly from Theorem 6.2.1.

In [50], Konno extends the Dp
k-Sobolev norm to define a completion of holomorphic

structures. That is define C p
1 = ∂̄A0 + Dp

1Ω0,1(End0E). If ∂̄A ∈ C p
1 we get continuous

maps

Dp
2Ω0(V )

∂̄A−−→ Dp
1Ω0,1(V ) and Dp

1Ω1,0(V )
∂̄A−−→ Dp

0Ω1,1(V ) (6.2)

where V is E or End0E.

Using the theory of Lockhart and McOwen [51], Biquard [8] finds conditions for p

under which the ∂̄A’s are Fredholm operators when V = End0E:

Lemma 6.2.6. If p > 1 satisfies the following conditions

1 < p <
2

2 + α
(i)
k − α

(i)
j

if α
(i)
j > α

(i)
k

1 < p <
2

1 + α
(i)
k − α

(i)
j

if α
(i)
j < α

(i)
k

for each parabolic point Pi, then the operators

∂̄A : Dp
2Ω0(End0E)→ Dp

1Ω0,1(End0E)

∂̄A : Dp
1Ω1,0(End0E)→ Dp

0Ω1,1(End0E)

are Fredholm.
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Using the same method, we find new conditions on p under which the ∂̄A’s are Fredholm

operators when V = E in (6.2).

Lemma 6.2.7. If p > 1 satisfies the following conditions

1 < p <
2

2− α(i)
k

and 1 < p <
2

1 + α
(i)
k

for α
(i)
k 6= 0

for each parabolic point Pi, then

∂̄A : Dp
2Ω0(E)→ Dp

1Ω0,1(E) ∂̄A : Dp
1Ω1,0(E)→ Dp

0Ω1,1(E)

∂A : Dp
2Ω0(E)→ Dp

1Ω1,0(E) ∂A : Dp
1Ω0,1(E)→ Dp

0Ω1,1(E)

are Fredholm operators. Here ∂A is the (1, 0)-part of the Chern connection of ∂̄A with

respect to an adapted Hermitian metric.

Proof. Using [51, Theorem 1.1] and the remark following it, it is enough to solve an eigen-

value problem locally around each parabolic point. In the singular frame constructed in

Section 6.2.2, the operator is ∂̄A = ∂̄− α
2
dz̄
z̄ and the equation (written in polar coordinates)

to check for solutions is

0 = (λ+ iαk)f +
∂f

∂θ
, (6.3)

where λ ∈ C and f is a function on the circle. A solution to this equation can only exist

if Re(λ) = 0 and Im(λ) + αk ∈ Z. From [51, Theorem 1.1] the imaginary part of λ is

exactly the Soblev weight, which in the two cases we consider are 1 − 2
p and 2 − 2

p . For

the operators to be Fredholm there should be no solutions to equation (6.3), i.e. αk − 2
p

is not an integer for any k. As 1 < p < 2 the case αk = 0 does not give any restrictions

on p. In the case of non-zero weights the condition on p is that

1 < p <
2

1 + αk
for all αk 6= 0.

The same method is applied to show that ∂A is a Fredholm operator in the two cases

mentioned if p satisfies

1 < p <
2

2− αk
for all αk 6= 0.

Strictly speaking the results in [51] can only be used to prove Fredholmness of operators

on the weighted Sobolev spaces W p
k . By Theorem 6.2.1 this really only makes a difference

when k = 2. But, as the codimension of W p
2 Ω0(E) in Dp

2Ω0(E) is finite the extended

operators defined on the larger space are also Fredholm.

Definition 6.2.8. A p > 1 is compatible with the parabolic structure of E if the assump-

tions of Lemmas 6.2.6 and 6.2.7 are satisfied.
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Lemma 6.2.9. If (E, ∂̄A + Φ) is a parabolic Higgs bundle and p is compatible with the

parabolic structure, then Φ ∈ Dp
1Ω1,0(End0E) and defines compact operators

Dp
2Ω0(E)

Φ−→ Dp
1Ω1,0(E) and Dp

1Ω0,1(E)
Φ−→ Dp

0Ω1,1(E).

Proof. From [50, Lemma 2.6.(3)], Φ is in Dp
1Ω1,0(End0E). By Theorem 6.2.1, Dp

1 = Lp1

and Dp
2 ⊂ L

p
2. The lemma now follows from standard Sobolev theory.

Let {uj} be a bounded sequence in Dp
2Ω0(E). As the Lp2-norm is equivalent to the Dp

2-

norm the sequence is also bounded when considered in Lp2Ω0(E). The Sobolev embedding

theorem embeds Lp2 compactly into C0 when 1 < p < 2. The embedded sequence has a

Cauchy subsequence {ujk}, by compactness. As multiplication C0×Lp1 → Lp1 is continuous,

the sequence {Φujk} is Cauchy, and thus the operator Φ : Dp
2Ω0(E) → Dp

1Ω1(E) is

compact.

That also Φ : Dp
1Ω1(E) → Ω2(E) is compact, follows from similar arguments when

we notice that Dp
1Ω1(E) embeds compactly in L2Ω1(E) and that the multiplication map

L2 × Lp1 → Lp is continuous.

Definition 6.2.10. For (E,D′′) a parabolic Higgs bundle with adapted Hermitian metric

and D′′ = ∂̄A + Φ define D′ = ∂A + Φ∗, using the adapted Hermitian metric to give both

Φ∗ and the Chern connection.

Corollary 6.2.11. If p > 1 is compatible with the parabolic structure of E, then the

operators

D′′, D′ : Dp
2Ω0(E)→ Dp

1Ω1(E)

have finite dimensional kernels and closed images.

In the coming sections we will need the following lemma embedding our Sobolev spaces

in L2.

Lemma 6.2.12. If 1 < p < 2, the space Dp
1Ω1(E) is embedded in L2Ω1(E), and therefore

carries an inner product.

Proof. As 1 < p < 2, Theorem 6.2.1 embeds DP
1 Ω1(E) as a subspace of Lp1Ω1(E). As

Σ is a compact Riemann surface, the Sobolev embedding theorem embeds Lp1Ω1(E) in

LqΩ1(E) where q = 2p
1−p . Since 1 < p < 2 we have q > 2, giving the final inclusion

LqΩ1(E) ⊂ L2Ω1(E).
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6. Hodge theory for parabolic Higgs bundles and applications

When p > 1 is compatible with the parabolic structure we have the following useful

properties of sections in Dp
2 and Dp

1.

Lemma 6.2.13. Let p > 1 be compatible with the parabolic structure of E, and assume

that u is a section of E and ∂̄Au = 0 on Σ.

1. If u ∈ Dp
2Ω0(E), then u is ∂̄A-holomorphic on Σ.

2. If u ∈ Dp
1Ω0(E), then u is ∂̄A-holomorphic on Σ \D and has at most a simple pole

on D with residue in ES,P at P .

Proof. The proof is the same as [50, Lemma 2.6] and follows from local considerations

around parabolic points using the definition of Dp
k and the fact that p is adapted to the

parabolic structure.

6.3 Hodge theory

In the previous section we showed that if p is compatible with the parabolic structure on

E, then the maps D′′, D′ have closed images. In this section we prove the following Hodge

decomposition for stable parabolic Higgs bundles of parabolic degree zero. Throughout

this section, we assume that the parabolic degree is zero.

Theorem 6.3.1. Let (E,D′′) be a stable parabolic Higgs bundle of parabolic degree zero.

If p > 1 is compatible with the parabolic structure on E, then we have the following

decompositions of Dp
1Ω1(E).

Dp
1Ω1(E) ' H⊕ im(D′)⊕ im(D′′)

ker(D′) ' im(D′)⊕H

ker(D′′) ' im(D′′)⊕H

where

H = {ϕ ∈ Dp
1Ω1(E) : D′ϕ = 0 and D′′ϕ = 0}. (6.4)

and the direct sum decomposition is with respect to the L2-inner product.

Corollary 6.3.2. If p > 1 is compatible with the parabolic structure on a stable parabolic

Higgs bundle (E,D′′) of parabolic degree zero, then each first cohomology class of

Dp
2Ω0(E)

D′′−−→ Dp
1Ω1(E)

D′′−−→ Dp
0Ω2(E)

is represented by a unique harmonic element.
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Theorem 6.3.3. If p > 1 is compatible with the parabolic structure on a stable parabolic

Higgs bundle (E,D′′) of parabolic degree zero, then the space of harmonic sections H from

(6.4) has dimension

dimH = 2 rkE(g − 1) +
∑
P∈D

rkES,P

where rkES,P is the rank of the singular part of E at P . If w1(P ) = 0, then rkES,P =

rkE −mP (w1) otherwise rkES,P = rkE.

Remark 6.3.4. Notice the similarity in the dimension of H to the dimension of the moduli

space of stable parabolic bundles with fixed determinant connection

2(rkE2 − 1)(g − 1) + 2
∑
P∈D

dimNP .

The term 2 dimNP = rkE2−
∑

kmP (wk)
2 is the rank of EndE minus the parts weighted

by zero at P ∈ D.

6.3.1 Technical lemmas

The Kähler identities extend to parabolic Higgs bundles in the following way.

Lemma 6.3.5. Let (E,D′′) be a parabolic Higgs bundle with p > 1 compatible with the

parabolic structure. For D′′ = ∂̄A + Φ and D′ = ∂A + Φ∗ we have the following Kähler

identities

1. (D′′)∨ = −i[Λ, D′]

2. (D′)∨ = i[Λ, D′′]

where (D′)∨, (D′′)∨ : Dp
kΩ

s(E) → Dp
k−1Ωs−1(E) for k > 0 and Λ is contraction with the

fixed Kähler form on Σ. The adjoint is with respect to the L2-inner product induced on

Dp
kΩ

s(E) by k > 0.

Proof. The lemma is proved in a similar fashion as the usual Kähler identities using the

compatibility of p with the parabolic structure to control the behaviour of sections around

the parabolic points.

The rest of this section is devoted to proving the above theorems. Let us therefore

assume that (E,D′′) is a fixed stable parabolic Higgs bundle of parabolic degree zero and

p > 1 is compatible with the parabolic structure on E.

Lemma 6.3.6. If D′′ is irreducible and solves the Higgs bundle equations (6.1), then

D′′ : Dp
2Ω0(E)→ Dp

1Ω1(E)

has trivial kernel.
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Proof. The proof is similar to Lemma 2.1.4 using the irreducibility and that D′D′′ is a

real operator by the Higgs bundle equations.

Corollary 6.3.7. If D′ is irreducible and satisfies the Higgs bundle equations (6.1), then

D′ : Dp
2Ω0(E)→ Dp

1Ω1(E)

has trivial kernel.

Proof. The proof is equivalent to the proof of Lemma 6.3.6 as a non-zero solution to

D′s = 0 is equivalent to the existence of a Higgs subline bundle of the dual parabolic

Higgs bundle (E∗,−Φ∗) which is also of parabolic degree zero.

Remark 6.3.8. If the parabolic degree is non-zero, then the right handside of the Higgs

bundle equations is the parabolic slope. The proof of Lemma 6.3.6 can be generalised to

show that the lemma is valid only when the parabolic degree is at most zero. Likewise,

Corollary 6.3.7 is only valid when the parabolic degree is at least zero. As we need both

results to hold, we have to assume that the parabolic degree is zero.

Lemma 6.3.9. If D′′ and D′ are irreducible and satisfies the Higgs bundle equations (6.1),

then the operators

Dp
2Ω0(E)

D′D′′−−−→ Dp
0Ω2(E) and Dp

2Ω0(E)
D′′D′−−−→ Dp

0Ω2(E)

are isomorphisms.

Proof. We use results of Lockhart and McOwen [51] to prove that D′D′′ is a Fredholm

operator and to show that the index is zero. The result follows by applying Lemma 6.3.6.

We focus on D′D′′ as the other case is parallel to this.

As D′D′′(u) = ∂A∂̄Au + Φ∗Φu and Φ∗Φ : Dp
2Ω0(E) → Dp

0Ω2(E) is compact, it is

enough to prove that

∂A∂̄A : Dp
2Ω0(E)→ Dp

0Ω2(E) (6.5)

is Fredholm of index zero.

Following [51], we must consider solutions to ∂A∂̄Au = 0. Choose the singular frame

constructed in Section 6.2.2 and use polar coordinates with the parabolic point as zero.

We consider the Fourier transform of the ∂A∂̄Au = 0 locally around a parabolic point and

look for solutions to an eigenvalue problem. To transform ∂A∂̄Au = 0 we replace r∂r with

iλ and the equation becomes,

0 = −λ2û+ (∂θ + iαk)
2û,

where λ ∈ C with Imλ = 1 − 2
p . A solution of this equation exists if Reλ = 0 and if

αk ± Imλ is an integer. But as Imλ = 1 − 2
p and p is compatible with the parabolic
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structure, no solutions exists, and the operator (6.5) is Fredholm. Again, we use the fact

that W p
2 Ω0(E) has finite codimension in Dp

2Ω0(E).

As −iΛ∂A∂̄A = ∂̄∗A∂̄A : Ω0(E) → Ω0(E) is self-adjoint we get from [51, Theorem 7.4]

that the index of

∂A∂̄A : W p
2 Ω0(E)→W p

0 Ω2(E) = LpΩ2(E) = Dp
0Ω2(E) (6.6)

is

−1

2

∑
Imλ=0

d(λ)

where d(λ) is the total dimension of all local solutions to

0 = (r∂r)
2u+ (∂θ + iαk)

2u

of the form r−iλP (θ, r) where P is a polynomial in− log(r) with coefficients being functions

defined on a circle.

When imposing Im(λ) = 0 a direct computation shows that if αk 6= 0 there are no

solutions to the equation. However, if αk = 0 there is a two-dimensional space of solutions.

This shows that the index of (6.6) is

ind
(
∂A∂̄A : W p

2 Ω0(E)→ Dp
0Ω2(E)

)
= −

∣∣{α(i)
k : α

(i)
k = 0}

∣∣.
But, by Lemma 6.2.5 this is exactly the opposite of the codimension of W p

2 Ω0(E) in

Dp
2Ω0(E). Let the codimension be N . Then for some n ≤ N

dim ker
(
∂A∂̄A : Dp

2Ω0(E)→ Dp
0Ω2(E)

)
= dim ker

(
∂A∂̄A|W p

2 Ω0(E)

)
+ n

dim coker
(
∂A∂̄A : Dp

2Ω0(E)→ Dp
0Ω2(E)

)
+N − n = dim coker

(
∂A∂̄A|W p

2 Ω0(E))

giving that the index of (6.5) is zero. The index of

D′D′′ : Dp
2Ω0(E)→ Dp

0Ω2(E)

is therefore also zero.

Lemma 6.3.10. If ϕ ∈ Dp
1Ω1(E), then there are β, γ ∈ Dp

2Ω0(E) such that

D′(ϕ−D′′β) = 0 and D′′(ϕ−D′γ) = 0.

Proof. If ϕ ∈ Dp
1Ω1(E), then D′ϕ ∈ Dp

0Ω2(E) and by Lemma 6.3.9 there is a β ∈ Dp
0Ω0(E)

such that D′D′′β = D′ϕ. The existence of γ is equivalent.

97



6. Hodge theory for parabolic Higgs bundles and applications

6.3.2 Proof of theorems

In this section we use the lemmas from Section 6.3.1 to prove Theorems 6.3.1 and 6.3.3.

Proof of Theorem 6.3.1. For ϕ ∈ Dp
1Ω1(E) Lemma 6.3.10 gives β, γ ∈ Dp

2Ω0(E) such that

ϕ−D′′β −D′γ

is in H, proving that

Dp
1Ω1(E) = H+D′′Dp

2Ω0(E) +D′Dp
2Ω0(E).

The trivial intersection of the spaces follows from Lemma 6.3.9, e.g. if ϕ ∈ H ∩ im(D′),

then 0 = D′′ϕ = D′′D′β giving β = 0. The decomposition of ker(D′′) and ker(D′) also

follow from Lemmas 6.3.9 and 6.3.10.

The L2-orthogonality of the decompositions follow directly from the Kähler identities.

Lemma 6.3.11. The operator

T = D′ ⊕D′′ : Dp
1Ω1(E)→ Dp

0Ω2(E)⊕2

is Fredholm, and the index of T is dimH.

Proof. By Lemma 6.2.9 it is enough to prove that

∂A ⊕ ∂̄A : W p
1 Ω1(E) = Dp

1Ω1(E)→W p
0 Ω2(E)⊕2

is Fredholm. As usual we use Lockhart and McOwen [51]. Assume a local section of

Dp
1Ω1(E) has the form u = ak

ek
|z|αk dz + bk

ek
|z|αk dz̄. Then locally around a parabolic point

the equations for u to be in the kernel of T are

0 = −ir∂rbk − ∂θbk − iαkbk

0 = ir∂rak − ∂θak − iαkak.

Fourier transforming these equations by replacing −ir∂r by λ in the equations above,

shows that they have no solutions if p is adapted to the parabolic structure. Therefore,

∂A ⊕ ∂̄A is Fredholm.

By Lemma 6.3.9, D′ : D′′(Dp
2Ω0(E))→ Dp

0Ω2(E) and D′′ : D′(Dp
2Ω0(E))→ Dp

0Ω2(E)

are surjective, and thus ind(T ) = dim ker(T ) = dimH.
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Proof of Theorem 6.3.3. By Lemma 6.3.11 we must compute the index of T = D′ ⊕D′′.
As D′D′′ is an isomorphism

0 = ind(D′D′′ : Dp
2Ω0(E)→ Dp

0Ω2(E))

= ind(∂A∂̄A : Dp
2Ω0(E)→ Dp

0Ω2(E))

= ind(∂̄A : Dp
2Ω0(E)→ Dp

1Ω0,1(E)) + ind(∂A : Dp
1Ω0,1(E)→ Dp

0Ω2(E)),

giving that the index of T is

ind(T ) = ind(∂̄A : Dp
1Ω1,0(E)→ Dp

0Ω2(E)) + ind(∂A : Dp
1Ω0,1(E)→ Dp

0Ω2(E))

= ind(∂̄A : Dp
1Ω1,0(E)→ Dp

0Ω2(E))− ind(∂̄A : Dp
2Ω0(E)→ Dp

1Ω0,1(E)).

Now, Lemma 6.2.13 gives that

ind(∂̄A : Dp
2Ω0(E)→ Dp

1Ω0,1(E)) = ind(∂̄A : Ω0(E)→ Ω0,1(E)) = χ(E)

ind(∂̄A : Dp
1Ω0(EK)→ Dp

0Ω0,1(EK)) = ind(∂̄A : Ω0(SK)→ Ω0,1(SK)) = χ(SK(D))

where S is the sheaf of sections of E with at most a simple pole on D with residue in the

singular part of E at each point of D and S = S(−D) is the sheaf of holomorphic sections

taking values in the singular part of E. From the exact sheaf sequence

0→ S ⊗K(D)→ E ⊗K(D)→ Q→ 0

where Q is a sky-scraper sheaf on Σ supported on the parabolic points with a zero weight.

The length of a stalk is exactly the multiplicity of the zero weight at that point. It follows

that

dimH = χ(S ⊗K(D))− χ(E) = 2 rkE(g − 1) +
∑
P∈D

rkES,P ,

proving Theorem 6.3.3.

Remark 6.3.12. The sheaf S can also be defined as the kernel of the projection map onto

the regular part of E at each parabolic point. The fibre of Q at P ∈ D can be identified

with ERP . See the end of Section 6.4.1 for a more natural description of S as strictly

parabolic homomorphism O to E.

6.4 Dolbeault, de Rham, and Hypercohomology

In this section we will use the Hodge theory from Section 6.3 to identify the Dolbeault

and de Rham cohomology of a stable parabolic Higgs bundle of parabolic degree zero with

the hypercohomology of E Φ−→ S ⊗K(D).
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6.4.1 Hypercohomology

In this section we prove the following theorem relating Dolbeault cohomology and hyper-

cohomology.

Theorem 6.4.1. If (E, ∂̄A+Φ) is a stable parabolic Higgs bundle of parabolic degree zero,

then

H1(E
Φ−→ S ⊗K(D)) ' H

where H is defined using the adapted Hermitian metric solving the Higgs bundle equations.

Throughout this section we let (E, ∂̄A + Φ) be a fixed stable parabolic Higgs bundle of

parabolic degree zero with metric solving the Higgs bundle equations, and fix p compatible

with the parabolic structure on E.

In this section we use the same notation for the spaces Dp
kΩ

s(E) and their sheaves of

local sections.

To prove the theorem we need to find a resolution of E and S⊗K(D) using the sheaves

Dp
kΩ

s(E) of Dp
k-sections of ΛsT ∗Σ⊗ E.

Lemma 6.4.2. The sequence

0→ E → Dp
2Ω0(E)

∂̄A−−→ Dp
1Ω0,1(E)

is a resolution of E.

Proof. Let U ⊂ Σ be an open set. From Lemma 6.2.13 it follows that E(U) is the kernel

of ∂̄A.

What remains is to prove surjectivity of ∂̄A. If there are no parabolic points in U

surjectivity follows from the Dolbeault Lemma for Sobolev spaces. Assume U contains a

parabolic point P .

Choose a local frame {ek}lk=1 of holomorphic sections of E adapted to the parabolic

structure. Let udz̄ be an element of Dp
1Ω0,1(U,E) with u =

∑
ukek. As {ek} is a holo-

morphic frame ∂̄A = ∂̄ and for each k we are seeking a solution to

∂sk
∂z̄

= uk.

It follows from Theorem 6.2.1 that the Dolbeault Lemma for Sobolev spaces gives a solu-

tion s ∈ Lp2(U). If the parabolic weight αk = 0, then we can take sk = s. If αk 6= 0, then

the solution we seek must vanish at 0. As 1 < p < 2 the solution s ∈ Lp2(U) is continuous

on U so sk = s− s(0) ∈W p
2 (U) solves the equation.

Lemma 6.4.3. The sequence

0→ S ⊗K(D)→ Dp
1Ω1,0(E)

∂̄A−−→ Dp
0Ω1,1(E)

is a resolution of S ⊗K(D).
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Proof. The proof is similar to Lemma 6.4.2 using Lemma 6.2.13 to identify S ⊗K(D) as

the kernel of ∂̄A.

Proof of Theorem 6.4.1. By Lemma 6.2.9 multiplication by the Higgs field extends to a

morphism of the resolutions in Lemmas 6.4.2 and 6.4.3.

E Dp
2Ω0(E) Dp

1Ω0,1(E)

S ⊗K(D) Dp
1Ω1,0(E) Dp

0Ω1,1(E)

Φ

∂̄A

Φ Φ

∂̄A

The hypercohomology of E Φ−→ S ⊗K(D) can be computed by this double complex by a

spectral sequence argument. It follows that the first hypercohomology group is isomorphic

to the first cohomology group of

Dp
2Ω0(E)

Φ+∂̄A−−−−→ Dp
1Ω1,0(E)⊕Dp

1Ω0,1(E)
∂̄A+Φ−−−−→ Dp

0Ω1,1(E).

By Corollary 6.3.2 this cohomology is exactly H.

If E1,E2 are two parabolic Higgs bundles, then H0(Hom(E1,E2)) are the homomor-

phisms from E1 to E2.

Hausel’s arguments in [33, Theorem 4.3] works equally well for the parabolic situation,

giving the following result.

Corollary 6.4.4. For any stable parabolic Higgs bundle E with pardeg(E) = 0 and E

non-trivial, then

H0(Hom(O,E)) = H2(Hom(O,E)) = 0,

where O is given parabolic weight zero and zero Higgs field.

The complex Hom(O,E) is

ParHom(O, E)→ SParHom(O, E) = E → S ⊗K(D)

and thus the corollary is the holomorphic analogue of Lemma 6.3.6 and Corollary 6.3.7.

This also justifies why hypercohomology of the complex E → S⊗K(D) is the right object

to study as opposed to the more obvious choice E → E ⊗ K(D). Notice that S = E if

there are no zero-weights.
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6.4.2 de Rham cohomology

Let (E,D′′) be a stable parabolic Higgs bundle with parabolic degree zero and D′′ =

∂̄A + Φ. If we use the adapted Hermitian metric solving the Higgs bundle equations to

define D′ = ∂A + Φ∗, then

D = D′ +D′′ = dA + Φ + Φ∗

is a flat connection on E with singularities at the parabolic points.

Conversely, if D is a flat connection, then a Hermitian metric h induce a splitting

D = dh + Ψ into a unitary and a self-adjoint part. Splitting further dh = ∂E + ∂̄E and

Ψ = Φ+Φ∗ into types we can define the operator D′′ = ∂̄E+Φ and D′ = ∂E+Φ∗. Simpson

[70] showed there is a natural one-to-one correspondence between stable parabolic Higgs

bundles of parabolic degree zero and irreducible flat connections on a vector bundle with

parabolic structure which behaves sufficiently nice around the parabolic points (tameness).

The equivalence goes through the existence of a so-called harmonic metric: the operator

D′′ defined via the metric satisfies (D′′)2 = ∂̄E(Φ) = 0, i.e that Φ is holomorphic with

respect to ∂̄E . This is an extension of Donaldson [22] and Corlette [19] to the parabolic

situation.

Using the harmonic metric to define weighted Sobolev spaces as above we have oper-

ators

Dp
2Ω0(E)

D−→ Dp
1Ω1(E) and Dp

1Ω1(E)
D−→ Dp

0Ω2(E).

Theorem 6.4.5. If (E,D) is a bundle with a parabolic structure and an irreducible flat

connection, then the first cohomology group of

Dp
2Ω0(E)

D−→ Dp
1Ω1(E)

D−→ Dp
0Ω2(E)

is isomorphic to H defined using the harmonic metric from [70].

Proof. We use the harmonic metric to split D to operators D′ and D′′. We know from

Theorem 6.3.1 that every ϕ ∈ Dp
1Ω1(E) has a unique decomposition ϕ = η +D′β +D′′γ

for β, γ ∈ Dp
2Ω0(E). If β = γ, then Dϕ = 0 gives kerD = H ⊕ im(D). This proves the

theorem. The connection D is flat 0 = D2 = D′D′′ +D′′D′, and therefore

0 = D2ϕ = D′′D′β +D′D′′γ = D′′D′(β − γ).

Since D′′D′ is an isomorphism (Lemma 6.3.9) β = γ.
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6.5 Universal bundle

In this section we will discuss the existence of a holomorphic universal parabolic Higgs

bundle on M × Σ where M is the moduli space of stable parabolic Higgs bundles. This

was first constructed algebraically by Yokogawa [78] showing that M is a coarse moduli

space. Thaddeus [74] mentions that a universal parabolic Higgs bundle can be constructed

using standard arguments similar to Newstead [62, §5.5]. In this section we make the

construction explicit to determine conditions on the parabolic data to determine when

the universal parabolic Higgs bundle exists. We follow Hausel [33, Section 5] who also

use Newstead’s approach. All ingredients used in this section appear elsewhere but not

collectively. Before we embark on this, we briefly review Konno’s construction [50] of the

moduli space M .

Let us first stress which objects we fix from the beginning:

• Σ a compact Riemann surface with Kähler form ω normalised for Σ to have area 1.

• E a smooth vector bundle on Σ of rank l and topological degree d.

• D = P1 + · · ·+ Pn a divisor of n distinct points.

• A quasi-parabolic structure, i.e. a flag in the fibre EPi at each Pi.

• A collection of weights α(i)
k at each Pi.

• A Hermitian metric adapted to the parabolic structure.

• A ∂̄-operator, ∂̄A0 , inducing a holomorphic structure on detE.

A set of parabolic weights is called generic if all semi-stable parabolic Higgs bundles

are stable for this choice of weights. Throughout this section we will assume the fixed set

of weights is generic.

Recall the definition of D from Section 6.1 as the space parametrising parabolic Higgs

structures D′′ = ∂̄A + Φ with Φ being ∂̄A-meromorphic on Σ with at most simple poles

at D with strictly parabolic residues. Since the flags at each parabolic point is fixed we

consider only gauge transformations preserving the flags

G c = {g ∈ Ω0(ParEnd(E)) | det gx = 1 for any x ∈ Σ}.

If p > 1 is compatible with the fixed parabolic structure we define completions of D and

G c

Dp
1 = {D′′ = ∂̄A + Φ ∈ C p

1 ×D
p
1Ω1,0(End0E) | ∂̄AΦ = 0}

G c p
2 = {g ∈ Dp

2Ω0(EndE) | det gx = 1 for any x ∈ Σ}.
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6. Hodge theory for parabolic Higgs bundles and applications

From Biquard’s Sobolev embedding theorem (Theorem 6.2.1) we see that G c p
2 is a group

with a right action on Dp
1 . It furthermore follows that D is dense in Dp

1 and G c is dense in

G c p
2. Define Dst as the subspace of D consisting of stable parabolic structures and extend

this to Dst p
1. Konno then defines

M := Dst p
1/G

c p
2

to be the moduli space of stable parabolic Higgs bundles and shows that it is a finite

dimensional hyperkähler manifold. Konno furthermore shows that the metric on M is

complete.

Definition 6.5.1. A parabolic structure is good if the collection of weights is generic and

one of the following three conditions hold for the quasi-parabolic structure:

• The rank l and topological degree d are coprime.

• There is a parabolic point Pi ∈ D such that dimF kEPi is coprime to the rank for

some 1 ≤ k ≤ ai.

• There is a parabolic point Pi ∈ D such that dimF kEPi and l + d are coprime for

some 1 ≤ k ≤ ai.

Remark 6.5.2. Having a good parabolic structure is a rather mild condition on the quasi-

parabolic data, which is often satisfied in examples, e.g. if at one parabolic point the flag

is full, the parabolic structure is good.

Lemma 6.5.3. If C p
1 is the completion of the space of ∂̄-operators with respect to the

weighted Sobolev norm defined from a fixed good parabolic structure, then there exists a

G c p
2-equivariant holomorphic line bundle LC on C p

1 on which C∗ ⊂ G c p
2 acts by scalar

multiplication with trivial character.

Proof. This is [12, Proposition 1.7]. We reiterate the argument here for completeness.

Define bundles EC = C p
1 × E and Ei,kC = C p

1 × F kEPi for Pi ∈ D on C p
1 × Σ. Here

E is the fixed smooth complex vector bundle with fixed good parabolic structure. If G c p
2

acts trivially on Σ, then EC and Ei,kC are naturally G c p
2-equivariant bundles on which C∗

acts by scalar multiplication. Fix a line bundle N of degree 1 on Σ and for each m ∈ Z
let EC (m) = EC ⊗ q∗Nm where q : C p

1 × Σ→ Σ is the projection.

As C p
1 is the space of ∂̄-operators on E we get a holomorphic line bundle DetEC (m)

on C p
1 via Quillen’s determinant construction [66]. The action of λ ∈ C∗ on DetEC (m) is

by λd+l(1−g)+ml with g the genus of Σ. If l and d are coprime, then there exists integers

a, b such that al + b(d + l(g − 1)) = 1, and C∗ acts by scalar multiplication with trivial

character on

LC = (DetEC (1))a ⊗ (DetEC )b−a.
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If dimF kEPi and l are coprime for some i and k and if a and b are integers such that

adimF kEPi + bl = 1, then the action of C∗ on

LC = (detEi,kC )a ⊗ (DetEC )−b ⊗ (DetEC (1))b

is by scalar multiplication with a trivial character.

If dimF kEPi and l + d are coprime for some i and k let a, b be integers such that

a dimF kEPi + b(d + l) = 1, then the action of C∗ is scalar multiplication with a trivial

character on

LC = (detEi,kC )a ⊗ (DetEC (1))b ⊗ (detEiC )b(g−1)

where EiC is the restriction of EC to C p
1 × {Pi}.

Proposition 6.5.4. Let M be the moduli space of stable parabolic Higgs bundles with

parabolic structure fixed as above. If the parabolic structure is good, then there is a holo-

morphic universal parabolic Higgs bundle on M × Σ.

Proof. The proof relies on the construction of a bundle EM on M × Σ parametrising

the holomorphic structure of (E,D′′) for every D′′ ∈ M . To do this we follow a similar

construction by Atiyah and Bott [3, p. 579–580]. Let EC be the tautological bundle on

C p
1 × Σ, and let G c p

2 act trivially on Σ, then C∗ ⊂ G c p
2 acts by scalar multiplication on

EC . As the parabolic structure is good there is a holomorphic line bundle LC on C p
1 ×Σ

on which C∗ acts by scalar multiplication (Lemma 6.5.3).

Denote by ED the pullback of EC ⊗ L−1
C to Dstp

1 × Σ. Now C∗ acts trivially on ED

and so ED is a G c p
2/C∗-equivariant bundle. The only automorphisms of a stable parabolic

Higgs bundle are scalar multiples of the identity (Proposition 6.1.2), so G c p
2/C∗ acts freely

on Dst p
1. It follows that EC ⊗L−1

C reduces to a holomorphic vector bundle EM on M ×Σ

with the property that EM |∂̄A+Φ ' (E, ∂̄A).

To conclude the proof, we need a universal Higgs field. This follows exactly as in

[33]. The fibre of the projection Dp
1 → C p

1 is canonically H0(Σ, SParEnd0(E)⊗K(D)), as

shown in [50, Lemma 2.6]. This gives a tautological section

ΦD ∈ H0(Dp
1 ,SParEnd0(ED)⊗K(D)).

The section ΦD defines a Higgs bundle ED
ΦD−−→ ED ⊗K(D) on Dstp

1×Σ which is G c p
2/C∗-

equivariant and thus gives a holomorphic universal Higgs bundle EM
ΦM−−→ EM ⊗K(D)

on M × Σ.

Konno’s construction of the moduli space of stable parabolic Higgs bundles shows that

it is a coarse moduli space. Using Proposition 6.5.4 as the main ingredient one can show

that under mild assumptions the moduli space is actually fine.
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Definition 6.5.5. Two families ET , FT of stable parabolic Higgs bundles on T × Σ

are equivalent if there exists a line bundle L on T such that FT ' ET ⊗ π∗T (L) where

π : T × Σ→ T is the projection.

The following lemma from [74] shows that two families are equivalent exactly if they

give the same map to the coarse moduli space M .

Lemma 6.5.6. If ET and FT are families of stable parabolic Higgs bundles over Σ para-

metrised by a variety T , and suppose Et ' Ft for all t ∈ T . Then ET and FT are

equivalent.

Corollary 6.5.7. If M is the moduli space of stable parabolic Higgs bundles with fixed

good parabolic structure, then M is fine.

Proof. The corollary follows directly by the arguments of [62, Theorem 5.12] using Propo-

sition 6.5.4 and Lemma 6.5.6.

Remark 6.5.8. In Konno’s construction [50], a flag at each parabolic point is fixed through-

out and the gauge transforms used preserve the flags. Another way to construct M is

given by Yokogawa [78] where one does not need to fix the flags and therefore can use

all gauge transforms. The two moduli spaces are isomorphic and we find the latter de-

scription more useful for explicitly describing various submanifolds of M as we will do in

Section 6.7.

6.6 A hyperholomorphic bundle

In this section we use the Hodge theory for parabolic Higgs bundles developed in Sec-

tion 6.3 to construct a hyperholomorphic vector bundle on the moduli space of parabolic

Higgs bundles. Throughout this section we consider stable parabolic Higgs bundles of

parabolic degree zero with fixed good parabolic structure. We denote by M the moduli

space of these.

Theorem 6.6.1. There is a hyperholomorphic vector bundle (D,∇) on M of rank

2l(g − 1) + nl −m0 with m0 =
∑
P∈D̃

mP (w1)

where D̃ ⊂ D are the parabolic points where the lowest weight is zero. This bundle is called

the Dirac–Higgs bundle.

Proof. From Proposition 6.5.4 there is a universal Higgs bundle EM
ΦM−−→ EM ⊗ K(D)

on M × Σ. This Higgs bundle gives two families of operators D′′A,Φ = ∂̄A + Φ and
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D′A,Φ = ∂A + Φ∗ acting on Dp
1Ω1(E). Here we use the fixed adapted Hermitian metric.

Combining these we get an elliptic differential operator

D∗A,Φ =

(
∂̄A Φ
Φ∗ ∂A

)
: Dp

1(Ω1,0(E))⊕Dp
1(Ω0,1(E))→ Dp

0Ω1,1(E)⊕2.

From Theorem 6.3.1 it follows that kerD∗A,Φ is finite-dimensional and by Theorem 6.3.3

the dimension is independent of D′′A,Φ ∈ M . Together, this produces a vector bundle D

on M of the right dimension. As

Dp
1Ω1,0(E)⊕Dp

1Ω0,1(E) ⊂ L2Ω1,0(E)⊕ L2Ω0,1(E) =: L2

there is an inner product on the infinite dimensional trivial bundle M × L2 on M . The

inclusion i : kerD∗A,Φ ↪→ L2 of fibres embeds D as a subbundle of M × L2. We define a

connection on D by projecting the trivial connection to D

∇ = Pdi.

The bundle with connection (D,∇) is the Dirac–Higgs bundle.

What remains is to prove that the curvature of ∇ is of type (1, 1) with respect to all

complex structures on M . To do this we need the Hodge theory developed in Section 6.3.

The tangent space to C p
1 ×D

p
1Ω1,0 End0(E) at (∂̄A,Φ) is naturally isomorphic to

T p
1 = Dp

1Ω0,1 End0(E)×Dp
1Ω1,0 End0(E),

and for (β̇, Φ̇) ∈ T p
1 we have (as in the non-parabolic case) three inequivalent complex

structures

I(β̇, Φ̇) = (iβ̇, iΦ̇) J(β̇, Φ̇) = (iΦ̇∗,−iβ̇∗) K(β̇, Φ̇) = (−Φ̇∗, β̇∗).

For the complex structure I, consider the family of complexes

Dp
2Ω0(E)

∂̄A+Φ−−−−→ Dp
1Ω1(E)

∂̄A+Φ−−−−→ Dp
0Ω2(E).

An infinitesimal deformation of ∂̄A + Φ is β̇ + Φ̇ where (β̇, Φ̇) ∈ T p
1 and thus I acts

as multiplication by i on the derivative of ∂̄A + Φ. In other words, this complex varies

holomorphically with respect to I. From Lemmas 6.3.6 and 6.3.9 the complex is exact

with cohomology concentrated in degree one. Furthermore, it is split by the inverse

of D′′A,ΦD
′
A,Φ. The complex is a so-called infinite dimensional monad and from general

theory [23, Section 3.1.3] the cohomology defines a Hermitian holomorphic bundle on M .

By Theorem 6.3.1 it follows that D has a holomorphic structure with respect to I with

which ∇ is compatible.
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For the complex structure J , consider the de Rham complex for the family of flat

connections dA + Φ + Φ∗

Dp
2Ω0(E)

ddR−−→ Dp
1Ω1(E)

ddR−−→ Dp
0Ω2(E),

where ddR = dA + Φ + Φ∗. This complex varies holomorphically with respect ot J as J is

multiplication by i on β̇ − β̇∗ + Φ̇ + Φ̇∗. Again from Lemmas 6.3.6 and 6.3.9 the zeroth

and second cohomology vanish and the family is an infinite dimensional monad defining

a Hermitian bundle on M holomorphic with respect to J . From Theorem 6.4.5 it follows

that D has a holomorphic structure with respect to J with which ∇ is compatible.

The argument for the complex structure K is equivalent to that for J , but we instead

consider the family of complexes with differentials dA − iΦ + iΦ∗. The complex structure

K is multiplication by i on β̇− β̇∗− iΦ̇ + iΦ̇∗. It follows from arguments similar to Theo-

rem 6.4.5 that the cohomology is concentrated in degree one and that D has a holomorphic

structure with respect to K with which ∇ is compatible.

6.6.1 Dirac–Higgs and Green’s operator

In the proof of Theorem 6.6.1 we introduced an operator D∗A,Φ associated to any parabolic

Higgs bundle. In this section we will explore this operator further and discuss some of its

properties.

Let (E,D′′) with D′′ = ∂̄A+Φ be a parabolic Higgs bundle, and assume p is compatible

with the parabolic structure. We follow Section 2.1 and define a Dirac-operator coupled

to a parabolic Higgs bundle by

DA,Φ =

(
∂A −Φ
Φ∗ −∂̄A

)
: Dp

2Ω0(E)⊕2 → Dp
1Ω1,0(E)⊕Dp

1Ω0,1(E).

We call DA,Φ the Dirac–Higgs operator. The operator D∗A,Φ defined in the proof of Theo-

rem 6.6.1

D∗A,Φ =

(
∂̄A Φ
Φ∗ ∂A

)
: Dp

1Ω1,0(E)⊕Dp
1Ω0,1(E)→ Dp

0Ω1,1(E)⊕2

is the adjoint of DA,Φ with respect to the L2-inner product on Dp
1Ω1(E) in the following

sense:

Lemma 6.6.2. Let s ∈ Dp
2Ω0(E)⊕2 and u ∈ Dp

1Ω1,0(E) ⊕ Dp
1Ω0,1(E), then with respect

to the L2-inner product induced on Dp
1Ω1(E)〈

u,DA,Φs
〉

=
〈
iΛD∗A,Φu, s

〉
.

Proof. This follows directly from the Kähler identities (Lemma 6.3.5).

The connection on the Dirac–Higgs bundle is defined by a projector for kerD∗A,Φ. The
projection operator can be defined using a Green’s operator for the Laplacian D∗A,ΦDA,Φ.
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Lemma 6.6.3. The projection PA,Φ : Dp
1Ω1,0(E)⊕Dp

1Ω0,1(E)→ kerD∗A,Φ is given by

PA,Φ = Id−DA,ΦGA,ΦD∗A,Φ

where GA,Φ is the Green’s operator for the Dirac–Higgs Laplacian

D∗A,ΦDA,Φ : Dp
2Ω0(E)⊕2 → Dp

0Ω1,1(E)⊕2.

When (E,D′′A,Φ) is stable

GA,Φ =

(
(D′′A,ΦD

′
A,Φ)−1 0

0 (D′′A,ΦD
′
A,Φ)−1

)
.

Proof. If GA,Φ is the Green’s operator for D∗A,ΦDA,Φ, i.e the right inverse, then clearly

Id−DA,ΦGA,ΦD∗A,Φ projects to kerD∗A,Φ and DA,ΦGA,ΦD∗A,Φ to the orthogonal comple-

ment. Let s = s1 + s2 ∈ Dp
2Ω0(E)⊕2, then

D∗A,ΦDA,Φs =

(
D′′A,ΦD

′
A,Φs1

−D′A,ΦD′′A,Φs2

)
= D′′A,ΦD

′
A,Φs

where the last equality is the Higgs bundle equations. As (E,D′′A,Φ) is stable, Lemma 6.3.9

shows that D′′A,ΦD
′
A,Φ are isomorphisms.

6.7 Parabolic Higgs bundles on P1 with 4 parabolic
points

In this section we discuss the Dirac–Higgs bundle from Theorem 6.6.1 in a special case

where it is a line bundle. We consider parabolic Higgs bundles on P1 with four parabolic

points. Let D = z1 + z2 + z3 + z4 be a collection of four distinct points on P1, and denote

by P1
4 the curve with a fixed choice of D. The bundles under consideration must be of

rank two and of parabolic degree zero. The parabolic structure will be a full flag at each

point of D with weights distributed according to the following table, with αi > 0 and∑
i αi = 1.

Points z1 z2 z3 z4

Weights 0 0 0 α4

α1 α2 α3 α5

Notice that such a choice of weights is generic in the sense that all semi-stable parabolic

Higgs bundles are stable.

In this case, the holomorphic description of a parabolic Higgs bundle is E Φ−→ E(2)

with Φ nilpotent at each point of D.

In this section we only fix the type of the quasi-parabolic structure but let the actual

flag at each parabolic point be part of the moduli problem. This is Yokogawa’s approach

[78]. Yokogawa’s description is better suited for the explicit calculations in this section.
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Lemma 6.7.1. Let E = (E,Φ) be a stable parabolic Higgs bundle on P1
4 with the above

specified weights. Then E ' O ⊕O(−1).

Proof. As pardeg(E) = 0 and
∑

i αi = 1 the topological degree of E is −1, giving that

E ' O(a)⊕O(−a− 1).

If a ≥ 0, then by stability, the part of Φ mapping O(a) → O(−a − 1) cannot be

non-zero. Therefore a ≤ 1
2 , that is a = 0.

If a < 0, then similarly, the part of Φ mapping O(−a−1)→ O(a+2) must be non-zero,

giving that a = −1. Either way, E ' O ⊕O(−1).

Denote by M the moduli space of stable rank two parabolic Higgs bundles of parabolic

degree zero on P1
4 with the weights specified as above.

Proposition 6.7.2. The moduli space M is non-empty and is a complex elliptic fibration

over C with one singular fibre of type D̃4.

Proof. Define a parabolic structure on O ⊕ O(−1) by having the subspace aligning with

O(−1) at every zi. If Φ =

(
0 0
ϕ 0

)
, then the only Φ-invariant subbundle is O(−1) which

has parabolic degree −α4 < 0, proving that M is non-empty.

The other properties follow from more general theory. By [50], the moduli space has

complex dimension two. In this case, the Hitchin fibration is M
χ−→ C where the base is

H0(K2(D)) = C as we require Φ to be nilpotent with respect to the flag at each point

of D. The general fibre of the fibration is the Jacobian of a double cover of P1
4 branched

at D, i.e. an elliptic curve. The only singular fibre is the nilpotent cone χ−1(0). From

Hausel’s description of the nilpotent cone [32, Theorem 4.4.5] and Kodaira’s classification

of singular fibres of elliptic fibrations [5, p. 201], the nilpotent cone is a union of five

spheres sitting in a D̃4-configuration, see Figure 6.1.

2

11

1 1

Figure 6.1: The D̃4 Dynkin diagram represents a configuration of five spheres with edges
indicating a single point of transverse intersection and the number is the algebraic multi-
plicity of the sphere.
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6.7. Parabolic Higgs bundles on P1 with 4 parabolic points

Remark 6.7.3. The moduli space M is similar to Hausel’s Toy Model [32, p. 176f], except

that stable parabolic bundles with vanishing Higgs field constitute a component of the

nilpotent cone in Hausel’s Toy Model. In the present case, O ⊕O(−1) is not stable as a

parabolic Higgs bundle.

Definition 6.7.4. Denote by (L,∇) → M the Dirac–Higgs bundle for stable parabolic

Higgs bundles of parabolic degree zero and rank two on P1
4 with parabolic weights as

specified in the beginning of this section.

6.7.1 The nilpotent cone

In this section we give an explicit description of each component of the nilpotent cone.

The flag at a parabolic point is a choice of a line in C2 and thus P1 × P1 × P1 × P1 is

the configuration space for the flags, where first factor corresponds to the line at z1 and so

on. The line at a point z corresponding to β ∈ P1 is span{βe1 + e2} where span{e1} = Oz
and span{e2} = O(−1)z, so β = 0 is O(−1)z and β =∞ is Oz.

The automorphism group of O ⊕O(−1)

Aut(O ⊕O(−1)) =

{(
ε εγ
0 εδ

)
: ε, δ ∈ C∗ and γ ∈ H0(O(1))

}
acts on the configuration space by βi 7→ βi+γ(zi)

δ , where βi ∈ P1 is the line at zi. Thus the

parameter ε acts trivially and it is really the quotient Aut(O⊕O(−1))/C∗ which acts on

the configuration space. In terms of (δ, γ) ∈ C∗ ×H0(O(1)) the action is

(δ, γ) · (β1, β2, β3, β4) =

(
β1 + γ(z1)

δ
,
β2 + γ(z2)

δ
,
β3 + γ(z3)

δ
,
β4 + γ(z4)

δ

)
.

Notice that any parameter βi =∞ is preserved by the action.

Lemma 6.7.5. If (β1, β2, β3, β4) is a configuration of flags at the parabolic points and

there is a stabilising Higgs field, then at most one of the βi’s is ∞.

Proof. Assume a Higgs field Φ =

(
a b
c −a

)
is written with respect to the decomposition

O⊕O(−1). If βi =∞ for some i, then a and c must vanish at zi as Φ is strictly parabolic.

Due to stability, c must be a non-zero section of O(1). Therefore stability is violated if

there is more than one i with βi =∞.

One of the benefits of working with strictly parabolic Higgs fields is that we have the

usual C∗-action on M . From [70, Theorem 8] we know that the Higgs bundles fixed by

U(1) ⊂ C∗ split as a direct sum E1 ⊕ E2 of parabolic bundles. In terms of configurations,

the flags must align with either O or O(−1) at each parabolic point. From Lemma 6.7.5

we have at most one flag aligning with O.
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6. Hodge theory for parabolic Higgs bundles and applications

Proposition 6.7.6. The fixed point set of the U(1)-action on M has five irreducible

components, which are

• P1 parametrised by Higgs field
(

0 0
ϕ 0

)
, ϕ ∈ H0(O(1)) (up to scale) and flag config-

uration (0, 0, 0, 0).

• 4 isolated points given by Higgs fields
(

0 0
ϕ 0

)
(up to scale) with ϕ vanishing at a zi

where the corresponding βi =∞, and βj = 0 for j 6= i.

The Morse indices are 0 and 2, respectively.

Proof. This follows directly from considering [70, Theorem 8] in this specific case. The

Morse indices are from [29, Proposition 3.11] specified to this case.

Corollary 6.7.7. The Poincaré polynomial of M is 1 + 5t2.

From [32, Theorem 4.4.5] the nilpotent cone consists of five P1’s in a D̃4-configuration

with the central one consisting of fixed points of the U(1)-action.

Proposition 6.7.8. The nilpotent cone consists of five P1’s: the central X0, and four

non-intersecting X1, . . . , X4 intersecting X0 once transversally.

• X0 is parametrised by Higgs fields
(

0 0
ϕ 0

)
(up to scale), ϕ ∈ H0(O(1)) and flag

configuration (0, 0, 0, 0).

• Xi, i = 1, . . . , 4, is parametrised by the flag configuration βi ∈ P1 and βj = 0 for

j 6= i and Higgs field
(

0 0
ϕ 0

)
(up to scale) with ϕ(zi) = 0.

Proof. From Proposition 6.7.6 the central component is given. Consider the configurations

(β, 0, 0, 0) and Higgs field
(

0 0
ϕ 0

)
. This parabolic Higgs bundle is certainly stable as the

only invariant subbundle is O(−1) which has negative parabolic degree. This bundle is

inequivalent to an element of the central sphere as only the scaling automorphism
(

1 0
0 δ

)
will keep the three zeros fixed. Likewise the configurations (β, 0, 0, 0) and (0, β, 0, 0) are

inequivalent. Consider the scaling automorphism acting on Higgs fields by conjugation.

Then δ ∈ C∗ acts on ϕ as δ−1ϕ. Thus δ acts on ϕ and β in the same way. By normalising

ϕ using δ, the component X1 is parametrised by β1 ∈ P1.

Notice how the non-central components are connecting the central sphere to the iso-

lated fixed points of the U(1)-action.
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6.7. Parabolic Higgs bundles on P1 with 4 parabolic points

6.7.2 Topology of the hyperholomorphic line bundle

Theorem 6.7.9. The degrees of the hyperholomorphic line bundle L → M restricted to

the components of the nilpotent cone are as given in the following table.

Component X0 X1 X2 X3 X4

Degree 2 −1 −1 −1 0

When we fix a complex structure on M it induces a holomorphic structure on L. The
holomorphic line bundle is denoted by L. On M × P1

4 let

O ⊕O(−1)
Θ−→ SM (6.7)

be a universal parabolic Higgs bundle. Here Θ is a universal parabolic Higgs field and SM

is a universal bundle of strictly parabolic homomorphisms from O to the parabolic vector

bundle in question, i.e for all (E,Φ) ∈M

SM |(E,Φ) = SParHom(O, E)⊗O(2).

The holomorphic line bundle L can be obtained by the direct image of (6.7) along the

projection to M .

Notice that we have here included K(D) in the definition of SM and that S are

holomorphic sections. This is different to Section 6.3, but we’ve done this to ease notation.

Notice furthermore that in Yokogawa’s construction of M , the universal bundle O ⊕
O(−1)|M×D comes equipped with a subsheaf defining the quasi-parabolic structure.

The proof of Theorem 6.7.9 amounts to identifying SM in all of the five cases above.

Before we do that we need the following lemma.

Lemma 6.7.10. R1π∗(SM ) = 0, where π : M × P1
4 →M is the projection.

Proof. It is enough to prove that for any (E,Φ) ∈ M , SM |{(E,Φ)}×P1
4
is either O ⊕ O or

O(−1)⊕O(1).

Let (E,Φ) be a fixed parabolic Higgs bundle, and denote by S the restriction of SM .

By definition of S = SParHom(O, E(2)), there is an exact sequence

0→ SParHom(O, E(2))→ ParHom(O, E(2))→ Q→ 0

where Q is a sky-scraper sheaf supported on z1, z2, z3 and the stalk is of length one at each

point. Consequently, S has degree zero. From the action of the automorphism group on

the configuration space of flags we can assume that the flags at two of the points z1, z2, z3

align with O(−1), i.e. that the corresponding βi is 0. Assume this is z2, z3. Let (f, g)

be a homomorphism O → O(2)⊕O(1); this is strictly parabolic if f vanish at z2, z3 and

f(z1)/g(z1) = β1. There is no condition at z4 as there is no zero-weight. If f vanish

completely g is unconstrained, so S ' O(−1)⊕O(1), while if f is non-zero we consider it

a section of O and the constraint on g makes it a section of O, and S ' O ⊕O.
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Proof of Theorem 6.7.9. Consider the restriction of O ⊕ O(−1)
Θ−→ SM to Xi × P1

4, and

denote by π : Xi × P1
4 → Xi the projection. Then

L|Xi ' R1π∗(O ⊕O(−1)
Θ−→ SXi).

By the five term exact sequence for hypercohomology (1.6), the line bundle L|Xi sits in

an exact sequence

0→ π∗(O ⊕O(−1))→ π∗SXi → L|Xi → 0

where surjectivity follows as H1(P1
4,O ⊕ O(−1)) = 0. We calculate the Chern character

of L|Xi by the Grothendieck–Riemann–Roch formula

ch(LXi) = ch(π∗SXi)− ch(π∗(O ⊕O(−1))) = π∗(ch(SXi) Td(P1
4))− 1

where we used Lemma 6.7.10 and that π∗(O ⊕O(−1)) is the trivial line bundle.

The Chern character of SXi varies from case to case, and the rest of the proof is a

study of each individual case.

Consider first the central component X0, which by Proposition 6.7.8 is parametrised

by the Higgs field
(

0 0
ϕ 0

)
, ϕ ∈ H0(O(1)) (up to scale) and fixed parabolic structure

(0, 0, 0, 0). Using the same arguments as in Lemma 6.7.10, SX0 restricts to O(−1)⊕O(1)

on every slice of X0 × P1
4. As the Higgs field is the coordinate on X0, we have on X0 × P1

4

that SX0 ' (O(−1)⊕O(1))⊗OX0(1). Therefore ch(SX0) = 2 + 2ĥ where ĥ is a generator

of H2(X0,Z). Combining this with the above, we see that ch(L|X0) = 1 + 2ĥ

On the non-central components Xi, i 6= 0, the gauge-equivalence class of the Higgs

field is fixed. Using similar arguments as in Lemma 6.7.10, we have a short exact sequence

of sheaves on Xi × P1
4

0→ SXi → O(2)⊕O(1)→ ι∗QXi → 0 (6.8)

where ι∗QXi is a sheaf supported on Xi × {z1, z2, z3} with ι being the inclusion. The

quotient QXi is a line bundle on each Xi × {zj} whose degree depends on the parabolic

structure at zj . Let h denote a generator of H2(P1
4,Z). It follows from the short exact

sequence (6.8) that c1(ι∗QXi) = 3h. Furthermore, c2(ι∗QXi) = −ι∗c1(QXi) by the action

of push forward on Chern classes. The Chern character of SXi is therefore

ch(SXi) = 2 + 3h− ch(ι∗QXi) = 2− ι∗c1(QXi).

If i ∈ {1, 2, 3}, then QXi on Xi × {zi} is the quotient

0→ OXi(−1)→ O⊕O → QXi → 0
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as the parabolic structure at zi is defined by the coordinate on Xi. On the other two

connected components, the parabolic structure does not change and the sequence defining

QXi is

0→ O → O ⊕O → QXi → 0.

Therefore ch(SXi) = 2− hĥ where ĥ ∈ H2(Xi,Z) is a generator, and

ch(L|Xi) = π∗((2− hĥ)(1 + h))− 1 = 1− ĥ.

If i = 4, then QXi is the trivial line bundle on X4 × {z1, z2, z3} as the parabolic structure

at z1, z2, z3 is independent of the point in Xi. Therefore, c1(QXi) = 0, ch(SXi) = 2, and

ch(L|X4) = π∗(2(1 + h))− 1 = 1.

This concludes the proof.

Corollary 6.7.11. The hyperholomorphic line bundle L is not isomorphic to the hyper-

holomorphic line bundle in [43].

Proof. The hyperholomorphic line bundle constructed in [43] has curvature ω1 + ddc1µ

where µ is the moment map for the U(1)-action on M and ω1 is the Kähler form for

the metric on M with complex structure I, see [43, Section 2.1]. As the irreducible

components of the fibres of the Hitchin fibration are complex submanifolds of M with

respect to complex structure I, ω1 restricts to a Kähler form on each irreducible component

of the nilpotent cone. As the components are curves, evaluating ω1 gives the volume of

the component with respect to ω1 which is always non-zero. It follows from Theorem 6.7.9

that the degree of L is 0 on X4, showing that the hyperholomorphic line bundle from [43]

is topologically different to L.

Remark 6.7.12. Comparing the curvatures in the toy model of Section 2.3 and the C2-

model of [43, Example 2, Section 2]

dū ∧ dv − du ∧ dv̄ and du ∧ dū− dv ∧ dv̄,

the two hyperholomorphic line bundles were most likely different.

Corollary 6.7.13. The degree of L is 1 on a generic fibre of the Hitchin fibration.

Proof. This follows immediately as a generic fibre is homologous to 2X0+X1+X2+X3+X4,

see Figure 6.1.
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6.7.3 Analytical properties

Not much is known about the hyperkähler metric on M . All we essentially know is that

it is hyperkähler and complete. There are however several indications that the metric

should be of type ALG, i.e. that near infinity M is diffeomorphic, up to a finite covering,

to the total space of a 2-torus fibration over R2 minus a ball, and has a metric that is

asymptotically adapted to the fibration in the sense that it is asymptotically flat.

Cherkis and Kapustin [17] were the first suggest the metric to be of type ALG. They

used a Nahm transform between periodic monopoles with singularities and singular Higgs

bundles on a cylinder. The moduli space of periodic monopoles is hyperkähler of type

ALG and as Nahm transforms are usually isometries it is believed that also the moduli

space of parabolic Higgs bundles on P1 is of type ALG.

Recently, Hein [36] has constructed complete hyperkähler ALG-metrics on the com-

plex manifold underlying M with complex structure I. He did this by compactifying

it to an elliptic fibration over P1 by adding a singular fibre, solving a complex Monge–

Ampère equation, and removing the added singular fibre again. It is not known whether

all hyperkähler metrics are obtained this way.

The asymptotics of the hyperkähler metric on Higgs bundle moduli spaces are a part of

a large conjectural framework set up by Gaiotto, Moore, and Nietzke [26, 27], and indeed

they conjecture that in general the asymptotics should be semi-flat with respect to the

Hitchin fibration.

It is believed that part of the asymptotic properties of the hyperkähler metrics on Higgs

bundle moduli spaces can be extracted from the recent work of Mazzeo, Swoboda, Weiss,

and Witt [53, 54]. There are good reasons to believe that this also extend to parabolic

Higgs bundles. If so, this would be further support for the conjecture by Cherkis and

Kapustin.

There is in other words, a good amount of evidence leaning in favour of the conjecture.

If the metric indeed is of type ALG we can use the topological information from Theo-

rem 6.7.9 to draw analytical conclusions about the connection on the hyperholomorphic

line bundle L→M .

Theorem 6.7.14. If the hyperkähler metric on M is of type ALG, then the instanton

connection of the hyperholomorphic line bundle (L,∇), does not have finite energy.

Proof. As L is a line bundle, the curvature two-form is closed. As being hyperholomorphic

in complex two dimensions is the same as having anti-self-dual curvature two-form, the

curvature two-form is in fact harmonic.

It follows from [34, Corollary 10] that the L2-harmonic two-forms is the image of the

compactly supported degree two-cohomology under the natural inclusion map into the
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normal degree two-cohomology

L2H2(M , g) ' im(H2
c (M )

j−→ H2(M )).

If β ∈ L2H2(M , g), then β = j(γ) for some γ ∈ H2
c (M ) where γ =

∑4
i=0 ci PD[Xi] for

some ci ∈ Z and PD[Xi] are the Poincaré duals of the generators of H2(M ). As a generic

fibre intersects [Xi] trivially for all i evaluating β on a generic fibre is zero.

As L is a line bundle, the curvature two-form of ∇ represents up to a constant the

first Chern class of L. From Corollary 6.7.13, we know that L has degree one on a generic

fibre of the Hitchin fibration, and the arguments above now show that ∇ does not have

finite energy.

6.7.4 A generic fibre of the Hitchin fibration

In this section we investigate the generic fibre of the Hitchin fibration in detail and compute

the Chern character of the hyperholomorphic line bundle restricted to a generic fibre

without using Theorem 6.7.9.

Proposition 6.7.15. Let c ∈ C∗. Then χ−1(c) is isomorphic to an abelian variety: the

Jacobian of degree one line bundles on C, a double cover of P1
4 branched at the parabolic

points.

Proof. Let c ∈ C∗. Define the spectral curve C ⊂ O(2) → P1
4 as the solutions of the

equation

η2 + c(z − z1)(z − z2)(z − z3)(z − z4) = 0

where η is the tautological section of O(2) pulled back to its total space. The curve

p : C → P1
4 is a smooth double cover of P1

4 and is clearly branched at the parabolic points

zi. The curve C has genus one by the Riemann–Hurwitz formula.

If L is a degree one line bundle on C, then p∗L ' O ⊕O(−1) and carries a parabolic

structure at zi given by the kernel of the evaluation map at p−1(zi). That is, on C there

is an exact sequence

0→ N → p∗p∗L
ev−→ L→ O

where N is a line bundle given as the kernel of the evaluation map. The parabolic structure

of p∗L at zi is given by Nzi in p∗p∗Lzi .

As C is smooth, general theory [7] proves that χ−1(c) is the Jacobian of degree one

line bundles on C.

Using this description we have the following Chern character for the hyperholomorphic

line bundle restricted to a generic fibre of the Hitchin fibration.
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Proposition 6.7.16. Let c ∈ C∗, then ch(L|χ−1(c)) = 1 + t where t is a generator of

H2(χ−1(c),Z), with χ−1(c) = J(C) considered as the Jacobian of degree one line bundles

on the elliptic curve C defined by c.

Proof. Let c ∈ C∗ be fixed. Denote by p : C → P1
4 the spectral curve defined by c, and

J = J1(C) = χ−1(c) it’s degree one Jacobian. We can either describe the holomorphic

line bundle L|J as the direct image of a complex on J × P1
4 or on J × C. As J × C has a

universal bundle, the latter description is more convenient.

As in the proof of Theorem 6.7.9, it is essential to get a description of SParHom(O, p∗L)

for all degree one line bundles on C. As C is an elliptic curve, all sections of a degree

one line bundle vanish at the same point. Using similar arguments as in the proof of

Lemma 6.7.10, we see that SParHom(O, p∗L) is O ⊕ O for all L, except if L is the line

bundle L0 whose sections vanish at p−1(z4), in which case it is O(−1)⊕O(1).

Let P be the Poincaré line bundle on J ×C normalised such that P|{L0}×C ' L0. The

following argument shows that the direct image of PL0 on J × C to J × P1
4 is SJ , the

universal bundle of strictly parabolic homomorphisms from O to E, restricted to J .

As LL0 has degree two, p∗(LL0) is a rank two bundle of degree zero. As C is an elliptic

curve h0(p∗(LL0)) = h0(LL0) = 2, and thus p∗(LL0) ' O(a) ⊕ O(−a) with a ∈ {0, 1}.

Furthermore, h0(p∗(LL0) ⊗ O(−1)) = h0(LL0 ⊗ p∗O(−1)) is either 1 or 0 depending on

whether L ' L0 or not. If L ' L0, a = 1 and p∗(L
2
0) ' O(−1) ⊕ O(1), and if L 6' L0,

a = 0 and p∗(LL0) ' O ⊕O.

The above shows that the two term complex on J × C

P η−→ PL0

pushed to J × P1
4 is a universal parabolic Higgs bundle on J × P1

4. Here we abuse

notation by identifying PL0 by its image in P ⊗ p∗O(2) under a map vanishing on

J × {p−1(z1), p−1(z2), p−1(z3)}.

As h1(C,L) = 0 when deg(L) > 0, it follows that R1π∗(P) = 0 and R1π∗(PL0) = 0

where π : J×C→ J is the canonical projection. Following the procedure of Theorem 6.7.9,

ch(L|χ−1(c)) = ch(π∗(PL0))− ch(π∗(P)) = π∗(ch(P)(ch(L0)− 1) Td(S))

= π∗((1 + t+ c+ s− c2(P))(1 + c− 1)) = 1 + t,

where c and t are generators of H2(C,Z) and H2(J,Z), respectively, and s is the (1, 1)-part

of c1(P) in the Künneth decomposition of H2(J × C,Z) and therefore cs = 0.
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6.8 Limiting configurations for Higgs bundles

In this section we shift focus to recent developments linking the asymptotics of the L2-

metric on the moduli space of ordinary Higgs bundles with certain parabolic Higgs bundles

known as limiting configurations. If the rank and degree are coprime the moduli space of

stable Higgs bundle is smooth and the L2-metric described in Section 1.1.3 is complete.

As mentioned in Section 6.7.3, Gaiotto, Moore, and Nietzke [26, 27] conjectured that the

metric is asymptotically semi-flat with respect to the Hitchin fibration. Recently, Mazzeo,

Swoboda, Weiss, and Witt [53] have suggested using limiting configurations to verify the

semi-flatness conjecture for rank two. In this section we give a construction of limiting

configurations suggested by Hitchin and discuss the local shape of solutions to the Dirac–

Higgs equations for a limiting configuration. When considering the local L2-solutions, we

recover the requirements of Lemma 6.2.7 on p > 1 for the general parabolic theory to work

using the Sobolev space Lp1. This provides a nice reality check for our general theory.

Before we give the definition of a limiting configuration, we need the following local

singular solution to the Higgs bundle equations. Let U be an open disk (or C) centered at

0 and denote by U× = U \ {0}. Let (E, h) be a smooth Hermitian vector bundle of rank

two on U . Choose a unitary frame trivialising E on U×. In this frame define

Afid
∞ =

1

8

(
1 0
0 −1

)(
dz

z
− dz̄

z̄

)
and Φfid

∞ =

(
0 r1/2

r1/2eiθ 0

)
dz (6.9)

where Φfid
∞ is specified in polar coordinates. Notice that the connection Afid

∞ is singular

at 0, Φfid
∞ is continuous at 0 and otherwise smooth, Φfid

∞ is normal, and det Φfid
∞ = −zdz2

has a simple zero. The pair (Afid
∞ ,Φ

fid
∞ ) is called the singular fiducial Higgs pair. It is not

difficult to see that (Afid
∞ ,Φ

fid
∞ ) satisfies the Higgs bundle equations on U×.

Definition 6.8.1. Let (E, h) be a rank two Hermitian vector bundle on a Riemann surface

Σ of genus g ≥ 2 and D = P1 + · · ·+P4g−4. A limiting configuration (A∞,Φ∞) is a Higgs

pair on Σ× = Σ \D satisfying the decoupled Higgs bundle equations

F (A∞) = 0 [Φ∞,Φ
∗
∞] = 0 ∂̄A∞Φ∞ = 0

and which agrees with (Afid
∞ ,Φ

fid
∞ ) near each point of D with respect to some unitary frame

for (E, h).

Let q ∈ H0(K2) have simple zeros and π : C → Σ be the 2 : 1-covering of Σ branched

at the 4g − 4 zeros of q defined by the square root of q (i.e. C is the curve in the total

space of the canonical bundle defined by the equation η2 = q where η is the tautological

section). Finally, let σ : C → C be the involution permuting the sheets.
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Proposition 6.8.2. Let L be a line bundle on C with the property that σ∗L⊗ L ' π∗K,

then there is a Hermitian metric on the holomorphic vector bundle

E = π∗(L⊕ σ∗L)σ

such that the Chern connection and the Higgs field

π∗

(√
q 0

0 −√q

)
is a limiting configuration on Σ with singularities at the zeros of q.

Proof. Let (N,h) be a flat line bundle on C which when considered as a holomorphic line

bundle is in the Prym-variety of C, i.e. σ∗N ' N∗. Let VC = N ⊕ σ∗N be a rank two

holomorphic bundle on C. Define a Hermitian metric HC = h⊕σ∗h on VC and Higgs field

ΦC = diag(
√
q,−√q). Then (VC ,ΦC , HC) is a Higgs bundle with a Hermitian metric with

ΦC normal on C and HC flat. As (VC ,ΦC , HC) is σ-invariant it descends to an orbifold

Hermitian Higgs bundle in the sense of Nasatyr and Steer [61]. To such an orbifold bundle

exists a parabolic bundle with rational weights. The general construction is a bit involved,

but in this case, we can obtain the parabolic bundle directly by considering VC as a locally

free sheaf and only push down the σ-invariant sections, that is

V = π∗(N ⊕ σ∗N)σ and Φ = π∗ΦC = π∗(diag(
√
q,−√q)).

Then V is a holomorphic vector bundle of rank two with detV ' K−1. The parabolic

structure at the branch points pi is given as in the proof of Proposition 6.7.15 by the

kernel of the evaluation map. The weight of this subspace is 1
2 while the whole fibre has

weight 0.

In a holomorphic frame adapted to the parabolic structure, the parabolic metric and

Higgs field are

H ∼
(

1 0
0 r

)
and Φ =

(
0 z
1 0

)
dz.

As N ⊕ σ∗N is flat, the Chern connection on V is flat away from the branch points.

However, with respect to this metric Φ is not normal. Furthermore, notice that the

behaviour of the metric in a limiting configuration at a zero of det Φ is diag(r−1/2, r1/2).

This can be rectified by a simple twist of N and its Hermitian metric. Let K1/2 be a

square root of K and consider the line bundle N ⊗ π∗K1/2, then

π∗(N ⊗ π∗K1/2 ⊕ σ∗(N ⊗ π∗K1/2))σ = π∗((N ⊕N∗)⊗ π∗K1/2)σ = V ⊗K1/2.

Firstly, det(V ⊗K1/2) ' O. Secondly, to get a Hermitian metric on V ⊗K1/2 we multiply

the parabolic metric H on V by a section of K−1/2⊗K̄−1/2. As q is a quadratic differential
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(qq̄)−1/4 is exactly such a section, and as q has only simple zeros the behaviour at the

branch points of H(qq̄)−1/4 is

H(qq̄)−1/4 ∼
(
r−1/2 0

0 r1/2

)
.

Notice that with respect to this new metric Φ is indeed normal, and as q is a holomorphic

section of K2, the Hermitian metric (qq̄)−1/4 on K1/2 is flat away from the zeros of q.

Hence the metric H(qq̄)−1/4 on V ⊗ K1/2 over Σ× is flat and thus the Higgs bundle

equations are satisfied.

Let (E,Φ) be a SL(2,C)-Higgs bundle, i.e. detE ' O and Tr Φ = 0. Assume further-

more that q = − det Φ ∈ H0(K2) has simple zeros D = P1 + · · · + P4g−4. The spectral

curve C is smooth, and thus there is a line bundle N in the Prym-variety of C such that

E = π∗N . A limiting configuration associated to a Higgs bundle (E,Φ), is a limiting

configuration which is complex gauge equivalent to (E,Φ) on Σ×. Using the line bundle

N and following the proof of of Proposition 6.8.2 we get a limiting configuration (V,Φ′)

with the required properties. A gauge transform between (E,Φ) and (V,Φ′) on Σ× exists

as on C, ±√q are the eigenvalues of π∗Φ on C \ π∗D and the flat bundle N ⊕ N∗ on

C \ π∗D is the eigenspace decomposition of E.

The asymptotics of the singular Hermitian metric of a limiting configuration is r±1/2,

and thus the weights of the parabolic structure are ±1
4 . Notice how tensoring with K1/2

and its metric changed the weights from 0 and 1
2 . Previously in this chapter, we required

the weights of the parabolic structure to be in [0, 1). By doing an elementary modification

at each of the zeros of q, the topological degree of the vector bundle underlying the

limiting configuration goes down by degD = 4g − 4 while the weight −1
4 becomes 3

4 and
1
4 is left unchanged. Notice that the parabolic degree is unchanged and is still zero. In

the remaning part of this section, we will consider a limiting configuration as a parabolic

Higgs bundle of parabolic degree zero with D = P1 + · · ·+ P4g−4 as parabolic points and

weights 1
4 ,

3
4 .

6.8.1 Local shape of solutions to the Dirac–Higgs equations
for limiting configurations

In this section we consider the singular fiducial Higgs pair (Afid
∞ ,Φ

fid
∞ ) defined in (6.9)

solving the Higgs bundle equations on C×, the complex plane with the origin removed.

The Dirac–Higgs equations for (Afid
∞ ,Φ

fid
∞ ) are

0 =


∂̄ − 1

8
dz̄
z̄ 0 0 r1/2dz

0 ∂̄ + 1
8
dz̄
z̄ r1/2eiθdz 0

0 r1/2e−iθdz̄ ∂ + 1
8
dz
z 0

r1/2dz̄ 0 0 ∂ − 1
8
dz
z




aoutdz

ainndz

binndz̄

boutdz̄

 .
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The equations clearly split into two sets of coupled equations which we call the outer and

inner equations. We will focus on each set of equations separately and use same procedure

as in Section 2.2 to find all L2-solutions.

L2-solutions to outer equations The outer equations in polar coordinates are

0 =
1

2
eiθ∂raout +

i

2r
eiθ∂θaout −

1

8r
eiθaout − r1/2bout

0 =
1

2
e−iθ∂rbout −

i

2r
e−iθ∂θbout −

1

8r
e−iθbout − r1/2aout

Expanding aout and bout in Fourier series aout =
∑

n∈Z an(r)einθ and bout =
∑

n∈Z bn(r)einθ,

the equations for the Fourier coefficients are

0 = 16r2a′′n(r)+(3+8n−16n2−64r3)an(r) and bn+1(r) = 1
2r
−1/2a′n(r)−4n+1

8 r−3/2an(r).

Assuming that an(r) = r1/2fn(4
3 r

3/2) the equation for fn is the modified Bessel differential

equation (2.4) with ν = 1−4n
6 and thus an is either r1/2I± 1−4n

6
(4

3 r
3/2) or r1/2K 1−4n

6
(4

3 r
3/2).

From Lemma 2.2.1 we know that only Kν(x) decays for large x and so we discard Iν as a

valid solution. Lemma 2.2.1 also shows that the only values for which r1/2K 1−4n
6

(4
3 r

3/2)

is L2 around zero in C is for n either 0 or −1. The integrability condition also applies to

bn+1 which is determined by an to be −r1/2K 5+4n
6

(4
3 r

3/2). This radial function on C× is

also only L2 if n is either 0 or −1. That is, there is a two-dimensional space of L2-solutions

to the outer Dirac–Higgs equations of the singular fiducial Higgs pair. The solutions have

the shape
aout = c0r

1/2K 1
6
(4

3 r
3/2) + c−1r

1/2K 5
6
(4

3 r
3/2)e−iθ

bout = −c−1r
1/2K 1

6
(4

3r
3/2)− c0r

1/2K 5
6
(4

3 r
3/2)eiθ.

(6.10)

Notice that these solutions are not just local L2-solutions but actually global L2-solutions

on C×.

L2-solutions to inner equations The inner equations in polar coordinates are

0 =
1

2
eiθ∂rainn +

i

2r
eiθ∂θainn +

1

8r
eiθainn − r1/2eiθbinn

0 =
1

2
e−iθ∂rbinn −

i

2r
e−iθ∂θbinn +

1

8r
e−iθbinn − r1/2e−iθainn.

We proceed as for the outer equations by expanding the equations in terms of Fourier

series ainn =
∑

n∈Z an(r)einθ and binn =
∑

n∈Z bn(r)einθ. The equations for the Fourier

coefficients are

0 = 16r2a′′n(r)−(5−24n+16n2+64r3)an(r) and bn(r) = 1
2r
−1/2a′n(r)− 4n−1

8 r−3/2an(r).

Again, assuming that an(r) = r1/2fn(4
3 r

3/2) the equation for fn is the modified Bessel

differential equation (2.4) with ν = 3−4n
6 . By the asymptotics we discard the modified
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Bessel functions I±ν , and we must have an(r) = r1/2K 3−4n
6

(4
3 r

3/2) and thus bn(r) =

−r1/2K 3+4n
6

(4
3 r

3/2). It follows from Lemma 2.2.1 that the only n for which an or bn as

functions on C× is L2, is n = 0. By the special identity for K 1
2
, we see that

r1/2K 1
2
(4

3 r
3/2) =

√
3

2π
r−1/4e−4/3r3/2

. (6.11)

We conclude that there is only a one-dimensional space of L2-solution to the inner Dirac–

Higgs equations of the singular fiducial Higgs pair. The solutions have the shape

ainn = c0r
−1/4e−4/3r3/2

and binn = −c0r
−1/4e−4/3r3/2

.

Again we notice that this is a global L2-solution on C×.

Combining the results above we get the following proposition.

Proposition 6.8.3. The space of global L2-solutions to the Dirac–Higgs equations for the

singular fiducial Higgs pair defined on C× is three-dimensional.

6.8.2 Comparing L2 and Lp1-solutions

In Proposition 6.8.3 we saw the singular fiducial Higgs pair on C has three linearly inde-

pendent solutions to the Dirac–Higgs equations. As a parabolic Higgs bundle, a limiting

configuration has 4g − 4 parabolic points with parabolic weights 1
4 and 3

4 at each point.

From the dimension formula Theorem 6.3.3, we see that for a p > 1 compatible with

the parabolic structure of the limiting configuration, the space of global solutions to the

Dirac–Higgs equations has dimension 12g− 12, i.e. a three-dimensional contribution from

each parabolic point.

A p > 1 is by Definition 6.2.8 compatible with the parabolic structure if p satisfies

the conditions of Lemmas 6.2.6 and 6.2.7. The condition in Lemma 6.2.6 is the original

condition found by Biquard [8] and reused by Konno [50] in his construction of the moduli

space of parabolic Higgs bundles. This condition requires 1 < p < 4
3 . The condition in

Lemma 6.2.7 is new, and in this case more restrictive as it requires both 1 < p < 8
7 and

1 < p < 8
5 .

From the Sobolev embedding theorem we know that Lp1 ⊂ L2 when 1 < p < 2. As a

reality check on our theory, we consider the explicit L2-solutions to the outer and inner

equations, and investigate for which p > 1 they are also Lp1-solutions.

Proposition 6.8.4. The L2-solutions to the inner Dirac–Higgs equations for the singular

fiducial Higgs pair are in Lp1 if 1 < p < 8
5 and the L2-solutions to the outer Dirac–Higgs

equations are in Lp1 if 1 < p < 8
7 , matching the conditions from Lemma 6.2.7.
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Proof. From (6.11), we know that the behaviour of the derivative of a L2-solution to the

inner equations on a neighbourhood U of 0 is −1
4r
−5/4. For this be in Lp1 as a function on

U× we must have

−5

4
p+ 1 > −1 or equivalently p <

8

5
.

From (6.10), we know that the behaviour around 0 of a solution to the outer equations is

determined by the behaviour of r1/2Kν(4
3 r

3/2) for ν being 1
6 or 5

6 . By Lemma 2.2.1 the

behaviour around 0 is therefore c r
1−3ν

2 where the constant c depends on ν. As a radial

function on U× the derivative c′ r−
1+3ν

2 is in Lp if

−1 + 3ν

2
p+ 1 > −1 or equivalently p <

4

3ν + 1

which for ν = 1
6 is p < 8

3 and for ν = 5
6 is p < 8

7 . Notice that a solution of the outer

equations both have a Bessel function of index 1
6 and one of index 5

6 making p < 8
3

obsolete.

6.8.3 Limiting configurations as limits of Higgs bundles

The construction of limiting configurations in [53] is rather different to the construction

given in Proposition 6.8.2. In [53] they see limiting configurations as limits of solutions

to the Higgs bundle equations. Given a Higgs pair (A,Φ) on a Hermitian vector bundle

satisfying the Higgs bundle equations, then by the Hitchin–Simpson Theorem there is a

pair (At, tΦt) in the complex gauge orbit of (A, tΦ) satisfying the rescaled Higgs bundle

equations

F (At) + t2[Φt,Φ
∗
t ] = 0 and ∂̄AtΦt = 0. (6.12)

The limit of (At,Φt) as t→∞ is how limiting configurations are perceived in [53]. Locally

around the zeros of det Φ, the pairs (At,Φt) agree with a so-called fiducial Higgs pair

(Afid
t ,Φ

fid
t ).

The one-parameter family (Afid
t ,Φ

fid
t ) is defined as

Afid
t = ft(r)

(
1 0
0 −1

)(
dz

z
− dz̄

z̄

)
and Φfid

t =

(
0 r1/2eht(r)

r1/2eiθe−ht(r) 0

)
dz

satisfying the rescaled Higgs bundle equations (6.12) which in this case are

f ′t(r) = 2t2r2 sinh(2ht(r)) and ft(r) =
1

8
+

1

4
rh′t(r).

These equations can further be reduced and rewritten such that ht is a solution to the

Painlevé III equation with certain decay properties, see [53, Section 3] for further details.

We could play the same game as in Section 6.8.1 and ask for the local solutions to the

Higgs bundle equations for (At, tΦt). As det Φt has a simple zero at the origin we expect

from Lemma 2.4.1 there to be a one-dimensional space of solutions, and that is indeed
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exactly what we observe. The Dirac–Higgs equations again split into two sets of equations

an outer set and an inner set. It turns out, that the outer set of equations do not have

any L2-solutions whereas the inner set of equations have a one-dimensional space which

can be specified directly in terms of the function ht above.

In this light, it is interesting that the limiting configuration which is supposed to

be the limit of stable Higgs pairs has a three-dimensional space of solutions. We can

understand this from the sheaf theoretic picture. The limiting Higgs field Φfid
∞ is continuous

at zero and so its residue vanish, leaving a two-dimensional cokernel. Furthermore, that

the determinant vanish at the parabolic points yields yet another free parameter for the

cokernel.

6.9 Nahm transform for parabolic Higgs bundles

In this section we define a Nahm transform for parabolic Higgs bundles of parabolic degree

zero on a Riemann surface of genus g ≥ 1. The main ingredient is the Hodge theory in

Section 6.3.

We fix a Riemann surface Σ of genus g ≥ 1. Let M denote the moduli space of

parabolic Higgs bundles of rank l, parabolic degree zero, and with fixed weights. For each

E ∈M there is a family of parabolic Higgs bundles parametrised by T ∗J

E ⊗ P̃ Θ−→ E ⊗K(D)⊗ P̃ (6.13)

on T ∗J × Σ where J is the Jacobian of degree zero line bundles on Σ and P̃ → J × Σ is

a Poincaré line bundle pulled back by a choice of Abel–Jacobi map. Restricted to a slice

defined by (ξ, α) ∈ T ∗J ' J ×H0(Σ,K) the family is

E(ξ,α) = E ⊗ Lξ
Φ+α Id−−−−→ E ⊗K(D)⊗ Lξ.

Notice that we use an inclusion of the holomorphic sections of E⊗K into the meromorphic

sections with simple poles at D. As α is holomorphic this does not change the residues of

Φ + α Id which are still strictly parabolic.

To define P̃ we need to chose a base point z0 ∈ Σ and thereby an Abel–Jacobi map

j : Σ→ J by mapping z to the divisor class of z − z0.

If E is a stable parabolic Higgs bundle of degree zero, then so is the restriction of the

above family to each slice. This is proved in the same way as [14, Lemma 3.1.7].

For each E ∈ M , the above defines a family of stable parabolic Higgs bundles of

parabolic degree zero parametrised by the hyperkähler manifold T ∗J of degree zero and

rank one Higgs bundles. By equipping these rank one bundles with weight zero, we consider

them as parabolic rank one Higgs bundles of parabolic degree zero. Since we furthermore

have a universal parabolic Higgs bundle on T ∗J × Σ we can repeat the construction and
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proof of Theorem 6.6.1 and to each E ∈M obtain a hyperholomorphic bundle (Ê, ∇̂) on

T ∗J of rank

2l(g − 1) + nl −m0 with m0 =
∑
P∈D̃

mP (w1)

where D̃ ⊂ D are the points P where w1(P ) = 0.

Definition 6.9.1. The pair (Ê, ∇̂) associated as in Theorem 6.6.1 to a stable parabolic

Higgs bundle E of parabolic degree zero, is called the Nahm transform of E.

Remark 6.9.2. If the fixed parabolic structure is good, then the Nahm transform of E ∈M

could be defined as the pullback of the Dirac–Higgs bundle on M by the orbit map

NE : T ∗J →M defined by (ξ, α) 7→ (E,D′′ξ,α) with D′′ξ,α = ∂̄A,ξ + Φ + α Id where ∂̄A,ξ is

the holomorphic structure induced by ∂̄A on E ⊗ Lξ.

Proposition 6.9.3. Let Ê be the Nahm transform of a parabolic Higgs bundle E, then
Ê extends to a holomorphic bundle Ê on J × Pg when Ê is considered as a holomorphic

bundle on T ∗J ' J ×H0(K).

Proof. It follows from Theorem 6.4.1 that the Nahm transform Ê of E, when considered

as a holomorphic bundle with respect to the complex structure I on T ∗J ' J ×H0(K),

can be defined as the hyperdirect image of the family

E ⊗ P̃ Θ−→ S ⊗K(D)⊗ P̃

on J ×H0(K)× Σ along the projection to J ×H0(K). For each (ξ, α) ∈ J ×H0(K) the

above family is

E ⊗ Lξ
Φ+α Id−−−−→ S ⊗K(D)⊗ Lξ.

The proof is completely analogous to Bonsdorff’s [14, Theorem 3.1.12]. Extend the family

of parabolic Higgs bundles to a family

E ⊗ P̃ Θ−→ S ⊗K(D)⊗ P̃ ⊗ OPg(1) (6.14)

on J × Pg × Σ with Pg = P(H0(K)⊕ CΦ) by defining

Θ = tΦ +

g∑
i=1

aiαi (6.15)

where {α1, . . . , αg} is a basis for H0(K) and [t : a1 : · · · : ag] are homogenous coordinates

on Pg. If the hyperdirect image of the two-term complex (6.14) along the projection

to J × Pg is locally free it will be an extension of Ê. Locally-freeness will follow if the

hypercohomology of (6.14) restricted to each (ξ, [t : α])-slice is concentrated in degree one.
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This is indeed true when t 6= 0 as the corresponding parabolic Higgs bundle is stable. If

t = 0, then the parabolic Higgs bundle is of the form

E ⊗ Lξ
α Id−−→ S ⊗K(D)⊗ Lξ.

where α 6= 0. As α Id is an injective sheaf map and its cokernel is a skyscraper sheaf

it follows from the first hypercohomology spectral sequence [30, p. 443] that the only

non-zero hypercohomology group is the first, and that it is isomorphic to the zero’th

cohomology of the cokernel of α Id.

The holomorphic bundle Ê → J × Pg is called the extended Nahm transform.

Proposition 6.9.4. The Chern character of the extended Nahm transform Ê of E ∈M

is

ch(Ê) = 2l(g − 1) + nl −m0 + (d+ l(g − 1) + nl −m0)ĥ− ltĥ

where l is the rank of E, d is the topological degree of E, n is the number of parabolic points,

m0 the total multiplicity of zero weights, h is a generator for H2(Pg,Z), t ∈ H2(J,Z) is

the Poincaré dual of the Θ-divisor on J , and ch(OPg(1)) = eh = 1 + ĥ.

Proof. From Proposition 6.9.3, the extended Nahm transform Ê is

Ê = R1π∗(E ⊗ P̃
Θ−→ S ⊗K(D)⊗ P̃ ⊗ OPg(1))

where π : J×Pg×Σ→ J×Pg is the projection. As the zeroth and second hypercohomology

vanish, it follows from Grothendieck–Riemann–Roch that

ch(Ê) = ch(π!(S ⊗K(D)⊗ P̃ ⊗ OPg(1))− ch(π!(E ⊗ P̃)))

= π∗(Td Σ ch P̃ (chS chK(D) chO(1) − chE))

The Chern character of P̃ is

ch(P̃) = 1 + c− tx

where c is the component in H1(J,Z)⊗H1(Σ,Z) under the Künneth decomposition, x is

a generator of H2(Σ,Z), and t ∈ H2(J,Z) is the Poincaré dual of the Θ-divisor of J , see

e.g. [2, Chapter 8.2]. Therefore,

x2 = 0 and x · c = 0

and thus

ch(P̃) Td(Σ) = 1− (g − 1)x+ c− tx.

The sheaf S sits in an exact sequence

0→ S ⊗K(D)→ E ⊗K(D)→ Q→ 0
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on J ×Pg×Σ with Q is supported on J ×Pg×{Pi1 , . . . , Pim} where Pik are the parabolic

points with zero weights. Therefore,

ch(S ⊗K(D)) = ch(E) ch(K(D))− ch(Q)

= l + (d+ 2l(g − 1) + ln−m0)x.

Combining all of this, and using that π∗ is integration along Σ, we get

ch(Ê) =2l(g − 1) + nl −m0

+ (ch(O(1))− 1)(d+ l(g − 1) + nl −m0)

+ lt(1− ch(O(1)))

which is the desired formula when using the shorthand notation ch(O(1)) = 1 + ĥ.

Remark 6.9.5. When there are no parabolic points and the topological degree therefore is

zero, the Chern character formula in Proposition 6.9.4 reduces to the Chern character in

[14, Proposition 3.1.15].

Theorem 6.9.6. Let E, F ∈M . If the extended Nahm transforms are isomorphic Ê ' F̂ ,
then E and F are isomorphic as parabolic Higgs bundles.

Proof. The proof is very similar to [14, Theorem 3.2.1]. The theorem will follow if we

can recover the parabolic Higgs bundle from Ê . The proof will use two spectral sequence

arguments. Given a parabolic Higgs bundle E Φ−→ EK(D) the first step in defining the

holomorphic bundle Ê on J × Pg is to extend E Φ−→ SK(D) on Σ to a family

E
Θ−→ SK(D)⊗OPg(1)

on Σ × Pg. As in [14, Lemma 3.2.1.1], the sheaf map Θ is injective. Denote by Q the

cokernel sheaf

0→ E
Θ−→ SK(D)→ Q→ 0.

As the hypercohomology of a stable parabolic Higgs bundle is concentrated in degree one,

it follows from the first hypercohomology spectral sequence that

Ê ' π∗(q∗j∗(Q)⊗ P)

where the maps are

Σ× Pg j−→ Ĵ × Pg q←− Ĵ × J × Pg π−→ J × Pg

with j the Abel–Jacobi map and q, π are the canonical projections.

Notice that there is a spectral sequence with second page

Es,t2 = Rsq∗(π
∗(Rtπ∗(q

∗(j∗Q)⊗ P))⊗ P−1)
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converging to j∗Q if s+t = g and 0 otherwise [6, Cha. 3, Cor 3.4]. Since Rtπ∗(q∗(j∗Q)⊗P)

is only non-zero for t = 0, it follows that

Rgq∗(π
∗(Ê)⊗ P−1) ' j∗Q.

From Ê on J × Pg we have obtained a sheaf on Σ× Pg by pulling back Rgq∗(π∗Ê ⊗ P−1)

by the Abel–Jacobi map. To recover the vector bundle and Higgs field from Q we use the

relative Beilinson spectral sequence [64, Theorem 4.1.11] on Q⊗OPg(−1). The first page

has terms

Es,t1 = OPg(s) �Rtρ∗(Q⊗ Ω−sΣ×Pg/Σ(−s− 1))

where ρ : Σ× Pg → Σ is the projection.

Using that Q is the cokernel, it follows that only E−1,0
1 and E0,0

1 are non-zero and are

equal to E⊗OPg(−1) and SK(D), respectively. The convergence of the spectral sequence

gives a short exact sequence on Σ× Pg

0→ E ⊗OPg(−1)
Θ−→ SK(D)→ Q⊗OPg(−1)→ 0.

That the sheaf map is indeed Θ follows from the definition of the spectral sequence. By

restricting the sequence to Σ× [1 : 0] we recover the parabolic Higgs bundle.

Recall, that a holomorphic vector bundle V on an abelian variety J is homogeneous if

τ∗xV ' V for all x ∈ J , where τx : J → J is translation by x ∈ J .

Proposition 6.9.7. Let E be a stable parabolic Higgs bundle of parabolic degree zero. Let

[t : α] ∈ Pg be such that det(tΦ + α Id) is a non-trivial section of K l((l − 1)D). Then

Ê |J×[t:α] is a homogeneous bundle.

Proof. The proof is exactly the same as the proof of Theorem 4.4.6 adapted to the

parabolic setting.

When we in the next section consider parabolic Higgs bundles on elliptic curves, we

can be more specific about the asymptotic holomorphic structure of a Nahm transformed

Higgs bundle.

6.9.1 Doubly-periodic instantons

In this section we will consider the special case of g = 1 where T ∗J = J ×C is a complex

two-dimensional surface and J is the dual to the Riemann surface Ĵ = Σ of genus 1 on

which the parabolic Higgs bundles live.
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Fix a parabolic structure and let M be the moduli space of parabolic Higgs bundles

of parabolic degree zero. For E ∈ M the Nahm transform (Ê, ∇̂) is a Hermitian vector

bundle of rank nl−m0 with a unitary connection satisfying the anti-self-duality equation

∗F∇̂ = −F∇̂,

where ∗ is the Hodge-∗ on J × C equipped with the flat Euclidean metric.

Theorem 6.9.8. If E ∈ M is a stable parabolic Higgs bundle of parabolic degree zero,

then ∇̂ has finite energy.

Remark 6.9.9. In a recent paper, Mochizuki [55] gave an equivalence between L2-instantons

on J × C and harmonic bundles with so-called wild singularities on Ĵ . The equivalence

is given by a Nahm transform. The parabolic Higgs bundles we study are covered by

Mochizuki’s more general argument.

We will use a similar approach to that used by Jardim [46, Theorem 3] to prove

Theorem 6.9.8. First, we establish some notation. Let E = (E,D′′) be the fixed parabolic

Higgs bundle. The family (6.13) defines two families of differential operators D′′z,w and

D′z,w by

D′′z,ws = ∂̄A,zs+ Φws = ∂̄As+ zdξ̄s+ Φs+ wdξs = D′′s+ zdξ̄s+ wdξs

D′z,ws = ∂A,zs+ Φ∗ws = ∂As− z̄dξs+ Φ∗s+ w̄dξ̄s = D′s− z̄dξs+ w̄dξ̄s

where z, w ∈ C and ξ is a coordinate on Ĵ with dξ trivialising the canonical bundle. The

∂̄-operator ∂̄A,z is the ∂̄-operator on E⊗Lz induced by ∂̄A on E. As the canonical bundle

of Ĵ is trivial, holomorphic sections have the form wdξ where w is a constant. Likewise,

denote by Dz,w and D∗z,w the Dirac–Higgs operators for (E,D′′z,w), see Section 6.6.1.

Let u be a local section of Ê. Then consider it as a local section of E ⊗ (KĴ ⊕ K̄Ĵ)

on J ×C× Ĵ with coordinates (z, w, ξ). If we consider the Dirac–Higgs operator and the

trivial connection d as operators acting on bundles on J × C × Ĵ , then dD∗z,w and D∗z,wd

are operators

Γ(π∗2(E ⊗ (KĴ ⊕ K̄Ĵ)))→ Γ(π∗2(E ⊗ (KĴ ∧ K̄Ĵ)⊕2)⊗ π∗1(T ∗(J × C)))

where π1, π2 are projections to J × C and Ĵ , respectively.
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6.9. Nahm transform for parabolic Higgs bundles

Lemma 6.9.10. Let u(z, w, ξ) = u1(z, w, ξ)+u2(z, w, ξ) be a section of π∗2(E⊗(KĴ⊕K̄Ĵ)),

then

[d,D∗z,w]u = Ωu =

(
dz dw
dw̄ −dz̄

)(
dξ̄ ∧ u1

dξ ∧ u2

)
.

Proof. The lemma follows as D∗z,w depends linearly on (z, w). Expanding the commutator

and using the following identities

[d, ∂̄A]u1 = [d, ∂A]u2 = 0 [d,Φ]u2 = [d,Φ∗]u1 = 0

[d, zdξ̄]u1 = dz(dξ̄ ∧ u1) [d, z̄dξ]u2 = dz̄(dξ ∧ u2)

[d, w̄dξ̄]u1 = dw̄(dξ̄ ∧ u1) [d,wdξ]u2 = dw(dξ ∧ u2)

defines the operator Ω.

Corollary 6.9.11. If u is a section of Ê considered as a section of E ⊗ (KĴ ⊕ K̄J) on

J × C× Ĵ , then
D∗z,wdu = Ωu.

Proof. This follows directly from Lemma 6.9.10 as D∗z,wu = 0 for all (z, w).

Lemma 6.9.12. There exists R > 0 and C > 0 depending on Φ and Φ∗, such that for

when |w| > R

C|w|2‖s‖2L2 ≤
∣∣〈ωs,D′′z,wD′z,ws〉∣∣

for all s ∈ Dp
2Ω0(E). Here ω is the Kähler form on Ĵ .

Proof. First, notice that if s ∈ Dp
2Ω0(E), then D′z,ws ∈ D

p
1Ω1(E) and by Lemmas 6.2.12

and 6.3.5 ∣∣〈ωs,D′′z,wD′z,ws〉∣∣ = ‖D′z,ws‖
2
L2 <∞.

Let s ∈ Dp
2Ω0(E) have unit length with respect to the L2-norm. As

D′′z,wD
′
z,ws = D′′z,0D

′
z,0 + |w|2dξ ∧ dξ̄s+ wdξ ∧ Φ∗s− w̄dξ̄ ∧ Φs,

it follows that∣∣〈ωs,D′′z,wD′z,ws〉∣∣ ≥ ∣∣‖D′z,0s‖2L2 + |w|2 −
∣∣〈ωs,wdξ ∧ Φ∗s− w̄dξ̄ ∧ Φs

〉∣∣∣∣.
To determine the size of the last term we use that Φ ∈ Dp

1Ω1(End0E) so the L2-norm is

finite, ∣∣〈ωs,wdξ ∧ Φ∗s〉 −
〈
ωs, w̄dξ̄ ∧ Φs

〉∣∣ ≤ |w|(‖Φ∗s‖L2 + ‖Φs‖L2)

≤ |w|(‖Φ∗‖L2 + ‖Φ‖L2) = |w|R

with R depending only on Φ and Φ∗.
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When |w| > R we have |w|2−R|w| > 0 and there is a C such that |w|2−R|w| ≥ C|w|2

for |w| > R, therefore

∣∣〈ωs,D′′z,wD′z,ws〉∣∣ ≥ ‖D′z,0s‖2L2 + |w|2 −R|w| ≥ C|w|2,

as required.

Proof of Theorem 6.9.8. Let {ui} be a local frame for Ê. With respect to the L2-inner

product, the (i, j)-coefficient of F∇̂ is

(F∇̂)ij =
〈
ui, ∇̂2uj

〉
= 〈ui, dPduj〉

= −
〈
ui, dDz,wGz,wD∗z,wduj

〉
=
〈
dui,Dz,wGz,wD∗z,wduj

〉
=
〈
iΛD∗z,wdui, Gz,wD∗z,wduj

〉
= 〈iΛΩui, Gz,wΩuj〉

where the fourth equality is from Dz,wGz,wD∗z,w being projection onto the orthogonal

complement of kerD∗z,w and the second to last equality is Lemma 6.6.2.

Using Lemmas 6.6.3 and 6.9.10 and splitting ui = u1
i + u2

i into types, we expand the

above equation. The anti-self-duality of F∇̂ and that the metric on J × C is Euclidean

gives that it is enough to consider the asymptotics of the coefficients〈
iΛ(dξ̄ ∧ u1

i ), Ĝz,w(dξ̄ ∧ u1
j )
〉

and
〈
iΛ(dξ̄ ∧ u1

i ), Ĝz,w(dξ ∧ u2
j )
〉

where Ĝz,w is the inverse of the isomorphism

D′′z,wD
′
z,w : Dp

2Ω0(E)→ Dp
0Ω1,1(E).

If s ∈ Dp
2Ω0(E) is such that D′′z,wD′z,ws is of the form dξ̄ ∧ u for u ∈ Dp

1Ω1,0, then

‖D′′z,wD′z,ws‖L2 <∞. It follows from Lemma 6.9.12 and Cauchy–Schwarz that for such s

C|w|2‖s‖L2 ≤ ‖D′′z,wD′z,ws‖L2 for |w| > R. (6.16)

Using the estimate (6.16) we get that for |w| > R

‖dξ̄ ∧ u‖L2 = ‖D′′z,wD′z,wĜz,w(dξ̄ ∧ u)‖L2

= ‖D′′z,wD′z,wsz,w‖L2

≥ C|w|2‖sz,w‖L2

= C|w|2‖Ĝz,w(dξ̄ ∧ u)‖L2
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and thus ∣∣〈iΛ(dξ̄ ∧ u1
i ), Ĝz,wdξ̄ ∧ u1

j

〉∣∣ ≤ ‖dξ̄ ∧ u1
i ‖L2‖Ĝz,w(dξ̄ ∧ u1

j )‖L2

≤ 1

C
|w|−2‖dξ̄ ∧ u1

i ‖L2‖dξ̄ ∧ u1
j‖L2

when |w| > R. A similar estimate for the other coefficient follows by a parallel argument.

Together, this proves |F∇̂| = O(|w|−2) and therefore that ∇̂ has finite energy.

Remark 6.9.13. What is really shown in the proof of Theorem 6.9.8 is that the curvature

decays quadratically |F∇̂| ∼ |w|
−2 for |w| → ∞. This is a stronger statement than being

L2.

Remark 6.9.14. From the description of the curvature F∇̂ in the proof of Theorem 6.9.8

and Lemma 6.9.10, it follows directly that F∇̂ is of type (1, 1) and orthogonal to the Kähler

form on J × C associated to the flat Euclidean metric. This gives a different proof that

F∇̂ is an anti-self-dual two-form.

Asymptotic holomorphic structure

In this section we consider the holomorphic structure of Ê|Jw as |w| tends to ∞.

Proposition 6.9.15. Let E be a stable parabolic Higgs bundle of parabolic degree zero on

an elliptic curve. Then Ê |J∞ is a homogenous bundle determined by the parabolic structure

of E.

Proof. As dξ does not vanish on Ĵ it is an injective sheaf map E → EK. It then follows

from Proposition 6.9.7 that Ê |J∞ is a homogeneous bundle. The cokernel of

0→ E
dξ−→ SK(D)→ Q→ 0

is a skyscraper sheaf supported on D of lengths l − m(w1(P )) at each P ∈ D with

w1(P ) = 0 otherwise of length l. The sheaf Q is therefore completely determined by the

parabolic structure. As Ê |J∞ ' π∗(q∗Q⊗ P) where q : J × Ĵ → Ĵ and π : J × Ĵ → J are

projections, it follows that Ê |J∞ is determined by the parabolic structure.

Corollary 6.9.16. Let D = P1 + · · ·+ Pn be parabolic points with zero-weights of multi-

plicity mPi(0) = l − 1 for all i, then

Ê |J∞ ' LP1 ⊕ · · · ⊕ LPn .

Proof. From the assumptions, the cokernel sheaf of

0→ E
dξ−→ SK(D)→ Q→ 0
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is a skyscraper sheaf supported on D with length one at each point. Then

π∗(q
∗Q⊗ P) ' LP1 ⊕ · · · ⊕ LPn

proving the result.

Example 6.9.17. Let D = P + (−P ) where we use that Ĵ is an elliptic curve to say

−P ∈ Ĵ . We also assume P is not an order two point of Ĵ . Define weights at ±P to be 0

with multiplicity m±P (0) = l− 1 and α± of multiplicity 1. Finally, assume 1 = α+ + α−.

Let E be a stable parabolic Higgs bundle of parabolic degree zero with the above

parabolic structure. Then the Nahm transform (Ê, ∇̂) has rank two and extends to a

holomorphic bundle on T̂ × P1 with Chern character 2 + h− lth, where l is the rank of E.
From Theorem 6.9.8 and Corollary 6.9.16, Ê is an SU(2)-instanton with quadratic

curvature decay. These instantons have been extensively studied by Jardim [46, 47] and

Biquard and Jardim [10], where they obtain an equivalence between SU(2)-instantons on

J × C and singular Higgs bundles on Ĵ . The equivalence also goes through a Nahm

transform defined using L2-theory. The singularities of the singular Higgs bundles are

much like the ones for our parabolic Higgs bundle but with one difference being that the

non-zero weights are 1± α with 0 ≤ α < 1
2 and topological degree −2. This is a singular

Higgs bundle rather than a parabolic Higgs bundle as the difference between the weights

is more than 1 at P . Another difference is that Jardim requires his residues of Higgs

fields to have a non-zero eigenvalue, whereas we require our Higgs fields to have nilpotent

residues.

The holomorphic structure of Jardim’s bundles also extend to J × P1 and due to the

topological degree −2 the natural extension has Chern character 2 − lth. It should be

noted that if we do an elementary modification of our extended Nahm transform Ê on J∞
with the flat line bundle LP , then the new holomorphic bundle Ê ′ is also an extension of

Ê but now with Chern character 2− lth and with Ê ′|J∞ ' LP ⊕ L−P .
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7. Outlook

The results in this thesis raise several interesting questions which we discuss in this final

chapter.

1. In Section 2.2 we discussed the shape of the L2-solutions to the Dirac–Higgs equa-

tions for the global monomial rank one Higgs bundles (O, zkdz) on C. The space of

L2-solutions to the Dirac–Higgs equations is k-dimensional. Based on this we made

Conjecture 2.2.4, claiming that if ϕ is a polynomial of degree k, then the space of

L2-solutions to the Dirac–Higgs equations for (O, ϕdz) has dimension k.

There are several possible avenues for proving the conjecture. Let Dϕ denote the

Dirac–Higgs operator for (O, ϕdz). It is easy to prove that kerDϕ = 0. This follows

directly from D∗ϕDϕ being a real operator. If we were able to prove that the index

of Dϕ is −k, the conjecture would follow. To do this, we could use the conformal

invariance of the Dirac–Higgs operator, and compactify to P1 by including the order

k + 2 pole of ϕdz. The right weighted L2-space to consider should emerge from the

analysis of Biquard and Boalch [9]. Having the right Sobolev spaces, we must prove

that Dϕ is Fredholm. The homotopy tϕ + (1 − t)zk gives a homotopy between Dϕ
and Dzk showing that they have the same index. The conjecture then follows from

the explicit calculations of Lemma 2.2.3.

Alternatively, we could use the same approach as the proof of Theorem 6.4.1, giving

an isomorphism between kerDϕ and H0(O ϕdz−−→ O(k)). Here we again compactify

to P1, and consider the Higgs field ϕdz as a section of O(k) as it is a meromorphic

section of O(−2) with a pole of order k + 2 at infinity. As the hypercohomology

is supported at the zeros of ϕ the Conjecture 2.2.4 would immediately follow. To

give a proof along the lines of Theorem 6.4.1, we could find an L2-resolution of

O ϕdz−−→ O(k) on P1. We expect the following to be such a resolution

O L2
1Ω0 L2Ω0,1

O(k) (1 + rk+2)L2
1Ω1,0 (1 + rk+2)L2Ω1,1

ϕdz

∂̄

ϕdz ϕdz

∂̄

where u ∈ (1 + rk+2)L2
i if (1 + rk+2)−1u ∈ L2

i .

The latter approach to Conjecture 2.2.4 lends itself well to the Nahm transform.

At each point u the vector space kerDϕ+u splits, as Lemma 2.4.3, in a sum of

contributions from each zero of the z-polynomial ϕ(z)+u on C. This decomposition

should be an eigenspace decomposition with respect to ϕ̂(u), and the zeros of ϕ(z)+u

are the eigenvalues of ϕ̂(u).
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This description suggests that there is a spectral curve lurking behind the scenes,

facilitating the Nahm transform. The spectral curve should be the solution set of

ϕ(z) + u on C2. Compactified to P1 × P1 it is the zero locus of a section of O(k, 1).

This makes for a 2k + 1-dimensional space of divisors. But as the Higgs field is

only singular at infinity, the intersection with {∞} × P1 or P1 × {∞} is (∞,∞).

Furthermore, if the spectral curve is considered as a k : 1-covering of P1, the point

∞ ∈ P1 is a branch point of order k. This cuts down the potential space of divisors

to k + 1. These k + 1 parameters match the number of coefficients in ϕ. On the

other hand, the spectral curve is the zero locus of det(ϕ̂(u) + z Id). For fixed z this

must be a degree-one polynomial in u in order to get a line bundle when doing the

inverse Nahm transform. Expanding the characteristic polynomial for ϕ̂ on P1 × P1

we see that for it to agree with the spectral curve of ϕ we must have det ϕ̂ be a

degree-one polynomial, and all other coefficients of the characteristic polynomial be

constants. This again leaves k + 1 parameters.

2. In Chapter 3 we investigated the Dirac–Higgs bundle on the family of Higgs pairs

(A,Φ+tα). Based on the localisation result in Theorem 3.1.1 and the model asymp-

totic behaviour in Proposition 3.2.1, we stated Conjecture 3.2.2 claiming that on a

small neighbourhood of a zero of α a solution to the Dirac–Higgs equations converge

as a distribution to a delta function. Based on the validity of this conjecture, we

show that there is a relation between the distributional behaviour of a solution to the

Dirac–Higgs equations and the limit of the corresponding sequence in the cokernel

decomposition. An element in a cokernel gives a functional on the fibre of the vector

bundle at the zeros of the Higgs field. Their limit is what we expect a solution to

the Dirac–Higgs equations distributionally converge to. The same picture should be

valid for higher rank Higgs bundles as well (Conjecture 3.2.6).

If the two conjectures are true we give below a natural condition for a frame to have

a unitary limit. We only consider the rank one case as the general case is similar.

Let (A,Φ) be a Higgs pair solving the Higgs bundle equations on a Hermitian line

bundle (L, h), and denote by L̂ the Nahm transform.

Recall from Lemma 2.4.3 the isomorphism

ρ′ : kerD∗A,Φ ' H1(L,Φ)→
2g−2⊕
i=1

coker(Lzi
Φzi−−→ LKzi)

given by evaluating the (1, 0)-part of a 1-form in kerD∗A,Φ at the zeros of Φ.

Assume α ∈ H0(K) only has simple zeros. On the line generated by α consider a

frame êt = (f̂ t1, . . . , f̂
t
2g−2) for L̂. The frame êt is said to have the limiting property
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if

lim
t→∞

√
π

t
ρ′(f̂ tk) · ei = δik and ‖f̂ ti ‖h constant in t

where ρ′(f̂ tk) · ei is the i’th component of the vector ρ′(f̂ tk).

We define a frame by identifying each coker(Lzi
Φzi−−→ LKzi) with C and a section in

the frame by specifying a complex number at each zi. A frame with the k’th element

of the frame being
√

t
π at zk and zero at the other zi has the limiting property.

If Conjecture 3.2.2 is true we prove that frames with the limiting property are unitary

in the limit.

Theorem 7.0.18. Let L̂ be the Nahm transform of a degree zero rank one Higgs

bundle. Assume α ∈ H0(K) only has simple zeros. On the line generated by α let

êt = (f̂ t1, . . . , f̂
t
2g−2) be a frame with the limiting property. Then in the limit t→∞

the frame êt is unitary with respect to the L2-metric on L̂.

Proof. Let x1, . . . , x2g−2 be the zeros of α and let Ui be a disk around xi. The zeros

of Φ + tα converge to the zeros of α as t → ∞. For t sufficiently large there is one

zero of Φ + tα in each Ui. Let C = Σ \ ∪2g−2
i=1 Ui be the complement of the Ui’s. By

definition 〈
f̂ tj , f̂

t
k

〉
h

=

∫
C
h(f̂ tj , f̂

t
k)ω +

2g−2∑
i=1

∫
Ui

h(f̂ tj , f̂
t
k)ω.

The first term vanishes in the limit by Cauchy–Schwartz and Theorem 3.1.1

lim
t→∞

∣∣∣∫
C
h(f̂ tj , f̂

t
k)ω
∣∣∣ = 0.

The limiting property of the frame ê and the local distributional behaviour of so-

lutions to the Dirac–Higgs equations (Conjecture 3.2.2) shows that the element f̂ tk
concentrates at xk and decays to zero at xl for l 6= k. By Cauchy–Schwartz we get

for j 6= k

lim
t→∞

∣∣∣∫
Ui

h(f̂ tj , f̂
t
k)ω
∣∣∣ = 0 for all i.

If j = k the limiting property of f̂ tj and Conjecture 3.2.2 gives

lim
t→∞

∫
Ui

|f̂ tj |
2
hω = δij .

Combining all of the above, the theorem follows.

3. One of the main motivations for the study of asymptotics of solutions to the Dirac–

Higgs equations is to identify the essential image of the Nahm transform for Higgs

bundles constructed by Bonsdorff [14]. Bonsdorff shows that the Nahm transform is
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injective. His proof only uses the fact that as a holomorphic bundle on J ×H0(K)

the Nahm transform of a Higgs bundle extends to J × Pg. The connection plays

no role in that story. It is therefore likely that studying the asymptotics of the

connection on the transformed bundle will reveal boundary conditions under which

the image can be identified.

If Conjecture 3.2.6 is true, frames with the limiting property should be helpful in

revealing information about the asymptotic behaviour of the connection, e.g. it

should be possible to show that the curvature vanish at infinity.

4. A Nahm transform should ultimately be an isometry between moduli spaces of so-

lutions to different versions of the anti-self-duality equations. If this is also the case

for Higgs bundles, we would expect to see a Hitchin fibration in this suggested ’mod-

uli space’ of Nahm transformed Higgs bundles. The spectral data construction of

the Fourier–Mukai transform in Section 4.5 seems to suggest that an appropriate

subspace of the rational maps Pg → P2r(g−1)−g should constitue the base for the fi-

bration. To determine the base we need to understand the locus of Pg on which the

rational maps are fixed. Furthermore, the fixed locus would also give information

about the deformation theory of the ’moduli space’ of transformed Higgs bundles.

A rational map in the base space is equivalent to a hypersurface Y from Section 4.5

as they both contain the information of the spectral curve (Theorem 4.5.10). In this

light, it is natural to conjecture that deformations of Y ⊂ S × Pg ⊂ T ∗Σ × Pg are

in one-to-one correspondence with deformations of the spectral curve S ⊂ T ∗Σ used

to define Y . If this is so, it would indicate that the ’moduli space’ of transformed

Higgs bundles has the correct dimension and that the space of Y ’s or rational maps

should indeed be the base space of the fibration.

A similar type of Hitchin fibration is also conjectured by Biquard and Jardim [10]

for doubly-periodic instantons.

5. In Section 6.9.1 we construct doubly-periodic instantons from parabolic Higgs bun-

dles on a genus one Riemann surface. To define the Nahm transform we fix the

topology of the underlying smooth bundle, the parabolic points, and the weights for

the parabolic structure. On the instanton side we recover the parabolic points as the

limiting holomorphic structure on the torus at infinity (Corollary 6.9.16). The rank

of the parabolic Higgs bundle we expect to be the energy of the instanton and also

the second Chern class of a bundle on the compactification extending the instanton,

Proposition 6.9.4. We expect the weights to be the monodromy of the instanton

around the torus at infinity.
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The expectations are based on Example 6.9.17 where we construct rank two doubly-

periodic instantons with quadratic curvature decay similar to those constructed by

Jardim [46]. Using a good gauge at infinity Jardim [47] confirms the expectations

above in regards to the rank and weights. His arguments solely build on the quadratic

decay and therefore also applies to our situation. We expect it to be possible to

extend Jardim’s good gauge to the more general type of instantons.

Biquard and Jardim [10] identifies a third invariant µ determined by the asymptotic

behaviour of the doubly-periodic instanton. This invariant corresponds to the one

non-zero eigenvalue of the residue of the singular Higgs field. In our case, the residues

are nilpotent. It is not that we construct instantons with µ = 0, because if the

parabolic point P is not of order two, then there are no doubly-periodic instantons

with µ = 0 by [10, Lemma 5.6].

If the invariants mentioned above are all fixed, Biquard and Jardim shows that

the moduli space of quadratically decaying SU(2)-doubly-periodic instantons is a

hyperkähler manifold of complex dimension 4k − 2 where k is the instanton charge.

Furthermore, they show that with these invariants fixed the Nahm transform is a

hyperkähler isometry. If we consider the parabolic Higgs bundles in Example 6.9.17,

the moduli space of these also has dimension 4k − 2 where k is the rank of the

parabolic Higgs bundle. In Example 6.9.17 we fix only the rank of the bundle, the

parabolic points, and the weights. There is no extra continuous parameter as in

the singular Higgs bundle case. Understanding the relation between the two Nahm

transforms seems interesting.

6. In Section 6.8 we discussed the limiting configurations of [53] in the framework

of parabolic Higgs bundles. We also mentioned that the construction of limiting

configurations in [53] as limits of Higgs pairs (At,Φt) where (At, tΦt) satisfies the

Higgs bundle equations. It would be interesting to examine the behaviour of L2-

solutions to the Dirac–Higgs equations for (At, tΦt) in the large t-limit. Because

of the explicit expressions for the fiducial Higgs bundles it is possible to do a local

study of the solutions to the Dirac–Higgs equations along the lines of Section 6.8.1.

It is expected that the procedure for proving Conjecture 3.2.2 apply to this setting

as well. If it is furthermore possible to prove Theorem 3.1.1 for the family of pairs

(At, tΦt) we would be able to construct a limiting unitary frame discussed above.

The proof of Theorem 3.1.1 does not apply to the pairs (At, tΦt) as both the con-

nection At and Higgs field Φt depend on t. In Remark 3.1.5 we stressed that it was

important that the Hermitian metric was independent of t, but this was under the
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assumption that A and Φ are independent of t as well. This is not the case any-

more. To make the same proof work we would need bounds on the operator norms

of G(−,Φt), H(−,Φt), in the notation of Section 3.1. The analytical work in [53]

might provide the bounds needed.

7. A similar limiting investigation of Higgs bundles is done by Collier and Li [18] for a

special type of Higgs bundles in the so-called Hitchin component. They obtain inter-

esting decay results for the Hermitian metric away from the zeros of the determinant

of the Higgs field. It would be interesting to understand the asymptotic properties

of solutions to the Dirac–Higgs equations in their setting.
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Notational conventions

The following is a list of selected notation and notational conventions adopted throughout

the thesis.

• Σ is a Riemann surface with canonical bundle K.

• E is either a complex or a holomorphic vector bundle.

• EK is shorthand for the tensor product E ⊗K.

• E is a coherent sheaf.

• H0(E) is an abbreviation for the cohomology group H0(X, E) when the underlying space

X is apparent.

• Rif∗(F) is the higher direct image of sheaf F along a holomorphic map f .

• Rif∗(F•) is the higher direct image of complex of sheaves F• along a holomorphic map

f .

• In general, bold face notation refers to sequences of coherent sheaves or objects derived

from such, e.g. E = E
Φ−→ E ⊗ K(D) is a parabolic Higgs bundle, Hom(E,F) are

homomorphisms between parabolic Higgs bundles, Hi(E) is hypercohomology.

• h is a Hermitian metric on E.

• A is a unitary connection on (E, h).

• ∂A and ∂̄A the (1, 0) and (0, 1)-parts of the covariant derivative dA of a connection A.

• (A,Φ) is a Higgs pair.

• D′′ = ∂̄A + Φ and D′ = ∂A + Φ∗ denote Higgs bundle differentials.

• DA,Φ is the Dirac–Higgs operator associated to a Higgs pair (A,Φ) and D∗A,Φ its adjoint.

• A is the affine space of unitary connections on (E, h).

• C is the affine space of ∂̄-operators on E.

• M is the moduli space of polystable Higgs bundles of fixed rank and degree, and M st

is the stable locus.

• W p
k is the weighted Sobolev space of functions with k derivatives in weighted Lp.

• Dp
k is the weighted Sobolev space of sections with the regular part of a section in

unweighted Sobolev space Lpk and singular part of a section in weighted Sobolev space

W p
k .
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