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11. Derived manifolds with boundary and corners

Manifolds are spaces locally modelled on R". Similarly, manifolds
with boundary are spaces locally modelled on [0, 00) x R"™!, and
manifolds with corners spaces locally modelled on [0, 00)% x R,
We will explain how to define derived manifolds and orbifolds with
boundary, and with corners. They form 2-categories dMan®, dMan®,
dOrb®, dOrb¢, Kur®, Kur®, with dMan c dMan® C dMan¢, etc.
Derived orbifolds (Kuranishi spaces) with corners are important in
symplectic geometry, since moduli spaces of J-holomorphic curves
with boundary in a Lagrangian are Kuranishi spaces with corners,
and Lagrangian Floer cohomology and Fukaya categories depend
on understanding such moduli spaces and their boundaries.
“Things with corners’ — even basic questions, like what is a smooth
map of manifolds with corners — are often more complicated than
you might expect.
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11.1. Manifolds with corners

Defining manifolds with corners just as objects is a straightforward
generalization of the definition of manifolds.

Definition

Write R? = [0, 00)k x R"™% for 0 < k < n. Elements of R} are
(x1,...,Xn) With x1, ..., xx =0 and xx41,...,x, € R.

A manifold with corners of dimension n is a Hausdorff, second
countable topological space X equipped with an atlas of charts
{(Vi,vi) : i €1}, where V; C R} is open, and ¢; : V; — X is a
homeomorphism with an open subset Im; of X for all i € I, and
i o s 7t (Imepy) — 7 H(Imeh;) is a diffeomorphism of open
subsets of R} for all i,j € I. (That is, wj_l o 1); must extend to a
diffeomorphism of open subsets of R".)
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Let U C R]", V C R} be open. There are broadly four sensible

definitions of when a continuous map g : U — V is ‘'smooth’,

where g = (g1,...,8n) with gi = gi(x1,...,Xm):

(a) We call g weakly smooth if there exist an open neighbourhood

U’ of U in R™, and a smooth map g’ : U’ — R" in the usual

sense, such that g’|y = g. By Seeley’s Extension Theorem, this

holds iff all derivatives axilaf—%xik exist and are continuous, using

one-sided derivatives at boundaries.

(b) (Richard Melrose) We call g smooth if it is weakly smooth and

locally in U, for each j =1,...,/ we have either (i) g = 0, or (ii)
gi(X1, -y xn) =20 X hi(xa, - Xn), (11.1)

for ai,...,ax € Nand hj : U — (0, 00) weakly smooth.

(c) (Melrose) We call smooth g interior if (i) does not occur.

(d) (Joyce 2009) We call g strongly smooth if it is smooth, and in

(11.1) we always have a1 j +--- + a,j =0or L.
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Let X, Y be manifolds with corners, and f : X — Y be
continuous. We say that f is weakly smooth, or smooth, or

interior, or strongly smooth, if for all charts (U;, ¢;) on X with
Ui CRY and (V}, ¢;) on Y with V; C R}, the map

pitofog:(fod) t(Imyy) — V;

is weakly smooth, or smooth, or interior, or strongly smooth,
respectively, as a map between open subsets of R}’ and RJ.

All four classes of maps are closed under composition and include
identities, and so make manifolds with corners into a category. My
favourite is smooth maps (which Richard Melrose calls ‘b-maps’).
Write Man€ for the category with objects manifolds with corners,
and morphisms smooth maps.
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Example 11.1

(i) e: R — [0,00), e(x) = x2, is weakly smooth but not smooth.
(i) f:]0,00) — [0,00), f(x) = x?, is smooth and interior, but
not strongly smooth.
(iii) g :[0,00)? = [0,00), g(x,y) = x + y, is weakly smooth but
not smooth.
(iv) h:[0,00)? — [0,00), h(x,y) = xy, is smooth and interior,
but not strongly smooth.

(v) i: R —[0,00), i(x) =0, is (strongly) smooth but not interior.

(vi) j:[0,00) = R, j(x) = x, is (strongly) smooth and interior.
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An n-manifold with corners X has a natural depth stratification
X =11]_q S'(X), where S'(X) is the set of x € X in a boundary

stratum of codimension /. If (x1,...,x,) € R} are local
coordinates on X, then (xi,...,x,) lies in S/(X) (i.e. has depth /)
iff | out of x1,...,xx are zero. Then S/(X) is a manifold without

boundary of dimension n — /. We call S°(X) the interior X°.

The closure is S/(X) = [[7_, S*(X). We call X a manifold with
boundary if S'(X) = () for | > 1, and a manifold without boundary
(i.e. an ordinary manifold) if S’(X) = () for / > 0.

A local boundary component 3 at x € X is a choice of local
connected component of S*(X) near x. That is, 3 is a local
boundary hypersurface containing x. If (x1,...,x,) € R} are local
coordinates on X, then local boundary components [ at
(x1,...,Xn) correspond to a choice of / =1,..., k such that

x; = 0. If x € SK(X) then there are k distinct local boundary

components fJ,..., 0k at x.
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Boundaries and corners of manifolds with corners

Let X be a manifold with corners. The boundary 0X, as a set, is
OX={(x,B) : x€X, Bis a local boundary component of X at x}.
Define ix : 0X — X by ix : (x,8) = x. Then 0X has the natural
structure of a manifold with corners of dimension dim X — 1, such
that ix is a smooth (but not interior) map. Note that iy (x) is k
points if x € SX(X). So ix may not be injective. We have
O*X =2 {(x,B1,.--,Bk) : x € X, B1,...,Bx are distinct
local boundary components of X at x}.
The symmetric group Sy acts on 9¥X by permuting f1, . .., Bk.
The k-corners Ci(X) is 9*X /S, a manifold with corners of
dimension dim X — k, with Co(X) = X, Gi(X) = 0X. We have
Ck(X) = {(X, {51, ce ,ﬂk}) :x € X, B1,...,0Bk are distinct

local boundary components of X at x}.
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Example 11.2

Consider X = [0, c0)? with coordinates (x, y). The local boundary
components of X at (x’,y’) are {x =0} if x¥’ =0 and {y = 0} if
y" =0, so there are two local boundary components {x = 0},

{y =0} at (0,0).

The boundary 0X is [0,00) IT [0, o), two copies of [0, c0), with
the first from local boundary component {y = 0} with

ix : X — (x,0), and the second from local boundary component
{x =0} with ix : y — (0, y).

Also 92X is two points, both mapped to (0,0) by ix o igx, and
S> = Z» acts freely on 92X by swapping the points.

Co(X) = 82X /S, is one point.

Note that X and 92X are not subsets of X, the maps 0X — X,
9°X — X are 2:1 over (0,0).
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How do smooth maps act on boundaries and corners?

Let f : X — Y be a smooth map of manifolds with corners. In
general there is no natural smooth map 9f : X — 0Y (e.g. for
J:[0,00) = R, j(x) = x we have 90X = {0}, Y =0, so no map
0X — 0Y). So boundaries are not a functor 0 : Man® — Man€®.
Nonetheless boundaries do play nicely with smooth maps
(though not with weakly smooth maps).

One way to show this is to write Man® for the category of
manifolds with corners of mixed dimension, with objects [[,-q X
for X, a manifold with corners of dimension n, and morphisms
continuous maps f : [[,,~o Xm — [1,>¢ Yn smooth on each
component. Then there is a natural corner functor

C : Man® — Man®, with C(X) = Hii%x Cx(X) on objects, and
C(f) : (. {br,- -, Bi}) — (v {5 md),

where f(x) =y, and v1,...,~, are all the local boundary

components of Y at y which contain f(3;) forall i =1,... k.
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We call a smooth map f : X — Y simple if C(f) maps

Ck(X) — Ck(Y) for all k > 0. This is a discrete condition on f.
Diffeomorphisms are simple. Simple maps are closed under
composition and include identities, so they give a subcategory
Man_ C Man®. Then boundaries and corners give functors

. C C . Cc C
0 : Mang — Mang, (;: Mang — Mang,

mapping X — 09X, X — Cx(X) on objects, and f — C(f)|c, ().
f = C(f)|c,(x) on morphisms f : X — VY.
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Tangent bundles and b-tangent bundles

For manifolds with corners X there are two different notions of
tangent bundle: the tangent bundle TX, and the b-tangent bundle

5TX (due to Richard Melrose). If (xi,...,x,) € R} are local
coordinates on X, with x1,...,x, = 0, then

sz<i,..., 9 > brxz<xli,...,xk 0. 9 i>
0x1 OXn Ox1 Oxx " OXk11 OXn
Think of C®°(TX) as the vector fields v on X, and C®(*TX) as

the vector fields v on X which are tangent to each boundary

stratum. Usually it is better to use ?TX than TX.

You can only define the b-derivative °Tf : °TX — f*(PTY) if

f : X — Y is an interior map of manifolds with corners.

There are also two cotangent bundles T*X = (TX)* and

bT*X = (PTX)*, where in coordinates

bT*X = <X1_1dX1, . ,Xk_lka, dxki1, .. - ,dx,,>.
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Transverse fibre products?

Good conditions for existence of fibre products of g : X — Z,
h:Y — Z in Man® are complicated. Copying the usual definition
of transversality using either TX, TY, TZ or °TX,PTY ,PTZ is
not enough: you need additional discrete conditions on how g, h
act on ¥ X,0kY,0'Z. See Joyce arXiv:0910.3518 for sufficient
conditions for existence of fibre products in Man_, the category
of manifolds with corners and strongly smooth maps.

The nicest answer (Joyce arXiv:1501.00401) is to define manifolds
with generalized corners (g-corners) Mang¢, allowing more
complicated local models for corners than [0, 00)% x R""%. Then
b-tangent bundles ? TX and interior maps g : X — Z make

sense for X in Man&®. If g : X — Zand h: Y — Z are b-transverse
interior maps in Mangé€ (ie. °T, g ® PT h: P T, X 0 PT,Y = bT,Z
is always surjective) then a fibre product X x4 7 Y exists in
Mang&“, the category of manifolds with g-corners and interior maps.
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11.2 Derived manifolds and orbifolds with corners

How should we define derived manifolds and orbifolds with
boundary and corners?

My d-manifolds book gives definitions of strict 2-categories
dMan®, dMan®, dOrb®, dOrb¢ of d-manifolds and d-orbifolds with
boundary and corners using C°-algebraic geometry. They are full
2-subcategories of strict 2-categories dSpaP, dSpa®, dStaP, dSta®
of d-spaces and d-stacks with boundary and corners, which are
classes of derived C*°-schemes and Deligne-Mumford C°°-stacks
with boundary and corners. The details are complex and messy.
However, a far less painful route is to start with my definition of
(M-)Kuranishi spaces (arXiv:1409.6908), and take the V in
(M-)Kuranishi neighbourhoods (V, E,s, ) or (V,E,T,s,1) to be
manifolds with boundary, or with corners. We replace manifolds by
manifolds with boundary or (g-)corners throughout, and make a
few other changes (use interior/simple maps, use TV or ° TV, etc.)
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Thus, we can define ordinary categories MKur?, MKur® of
M-Kuranishi spaces with boundary and corners, with

MKur ¢ MKurP ¢ MKur®, a kind of derived manifold with
boundary, or corners.

We also have weak 2-categories Kur®, Kur® of Kuranishi spaces
with boundary and corners, and Kur8® of Kuranishi spaces with
generalized corners (g-corners), with

Kur C Kur® C Kur® C Kur8. These are forms of derived
orbifolds with boundary, or corners, or g-corners.

Write Kur?,g C Kur®, Kurf . C Kur®, Kurd. C Kurg® for the full
2-subcategories of X with orbifold groups GxX = {1} for all x € X.
Then Kur? -, Kur ¢, Kurf are 2-categories of derived manifolds

trG> trG>
with boundary, or corners, or g-corners.
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Orbifold groups, (b-)tangent and (b-)obstruction spaces

As for Kuranishi spaces in §9.1, Kuranishi spaces X with boundary
or corners have orbifold groups G, X, tangent spaces T, X, and
obstruction spaces OxX with dim T, X — dim O,X = vdim X, and
for 1-morphisms f : X — Y and x € X with f(x) =y € Y we have
morphisms G f : Gy X— G, Y, T, f: ,X—=T,Y, O : O, X—0,Y,
and for 2-morphisms 7 : f = g we have Gyn € G, Y.

Just as manifolds with corners X have two tangent bundles
TX,PTX, and it is usually better to use ?TX, so Kuranishi spaces
X with boundary or corners also have b-tangent spaces ? T, X, and
b-obstruction spaces ?O, X with dim ? T, X — dim ?O,X = vdim X.
If f: X — Y is an interior 1-morphism and x € X with

f(x) =y €Y we have P T, f : P T, X = PT)Y, PO, f : PO, X — PO, Y.
It is usually better to use ? T, X, 2O, X rather than T X, O X.

For Kuranishi spaces X with g-corners we define 2T X, 2?0, X but
not T, X, OxX.
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If (V;, E;, T}, si,%;) is a Kuranishi neighbourhood in the Kuranishi
structure on X, so that V; is a manifold with corners, and

x € Imy); € X with x = v;(vIl;) for v € 57 1(0) C V;, then

T, X, O X, P T, X, 2O, X are defined by the exact sequences

0—>bTXX—>bTV\/,-b—>E;|V—>bOXX—>O
s o dsih |

: 5 :id
v v Clsilv \

Y
0— T, X—T,V;——Ej|, — O, X—0,

where there are natural vertical morphisms making the diagram
commute.
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Boundaries of Kuranishi spaces with corners

If X is a Kuranishi space with corners, we can define a natural
Kuranishi space with corners 0X called the boundary of X, with a
morphism ix : 0X — X, and with vdim X = vdim X — 1. If

(Vi, Ei,Ti,si,1i)ic; are the Kuranishi neighbourhoods in the
Kuranishi structure on X, then (0V;, Ei|av;,, i, silav,, ¢¥})ier are the
Kuranishi neighbourhoods in the Kuranishi structure on OX.

If X is a Kuranishi space with boundary, then 0X is a Kuranishi
space without boundary. If X is a Kuranishi space without
boundary, then X = 0.

There is a strict action of the symmetric group Sk on 9¥X, which
is free if X has trivial orbifold groups. Then the k-corners

Cu(X) = (0%X)/Sk is a Kuranishi space with corners for k > 0,
with vdim Cy(X) = vdim X — k.
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Write Kur€ for the 2-category of Kuranishi spaces of mixed
dimension, with objects [], ., X, for X,; a Kuranishi space with
corners of virtual dimension n € Z, and 1- and 2-morphisms
f.g: [ ez Xm = ez Yn n: f = g being 1- and 2-morphisms
in Kur® on each component.

Then there is a natural corner 2-functor C : Kur® — Kur®, with
C(X) = [x=0 Ck(X) on objects.

Call a 1-morphism f : X — Y in Kur® simple if C(f) maps
Ci(X) — C(Y) for all k > 0. Simple 1-morphisms are closed
under composition and include identities, so they define a
2-subcategory Kurg C Kur®. Then we have 2-functors

0, Cx : Kurg; — Kurg; mapping X — 90X, X — Cx(X) on objects,
and f — C(f)|c,(x), f— C(f)|c,(x) on 1-morphisms f : X =Y,
and n = C(n)|c,(x)» 1+ C(n)|c,(x) on 2-morphisms i : f = g.
Any equivalence f : X — Y in Kur® is simple, and then

Of : 0OX — 9JY and Ci(f) : Cx(X) — C(Y) are equivalences. So
boundaries 0X and corners Ci(X) are preserved by equivalences.
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Differential geometry of Kuranishi spaces with corners

All the material in lectures 9 and 10 on differential geometry of
derived manifolds and orbifolds extends to the corners case, with
suitable modifications: immersions, embeddings and derived
submanifolds; embedding derived manifolds into manifolds;
submersions; orientations; and transverse fibre products.

We give some highlights. Here is an analogue of Corollary 9.8:

Theorem 11.3

A d-manifold with corners X is equivalent in dMan€ to a standard
model d-manifold with corners Sy g s if and only if

dim T, X + ‘i)_(l(x)‘ is bounded above for all x € X. This always
holds if X is compact.

Here |i)_(1(x)| is the ‘depth’ of x € X, the codimension of the
boundary stratum it lives in.
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W-submersions and submersions

We can define w-submersions and submersions f : X — Y of
derived manifolds and orbifolds with corners. The definition
includes a discrete condition on how f acts on 9%¥X,9'Y.
Here are analogues of Theorems 9.11 and 9.12.

Theorem 11.4
Suppose g : X — Z is a w-submersion in dMan®. Then for any

1-morphism h : Y — Z in dMan®, the fibre product X xgzh Y
exists in dMan®.

Theorem 11.5

Suppose g : X — Z is a submersion in dMan®. Then for any
1-morphism h : Y — Z in dMan with Y a manifold with corners,
the fibre product X xg 7z Y exists in dMan® and is a manifold
with corners. In particular, the fibres X, = X Xg 7 , % of g for

z € Z are manifolds with corners.

|

\
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Orientations

Here is the analogue of Theorem 9.14:

Theorem 11.6

(@) Every d-manifold with corners X has a canonical bundle K,
a C* real line bundle over the C*°-scheme X, natural up to
canonical isomorphism, with Kx|x =2 A®P(P T*X)@A®P(>0,X)
for x e X.
(b) If f: X — Y is an étale 1-morphism (e.g. an equivalence),
there is a canonical, functorial isomorphism Kg : Kx — f*(Ky). If
f,g: X =Y are 2-isomorphic then Ky = K.
(c) If X~ Sy g, there is a canonical isomorphism

KX ~ (Adim V(b T* V) ® /\rankEE) |s—1(0)'
(d) There is a canonical isomorphism Kax = ix(Kx).

Analogues of (a)—(d) hold for d-orbifolds and Kuranishi spaces
with corners.
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We then define an orientation of a derived manifold or orbifold
with corners X to be an orientation on the fibres of Kx. Note that
Theorem 11.6(d) implies that if X is oriented then so are

0X, 0°X, 03X, . ...

Recall that the k-corners C(X) is Cx(X) = 0%¥X/Sk. If k > 2 then
the action of Sy on 9¥X is not orientation preserving, and Cy(X)
may not be orientable. This also happens for ordinary manifolds
with corners.
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Transverse fibre products

In the 2-categories dMan®, dOrb®, Kur®, fibre products of

g: X—2Z h:Y — Z exist provided a ‘d-transversality’ condition
holds - O,g ® O/h: O, X® O,Y — O,Z or

bOg @ bOyh PO X @ bOyY — b0,Z is surjective — and a
discrete condition (‘'b-transversality’ or ‘c-transversality’) on the
action of g, h on corners holds.

If Z is a manifold without boundary both of these are trivial, giving
an analogue of Corollary 10.3:

Theorem 11.7

Supposeg : X - Z, h:Y — Z are 1-morphisms in dMan€®, with Z
a manifold without boundary. Then a fibre product

W = X Xgzh Y exists in dMan®, with

vdimW = vdim X 4+ vdim'Y — dim Z.
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We can dispense with these discrete conditions on corners if we
work with ‘generalized corners’. Then we have:

Theorem 11.8

Let g : X — Z, h:Y — Z be interior 1-morphisms in Kur8®.
Suppose g, h are d-transverse, that is,

50,8 ® (v-20/h) : POX ® 20, Y — 0,Z is surjective for all
xeX,yeY withg(x)=h(y)=z¢€Z and v € G,Z. Then a
fibre product W = X xg 7 Y exists in the 2-category Kur;gnc of
Kuranishi spaces with g-corners and interior 1-morphisms, with
vdimW = vdim X 4+ vdim Y — dim Z.

For any such d-transverse fibre product W = X Xg 7z, Y in
dMan®, dOrb®, Kur®, Kurt:, if X, Y, Z are oriented, then W is
oriented.

Dominic Joyce, Oxford University Lecture 11: Derived manifolds with boundary and corners



Bordism and derived bordism
Virtual classes for derived orbifolds

Bordism, virtual classes, and virtual chains Derived orbifolds with corners and virtual chains
New (co)homology theories for virtual chains

Derived Differential Geometry

Lecture 12 of 14: Bordism, virtual classes, and virtual chains

Dominic Joyce, Oxford University
Summer 2015

These slides, and references, etc., available at
http://people.maths.ox.ac.uk/~joyce/DDG2015

Dominic Joyce, Oxford University Lecture 12: Bordism, virtual classes, and virtual chains

Bordism and derived bordism
Virtual classes for derived orbifolds

Bordism, virtual classes, and virtual chains Derived orbifolds with corners and virtual chains
New (co)homology theories for virtual chains

Plan of talk:
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@ Bordism and derived bordism
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@ New (co)homology theories for virtual chains
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12. Bordism, virtual classes, and virtual chains

In many important areas of geometry to do with enumerative
invariants (e.g. Donaldson and Seiberg—Witten invariants of
4-manifolds, Gromov—Witten invariants of symplectic manifolds,
Donaldson—Thomas invariants of Calabi—Yau 3-folds, ...), we form
a moduli space M with some geometric structure, and we want to
‘count’ M to get a number in Z or Q (if M has no boundary and
dimension 0), or a homology class (‘virtual class') [M]yirt in some
homology theory (if M has no boundary and dimension > 0).

For more complicated theories (Floer homology, Fukaya
categories), M has boundary, and then we must define a chain
[M]virt in the chain complex (C,, d) of some homology theory (a
'virtual chain’), where ideally we want [ M]yirt = [OM]virt.
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In general M is not a manifold (or orbifold). However, the point is
to treat M as if it were a compact, oriented manifold, so that in
particular, if 9M = () then M has a fundamental class [M] in the
homology group Hgim it (M; Z).

All of these ‘counting invariant’ theories over R or C, in both
differential and algebraic geometry, can be understood using
derived differential geometry. The point is that the moduli spaces
M should be compact, oriented derived manifolds or orbifolds
(possibly with corners). Then we show that compact, oriented
derived manifolds or orbifolds (with corners) have virtual classes
(virtual chains), and these are used to define the invariants.

There is an easy way to define virtual classes for compact, oriented
derived manifolds without boundary, using bordism, so we explain
this first. It does not work as well in the orbifold case, though.
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12.1 Bordism and derived bordism

Let Y be a manifold. Define the bordism group Bi(Y) to have
elements ~-equivalence classes [X, f] of pairs (X, f), where X is a
compact oriented k-manifold without boundary and f : X — Y is
smooth, and (X, f) ~ (X', f’) if there exists a (k + 1)-manifold
with boundary W and a smooth map e : W — Y with

OW = XTI —X' and e|gyy = FIL . It is an abelian group, with
addition [X, f] + [X', '] = [X LI X', f 1T f'].

If Y is oriented of dimension n, there is a supercommutative,
associative intersection product e : B (Y) x B)(Y) — Bxij—n(Y)
given by [X, f] e [X', '] = [X x¢ y s X', wy], choosing X, f, X', '
in their bordism classes with f : X — Y, f' : X’ — Y transverse.
Bordism is a generalized homology theory, i.e. it satisfies all the
Eilenberg—Steenrod axioms except the Dimension Axiom.

There is a natural morphism I_Iggm : Bk(Y) — Hi(Y,7Z) given by
nhom - (X ] — £([X]), for [X] € Hk(X,Z) the fundamental class.
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Similarly, define the derived bordism group dBy(Y') to have
elements ~-equivalence classes [X, f] of pairs (X, f), where X is a
compact oriented d-manifold with vdimX = k and f: X — Y is a
1-morphism in dMan, and (X, f) ~ (X', f) if there exists a
d-manifold with boundary W with vdimW = k4 1 and a
1-morphism e : W — Y in dMan® with OW ~ X IT —X’ and
elow = fFIIf'. It is an abelian group, with

[X,f] + [X',f] = [XTI X, fIIf].

If Y is oriented of dimension n, there is a supercommutative,
associative intersection product e : dBx(Y) x dB)(Y) —
dBis1-n(Y) given by [X,f] o [X',F] = [X xg.y ¢ X, 7y], with no
transversality condition on X, f, X', f'.
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There is a morphism MN&b° : B, (Y)— dBk(Y) mapping [X, f]—[X, f].

Theorem 12.1 (First version due to David Spivak.)

ndbe: B, (Y)— dBy(Y) is an isomorphism for all k, with
dBi(Y) =0 for k < 0.

This holds as every d-manifold can be perturbed to a manifold.
Composing (M&P°)=1 with Mhom . B, (Y) — Hy(Y,Z) gives a
morphism M1 dB, (Y)— Hy(Y,Z). We can interpret this as a
virtual class map for compact, oriented d-manifolds. In particular,
this is an easy proof that the geometric structure on d-manifolds is
strong enough to define virtual classes.

We can also define orbifold bordism BY™(Y') and derived orbifold
bordism dBY™(Y'), replacing (derived) manifolds by (derived)
orbifolds. However, the natural morphism BY™(Y) — dBY™(Y) is
not an isomorphism, as derived orbifolds cannot always be
perturbed to orbifolds (Lemma 9.1).
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A virtual class for X in the homology of X7

In algebraic geometry, given a moduli space M, it is usual to
define the virtual class in the (Chow) homology Hyqim i1(M; Q).
But in differential geometry, given M, usually we find a manifold
Y with a map M — Y, and define the virtual class [M]yiy in the
(ordinary) homology Hygim #1(Y; Q). This is because
differential-geometric techniques for defining [M]Virt involve

perturbing M, which changes it as a topological space.

Example 12.2

Define f : R — R by f(x) = e " sin(r/x) for x # 0, and

f(0) = 0. Then f is smooth. Define X =R x¢pro*. Then X is a

compact, oriented derived manifold without boundary, with
vdim X = 0. As a topological space we have

X={1/n:0+#neZ}11{0}.
Then no virtual class exists for X in ordinary homology Ho(X; Z).
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Virtual classes in Steenrod or Cech homology

Steenrod homology H>'(X;Z) (see J. Milnor, ‘On the Steenrod
homology theory’, Milnor collected works IV, 2009) is a homology
theory of topological spaces. For nice topological spaces X (e.g.
manifolds, or finite simplicial complexes) it equals ordinary (e.g.
singular) homology H.(X;Z). It has a useful limiting property:

Let X be a compact subset of a metric space Y, and suppose
Wi, Wh, ... are open neighbourhoods of X in Y with ﬂ@l W,=X
and Wy 2 Wp 2 ---. Then HXY(X;Z) = lim nz1 HX (Wa; Z).

Cech homology H,(X;Q) over Q has the same property.
Singular homology does not.
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Following an idea due to Dusa McDuff, we can use this to define a
virtual class [X]yir¢ for a compact oriented d-manifold X in
HSt < (X;Z) or H.(X; Q). We may write X =~ Sy g s by Corollary
9.8. This gives a homeomorphism X =2 s71(0), for s71(0) a
compact subset of V. Choose open neighbourhoods Wy, Wh, ... of
s71(0) in V with Np>1 W,=s"1(0) and Wy D Wo D ---. The
inclusion i, : X — W, defines a d-bordism class

[X,in] € dBydimx(W,), and hence a homology class M52™ ([X, in))
in Hygimx(Wa; Z) 2 H3Y  (W,; Z). These are preserved by the
inclusions Wy, 1 — W, and so define a class in the inverse limit
lim 21 HY*(Wh; Z), and thus, by Theorem 12.3, a virtual class

Xlvire in H3% 0 x (X5 Z) of Hydimx(X; Q).
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12.2. Virtual classes for derived orbifolds

If X is a compact, oriented derived orbifold (d-orbifold or Kuranishi
space), Y is a manifold, and f : X — Y is a 1-morphism, then we
can define a virtual class [X]virt in Hyqimx(Y; Q). In the orbifold
case it is necessary to work in homology over Q rather than Z, as
points x € X with orbifold group G,X must be ‘counted’ with
weight 1/|GxX|. There is a standard method for doing this,
developed by Fukaya and Ono 1999, in their definition of
Gromov—Witten invariants. It is rather messy.

Alternatively, following McDuff-Wehrheim, we can forget Y and
define the virtual class [X]yirt in Cech homology Hvdimx(X;Q).
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The Fukaya—Ono method is to cover X by finitely many Kuranishi
neighbourhoods (V;, E;, T}, s;, 1;) for i € | with coordinate changes
Sy (Vi  Ei Ty siy i) = (V), Ej, T, s5,17) on overlaps between
them in a particularly nice form (a ‘good coordinate system’), and
compatible maps f; : V; — Y representing f : X — Y.

|deally we would like to choose small perturbations §; of

si 1 Vi — E;, such that 5; is transverse and [';-equivariant, and ®;;
maps § — §. Then we could glue the orbifolds 3 *(0)/I; for i € I
usmg ®;; to get a compact oriented orbifold X with morphism
f:X — Y, and we would set [X]yir; = f*([%]) for

[¥] € Hyi 36(% Q) the fundamental class of X.

However, it is generally not possible to find perturbations S; which
are both transverse to the zero section of E; — V;, and
[';-equivariant.
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Instead, we take the perturbations 5; to be ‘multisections’,
Q-weighted mutivalued C°-sections of E;, where the sum of the
Q-weights of the branches is 1. As ['; can permute the ‘branches’
of the multisections locally, we have more freedom to make 5; both
transverse and [j-equivariant. Then X is not an orbifold, but a
‘Q-weighted orbifold’. Done carefully, by triangulating by simplices
we can define a virtual class [X] in singular homology

Hy, 3(X; Q), and then [X]yiry = £([X]).

It is important that although the construction of [X]yit involves
many arbitrary choices of (V;, E;, [, s;,1;),5;, ..., the final result
[X]virt in Hygimx(Y; Q) is independent of these choices.
Furthermore, [X]yirt is unchanged under bordisms of f : X — Y/,
that is, it depends only on [X,f] € dB%P (Y). This
bordism-independence makes Gromov—Witten invariants
independent of the choice of almost complex structure J used to
define them, so they are symplectic invariants, and so on.
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12.3. Derived orbifolds with corners and virtual chains

In the Fukaya—Oh—Ono—Ohta Lagrangian Floer cohomology theory,
given a symplectic manifold (M, w) with an almost complex
structure J and a Lagrangian L in M, one defines moduli spaces
M () of prestable J-holomorphic discs ¥ in M with boundary in
L, relative homology class [¥] = 8 € Ha(M, L;Z), and k boundary
marked points. The M () are Kuranishi spaces with corners,
with ‘evaluation maps’ ev; : M (8) — L for i =1,...,k, and

OM(B)=]] I Mit1(B1) Xevi.Liev;s Misa(B2). (12.1)
i+j=k p1+B2=p

To define Lagrangian Floer cohomology, we have to ‘count’ the
M () in (co)homology, in some sense compatible with (12.1).
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Roughly, we want to define a ‘virtual class’ for

evy X -+ X evy : My(B) = L¥ in Hygim a1, ()(L*; @). However,
as OM () # B, we cannot define a homology class. Instead, we
should write H,(L*; Q) as the homology of a chain complex
(C.(L%;Q),8), and define a virtual chain [M(8)]virt in

Cvdim,qk(ﬁ)(Lk; Q). The boundary 8Cvdiquk(3)(Lk; Q) should
hopefully satisfy an equation modelled on (12.1), something like:

OMi(B)lvirt =Y _ [Mis1(B1)lvict Xy, Limya [Miis1(B2)lvire- (12.2)
i+j=k, B1+B2=P

Fukaya—Oh—Ohta—Ono 2009 take their homology theory

(C*(Lk; Q),c‘?) to be singular homology, generated by smooth

maps o : A, — L*. Then (12.2) does not make sense, as the fibre
product (intersection product) is not defined in singular homology

at the chain level. They have an alternative approach (unfinished (?),
2010) using de Rham cohomology, in which (12.2) does make sense.
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There are other technical difficulties in the FOOO approach. One
is that for each moduli space M (f3), one must choose a
perturbation by multisections, and a triangulation by simplices / de
Rham (co)chains, and these perturbations must be compatible at
OM (B) according to (12.1). There are infinitely many moduli
spaces, and each moduli space M () can occur in the formula
for & M(/3') for infinitely many j, I, ', so the virtual chain for
M. () should be subject to infinitely many compatibility
conditions, including infinitely many smallness conditions on the
size of the perturbations s; ~~ 5;. But we can only satisfy finitely
many smallness conditions at once. And so on.
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12.4. New (co)homology theories for virtual chains

A lot of the technical complexity in Fukaya—Oh—Ohta—Ono's 2009
Lagrangian Floer cohomology theory comes from the fact that the
homology theory in which they do all their homological algebra —
singular homology — does not play nicely with Kuranishi spaces.
Their de Rham version is better, but still not ideal.

| would like to propose an alternative approach, which is to define
new (co)homology theories KH,.(Y; R), KH*(Y; R) of manifolds
Y, in which it is easy to define virtual classes and virtual chains for
compact, oriented Kuranishi spaces X with 1-morphisms

f: X —= Y. (Joyce, work in progress 2015; prototype version using
FOOO Kuranishi spaces arXiv:0707.3573, arXiv:0710.5634 — please
don't read these.) I'll discuss one version of the homology theory
only.
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Let Y be a manifold or orbifold, and R a Q-algebra. We define a
complex of R-modules (KC*(Y; R),@), whose homology groups
KH.(Y; R) are the Kuranishi homology of Y.

Similarly to the definition of d-bordism dBk(Y'), chains in
KCk(Y'; R) for k € Z are R-linear combinations of equivalence
classes [X, f, G] with relations, where X is a compact, oriented
Kuranishi space with corners with dimension k, f: X — Y is a
1-morphism in Kur€, and G is some extra ‘gauge-fixing data’
associated to f : X — Y/, with many possible choices.

| won't give all the relations on the [X,f, G]. Two examples are:

[X1 I Xo, f1 I f2, Gy I Gy = [Xy, f1, Gi] + [Xo, f2,Go],  (12.3)
[-X,f,G] = —[X,f, G|, (12.4)
where —X is X with the opposite orientation.
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Gauge-fixing data — first properties

Here ‘gauge-fixing data’ is the key to the whole story. | won't tell
you what it is, but | will tell you some properties it has:

(i) For any compact Kuranishi space with corners X and
1-morphism f : X — Y we have a nonempty set
Gauge(f : X — Y') of choices of ‘gauge-fixing data’ G for f.

(i) If g: X" — X is étale we have a pullback map
g*: Gauge(f : X = Y) — Gauge(fog: X' — Y). If g, g are
2-isomorphic then g* = g™. Pullbacks are functorial.

(iii) There is a boundary map
lox : Gauge(f : X — Y) — Gauge(foix : 0X — Y). We
regard it as a pullback along ix : 0X — X.

(iv) If g : Y — Z is a smooth map of manifolds, there is a
pushforward map g, : Gauge(f : X—Y)— Gauge(g o f : X— 2).
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Boundary operators

Note that Kuranishi spaces X can have virtual dimension
vdim X < 0, so KC,(Y; R) # 0 for all k < 0, although
KH(Y; R) =0 for k < 0.
The boundary operator 9 : KC,(Y; R) — KCx_1(Y’; R) maps
0 : [X, f, G} — [8)(, fo ix, G|3x} .

We have a natural 1-morphism ix : 9X — X and an equivalence
OPX ~ O0Xiy X,ixOX. Thus there is an orientation-reversing
involution o : 9°X — 9°X swapping the two factors of X. This
satisfies ix o igx 0 o = ix o igx. Hence G|zx is o-invariant. Using
this and (12.4) we show that 92 = 0, so KH.(Y; R) is well-defined.
Here is a property of gauge-fixing data with prescribed boundary
values. 'Only if’ is necessary by (i)—(iii) as above.
(v) Suppose H € Gauge(f oix : 0X — Y). Then there exists

G e Gauge(f X = Y) with G|3x = H iff J*(H|32X) = H‘82X-
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Suppose g : Y — Z is a smooth map of manifolds or orbifolds.
Define an R-linear pushforward g, : KC,(Y; R) — KC«(Z; R) by
g [X,f,G] — [X,gof,g.(G)]. Then g, 00 = 0o g, so this
induces g, : KHi(Y; R) = KHi(Z; R). Pushforwards are
functorial. '

Singular homology H:™(Y; R) may be defined using

(Cfmg(Y; R),a), where C;""*(Y; R) is spanned by smooth maps
f:Ar— Y, for Ay the standard k-simplex, thought of as a
manifold with corners.

We define an R-linear map FXH . C¥"8(Y; R) — KCy(Y; R) by

sing -

Fit o f — [Ay, f,Ga, ],

sing -

with Ga, some standard choice of gauge-fixing data for Ay.

Then Fgfn}é 0d =200 FSInt?é, so that Fslfng induces morphisms

FXI . 198y R) — KH,(Y; R).

sing -

Dominic Joyce, Oxford University Lecture 12: Bordism, virtual classes, and virtual chains

Bordism and derived bordism
Virtual classes for derived orbifolds

Bordism, virtual classes, and virtual chains Derived orbifolds with corners and virtual chains
New (co)homology theories for virtual chains

One of the main results of the theory will be:

Theorem 12.4

FXH - 18y R) — KH(Y; R) is an isomorphism for all k € Z.

sing *

e Forming virtual classes/virtual chains is easy. Suppose M is a
moduli Kuranishi space, with evaluation map ev : M — Y.
Choose gauge-fixing data G for M, which is possible by (i). Then
[M,ev,G] € KC(Y;R) is a virtual chain for M. If oM =0
then [[M, ev, G]] € KH,(Y; R) is a virtual class for M.

e Obviously, Kuranishi homology is not a new invariant, it's just
ordinary homology. The point is that it has special properties at
the chain level which make it more convenient than competing
homology theories (e.g. singular homology) for some tasks.

e The messy parts of defining virtual chains in [FOOO 2009] are
repackaged in the proof of Theorem 12.4.
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