Introduction

What is a Kuranishi space?

Dominic Joyce, Oxford University

Kuranishi memorial conference,
Columbia University, May 4 2022.

Based on arXiv:1409.6908, arXiv:1510.07444, and
multiple-volume book project in progress.
Preliminary versions of first two volumes available at
people.maths.ox.ac.uk/~joyce/Kuranishi.html.

These slides available at
people.maths.ox.ac.uk/~joyce/talks.html.

Dominic Joyce What is a Kuranishi space?


https://arxiv.org/1409.6908
https://arxiv.org/1510.07444

Introduction

Introduction

In 1962, Kuranishi proved that if (X, J) is a compact complex
manifold, then the moduli space 9t of complex structures on X
can be described near J using the zeroes ®~1(0) of a holomorphic
map ® : U — H3(TX), where 0 € U C H}(TX) is open. Here
H}(TX) is the space of infinitesimal deformations, H3(TX) the
obstructions, and H(J)(TX) the Lie algebra of the automorphism
group of (X, J). This may have been the first major result on
deformation theory in the presence of obstructions. Later, many
other deformation theory problems in real and complex geometry
turned out to have this basic structure identified by Kuranishi.
‘Kuranishi spaces’ were introduced by Fukaya—Ono 1999 and
Fukaya—Oh—Ohta—Ono 2008 as the geometric structure on moduli
spaces of J-holomorphic curves M, «(J, 3) in symplectic
geometry. Roughly, a Kuranishi space is a topological space X
covered by an atlas of ‘Kuranishi neighbourhoods’ (V, E,T,s, ),
each arising from deformation theory a la Kuranishi.
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Fukaya—Ono's main goal was to define virtual cycles/chains for
these, to be able to define Gromov-Witten invariants, Lagrangian
Floer theory, etc. Though their definitions work for their purposes,
they are not very satisfactory as geometric spaces in their own
right. For example, in the FOOO theory, there is no good notion of
morphism f : X — Y (or even isomorphism) between Kuranishi
spaces, only of smooth maps f : X — Y to a manifold Y.

One would like such morphisms for applications (e.g. forgetful
maps between moduli spaces), to make sense of ‘fibre products’ of
Kuranishi spaces, and as Kuranishi spaces are interesting for their
own sake. Kuranishi spaces should be a differential-geometric
analogue of (derived) schemes in Algebraic Geometry. | will explain
an alternative definition of Kuranishi spaces (Joyce 2014), which
form a 2-category, with well-behaved 1- and 2-morphisms.
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The FOOO definition of Kuranishi space X is a topological space

X with an ‘atlas of charts’, like the definition of manifolds. The
charts, called ‘Kuranishi neighbourhoods’, are (V;, E;, T}, s;, ;) for

V; a manifold, E; — V; a vector bundle, I'; a finite group acting on
Vi, E;, s; : Vi — E; a ['j;-equivariant section, and 1; : si_l(O)/F; — X
a homeomorphism with an open set Im; C X. ‘Coordinate changes’
;i (V;, Ei, F,-,s,-,d;,-) (V;,E;,Tj,sj,1;) involve embeddings

\/,-opjen\/u i —V,, E \V EJ and exist only if dim V; < dim V;, so
they are generally not invertible. Coordinate changes must be

strictly associative on triple overlaps, ®j o ®;; = ®j.

In my definition coordinate changes are weaker — ¢j;, gg,-j need only
be smooth maps, not embeddings. We introduce a notion of
2-isomorphism N : ®;; = ¢j-j of coordinate changes, making Kuranishi
neighbourhoods into a 2-category. Coordinate changes need only be
associative up to 2-isomorphisms Ajy : ®j 0 & = & Coordinate
changes ®;; are invertible up to 2-isomorphism, there exist ®;; and
2-isomorphisms Aji : ®j;i 0 @ — id(y, ), Aj 1 Pjjody — id(vj,...)-
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Kuranishi spaces and Derived Differential Geometry

The inspiration for this definition came from the Derived Algebraic
Geometry of Jacob Lurie and Toén—Vezzosi. We should understand
Kuranishi spaces as derived smooth orbifolds, where ‘derived’ is in
the sense of DAG. Definitions of oo-categories / 2-categories of
derived manifolds modelled on the definition of derived schemes

were given by Lurie 2009 (sketch), Spivak 2010, Borisov—Noel

2011, and Joyce 2012, dMan,dOrb. They are topological spaces with
oo-sheaves/2-sheaves of derived C*°-rings. My definition (2014) of
Kuranishi space is an ‘atlas of charts’ definition, but constructed to
give an equivalent 2-category Kur to my 2-category dOrb.

One lesson from DAG is that higher categories (oco- or 2-categories)
are key: truncating to ordinary categories loses too much information.
FOOO Kuranishi spaces (1999) predate DAG (2006). This is one
reason for problems with the original definition: some essential

ideas were missing.
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1. The category of u-Kuranishi spaces
1.1. p-Kuranishi neighbourhoods

As a warm-up exercise, | first explain how to define an ordinary
category of ‘u-Kuranishi spaces’, a simplified version of the
Kuranishi space construction without quotients by finite groups,
and using ordinary category rather than 2-category methods.

Definition

Let X be a topological space. A u-Kuranishi neighbourhood on X
is a quadruple (V, E, s, ) such that:

(a) V is a smooth manifold.

(b) E — V is a vector bundle over V, the obstruction bundle.

(c) s € C*(E) is a smooth section of E, the Kuranishi section.

(d) % is a homeomorphism from s~1(0) to an open subset Im ) in
X, where Im ¢ is called the footprint of (V, E,s, ).
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Morphisms of p-Kuranishi neighbourhoods

Definition

Let f : X — Y be a continuous map of topological spaces,

(Vi, Ei,siy i), (W, Fj, tj, xj) be p-Kuranishi neighbourhoods on

X,Y,and S C Im1); N f~1(Im x;) € X be an open set. Consider

triples (Vj, fj, i j) satisfying:

(a) Vj is an open neighbourhood of ¢ *(S) in V;.

(b) f;: Vij — W, is smooth, with f o 4); = xj o f; on s71(0) N V.

(c) F;: Eilv; — f;(F;) is a morphism of vector bundles on Vj;,
with f(silv;) = £7(5) + O(s?).

Define an equivalence relation ~ by (Vj, fj;, f-) (\/,3, fU’, fU’) if

there are open ¥ }(S)C V; C V; NV and A: E|v — f*(TWj)|\-/U

with f’—f,J+/\ si+0(s?) and f’ f,JJr/\ f*(dtJ)JrO(s,) We write

[Vij, fij fU] for the ~- equwalence class of (Vj, fj, i i), and call

[Vij, wfu] (Vi, Ei,si, i) — (W, Fj, tj, xj) @ morphism over S, f.
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Here the equivalence relation ~ is weird, but crucial for later.
Given continuous maps f : X — Y and g: Y — Z, open 5§ C X,
T C Y, morphisms [Uy, ¢y, $3] : (Uy, Di, ri é1) = (V5. Ej, 57, 45)
over S, f and [ija¢jk,¢jk] : (VJ, Ej,Sj,wj) — (Wk, Fy, tk,Xk) over
T, g, the composition over SN f~1(T), gof is

[Vik, Yjk, Dl o[Uyj, dii» 3] = [<Z5,-J_-1(ij); Yjk © gijl..., ¢,-J_-1(1$jk) o Gijl..]
(Ui, Di, ri, ¢i) — (Wi, Fi, tie, xk)-

Theorem 1.1 (Sheaf property of u-Kuranishi morphisms.)

Let (Vi, Ei, si, i), (W, Fj, tj, xj) be p-Kuranishi neighbourhoods
on X,Y,and f : X = Y be continuous. Then morphisms from
(Vi, Ei, si, i) to (W, Fj, tj, x;j) over f form a sheaf

’Homf((\/;, E,', Si, ’(b;), (VVJ, FJ', tj, Xj)) on Im ’(,Z),' N f_l(lm Xj)-

This will be essential for defining compositions of morphisms of
p-Kuranishi spaces. The lack of such a sheaf property in the
FOOO theory is why FOOO Kuranishi spaces are not a category.

Dominic Joyce What is a Kuranishi space?



The category of p-Kuranishi spaces p-Kuranishi neighbourhoods
The definition of p-Kuranishi space
Composition of morphisms in pKur

Coordinate changes of u-Kuranishi neighbourhoods

Take Y = X and f =idx. A morphism

O = [V, ¢, &l + (Vi, B, si, i) = (V5 Ej, s, 405) over idx is
called a coordiqate change if there exists

®ji = [Vji, )i 0jil - (Vj, Ej, sj,45) — (Vi, Ei; s, i) such that

(Dj,' o (D,'j = [\/,',id\/i,idEl.] and CD,'J' o (Dj,' = [Vj,id\/j,idgj].

This does not require ¢jj o ¢;; = idy, qAﬁj,- o qAﬁ,J = idg;, but only that
dji 0 pij=idy,+A-5;+0(s?) and ¢ji o g,f;U:idE,.‘l—/\-fl,jf(dtj)-f-O(S,').
Coordinate changes exist even if dim V; # dim V.

Theorem

A morphism [\/Ij? (blja ng] : (\/17 Eia Si,?ﬁi) — (\/ja Ej7sjawj) Is a
coordinate change over S if and only if for all x € S with

vi = ¢; H(x) and v; = wj_l(x), the following sequence is exact:

d5i|v-@ Tv¢q Q;U‘V,@ 7dsj|V‘
O @ TV L B, .

0— T,V
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1.2. The definition of u-Kuranishi space

Definition

Let X be a Hausdorff, second countable topological space, and
n € Z. A u-Kuranishi structure K on X of virtual dimension n is
data K = (I, (\/,, E,',S,',”l/},'),'e/, (D,'j, ,"J'e[), where:
(a) I is an indexing set.
(b) (Vi, Ei, si 1) is a p-Kuranishi neighbourhood on X for each
i €I, with dimA\/,- —rank E; = n.
(c) @i = [V, dij 9] - (Vi, Eiysiyhi) = (V) Ejysj ) is a
coordinate change over S = Im; NIm); for all i,j € /.
(d) Uie/Imehi = X.
(e) b, = id(VhEi,Siﬂ/)i) for all i € /.
(f) ®jxo®jj = &y for all i, j, k € | over
S=Imy;N Imwj N Im .
We call X = (X, K) a u-Kuranishi space, of virtual dimension
vdim X = n.
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Definition 1.2
Let X = (X,IC) with I = (/, (V,, E,',S,',w;),'el,CD,','/7 i,i’EI) and
Y = (Y, L) with £ = (J, (W}, Fj, t;, Xj)jes Vi, jjres) be
u-Kuranishi spaces. A morphism f : X — Y is
f = (f,fij ici jes), where f : X — Y is a continuous map, and
fi = [V, fi, ] - (Vi, Eisi,01) — (Wi, Fi, tj, x;) is a morphism of
p-Kuranishi neighbourhoods over S = Im; N f~1(Im y;) and f
for all i € I, j € J, satisfying the conditions:
(a) If i, i"el and j € J then f,'/j O¢,’,’I’5 = fU‘S over
S =TIm; NImey N FH(Im ;) and f.
(b) If i € and j,jl € J then \Ujj’ o f,J’5 = f,:,'/‘g over
S=TImwy;NfImy;NImx;) and f.
When Y = X, so that J =/, define the identity morphism
idx X=X by idx = (idx,q),'J" i,jE/)-
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1.3. Composition of morphisms in pKur

Let X = (X,I) with 7 = (/, (U,', D;, I‘,',gf),'),'e/,cb,','/7 i,i’El) and

Y = (Y, j) with J = (J, (VJ7 Ej,Sj,wj)jeJ, wjj’,j,j’GJ) and

Z = (Z,]C) with I = (K, (Wk, F, tk;ék)kEKaEkk’7 k,k’eK) be
p-Kuranishi spaces, and f = (f,f;;) : X = Y,

g =(g,8jk) : Y — Z be morphisms. Consider the problem of how
to define the composition go f : X — Y.

For all i € I and k € K, g o f must contain a morphism

(g o f),'k : (U,', D;, r,-,d),-) — (Wk, Fy, tkaé.k) defined over

Sk =Im¢p;N(gof)*(Imé&)and gof.

For each j € J, we have a morphism

gjkofij: (Ui, Di,ri, ¢i) — (Wi, Fi, tx,€k), but it is defined over
Sik =Im¢; N F 1 (Imy;) N (go )"} (Imé&) and g o f, not over
the whole of Sy = Im ¢; N (g o f)~L(Im &).
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Composition of morphisms in puKur

The solution is to use the sheaf property of morphisms, Theorem
1.1. The sets Sy for j € J form an open cover of Sy. Using
Definition 1.2(a),(b) we can show that

8k © fij’SUkmSU’k =gjiko f,-jfjsu.msy,k. Therefore by Theorem 1.1
there is a unique morphism of p-Kuranishi neighbourhoods

(g o f),'k : (U,', D;, r,-,d),-) — (Wk, Fy, tkagk) defined over S and
gof with (gof)ils, = gjcofjforallj€J Weshow that
gof = (go f,(goF)i ici keK) is a morphism gof : X — Z of
u-Kuranishi spaces, which we call composition.

Composition is associative, and makes p-Kuranishi spaces into a
category uKur.
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2. The 2-category of Kuranishi spaces
2.1. 2-categories

A 2-category C has objects X, Y,..., 1-morphisms f,g : X = Y
(morphisms), and 2-morphisms 7 : f = g (morphisms between
morphisms). Here are some examples to bear in mind:

Example

(a) The strict 2-category Cat has objects categories ¢, Z,. . .,
1-morphisms functors F, G : € — &, and 2-morphisms natural
transformations 1 : F = G.

(b) The strict 2-category Top" of topological spaces up to
homotopy has objects topological spaces X, Y,..., I-morphisms
continuous maps f,g : X — Y, and 2-morphisms isotopy classes
[H] : f = g of homotopies H from f to g.
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There are three kinds of composition in a 2-category. If f: X — Y
and g : Y — Z are 1-morphisms we have composition of
1-morphisms, gof : X — Z. If f, g, h: X = Y are 1-morphisms
and n: f = g, ( : g = h are 2-morphisms we have vertical
composition of 2-morphisms ( ©®n : f = h, as a diagram

f

p
X @ y X Ycon Y.
NS~ T

h
If f,f: X = Y and g,8:Y — Z are 1-morphisms and n : f = f
¢ : g = & are 2-morphisms twe have horizontal composition of
2-morphisms ( xn: gof = gof, as a diagram

3

f g gof

X YT I Z o~ X |z
= - ~_ ' -
f g gof

There are identity 1-morphisms idx : X — X and identity
2-morphisms ids : f = f. 2-isomorphisms are invertible under
vertical composition.

Dominic Joyce What is a Kuranishi space?



2-categories
The 2-category of Kuranishi spaces Kuranishi neighbourhoods
The definition of Kuranishi space

2.2. Kuranishi neighbourhoods

Let X be a topological space. A Kuranishi neighbourhood on X is

a quintuple (V, E, T, s, %) such that:

(a) V is a smooth manifold.

(b) m: E — V is a vector bundle over V, the obstruction bundle.

(c) T is a finite group with compatible smooth actions on V' and
E preserving the vector bundle structure.

(d) s: V — E is a l-equivariant smooth section of E, the
Kuranishi section.

(e) :s71(0)/T — X is a homeomorphism with an open Im v C X.

If S C X is open, we call (V, E,T,s,v) a Kuranishi neighbourhood

over Sif S CImy C X.

This is the same as Fukaya-Oh-Ohta-Ono Kuranishi neighbourhoods.
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Let f: X — Y be a continuous map of topological spaces, and
(Vi, Ei,Ti,si i), (W, Fj, Aj, tj, x;) be Kuranishi neighbourhoods
on X, Y. Then we define 1-morphisms

(D,j : (V,, E;, T, S,',1/J,') — (VVJ, Fj, Aj, tj, Xj) over f, and
2-morphisms Njj : ¢ = be-j between 1-morphisms. We define
compositions of 1- and 2-morphisms, and identity 1- and 2-morphisms.
Here 1-morphisms are an orbifold version of maps

¢ij: Vi D Vi = W, cZAJ,-j : Eilv; — ¢5;(F;) in the p-Kuranishi case,
and 2-morphisms generalize the equivalence relation ~.

Let Y = X and f = idx. We call a 1-morphism

;i (Vi Ei,Ti,si,vi) = (V), Ej, T}, sj,1) a coordinate change if it
is invertible up to 2-isomorphism. That is, there exist

Qi (V), Ej, T, s,9) = (Vi, Ei, Ti,si, ;) and 2-isomorphisms

Nii q)j,' o CD,-J- = id(vi,Ei7ri75i7wi) and Ajj : q),'j o (DJ',' = id(Vj,Ej,rj,Sjﬂle)'
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Theorem 2.1 (2-sheaf property of Kuranishi neighbourhoods.)
Let (Vi, Ei, T}, si,9) and (W, Fj, Aj, tj, x;) be Kuranishi
neighbourhoods on X, Y, and f : X — Y be continuous. Then
1—morphisms q)ljv (DL : (VI, Ei, T, Si)d)i) — (ijv Fj? Ajv t, XJ) over
f and 2-morphisms \jj : ®;; = d)f-j, on open subsets

S C Imp; N Imepj, form a 2-sheaf (stack) on Im; N f~1(Im y;),
that is, they glue well on open covers, in a 2-categorical sense.
When Y = X and f = idx, coordinate changes ®;; are a
2-subsheaf.

This will be crucial for defining compositions of 1-morphisms of
Kuranishi spaces. It is not obvious. It depends on the weird
definition of 2-morphisms.
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2.3. The definition of Kuranishi space

Definition

Let X be a Hausdorff, second countable topological space. A
Kuranishi structure IC on X of virtual dimension n € 7Z is data
K= (I,(Vi, Ei,Ti,si,¥i)ict, Pij, ijer Nk, ijker), where:
(a) I is an indexing set.
(b) (Vi, Ei,Ti,si 1) is a Kuranishi neighbourhood on X for i € [,
with dim V; — rank E; = n. Write S;; = Im«); N Imv);, etc.
(c) ®j: (Vi, Ei,Ti,si,vi) = (V), Ej, Tj, sj,1)) is a coordinate
change over S;; for i,j € I.
d) Ajk: Pjx o CDU = ®ji is a 2-morphism over S for i,j, k € .
e) UIEI III]T/J, = A. (f) (D,, = id(V/,Ei,rf,Siﬂ/)i) for i € I.
g) ,U—/\Uj—ldq) fori,j e l.
h) A © (ide, */\uk)\s w0 = Nijg © (Njir * idey) sy, :
(Dk/ o®d jk © ¢U|5Uk/ — q)’I’Sukl for i,j, k, | el.
We call X = (X, K) a Kuranishi space, with vdim X = n.

(
(
(
(
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Definition

Let X = (X,K) and Y = (Y, L) be Kuranishi spaces, with

K= (1,(Vi,Ei,Ti,si,%i)ier, Qi ijirer, Nivin, i iner) and

L= (4, (W, B, 8y 5, xi)jess Vi, jyress My, jjrgres)- A

1-morphism f : X — Y is f = (f, fjj ici je, Ffi}ﬁlJ.,E,, FIJJIEJ;/ EJ),

with: (a) f: X — Y is a continuous map.

(b) fij: (Vi, Ei,Ti,si,9i) = (W, Fj, Aj, tj, xj) is a 1-morphism of
Kuranishi neighbourhoods over S = Im); N f~1(Im y;) and f
foriel, jeJ.

) Fl,: fijo®i = Fjjis a 2-morphism over f for i,i" € I, j € J.

) Fijjl : Wjirofjj = fipis a 2-morphism over f fori € 1, j,j € J.

) F,JI = F/ =idy;. . .

f) Fl!i//@(idfi”j */\,’,‘/,‘//): FIJI-,@(FI!,I-,, *idq;ﬁ,):f,'//joq),'/,'// o= f,‘//j.

) FI' 6 (idw,, +Fl)=Fl, © (FF xide,): W o Fyjo dj=Fy.

)

JUAPNE i il .- S o f - ,
Fi @(ld\uj,j,, *Fi )_Fi @(MJJ/J//*ldfij).WJ/J//OWJJ/OfU:>fU//.
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Here (c)—(h) hold for all i,j, ..., restricted to appropriate domains.

Definition

Let f,g : X — Y be 1-morphisms of Kuranishi spaces, with

ey i e
f= (f, fij, i€l jed; F:Ji’,Ji,i’eN F,!,Jiejij )

i, jeJ i, jj'ed .
g = (g,g,.j’ e G{i,ffi,e,, GIJJ 2 < ) Suppose the continuous
maps f,g : X — Y satisfy f = g. A 2-morphism N : f = g is
data A = (Ajj, ie/, jes), where A : fjj = g;; is a 2-morphism of
Kuranishi neighbourhoods over f = g, satisfying:
(a) Gl!i,@(/\i/j*idq;ﬁ,):/\,'j@F’Ji, : f,'/qu),','/ :>g,-j for i, i'el, JjEJ.

(b) G ©(idy, *Nj)=Ay OFF - Wyof ;=g for i€l, j,j €.

We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making Kuranishi spaces into a
2-category Kur. Composition of 1-morphisms involves an arbitray
choice, and needs the 2-sheaf property of 1- and 2-morphisms of
Kuranishi neighbourhoods, as in Theorem 2.1.
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3. Properties of Kuranishi spaces

Kuranishi spaces include manifolds and orbifolds as full
(2-)subcategories, Man C Orb C Kur. Orbifolds should also be
defined as a 2-category for their differential geometry to work well.
Lots of differential geometry of manifolds has good extensions to
Kuranishi spaces: orientations, immersions, submersions, tangent
spaces T, X, transversality and transverse fibre products, .. ..

If X is a compact oriented Kuranishi space it has a virtual class
[X]virt in (Cech) homology Hydim x (X, Q).

There are versions of Kuranishi spaces with boundary and corners.
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3.1. Tangent and obstruction spaces of Kuranishi spaces

For a Kuranishi space X we can define the tangent space T, X and
obstruction space Oy X and isotropy group GX for any x € X,
where if (V;, E;, T, s;,1;) is a Kuranishi chart on X with

x = 1j(v;) then G X = Stabr,(v;) and we have an exact sequence

dS,‘ v:
0> TeX —= Ty Vi B, —> 0.X —>0.

If f: X — Y isa 1-morphism in Kur and x € X with

f(x) =y € Y we get functorial morphisms T.f : T,.X — T,Y,
Of : OX = OyY and Gf : GX = G, Y. Ifn: f=gisa
2-morphism in Kur then T.f = T,g, O.f = O,g, G f = Gg.

(a) A Kuranishi space X is an orbifold iff O,X = 0 for all x € X.
(b) A 1-morphism f : X — Y in Kur is étale (a local equivalence)
iff Tf :T,X = T,Y, O« : O X—=0Y, GF : GX = G Y
are isomorphisms for all x € X with f(x) =y € Y. And f is an
equivalence in Kur if also f : X — Y is a bijection.
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3.2. Transversality and fibre products

Recall that smooth maps of manifolds g: X — Z, h: Y — Z are
transverse if for all x € X, y € Y with g(x) = h(y) =z € Z, then
T.g® T yh: XD T, Y — T,Z is surjective. If g, h are
transverse then a fibre product W = X Xz 7, Y exists in Man,
with dim W =dim X + dim Y — dim Z.

We give two derived analogues of transversality, weak and strong:

Definition

Letg: X —>Z, h: Y — Z be 1-morphisms in Kur. We call g, h

weakly transverse if for all x€ X, y €Y with g(x)=h(y)=z in Z,
then O,g ® O,h: O, X © O, Y — O,Z is surjective.

We call g, h strongly transverse if for all x e X, y € Y

with g(x) = h(y) =z € Z, then T,g®& T, h: TX®T,Y — T,Zis
surjective, and Oxg® O, h: OxX®O,Y — O,Z is an isomorphism.

If Z is an orbifold then O,Z = 0, so any g, h are weakly transverse.
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Theorem

Let g: X — Z, h: Y — Z be weakly transverse 1-morphisms in
Kur. Then a fibre product W = X xg 7z Y exists in the
2-category Kur, with vdim W = vdim X + vdim Y — vdim Z.
This W is an orbifold if and only if g, h are strongly transverse.
For w € W with e(w) =x, f(w) =y, g(x)=h(y)=zin Z,
there is an exact sequence

0—TW————=TXoT,Y ————~T.Z

Tned—T, T.8®Tyh \L
Oxg®0yh One®—0yf
0~ 0,Z 2 o X®0,Y 2%t o w,

wheree: W — X, f: W — Y are the projections.

The definition of fibre product in a 2-category uses 2-morphisms in
an essential way — the theorem would be false in ordinary categories.
Fibre products over manifolds or orbifolds Z always exist.
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