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Introduction

In 1962, Kuranishi proved that if (X , J) is a compact complex
manifold, then the moduli space M of complex structures on X
can be described near J using the zeroes Φ−1(0) of a holomorphic
map Φ : U → H2

J (TX ), where 0 ∈ U ⊂ H1
J (TX ) is open. Here

H1
J (TX ) is the space of infinitesimal deformations, H2

J (TX ) the
obstructions, and H0

J (TX ) the Lie algebra of the automorphism
group of (X , J). This may have been the first major result on
deformation theory in the presence of obstructions. Later, many
other deformation theory problems in real and complex geometry
turned out to have this basic structure identified by Kuranishi.
‘Kuranishi spaces’ were introduced by Fukaya–Ono 1999 and
Fukaya–Oh–Ohta–Ono 2008 as the geometric structure on moduli
spaces of J-holomorphic curves Mg ,k(J, β) in symplectic
geometry. Roughly, a Kuranishi space is a topological space X
covered by an atlas of ‘Kuranishi neighbourhoods’ (V ,E , Γ, s, ψ),
each arising from deformation theory à la Kuranishi.
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Fukaya–Ono’s main goal was to define virtual cycles/chains for
these, to be able to define Gromov–Witten invariants, Lagrangian
Floer theory, etc. Though their definitions work for their purposes,
they are not very satisfactory as geometric spaces in their own
right. For example, in the FOOO theory, there is no good notion of
morphism f : X → Y (or even isomorphism) between Kuranishi
spaces, only of smooth maps f : X → Y to a manifold Y .
One would like such morphisms for applications (e.g. forgetful
maps between moduli spaces), to make sense of ‘fibre products’ of
Kuranishi spaces, and as Kuranishi spaces are interesting for their
own sake. Kuranishi spaces should be a differential-geometric
analogue of (derived) schemes in Algebraic Geometry. I will explain
an alternative definition of Kuranishi spaces (Joyce 2014), which
form a 2-category, with well-behaved 1- and 2-morphisms.
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The FOOO definition of Kuranishi space X is a topological space
X with an ‘atlas of charts’, like the definition of manifolds. The
charts, called ‘Kuranishi neighbourhoods’, are (Vi ,Ei , Γi , si , ψi ) for
Vi a manifold, Ei → Vi a vector bundle, Γi a finite group acting on
Vi ,Ei , si : Vi → Ei a Γi -equivariant section, and ψi : s−1

i (0)/Γi → X
a homeomorphism with an open set Imψi ⊂ X . ‘Coordinate changes’
Φij : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj) involve embeddings

Vi

open
⊃ Vij

φij−→Vj , Ei |Vij

φ̂ij−→Ej , and exist only if dimVi 6 dimVj , so
they are generally not invertible. Coordinate changes must be
strictly associative on triple overlaps, Φjk ◦ Φij = Φik .

In my definition coordinate changes are weaker — φij , φ̂ij need only
be smooth maps, not embeddings. We introduce a notion of
2-isomorphism Λ : Φij ⇒ Φ′ij of coordinate changes, making Kuranishi
neighbourhoods into a 2-category. Coordinate changes need only be
associative up to 2-isomorphisms Λijk : Φjk ◦Φij ⇒ Φik . Coordinate
changes Φij are invertible up to 2-isomorphism, there exist Φji and
2-isomorphisms Λii : Φji ◦ Φij → id(Vi ,...), Λjj : Φij ◦ Φji → id(Vj ,...).
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Kuranishi spaces and Derived Differential Geometry

The inspiration for this definition came from the Derived Algebraic
Geometry of Jacob Lurie and Toën–Vezzosi. We should understand
Kuranishi spaces as derived smooth orbifolds, where ‘derived’ is in
the sense of DAG. Definitions of ∞-categories / 2-categories of
derived manifolds modelled on the definition of derived schemes
were given by Lurie 2009 (sketch), Spivak 2010, Borisov–Noel
2011, and Joyce 2012, dMan,dOrb. They are topological spaces with
∞-sheaves/2-sheaves of derived C∞-rings. My definition (2014) of
Kuranishi space is an ‘atlas of charts’ definition, but constructed to
give an equivalent 2-category Kur to my 2-category dOrb.
One lesson from DAG is that higher categories (∞- or 2-categories)
are key: truncating to ordinary categories loses too much information.
FOOO Kuranishi spaces (1999) predate DAG (2006). This is one
reason for problems with the original definition: some essential
ideas were missing.
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1. The category of µ-Kuranishi spaces
1.1. µ-Kuranishi neighbourhoods

As a warm-up exercise, I first explain how to define an ordinary
category of ‘µ-Kuranishi spaces’, a simplified version of the
Kuranishi space construction without quotients by finite groups,
and using ordinary category rather than 2-category methods.

Definition

Let X be a topological space. A µ-Kuranishi neighbourhood on X
is a quadruple (V ,E , s, ψ) such that:

(a) V is a smooth manifold.
(b) E → V is a vector bundle over V , the obstruction bundle.
(c) s ∈ C∞(E ) is a smooth section of E , the Kuranishi section.
(d) ψ is a homeomorphism from s−1(0) to an open subset Imψ in

X , where Imψ is called the footprint of (V ,E , s, ψ).
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Morphisms of µ-Kuranishi neighbourhoods

Definition

Let f : X → Y be a continuous map of topological spaces,
(Vi ,Ei , si , ψi ), (Wj ,Fj , tj , χj) be µ-Kuranishi neighbourhoods on
X ,Y , and S ⊆ Imψi ∩ f −1(Imχj) ⊆ X be an open set. Consider

triples (Vij , fij , f̂ij) satisfying:

(a) Vij is an open neighbourhood of ψ−1
i (S) in Vi .

(b) fij : Vij →Wj is smooth, with f ◦ ψi = χj ◦ fij on s−1
i (0) ∩ Vij .

(c) f̂ij : Ei |Vij
→ f ∗ij (Fj) is a morphism of vector bundles on Vij ,

with f̂ij(si |Vij
) = f ∗ij (tj) + O(s2

i ).

Define an equivalence relation ∼ by (Vij , fij , f̂ij)∼(V ′ij , f
′
ij , f̂
′
ij) if

there are open ψ−1
i (S)⊆ V̇ij⊆Vij∩V ′ij and Λ : Ei |V̇ij

→ f ∗ij (TWj)|V̇ij

with f ′ij = fij +Λ·si +O(s2
i ) and f̂ ′ij = f̂ij +Λ·f ∗ij (dtj)+O(si ). We write

[Vij , fij , f̂ij ] for the ∼-equivalence class of (Vij , fij , f̂ij), and call

[Vij , fij , f̂ij ] : (Vi ,Ei , si , ψi )→ (Wj ,Fj , tj , χj) a morphism over S , f .
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Here the equivalence relation ∼ is weird, but crucial for later.
Given continuous maps f : X → Y and g : Y → Z , open S ⊆ X ,
T ⊆ Y , morphisms [Uij , φij , φ̂ij ] : (Ui ,Di , ri , φi )→ (Vj ,Ej , sj , ψj)

over S , f and [Vjk , ψjk , ψ̂jk ] : (Vj ,Ej , sj , ψj)→ (Wk ,Fk , tk , χk) over
T , g , the composition over S ∩ f −1(T ), g ◦ f is

[Vjk , ψjk , ψ̂jk ]◦[Uij , φij , φ̂ij ]=
[
φ−1
ij (Vjk), ψjk ◦ φij |···, φ−1

ij (ψ̂jk) ◦ φ̂ij |···
]

:

(Ui ,Di , ri , φi ) −→ (Wk ,Fk , tk , χk).

Theorem 1.1 (Sheaf property of µ-Kuranishi morphisms.)

Let (Vi ,Ei , si , ψi ), (Wj ,Fj , tj , χj) be µ-Kuranishi neighbourhoods
on X ,Y , and f : X → Y be continuous. Then morphisms from
(Vi ,Ei , si , ψi ) to (Wj ,Fj , tj , χj) over f form a sheaf
Homf

(
(Vi ,Ei , si , ψi ), (Wj ,Fj , tj , χj)

)
on Imψi ∩ f −1(Imχj).

This will be essential for defining compositions of morphisms of
µ-Kuranishi spaces. The lack of such a sheaf property in the
FOOO theory is why FOOO Kuranishi spaces are not a category.
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Coordinate changes of µ-Kuranishi neighbourhoods

Take Y = X and f = idX . A morphism
Φij = [Vij , φij , φ̂ij ] : (Vi ,Ei , si , ψi )→ (Vj ,Ej , sj , ψj) over idX is
called a coordinate change if there exists
Φji = [Vji , φji , φ̂ji ] : (Vj ,Ej , sj , ψj)→ (Vi ,Ei , si , ψi ) such that
Φji ◦ Φij = [Vi , idVi

, idEi
] and Φij ◦ Φji = [Vj , idVj

, idEj
].

This does not require φji ◦ φij = idVi
, φ̂ji ◦ φ̂ij = idEi

, but only that

φji ◦ φij = idVi
+Λ·si +O(s2

i ) and φ̂ji ◦ φ̂ij = idEi
+Λ·f ∗ij (dtj)+O(si ).

Coordinate changes exist even if dimVi 6= dimVj .

Theorem

A morphism [Vij , φij , φ̂ij ] : (Vi ,Ei , si , ψi )→ (Vj ,Ej , sj , ψj) is a
coordinate change over S if and only if for all x ∈ S with
vi = ψ−1

i (x) and vj = ψ−1
j (x), the following sequence is exact:

0 // TviVi

dsi |vi⊕Tvi
φij // Ei |vi⊕TvjVj

φ̂ij |vi⊕−dsj |vj // Ej |vj // 0.
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1.2. The definition of µ-Kuranishi space

Definition

Let X be a Hausdorff, second countable topological space, and
n ∈ Z. A µ-Kuranishi structure K on X of virtual dimension n is
data K =

(
I , (Vi ,Ei , si , ψi )i∈I ,Φij , i ,j∈I

)
, where:

(a) I is an indexing set.
(b) (Vi ,Ei , si , ψi ) is a µ-Kuranishi neighbourhood on X for each

i ∈ I , with dimVi − rankEi = n.
(c) Φij = [Vij , φij , φ̂ij ] : (Vi ,Ei , si , ψi )→ (Vj ,Ej , sj , ψj) is a

coordinate change over S = Imψi ∩ Imψj for all i , j ∈ I .
(d)

⋃
i∈I Imψi = X .

(e) Φii = id(Vi ,Ei ,si ,ψi ) for all i ∈ I .
(f) Φjk ◦ Φij = Φik for all i , j , k ∈ I over

S = Imψi ∩ Imψj ∩ Imψk .

We call X = (X ,K) a µ-Kuranishi space, of virtual dimension
vdimX = n.
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Definition 1.2

Let X = (X ,K) with K =
(
I , (Vi ,Ei , si , ψi )i∈I ,Φii ′, i ,i ′∈I

)
and

Y = (Y ,L) with L =
(
J, (Wj ,Fj , tj , χj)j∈J ,Ψjj ′, j ,j ′∈J

)
be

µ-Kuranishi spaces. A morphism f : X → Y is
f =

(
f , f ij , i∈I , j∈J

)
, where f : X → Y is a continuous map, and

f ij = [Vij , fij , f̂ij ] : (Vi ,Ei , si , ψi )→ (Wj ,Fj , tj , χj) is a morphism of
µ-Kuranishi neighbourhoods over S = Imψi ∩ f −1(Imχj) and f
for all i ∈ I , j ∈ J, satisfying the conditions:

(a) If i , i ′ ∈ I and j ∈ J then f i ′j ◦ Φii ′ |S = f ij |S over
S = Imψi ∩ Imψi ′ ∩ f −1(Imχj) and f .

(b) If i ∈ I and j , j ′ ∈ J then Ψjj ′ ◦ f ij |S = f ij ′ |S over
S = Imψi ∩ f −1(Imχj ∩ Imχj ′) and f .

When Y = X , so that J = I , define the identity morphism
idX : X → X by idX =

(
idX ,Φij , i ,j∈I

)
.
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1.3. Composition of morphisms in µKur

Let X = (X , I) with I =
(
I , (Ui ,Di , ri , φi )i∈I ,Φii ′, i ,i ′∈I

)
and

Y = (Y ,J ) with J =
(
J, (Vj ,Ej , sj , ψj)j∈J ,Ψjj ′, j ,j ′∈J

)
and

Z = (Z ,K) with K =
(
K , (Wk ,Fk , tk , ξk)k∈K ,Ξkk ′, k,k ′∈K

)
be

µ-Kuranishi spaces, and f = (f , f ij) : X → Y ,
g = (g , g jk) : Y → Z be morphisms. Consider the problem of how
to define the composition g ◦ f : X → Y .
For all i ∈ I and k ∈ K , g ◦ f must contain a morphism
(g ◦ f )ik : (Ui ,Di , ri , φi )→ (Wk ,Fk , tk , ξk) defined over
Sik = Imφi ∩ (g ◦ f )−1(Im ξk) and g ◦ f .
For each j ∈ J, we have a morphism
g jk ◦ f ij : (Ui ,Di , ri , φi )→ (Wk ,Fk , tk , ξk), but it is defined over
Sijk = Imφi ∩ f −1(Imψj) ∩ (g ◦ f )−1(Im ξk) and g ◦ f , not over
the whole of Sik = Imφi ∩ (g ◦ f )−1(Im ξk).
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Composition of morphisms in µKur

The solution is to use the sheaf property of morphisms, Theorem
1.1. The sets Sijk for j ∈ J form an open cover of Sik . Using
Definition 1.2(a),(b) we can show that
g jk ◦ f ij |Sijk∩Sij′k = g j ′k ◦ f ij ′ |Sijk∩Sij′k . Therefore by Theorem 1.1
there is a unique morphism of µ-Kuranishi neighbourhoods
(g ◦ f )ik : (Ui ,Di , ri , φi )→ (Wk ,Fk , tk , ξk) defined over Sik and
g ◦ f with (g ◦ f )ik |Sijk = g jk ◦ f ij for all j ∈ J. We show that

g ◦ f :=
(
g ◦ f , (g ◦ f )ik, i∈I , k∈K

)
is a morphism g ◦ f : X → Z of

µ-Kuranishi spaces, which we call composition.
Composition is associative, and makes µ-Kuranishi spaces into a
category µKur.
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2. The 2-category of Kuranishi spaces
2.1. 2-categories

A 2-category C has objects X ,Y , . . . , 1-morphisms f , g : X → Y
(morphisms), and 2-morphisms η : f ⇒ g (morphisms between
morphisms). Here are some examples to bear in mind:

Example

(a) The strict 2-category Cat has objects categories C ,D , . . . ,
1-morphisms functors F ,G : C → D , and 2-morphisms natural
transformations η : F ⇒ G .
(b) The strict 2-category Topho of topological spaces up to
homotopy has objects topological spaces X ,Y , . . . , 1-morphisms
continuous maps f , g : X → Y , and 2-morphisms isotopy classes
[H] : f ⇒ g of homotopies H from f to g .
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There are three kinds of composition in a 2-category. If f : X → Y
and g : Y → Z are 1-morphisms we have composition of
1-morphisms, g ◦ f : X → Z . If f , g , h : X → Y are 1-morphisms
and η : f ⇒ g , ζ : g ⇒ h are 2-morphisms we have vertical
composition of 2-morphisms ζ � η : f ⇒ h, as a diagram

X

f

!!�� η
>>

h

�� ζ
g

// Y // X
f

))

h

55�� ζ�η Y .

If f , f̃ : X → Y and g , g̃ : Y → Z are 1-morphisms and η : f ⇒ f̃ ,
ζ : g ⇒ g̃ are 2-morphisms twe have horizontal composition of
2-morphisms ζ ∗ η : g ◦ f ⇒ g̃ ◦ f̃ , as a diagram

X
f

''

f̃

77�� η Y

g
''

g̃

77�� ζ Z // X

g◦f
((

g̃◦f̃
66�� ζ∗η Z .

There are identity 1-morphisms idX : X → X and identity
2-morphisms idf : f ⇒ f . 2-isomorphisms are invertible under
vertical composition.
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2.2. Kuranishi neighbourhoods

Definition

Let X be a topological space. A Kuranishi neighbourhood on X is
a quintuple (V ,E , Γ, s, ψ) such that:

(a) V is a smooth manifold.
(b) π : E → V is a vector bundle over V , the obstruction bundle.
(c) Γ is a finite group with compatible smooth actions on V and

E preserving the vector bundle structure.
(d) s : V → E is a Γ-equivariant smooth section of E , the

Kuranishi section.
(e) ψ :s−1(0)/Γ→X is a homeomorphism with an open Imψ⊆X .

If S ⊆ X is open, we call (V ,E , Γ, s, ψ) a Kuranishi neighbourhood
over S if S ⊆ Imψ ⊆ X .

This is the same as Fukaya-Oh-Ohta-Ono Kuranishi neighbourhoods.
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Let f : X → Y be a continuous map of topological spaces, and
(Vi ,Ei , Γi , si , ψi ), (Wj ,Fj ,∆j , tj , χj) be Kuranishi neighbourhoods
on X ,Y . Then we define 1-morphisms
Φij : (Vi ,Ei , Γi , si , ψi )→ (Wj ,Fj ,∆j , tj , χj) over f , and
2-morphisms Λij : Φij ⇒ Φ′ij between 1-morphisms. We define
compositions of 1- and 2-morphisms, and identity 1- and 2-morphisms.
Here 1-morphisms are an orbifold version of maps
φij : Vi ⊃ Vij →Wj , φ̂ij : Ei |Vij

→ φ∗ij(Fj) in the µ-Kuranishi case,
and 2-morphisms generalize the equivalence relation ∼.
Let Y = X and f = idX . We call a 1-morphism
Φij : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj) a coordinate change if it
is invertible up to 2-isomorphism. That is, there exist
Φji : (Vj ,Ej , Γj , sj , ψj)→ (Vi ,Ei , Γi , si , ψi ) and 2-isomorphisms
Λii : Φji ◦ Φij ⇒ id(Vi ,Ei ,Γi ,si ,ψi ) and Λjj : Φij ◦ Φji ⇒ id(Vj ,Ej ,Γj ,sj ,ψj ).
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Theorem 2.1 (2-sheaf property of Kuranishi neighbourhoods.)

Let (Vi ,Ei , Γi , si , ψi ) and (Wj ,Fj ,∆j , tj , χj) be Kuranishi
neighbourhoods on X ,Y , and f : X → Y be continuous. Then
1-morphisms Φij ,Φ

′
ij : (Vi ,Ei , Γi , si , ψi )→ (Wj ,Fj ,∆j , tj , χj) over

f and 2-morphisms Λij : Φij ⇒ Φ′ij , on open subsets

S ⊆ Imψi ∩ Imψj , form a 2-sheaf (stack) on Imψi ∩ f −1(Imχj),
that is, they glue well on open covers, in a 2-categorical sense.
When Y = X and f = idX , coordinate changes Φij are a
2-subsheaf.

This will be crucial for defining compositions of 1-morphisms of
Kuranishi spaces. It is not obvious. It depends on the weird
definition of 2-morphisms.
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2.3. The definition of Kuranishi space
Definition

Let X be a Hausdorff, second countable topological space. A
Kuranishi structure K on X of virtual dimension n ∈ Z is data
K =

(
I , (Vi ,Ei , Γi , si , ψi )i∈I , Φij , i ,j∈I , Λijk, i ,j ,k∈I

)
, where:

(a) I is an indexing set.
(b) (Vi ,Ei , Γi , si , ψi ) is a Kuranishi neighbourhood on X for i ∈ I ,

with dimVi − rankEi = n. Write Sij = Imψi ∩ Imψj , etc.
(c) Φij : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj) is a coordinate

change over Sij for i , j ∈ I .
(d) Λijk : Φjk ◦ Φij ⇒ Φik is a 2-morphism over Sijk for i , j , k ∈ I .
(e)

⋃
i∈I Imψi = X . (f) Φii = id(Vi ,Ei ,Γi ,si ,ψi ) for i ∈ I .

(g) Λiij = Λijj = idΦij
for i , j ∈ I .

(h) Λikl � (idΦkl
∗Λijk)|Sijkl = Λijl � (Λjkl ∗ idΦij

)|Sijkl :
Φkl ◦ Φjk ◦ Φij |Sijkl =⇒ Φil |Sijkl for i , j , k , l ∈ I .

We call X = (X ,K) a Kuranishi space, with vdimX = n.
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Definition

Let X = (X ,K) and Y = (Y ,L) be Kuranishi spaces, with
K =

(
I , (Vi ,Ei , Γi , si , ψi )i∈I , Φii ′, i ,i ′∈I , Λii ′i ′′, i ,i ′,i ′′∈I

)
and

L =
(
J, (Wj ,Fj ,∆j , tj , χj)j∈J , Ψjj ′, j ,j ′∈J , Mjj ′j ′′, j ,j ′,j ′′∈J

)
. A

1-morphism f : X → Y is f =
(
f , f ij , i∈I , j∈J , F

j , j∈J
ii ′, i ,i ′∈I , F

jj ′, j ,j ′∈J
i , i∈I

)
,

with: (a) f : X → Y is a continuous map.

(b) f ij : (Vi ,Ei , Γi , si , ψi )→ (Wj ,Fj ,∆j , tj , χj) is a 1-morphism of
Kuranishi neighbourhoods over S = Imψi ∩ f −1(Imχj) and f
for i ∈ I , j ∈ J.

(c) F j
ii ′ : f i ′j ◦Φii ′ ⇒ f ij is a 2-morphism over f for i , i ′ ∈ I , j ∈ J.

(d) F jj ′

i : Ψjj ′ ◦ f ij ⇒ f ij ′ is a 2-morphism over f for i ∈ I , j , j ′ ∈ J.

(e) F j
ii = F jj

i = idf ij
.

(f) F j
ii ′′�(idf i′′j

∗Λii ′i ′′)=F j
ii ′�(F j

i ′i ′′ ∗ idΦii′ ) : f i ′′j ◦Φi ′i ′′ ◦Φii ′⇒ f i ′′j .

(g) F jj ′

i � (idΨjj′ ∗F
j
ii ′)=F j ′

ii ′ � (F jj ′

i ′ ∗ idΦii′ ) :Ψjj ′ ◦ f i ′j ◦ Φii ′⇒ f ij ′ .

(h) F j ′j ′′

i �(idΨj′j′′ ∗F
jj ′

i )=F jj ′′

i �(Mjj ′j ′′∗idf ij
) :Ψj ′j ′′◦Ψjj ′◦f ij⇒ f ij ′′ .
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Here (c)–(h) hold for all i , j , . . . , restricted to appropriate domains.

Definition

Let f , g : X → Y be 1-morphisms of Kuranishi spaces, with

f =
(
f , f ij , i∈I , j∈J , F

j , j∈J
ii ′, i ,i ′∈I , F

jj ′, j ,j ′∈J
i , i∈I

)
,

g =
(
g , g ij , i∈I , j∈J , G

j , j∈J
ii ′, i ,i ′∈I , G

jj ′, j ,j ′∈J
i , i∈I

)
. Suppose the continuous

maps f , g : X → Y satisfy f = g . A 2-morphism Λ : f ⇒ g is
data Λ = (Λij , i∈I , j∈J), where Λij : f ij ⇒ g ij is a 2-morphism of
Kuranishi neighbourhoods over f = g , satisfying:

(a) G j
ii ′�(Λi ′j ∗idΦii′ )=Λij�F j

ii ′ : f i ′j ◦Φii ′⇒g ij for i , i ′∈ I , j ∈J.

(b) G jj ′

i �(idΨjj′∗Λij)=Λij ′�F jj ′

i : Ψjj ′◦f ij⇒g ij ′ for i ∈ I , j , j ′∈J.

We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making Kuranishi spaces into a
2-category Kur. Composition of 1-morphisms involves an arbitray
choice, and needs the 2-sheaf property of 1- and 2-morphisms of
Kuranishi neighbourhoods, as in Theorem 2.1.
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3. Properties of Kuranishi spaces

Kuranishi spaces include manifolds and orbifolds as full
(2-)subcategories, Man ⊂ Orb ⊂ Kur. Orbifolds should also be
defined as a 2-category for their differential geometry to work well.
Lots of differential geometry of manifolds has good extensions to
Kuranishi spaces: orientations, immersions, submersions, tangent
spaces TxX , transversality and transverse fibre products, . . . .
If X is a compact oriented Kuranishi space it has a virtual class
[X ]virt in (Čech) homology ȞvdimX (X ,Q).
There are versions of Kuranishi spaces with boundary and corners.

22 / 25 Dominic Joyce What is a Kuranishi space?



The category of µ-Kuranishi spaces
The 2-category of Kuranishi spaces

Properties of Kuranishi spaces

Tangent and obstruction spaces of Kuranishi spaces
Transversality and fibre products

3.1. Tangent and obstruction spaces of Kuranishi spaces
For a Kuranishi space X we can define the tangent space TxX and
obstruction space OxX and isotropy group GxX for any x ∈ X ,
where if (Vi ,Ei , Γi , si , ψi ) is a Kuranishi chart on X with
x = ψi (vi ) then GxX = StabΓi

(vi ) and we have an exact sequence

0 // TxX // TviVi

dsi |vi // Ei |vi // OxX // 0.
If f : X → Y is a 1-morphism in Kur and x ∈ X with
f (x) = y ∈ Y we get functorial morphisms Tx f : TxX → TyY ,
Ox f : OxX → OyY and Gx f : GxX → GyY . If η : f ⇒ g is a
2-morphism in Kur then Tx f = Txg , Ox f = Oxg , Gx f = Gxg .

Theorem

(a) A Kuranishi space X is an orbifold iff OxX = 0 for all x ∈ X .
(b) A 1-morphism f : X → Y in Kur is étale (a local equivalence)
iff Tx f : TxX → TyY , Ox f : OxX → OyY , Gx f : GxX → GyY
are isomorphisms for all x ∈ X with f (x) = y ∈ Y . And f is an
equivalence in Kur if also f : X → Y is a bijection.
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3.2. Transversality and fibre products

Recall that smooth maps of manifolds g : X → Z , h : Y → Z are
transverse if for all x ∈ X , y ∈ Y with g(x) = h(y) = z ∈ Z , then
Txg ⊕ Tyh : TxX ⊕ TyY → TzZ is surjective. If g , h are
transverse then a fibre product W = X ×g ,Z ,h Y exists in Man,
with dimW = dimX + dimY − dimZ .
We give two derived analogues of transversality, weak and strong:

Definition

Let g : X → Z , h : Y → Z be 1-morphisms in Kur. We call g ,h
weakly transverse if for all x ∈X , y ∈Y with g(x)=h(y)=z in Z ,
then Oxg ⊕ Oyh : OxX ⊕ OyY → OzZ is surjective.

We call g ,h strongly transverse if for all x ∈ X , y ∈ Y
with g(x) = h(y) = z ∈ Z , then Txg⊕Tyh : TxX⊕TyY → TzZ is
surjective, and Oxg⊕Oyh : OxX⊕OyY→OzZ is an isomorphism.

If Z is an orbifold then OzZ = 0, so any g ,h are weakly transverse.
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Theorem

Let g : X → Z , h : Y → Z be weakly transverse 1-morphisms in
Kur. Then a fibre product W = X ×g ,Z ,h Y exists in the
2-category Kur, with vdimW = vdimX + vdimY − vdimZ .
This W is an orbifold if and only if g ,h are strongly transverse.
For w ∈W with e(w) = x , f (w) = y , g(x) = h(y) = z in Z ,
there is an exact sequence

0 // TwW
Twe⊕−Tw f

// TxX⊕TyY
Txg⊕Tyh

// TzZ

��
0 OzZoo OxX⊕OyY

Oxg⊕Oyhoo OwW ,
Owe⊕−Ow foo

where e : W → X , f : W → Y are the projections.

The definition of fibre product in a 2-category uses 2-morphisms in
an essential way – the theorem would be false in ordinary categories.
Fibre products over manifolds or orbifolds Z always exist.
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