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. Manifolds

1. Topological manifolds

Basically an m-dimensional (topological) manifold is a topological space M
which is locally homeomorphic to R™. A more precise definition is:

Definition 1.1. ! A topological space M is called an m-dimensional (topological)
manifold, if the following conditions hold:
(i) M is a Hausdorff space,
(ii) for any p € M there exists a neighborhood? U of p which is homeomorphic
to an open subset V C R, and
(iii)) M has a countable basis of open sets.

Axiom (ii) is equivalent to saying that p € M has a open neighborhood U > p
homeomorphic to the open disc D™ in R™. We say M is locally homeomorphic to
R™. Axiom (iii) says that M can be covered by countably many of such neighbor-
hoods.

Rm

FIGURE 1. Coordinate charts (U,®).

ISee Lee, pg. 3.
2Usually an open neighborhood U of a point p € M is an open set containing p. A neighborhood
of p is a set containing an open neighborhood containing p. Here we will always assume that a

neighborhood is an open set.
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FIGURE 2. The transition maps @;;.

Recall some notions from topology: A topological space M is called Hausdorff
if for any pair p,q € M, there exist (open) neighborhoods U > p, and U’ > g such
that U NU’ = @. For a topological space M with topology T, a collection B C T is
a basis if and only if each U € T can be written as union of sets in 3. A basis is
called a countable basis if B is a countable set.

Figure 1 displays coordinate charts (U,®), where U are coordinate neighbor-
hoods, or charts, and @ are (coordinate) homeomorphisms. Transitions between
different choices of coordinates are called transitions maps ¢;; = @; o (pl.*l, which
are again homeomorphisms by definition. We usually write x = @(p), ¢ : U —
V C R", as coordinates for U, see Figure 2, and p= @~ '(x), ™' : V = U C M, as
a parametrization of U. A collection A = {(¢;,U;) }ics of coordinate charts with
M = J;Uj, is called an atlas for M.

The following Theorem gives a number of useful characteristics of topological
manifolds.

Theorem 1.4. 3 A manifold is locally connected, locally compact, and the union of
countably many compact subsets. Moreover, a manifold is normal and metrizable.
<« 1.5 Example. M = R™; the axioms (i) and (iii) are obviously satisfied. As for (ii)
we take U = R™, and ¢ the identity map. >

3Lee, 1.6, 1.8, and Boothby.
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< 1.6 Example. M = S' = {p = (p1,p2) € R? | p? + p5 = 1}; as before (i) and (iii)
are satisfied. As for (ii) we can choose many different atlases.

(a): Consider the sets
U ={peS'|p>0}, Ur={peS'|pr<0},
Us={peS'|p1<0}, Us={peS"|pi >0}

The associated coordinate maps are @;(p) = p1, ©2(p) = p1, ©3(p) = p2, and
©4(p) = p». For instance

97 (¥) = (v V1-2),

and the domain is V; = (—1,1). It is clear that ¢; and (pf1 are continuous, and
therefore the maps @; are homeomorphisms. With these choices we have found an
atlas for S' consisting of four charts.

(b): (Stereographic projection) Consider the two charts

Uy =S"\{(0,1)}, and U,=S"\{(0,—1)}.

The coordinate mappings are given by

2p1 2py
= , and = ,
m@)l_m %@)1+m
which are continuous maps from U; to R. For example
4 x*—4
—1 _
¢ ()= <x2 —|—4’x2+4)’
which is continuous from R to Uj.
p2
Np
(P1,P5) n
(p1,p2)
Sp
x N x'/

FIGURE 3. The stereographic projection describing @ .

(¢): (Polar coordinates) Consider the two charts U; = S'\{(1,0)}, and U, =
S"\{(~1,0)}. The homeomorphism are @;(p) =0 € (0,27) (polar angle counter
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clockwise rotation), and @(p) = 6 € (—m,m) (complex argument). For example

97'(8) = (cos(6),sin(6)). >
<« 1.8 Example. M = S" = {p = (p1,-+- pny1) € R™! | |p|> = 1}. Obvious exten-
sion of the choices for S'. >

<« 1.9 Example. (see Lee) Let U C R" be an open set and g : U — R™ a continuous
function. Define

M=T(g)={(xy) ER"XR" : x€ U, y=g(x)},

endowed with the subspace topology, see 1.17. This topological space is an n-
dimensional manifold. Indeed, define m : R" x R” — R" as m(x,y) = x, and
@ = T|r(g), Which is continuous onto U. The inverse ¢ ' (x) = (x,g(x)) is also
continuous. Therefore {(I'(g), )} is an appropriate atlas. The manifold I'(g) is
homeomorphic to U. >

<« 1.10 Example. M = PR", the real projective spaces. Consider the following
equivalence relation on points on R"*1\{0}: For any two x,y € R"*1\ {0} define

x ~ y if there exists a A # 0, such that x = Ay.

Define PR" = {[x] : x € R*"!\{0}} as the set of equivalence classes. One can
think of PR" as the set of lines through the origin in R"*!. Consider the natural
map 7 : R"1\ {0} — PR", via 7t(x) = [x]. Aset U C PR"is openif n~!(U) is open
in R"*1\{0}. This makes 7 a quotient map and 7 is continuous. The equivalence
relation ~ is open (see [2, Sect. 7.6]) and therefore PR” Hausdorff and second
countable, see 1.17. Compactness of PR” can be proves by showing that there
exists a homeomorphism from PR” to S/ ~, see [2, Sect. 7.6]. In order to verify
that we are dealing with an n-dimensional manifold we need to describe an atlas
for PR". Fori=1,---n+ 1, define V; C R"*1\ {0} as the set of points x for which
x;i # 0, and define U; = (V;). Furthermore, for any [x] € U; define
(pi([x]) _ (ﬁ ’xi—l ’Xi+1 . ’Xn+1)’

Y
Xi Xio X Xi

which is continuous. This follows from the fact that @ o7 is continuous. The
continuous inverse is given by

(P,'_l(Zla"‘ 7Zn) — [(Zla'“ aZiflalazia“' 7Zn)]-

These charts U; cover PR”. In dimension n = 1 we have that PR = §', and in the

dimension n = 2 we obtain an immersed surface PR? as shown in Figure 4. >

The examples 1.6 and 1.8 above are special in the sense that they are subsets of
some R™, which, as topological spaces, are given a manifold structure.
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FIGURE 4. Identification of the curves indicated above yields an
immersion of PR? into R3.

Define
Hm — {(xla"' ,)Cm) |xm Z 0}7

as the standard Euclidean half-space.

Definition 1.12. A topological space M is called an m-dimensional (topological)
manifold with boundary oM C M, if the following conditions hold:
(i) M is a Hausdorff space,
(ii) for any point p € M there exists a neighborhood U of p, which is homeo-
morphic to an open subset V C H", and
(iii)) M has a countable basis of open sets.

Axiom (ii) can be rephrased as follows, any point p € M is contained in a neigh-
borhood U, which either homeomorphic to D™, or to D" NH"™. The set M is locally
homeomorphic to R™, or H". The boundary oM C M is a subset of M which con-
sists of points p for which any neighborhood cannot be homeomorphic to an open
subset of int (H™). In other words point p € dM are points that lie in the inverse
image of V NoH" for some chart (U,®). Points p € dM are mapped to points on
JOH"™ and oM is an (m — 1)-dimensional topological manifold.
<« 1.14 Example. Consider the bounded cone

M=C={p=(p1,p2,p3) ER’ | pi+p3=p3, 0< p3 < 1},

with boundary dC = {p € C | p3 = 1}. We can describe the cone via an atlas
consisting of three charts;

Ur={peC|ps <1},

with x = (x1,x2) = @1(p) = (p1,p2+ 1), and

(pfl(x) = (xl,xz — 1,/ + (2 — 1)2>,
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FIGURE 5. Coordinate maps for boundary points.

The other charts are given by

1
UZ:{p6C|§<p3§17 (p17p2)7é(07p3)}7

1
Us={peC| 5 <P3 <1, (p1,p2)#(0,—p3)}.

For instance @, can be constructed as follows. Define
P12 24,
qz\lf(p)=<*,*,p3), G(Q):< 71—613)7
p3 D3 1—q>
and x = ¢2(p) = (6o Y)(p), ¢2(U>) =R x [0,3) C H?. The map @; is defined
similarly. The boundary is given by 9C = @, ' (R x {0})U@; ' (R x {0}), see Figure
6. >

<« 1.16 Example. The open cone M = C = {p = (p1,p2,p3) | p7+p5=p3, 0<
p3 < 1}, can be described by one coordinate chart, see U; above, and is therefore a
manifold without boundary (non-compact), and C is homeomorphic to D?, or R?,
see definition below. >

So far we have seen manifolds and manifolds with boundary. A manifold can
be either compact or non-compact, which we refer to as closed, or open manifolds
respectively. Manifolds with boundary are also either compact, or non-compact. In
both cases the boundary can be compact. Open subsets of a topological manifold
are called open submanifolds, and can be given a manifold structure again.

Let N and M be manifolds, and let f : N — M be a continuous mapping. A
mapping f is called a homeomorphism between N and M if f is continuous and
has a continuous inverse f~! : M — N. In this case the manifolds N and M are said
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FIGURE 6. Coordinate maps for the cone C.

to be homeomorphic. Using charts (U, ), and (V,y) for N and M respectively,
we can give a coordinate expression for f,i.e. f=yo fo@~!.

A (topological) embedding is a continuous injective mapping f : X — Y, which
is a homeomorphism onto its image f(X) C Y with respect to the subspace topol-
ogy. Let f: N — M be an embedding, then its image f(N) C M is called a subman-
ifold of M. Notice that an open submanifold is the special case when f=i: U — M
is an inclusion mapping.
<« 1.17 Facts. Recall the subspace topology. Let X be a topological space and let
S C X be any subset, then the subspace, or relative topology on S (induced by the
topology on X) is defined as follows. A subset U C S is open if there exists an open
set V. C X such that U =V NS. In this case S is called a (topological) subspace of
X.

For a subjective map ©m : X — Y we topologize Y via: U C Y is open if and
only if =!(U) is open in X. In this case T is continuous and is called a quotient
map. For a given topological space Z the map f : Y — Z is continuous if and
only if fom: X — Z is continuous. For an equivalence relation ~, the mapping
n:X — X/ ~ is a quotient map, see [1].

If ~ is a open equivalence relation, i.e. the image of an open set under 7 : X —
X/ ~ is open, then X / ~ is Hausdorff if and only if the set {(x,x') € X x X | x ~x'}
is closed in X x X. If X is second countable (countable basis of open sets), then

also X/ ~ is second countable, see [2]. >



2. Differentiable manifolds and differentiable structures

A topological manifold M for which the transition maps @;; = @, o (pf1 for all
pairs @;,@; in the atlas are diffeomorphisms is called a differentiable, or smooth
manifold. The transition maps are mappings between open subsets of R™. Dif-
feomorphisms between open subsets of R” are C*”-maps, whose inverses are also
C*-maps. For two charts U; and U; the transitions maps are mappings:

0 =9;00; " ¢;(UiNU;) = ¢;(UiNU;),

and as such are homeomorphisms between these open subsets of R™.

Definition 2.1. A C™-atlas is a set of charts A = {(U, ®;) }ier such that
(1) M =U;U;,
(ii) the transition maps @;; are diffeomorphisms between ¢;(U; N\U;) and
0;(U;NUj), for all i # j (see Figure 2).

The charts in a C*-atlas are said to be C*-compatible. Two C”-atlases A and A’
are equivalent if AUA’ is again a C*-atlas, which defines a equivalence relation on
C>-atlases. An equivalence class of this equivalence relation is called a differen-
tiable structure D on M. The collection of all atlases associated with D, denoted
Ap, is called the maximal atlas for the differentiable structure. Figure 7 shows
why compatibility of atlases defines an equivalence relation.

Definition 2.3. Let M be a topological manifold, and let D be a differentiable

structure on M with maximal atlas Ap. Then the pair (M, Ap) is called a (C*-
)differentiable manifold.

Basically, a manifold M with a C™”-atlas, defines a differentiable structure on
M. The notion of a differentiable manifold is intuitively a difficult concept. In
dimensions 1 through 3 all topological manifolds allow a differentiable structure
(only one up to diffeomorphisms). Dimension 4 is the first occurrence of manifolds
without a differentiable structure. Also in higher dimensions uniqueness of differ-
entiable structures is no longer the case as the famous example by Milnor shows;
S7 has 28 different (non-diffeomorphic) differentiable structures. The first example
of a manifold that allows many non-diffeomorphic differentiable structures occurs
in dimension 4; exotic R*’s. One can also consider C"-differentiable structures and
manifolds. Smoothness will be used here for the C*-case.

Theorem 2.4. * Let M be a topological manifold with a C*-atlas A. Then there

exists a unique differentiable structure D containing A, i.e. A C Aop.

4Lee, Lemma 1.10.
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FIGURE 7. Differentiability of ¢” o @~! is achieved via the map-
pings ¢” o (¢')~!, and ¢’ o @~!, which are diffeomorphisms since
A~ A, and A’ ~ A” by assumption. This establishes the equiva-
lence A ~ A",

Proof: Let A be the collection of charts that are C*-compatible with A. By the
same reasoning as in Figure 7 we prove that all charts in A are C*-compatible with
eachother proving that A is a smooth altas. Now any chart that is C*-compatible
with any chart in A is C*-compatible with any chart in A and is thus in A and A is
a maximal atlas. Clearly any other maximal altas is contained in A and therefore
A=Ap. [ ]

<« 2.5 Remark. In our definition of of n-dimensional differentiable manifold we
use the local model over standard R", i.e. on the level of coordinates we express
differentiability with respect to the standard differentiable structure on R”, or dif-
feomorphic to the standard differentiable structure on R”. >

« 2.6 Example. The cone M = C C R? as in the previous section is a differentiable
manifold whose differentiable structure is generated by the one-chart atlas (C, @)
as described in the previous section. As we will see later on the cone is not a
smoothly embedded submanifold. >

« 2.7 Example. M = S' (or more generally M = S"). As in Section 1 consider
S! with two charts via stereographic projection. We have the overlap U; N U, =
S"\{(0,41)}, and the transition map @12 = @0, " given by y = @1»(x)

:},
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x # 0,700, and y #£ 0, +eo. Clearly, @1 and its inverse are differentiable functions

from @; (U} NU,) = R\{0} to ¢2(U; NU,) =R\{0}. >
y = 2(p) Np
Sl
P12 p
x = p1(p) Sp

FIGURE 8. The transition maps for the stereographic projection.

<« 2.9 Example. The real projective spaces PR”, see exercises Chapter V1. >

<« 2.10 Example. The generalizations of projective spaces PR”", the so-called (k,n)-
Grassmannians GR" are examples of smooth manifolds. >

Theorem 2.11. 3 Given a set M, a collection {Uq}aca of subsets, and injective
mappings @, : Uy, — R™, such that the following conditions are satisfied:
(1) ¢u(Uq) C R™ is open for all o,
(ii) @o(UsNUp) and @g(UyNUp) are open in R™ for any pair o, € A;
(iii) for UyNUp # @, the mappings Q0 (pg1 :0p(UaNUp) — 0o (UaNUp) are
diffeomorphisms for any pair o3 € A;
(iv) countably many sets Uy, cover M.
(v) for any pair p # q € M, either p,q € Uy, or there are disjoint sets Uq,Up
such that p € Uy and q € Up.
Then M has a unique differentiable manifold structure and (Uy, @) are smooth
charts.

Proof: Let us give a sketch of the proof. Let sets ¢g'(V), V C R" open, form a
basis for a topology on M. Indeed, if p € ¢3! (V)N 0p '(W) then the latter is again
of the same form by (ii) and (iii). Combining this with (i) and (iv) we establish
a topological manifold over R™. Finally from (iii) we derive that {(Uqy,@q)} is a
smooth atlas. ]

Let N and M be smooth manifolds (dimensions n and m respectively). Let f :
N — M be a mapping from N to M.

5See Lee, Lemma 1.23.



Definition 2.12. A mapping f: N — M is said to be C*, or smooth if for every
p € N there exist charts (U, @) of p and (V,y) of f(p), with f(U) C V, such that
f=wofoo ':oU)— y(V)isaC”-mapping (from R" to R™).

FIGURE 9. Coordinate representation for f, with f(U) C V.

The above definition also holds true for mappings defined on open subsets of
N, ie. let W C N is an open subset, and f : W C N — M, then smoothness on W
is defined as above by restricting to pionts p € W. With this definition coordinate
maps ¢ : U — R™ are smooth maps.

The definition of smooth mappings allows one to introduce the notion of dif-
ferentiable homeomorphism, of diffeomorphism between manifolds. Let N and M
be smooth manifolds. A C*-mapping f : N — M, is called a diffeomorphism if
it is a homeomorphism and also f~! is a smooth mapping, in which case N and
M are said to be diffeomorphic. The associated differentiable structures are also
called diffeomorphic. Diffeomorphic manifolds define an equivalence relation. In
the definition of diffeomorphism is suffices require that f is a differentiable bijec-
tive mapping with smooth inverse (see Theorem 2.15). A mapping f: N — M is
called a local diffeomorphism if for every p € N there exists a neighborhood U,
with f(U) open in M, such that f: U — f(U) is a diffeomorphism. A mapping
f N — M is a diffeomorphism if and only if it is a bijective local diffeomorphism.
<« 2.14 Example. Consider N = R with atlas (R,¢(p) = p), and M = R with at-
las (R,w(q) = ¢°). Clearly these define different differentiable structures (non-
compatible charts). Between N and M we consider the mapping f(p) = /3,
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which is a homeomorphism between N and M. The claim is that f is also a diffeo-
morphism. Take U =V =R, then yo fo@~!(p) = (p'/3)? = p is the identity and
thus C* on R, and the same for o f~'oy~!(¢) = (¢°)'/? = . The associated dif-

ferentiable structures are diffeomorphic. In fact the above described differentiable

L+ —f(p)

structures correspond to defining the differential quotient via limy,_,q 5 .

>

Theorem 2.15. ¢ Let N,M be smooth manifolds with atlases Ay and Ay respec-
tively. The following properties hold:

(i) Given smooth maps fy : Uy — M, for all Uy € Ay, with foc\UamUB =
Ipluanug for all o, B. Then there exists a unique smooth map f: N — M
such that f|y, = fo.

(i) A smooth map f : N — M between smooth manifolds is continuous.

(ii1) Let f: N — M be continuous, and suppose that the maps faﬁ =ypgofo 0y,
for charts (Uy, Qo) € An, and (Vg, ) € Ay, are smooth on their domains
for all o, B. Then f is smooth.

Proof: Define f by f|y, = fa, which is well-defined by the overlap conditioins.
Given p € M, there exists a chart Uy 3 p and f = f, which is smooth by definition,
and thus f is smooth.

For any p € U (chart) and choose f(p) € V (chart), then f is a smooth map and
flu=w"'ofo@:U —V is continuous. Continuity holds for each neighborhood
of pe M.

Let p € Uy and f(p) € Vg and set U = f~!(Vg) NUy C Uy, which is open by
continuity of f. Now f = faﬁ on the charts (U, ¢q|v) and (Vg,yp) which proves
the differentiability of f. ]

With this theorem at hand we can verify differentiability locally. In order to
show that f is a diffeomorphism we need that f is a homeomorphism, or a bijection
that satisfies the above local smoothness conditions, as well as for the inverse.
<« 2.17 Example. Let N = M = PR! and points in PR! are equivalence classes
[x] = [(x1,x2)]. Define the mapping f : PR! — PR! as [(x1,x2)] = [(x?,%3)]. Con-
sider the charts U; = {x; # 0}, and U, = {x, # 0}, with for example @;(x) =
tan~! (xp/x1), then @~ 1(8,) = ([cos(81),sin(8,)]), with 6, € V; = (—7/2,m/2). In
local coordinates on V| we have

£(0;) = tan™! (sinz(el)/cosz(el)),

6See Lee Lemmas 2.1,2.2 and 2.3.
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FIGURE 10. Coordinate diffeomorphisms and their local repre-
sentation as smooth transition maps.

and a similar expression for V,. Clearly, f is continuous and the local expressions
also prove that f is a differentiable mapping using Theorem 2.15. >

The coordinate maps ¢ in a chart (U, ) are diffeomorphisms. Indeed, ¢ : U C
M — R”", then if (V,y) is any other chart with U NV # &, then by the definition the
transition maps Yo @~ ! and ¢ o y~! are smooth. For ¢ we then have § = oy !
and ! = yo@~!, which proves that @ is a diffeomorphism, see Figure 10. This
justifies the terminology smooth charts.

« 2.18 Remark. For arbitrary subsets U C R” and V C R" amap f: U C R"
— V C R" is said to be smooth at p € U, if there exists an open set UT C R™
containing p, and a smooth map f7: UT — R, such that f and f' coincide on
UNUT. The latter is called an extension of f. A mapping f : U — V between
arbitrary subsets U C R and V C R” is called a diffeomorphism if f maps U
homeomorphically onto V and both f and f~! are is smooth (as just described
above). In this case U and V are said to be diffeomorphic. >

<« 2.19 Example. An important example of a class of differentiable manifolds are
appropriately chosen subsets of Euclidean space that can be given a smooth mani-
fold structure. Let M C R’ be a subset such that every p € M has a neighborhood
U > p in M (open in the subspace topology, see Section 3) which is diffeomorphic
to an open subset V C R™ (or, equivalently an open disc D™ C R™). In this case the
set M is a smooth m-dimensional manifold. Its topology is the subsapce topology
and the smooth structure is inherited from the standard smooth structure on R’,
which can be described as follows. By definition a coordinate map @ is a diffeo-
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FIGURE 11. The transitions maps Yo @' and ¢ oy~! smooth

mappings establishing the smooth structure on M.

morphisms which means that @ : U — V = ¢@(U) is a smooth mapping (smoothness
via a smooth map @), and for which also @~! is a smooth map. This then directly
implies that the transition maps Yo @~ ! and @ oy~! are smooth mappings, see
Figure 11. In some books this construction is used as the definition of a smooth
manifold. >

« 2.21 Example. Let us consider the cone M = C described in Example 1 (see also
Example 2 in Section 1). We already established that C is manifold homeomorphic
to R2, and moreover C is a differentiable manifold, whose smooth structure is
defined via a one-chart atlas. However, C is not a smooth manifold with respect to
the induced smooth structure as subset of R3. Indeed, following the definition in the
above remark, we have U = C, and coordinate homeomorphism @(p) = (p1,p2) =
x. By the definition of smooth maps it easily follows that ¢ is smooth. The inverse
(xl,xg, A /x% +x%), which is clearly not differentiable at the
cone-top (0,0,0). The cone C is not a smoothly embedded submainfold of R?
(topological embedding). >

is given by ¢! (x) =

Let U,V and W be open subsets of R”, R¥ and R” respectively, and let f : U — V
and g : V — W be smooth maps with y = f(x), and z = g(y). Then the Jacobians

are
dfi dft 981 981
ox1 0y Iy Ik
J f ‘X = . N 9 J g |)‘ = )
9fic 9fic 98m 98m
ox| ox, ayi Ik

and J(go f)|x = Jgly—f(x) - Jf|x (chain-rule). The commutative diagram for the

maps f, g and go f yields a commutative diagram for the Jacobians:
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f g Jflx Jely

U oo w R"

J(gof)Ix R

For diffeomorphisms between open sets in R” we have a number of important
properties. Let U C R"” and V C R™ be open sets, and let f : U — V is a diffeomor-
phism, then n = m, and J |, is invertible for any x € U. Using the above described
commutative diagrams we have that f~! o f yields that J(f _])|y: #(x) - flx is the
identity on R”, and fo f~! yields that Jf|,-J(f _1)|y:f(x) is the identity on R™.
Thus Jf; has an inverse and consequently n = m. Conversely, if f: U — R",
U C R”", open, then we have the Inverse Function Theorem;
Theorem 2.22. IfJf|,: R" — R" is invertible, then f is a diffeomorphism between
sufficiently small neighborhoods U and f(U’) of x and y respectively.

3. Immersions, submersions and embeddings

Let N and M be smooth manifolds of dimensions n and m respectively, and let
f:N — M be a smooth mapping. In local coordinates f =yo fo@™': @(U) —
y(V), with respects to charts (U, @) and (V,y). The rank of f at p € N is defined
as the rank of f at (p), i.e. tk(f)|, = rk(Jf)](p(m, where Jf|q,(p) is the Jacobian

of f at p:
Oh ... oA
oxq 0x,,
Jf|x:(p(p) = .
Un ... On
oxy o0x,,

This definition is independent of the chosen charts, see Figure 12. Via the commu-
tative diagram in Figure 12 we see that f = (y oy Hofo(¢ 0@ )", and by the
chain rule J |y = JOW oy )|y Jfl-J(¢ o 1) 71|, Since y oy ! and ¢’ 0@~
are diffeomorphisms it easily follows that rk(Jf)|, = rk(J f )|, which shows that
our notion of rank is well-defined. If a map has constant rank for all p € N we sim-
ply write tk(f). These are called constant rank mappings. Let us now consider
the various types of constant rank mappings between manifolds.
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FIGURE 12. Representations of f via different coordinate charts.

Definition 3.2. A mapping f : N — M is called an immersion if rk(f) = n, and a
submersion if rk(f) = m. An immersion that is injective,” or 1-1, and is a home-
omorphism onto (surjective mapping®) its image f(N) C M, with respect to the
subspace topology, is called a smooth embedding.

A smooth embedding is an (injective) immersion that is a topological embed-
ding.
Theorem 3.3. ° Let f : N — M be smooth with constant rank tk(f) = k. Then for
each p € N, and f(p) € M, there exist coordinates (U, 9) for p and (V, ) for f(p),
with f(U) C V, such that

(\VOfO(p_l)(xl,--'xk,xk+1,---xn) = (X1,"'Xk,0,"' 70)

< 3.4 Example. Let N = (—%,37"), and M = R?, and the mapping f is given by

f(t) = (sin(2t),cos(z)). In Figure 13 we displayed the image of f. The Jacobian is

given by
2cos(2¢)
Jfl, =
Tl ( —sin(t) )
Clearly, tk(Jf|;) = 1 for all r € N, and f is an injective immersion. Since N is
an open manifold and f(N) C M is a compact set with respect to the subspace

7A mapping f : N — M is injective if for all p, p’ € N for which f(p) = f(p') it holds that p = p'.

8A mapping f : N — M is surjective if f(N) = M, or equivalently for every g € M there exists a
p € N such that g = f(p).

9See Lee, Theorem 7.8 and 7.13.
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topology, it follows f is not a homeomorphism onto f(N), and therefore is not an

embedding. >
4
‘Q i
m '
——— 1

FIGURE 13. Injective parametrization of the figure eight.

« 3.6 Example. Let N = S' be defined via the atlas A = {(U;,9;)}, with ¢! (1) =
((cos(t),sin(t)), and @, ' (t) = ((sin(t),cos(t)), and t € (—Z,3F). Furthermore, let
M = R?, and the mapping f : N — M is given in local coordinates; in U; as in

Example 1. Restricted to S' C R? the map f can also be described by
fxy) = (2xy, ).

This then yields for U, that f(t) = (sin(2¢),sin(¢)). As before rk(f) = 1, which
shows that f is an immersion of S'. However, this immersion is not injective at
the origin in R?, indicating the subtle differences between these two examples, see

Figures 13 and 14. >

IS
|

TN e D
S W

FIGURE 14. Non-injective immersion of the circle.

« 3.8 Example. Let N =R, M =R?, and f : N — M defined by f(t) = (t*,1*). We
can see in Figure 15 that the origin is a special point. Indeed, tk(Jf)|, = 1 for all
t #0, and tk(Jf)|;, = 0 for t = 0, and therefore f is not an immersion. >

<« 3.10 Example. Consider M = PR”". We established PR" as smooth manifolds.
For n = 1 we can construct an embedding f : PR' — R? as depicted in Figure 16.
For n = 2 we find an immersion f : PR? — R> as depicted in Figure 17. >
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]R/\ R2

FIGURE 15. The map f fails to be an immersion at the origin.

PR
[x]

i
i
-

FIGURE 16. PR is diffeomorphic to S'.

q
0

FIGURE 17. Identifications for PR? giving an immersed non-
orientable surface in R3.

«3.13 Example. Let N = R? and M = R, then the projection mapping f(x,y) = x
is a submersion. Indeed, Jf|(,,) = (1 0), and rk(J f](r)) = 1. >
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«3.14 Example. Let N = M = R? and consider the mapping f(x,y) = (x?,y)". The

Jacobian is
2x 0
Jf|(x-,)’):< 0 1)’

and rk(Jf)|x,,) = 2 for x # 0, and rk(J f)| (ry) = 1 for x = 0. See Figure 18. >

‘ ‘(xf” | % /

i l LN - > {
) (x,0) N x‘)’*— ‘——fﬁ
¥ h X e

FIGURE 18. The projection (submersion), and the folding of the
plane (not a submersion).

< 3.16 Example. We alter Example 2 slightly, i.e. N = S' C R?, and M = R?, and
again use the atlas A. We now consider a different map f, which, for instance on
Uy, is given by f(¢) = (2cos(t),sin(¢)) (or globally by f(x,y) = (2x,y)). It is clear
that f is an injective immersion, and since S is compact it follows from Lemma
3.18 below that S! is homeomorphic to it image f(S'), which show that f is a
smooth embedding (see also Appendix in Lee). >

<« 3.17 Example. Let N = R, M = R?, and consider the mapping f(t) =
(2cos(t),sin(t)). As in the previous example f is an immersion, not injective how-
ever. Also f(R) = f(S') in the previous example. The manifold N is the universal
covering of ! and the immersion f descends to a smooth embedding of S'. >

Lemma 3.18. ' Ler f : N — M be an injective immersion. If
(i) N is compact, or if
(i) f is a proper map,"!

then f is a smooth embedding.

Proof: For (i) we argue as follows. Since N is compact any closed subset X C N
is compact, and therefore f(X) C M is compact and thus closed; f is a closed

10Lee, Prop. 7.4, and pg. 47.
1 lA(ny) map f : N — M is called proper if for any compact K C M, it holds that also £~ ! (K) C N

is compact. In particular, when N is compact, continuous maps are proper.
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mapping.'> We are done if we show that f is a topological embedding. By the
assumption of injectivity, f : N — f(N) is a bijection. Let X C N be closed, then
(fHY(X) = f(X) C f(N) is closed with respect to the subspace topology, and
thus f~!: f(N) — N is continuous, which proves that f is a homeomorphism onto
its image and thus a topological embedding.

A straightforward limiting argument shows that proper continuous mappings
bewteen manifolds are closed mappings (see Exercises). ]

Let us start with defining the notion of embedded submanifolds.

Definition 3.19. A subset N C M is called a smooth embedded n-dimensional
submanifold in M if for every p € N, there exists a chart (U,®) for M, with p € U,
such that

QUNN)=0U)N(R"x{0}) ={x€@U) : x401 ="+ =x, =0}

The co-dimension of N is defined as codimN = dimM — dimN.

The set W = U NN in N is called a n-dimensional slice, or n-slice of U, see
Figure 19, and (U, ¢) a slice chart. The associated coordinates x = (xi,--- ,x,) are
called slice coordinates. Embedded submanifolds can be characterized in terms of
embeddings.

FIGURE 19. Take a k-slice W. On the left the image (W) corre-
sponds to the Eucliden subspace R¥ C R”.

Theorem 3.21. '3 Let N C M be a smooth embedded n-submanifold. Endowed
with the subspace topology, N is a n-dimensional manifold with a unique (induced)

smooth structure such that the inclusion map i : N — M is an embedding (smooth).

12 A mapping f : N — M is called closed if f(X) is closed in M for any closed set X C N.
Similarly, f is called open if f(X) is open in M for every open set X C N.
13gee Lee, Thm’s 8.2
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To get an idea let us show that N is a topological manifold. Axioms (i) and
(iii) are of course satisfied. Consider the projection 7 : R”™ — R", and an inclusion
j:R" — R™ defined by

Tt()q,"' s Xy Xnt1," " 7xm) = (Xl,"' axn)7

j(xl>"' axn) = (X],"' 7xn703"' 70)

Now set Z = (Lo @)(W) C R", and § = (Lo @)|w, then ! = (¢! 0 j)|z, and
¢ : W — Z is a homeomorphism. Therefore, pairs (W, ®) are charts for N, which
form an atlas for N. The inclusion i : N — M is a topological embedding.

Given slice charts (U, @) and (U’,¢’) and associated charts (W, ®) and (W', @)
for N. For the transitions maps it holds that o @' =mo@ o9~ ! o j, which are
diffeomorphisms, which defines a smooth atlas for N. The inclusion i : N < M can
be expressed in local coordinates;

;:(Poioq)il, (X1,"',Xn)f—)(X1,"',Xn,o,"',0),

which is an injective immersion. Since i is also a topological embedding it is thus
a smooth embedding. It remains to prove that the smooth structure is unique, see
Lee Theorem 8.2.
Theorem 3.22. '* The image of an embedding is a smooth embedded submanifold.

Proof: By assumption rk(f) = n and thus for any p € N it follows from Theorem
3.3 that

Oty ) = (X1, %0, 0,-+,0),

for appropriate coordinates (U, @) for p and (V, ) for f(p), with f(U) C V. Con-
sequently, f(U) is a slice in V, since y(f(U) satisfies Definition 3.19. By assump-
tion f(U) is open in f(N) and thus f(U) =AN f(N) for some open set A C M. By
replacing V by V/ = ANV and restricting y to V', (V',y) is a slice chart with slice
V'Nf(N)=V'NfU). ]

Summarizing we conclude that embedded submanifolds are the images of
smooth embeddings.

A famous result by Whitney says that considering embeddings into R is not
not really a restriction for defining smooth manifolds.
Theorem 3.23. "> Any smooth n-dimensional manifold M can be (smoothly) em-
bedded into R*"*1.

14See Lee, Thm’s 8.3
15gee Lee, Ch. 10.
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A subset N C M is called an immersed submanifold if N is a smooth n-
dimensional manifold, and the mapping i : N < M is a (smooth) immersion. This
means that we can endow N with an appropriate manifold topology and smooth
structure, such that the natural inclusion of N into M is an immersion. If f: N — M
is an injective immersion we can endow f(N) with a topology and unique smooth
structure; a set U C f(N) is open if and only if f~!(U) C N is open, and the
(smooth) coordinate maps are taken to be @ o f~!, where @’s are coordinate maps
for N. This way f : N — f(N) is a diffeomorphism, and i : f(N) < M an injective
immersion via the composition f(N) — N — M. This proves:

Theorem 3.24. '® Immersed submanifolds are exactly the images of injective im-
mersions.

We should point out that embedded submanifolds are examples of immersed
submanifolds, but not the other way around. For any immersion f : N — M, the
image f(N) is called an immersed manifold in M.

In this setting Whitney established some improvements of Theorem 3.23.
Namely, for dimension n > 0, any smooth n-dimensional manifold can be em-
bedded into R** (e.g. the embedding of curves in R?). Also, for n > 1 any smooth
n-dimensional manifold can be immersed into R~ (e. g. the Klein bottle). In
this course we will often think of smooth manifolds as embedded submanifolds of
R™. An important tool thereby is the general version of Inverse Function Theorem,

é .
¢

FIGURE 20. An embedding of R [left], and an immersion of s?
[right] called the Klein bottle.

which can easily be derived from the ‘Euclidean’ version 2.22.
Theorem 3.26. 7 Let N,M be smooth manifolds, and f : N — M is a smooth
mapping. If. at some point p € N, it holds that J f \(p(p):x is an invertible matrix,

16See Lee, Theorem 8.16.
17gee Lee, Thm’s 7.6 and 7.10.
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then there exist sufficiently small neighborhoods Uy > p, and Vyy € f(p) such that
fluy : Uo — Vo is a diffeomorphism.

As a direct consequence of this result we have that if f: N — M, with dimN =
dimM, is an immersion, or submersion, then f is a local diffeomorphism. If f is a
bijection, then f is a (global) diffeomorphism.

Theorem 3.27. Let f : N — M be a constant rank mapping with tk(f) = k. Then
for each q € f(N), the level set S = f~'(q) is an embedded submanifold in N with
co-dimension equal to k.

Proof: Clearly, by continuity S is closed in N. By Theorem 3.3 there are coor-

dinates (U, @) of p € S and (V,y) of f(p) = g, such that

f(xla"' s Xky Xk+15 " axn) - (xla“' 7xk50,"' ’O) :\Il(q> =0.

The points in SNU are characterized by @(SNU) = {x | (x1,--- ,xx) = 0}. There-
fore, SNU is a (n— k)-slice, and thus S is a smooth submanifold in M of codimen-
sion k. [

In particular, when f : N — M is a submersion, then for each ¢ € f(N), the
level set S = f~!(q) is an embedded submanifold of co-dimension codim$ = m =
dimM. In the case of maximal rank this statement can be restricted to just one
level. A point p € N is called a regular point if rk(f)|, = m = dimM, otherwise
a point is called a critical point. A value g € f(N) is called a regular value if all
points p € f~!(g) are regular points, otherwise a value is called a critical value. If
q is a regular value, then f~'(q) is called a regular level set.

Theorem 3.28. Let f : N — M be a smooth map. If g € f(N) is a regular value,
then S = f~1(q) is an embedded submanifold of co-dimension equal to dim M.

Proof: Let us illustrate the last result for the important case N = R" and M = R"™.
For any p € S = f~!(g) the Jacobian Jf|, is surjective by assumption. Denote the
kernel of Jf|, by kerJ f|, C R", which has dimension n — m. Define

g N=R" 5 R"™ xR" = R",

by g(§) = (L&, f(§) — q)', where L: N = R" — R"™ is any linear map which
is invertible on the subspace kerJf|, C R". Clearly, Jg|, = L@ Jf]|,, which, by
construction, is an invertible (linear) map on R". Applying Theorem 2.22 (Inverse
Function Theorem) to g we conclude that a sufficiently small neighborhood of U
of p maps diffeomorphically onto a neighborhood V of (L(p),0). Since g is a
diffeomorphism it holds that g~' maps (R"™ x {0}) NV onto f~!(g)NU (the 0 €
R™ corresponds to g). This exactly says that every point p € S allows an (n— m)-
slice and is therefore an (n — m)-dimensional submanifold in N = R” (codim S =

n). ]
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FIGURE 21. The map g yields 1-slices for the set S.

« 3.30 Example. Let us start with an explicit illustration of the above proof. Let
N=R? M =R, and f(p1,p2) = p? + p3. Consider the regular value g = 2, then
Jfl,=(2p1 2p2),and f71(2) = {p : p?+ p3 =2}, the circle with radius v/2.
We have kerJ f|, = span{(p1,—p>)'}, and is always isomorphic to R. For example
fix the point (1,1) € S, then kerJ f|, = span{(1,—1)"} and define

_ L(§) _ € —& (1 —1
g@_<f@—2>_<ﬁ+%—2> k“‘<2 2)

where the linear map is L= (1 —1). The map g is a local diffeomorphism and
on SNU this map is given by

a&AM—&%=<§‘V2‘3>,

0

with & € (1 —¢g,1+¢). The first component has derivative 1+ S__ and there-

V28’
fore SN U is mapped onto a set of the form (]R X {0}) N V. This procedure can be
carried out for any point p € S, see Figure 21. >

«3.31 Example. Let N =R?*\{(0,0)} x R =R3\{(0,0,A)}, M = (—1,0) x (0, 0),

and
Fley.s) = P4y -1 with Jf [ 2x 2y 0
yVZ) = 1 ) (xy2) = 0 0 0

We see immediately that rk(f) = 1 on N. This map is not a submersion, but is of
constant rank, and therefore for any value g € f(N) C M it holds that S = f~!(q)
is a embedded submanifold, see Figure 22. >

2x 2y O
)=\ o 0 1

4 3.33 Example. Let N, M as before, but now take

Py -1
b4

f(x,y,Z)=< ) with Jf
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FIGURE 22. Anembedding of a cylinder via a constant rank map-
ping.

Now rk(f) = 2, and f is a submersion. For every g € M, the set S = f~!(g) is a
embedded submanifold, see Figure 23. >

FIGURE 23. An embedding circle of an submersion.

«3.35 Example. Let N =R*, M =R, and f(x,y) = (x> —1)?+ 1y2. The Jacobian
isJf|(xy) = (x(x*=1) y). This is not a constant rank, nor a submersion. However,
any ¢ >0, g # }1, is a regular value since then the rank is equal to 1. Figure 24
shows the level set f~!(0) (not an embedded manifold), and f~!(1) (an embedded
circle) >

Theorem 3.37. '8 Let S € M be a subset of a smooth m-dimensional manifold M.
Then S is a k-dimensional smooth embedded submanifold if and if for every p € S
there exists a neighborhood U > p such that U NS is the level set of a submersion
f:U—=R"k

Proof: Assume that S C M is a smooth embedded manifold. Then for each
p € S there exists a chart (U,9), p € U, such that (SNU) ={x : xp31 =--- =

18gee Lee, Prop.8.12.
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FIGURE 24. A regular and critical level set.

X, = 0}. Clearly, SNU is the sublevel set of f: U — R”* at 0, given by fN(x) =
(Xk+1,° " ,Xm), which is a submersion.

Conversely, if SNU = f‘l(O), for some submersion f: U — R™ K then by
Theorem 3.28, SN U is an embedded submanifold of U. This clearly shows that S
is an embedded submanifold in M. |
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Il. Tangent and cotangent
spaces

4. Tangent spaces

For a(n) (embedded) manifold M C R’ the tangent space T,M at a point p €
M can be pictured as a hyperplane tangent to M. In Figure 25 we consider the
parametrizations x+te; in R”. These parametrizations yield curves ;(¢) = @' (x+
te;) on M whose velocity vectors are given by

Y(0) = S0 e re)| =07 lfer).

The vectors p+7/(0) are tangent to M at p and span an m-dimensional affine linear
subspace M,, of R’. Since the vectors J¢~![,(e;) span T,M the affine subspace is
given by

M,:=p+T,MCR’,

which is tangent to M at p.

I,M

| » R™

FIGURE 25. Velocity vectors of curves of M span the ‘tangent
space’.
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The considerations are rather intuitive in the sense that we consider only em-
bedded manifolds, and so the tangent spaces are tangent m-dimensional affine sub-
spaces of R’. One can also define the notion of tangent space for abstract smooth
manifolds. There are many ways to do this. Let us describe one possible way (see
e.g. Lee, or Abraham, Marsden and Ratiu) which is based on the above considera-
tions.

Let a < 0 < b and consider a smooth mapping y: I = (a,b) C R — M, such that
v(0) = p. This mapping is called a (smooth) curve on M, and is parametrized by
t € 1. If the mapping Y (between the manifolds N = I, and M) is an immersion,
then 7 is called an immersed curve. For such curves the ‘velocity vector’ J¥|, =
(po7y)'(t) in R™ is nowhere zero. We build the concept of tangent spaces in order
to define the notion velocity vector to a curve 7.

Let (U, @) be a chart at p. Then, two curves yand y' are equivalent, y" ~ v, if

Y'(0) =¥(0) = p, and (9oy")'(0) = (9oy)'(0).

The equivalence class of a curve y through p € M is denoted by [y].

Definition 4.2. '° At a p € M define the tangent space T,M as the space of all
equivalence classes [y] of curves v through p. A tangent vector X,, as the equiva-
lence class of curves, is given by

X, = ={y" : ¥(0)=7(0) = p, (po7")'(0) = (9o7)(0)},

which is an element of 7,M.

M

(¢07)'(0)

FIGURE 26. Immersed curves and velocity vectors in R™.

19 Lee, Ch. 3.
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The above definition does not depend on the choice of charts at p € M. Let
(U',¢') be another chart at p € M. Then, using that (¢ oY) (0) = (¢ o7Y)(0), for
(¢’ 0)'(0) we have

@ o0/ (0) = [(@o9o(9on] )
= J(@' 09| (9o7)'(0)
= J(¢'007")| (9o7")(0)

= [@oo )ooor)] (0) = (@07 (0)

which proves that the equivalence relation does not depend on the particular choice
of charts at p € M.

One can prove that T,M = R™. Indeed, T,M can be given a linear structure as
follows; given two equivalence classes [y;] and [y;], then

M+l = {r: (@o)'(0) = (pom1)'(0) + (9o12)'(0)},
Myl = {y: (9o7)(0) =A(ov1)'(0)}.

The above argument shows that these operation are well-defined, i.e. indepen-
dent of the chosen chart at p € M, and the operations yield non-empty equivalence
classes. The mapping

To: M = R",  1o([¥]) = (907)'(0),

is a linear isomorphism and Ty = J(¢' 0@~ '), 07T,. Indeed, by considering curves
Yi(x) = @ N (x+te;), i =1,...,m, it follows that [y;] # [y;], i # j, since

(@o1)'(0) = e # ej = (9o7;)'(0).

This proves the surjectivity of Ty. As for injectivity one argues as follows. Suppose,
(907Y)'(0) = (¢o7")'(0), then by definition [y] = [y'], proving injectivity.

Given a smooth mapping f : N — M we can define how tangent vectors in 7,N
are mapped to tangent vectors in T,M, with ¢ = f(p). Choose charts (U, ) for
p €N, and (V,y) for g € M. We define the tangent map or pushforward of f as
follows, see Figure 27. For a given tangent vector X,, = [y] € T,N,

dfp:f*:TpN_)TqMa f*([Y]):[fOY]
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FIGURE 27. Tangent vectors in X, € T,N yield tangent vectors
f«Xp € TyM under the pushforward of f.

The following commutative diagram shows that f; is a linear map and its definition
does not depend on the charts chosen at p € N, or g € M.

Indeed, a velocity vector (@ o7)'(0) is mapped to (yo f(y))'(0), and
(o f()'(0) = (oo~ 09oy)(0) =Jf| (¢o7)'(0).

Clearly, this mapping is linear and independent of the charts chosen.

If we apply the definition of pushforward to the coordinate mapping ¢ : N — R",
then Ty can be identified with @, and J(yo fo@~!)|, with (yo fo@™').. Indeed,
To([¥]) = (@0 7v)'(0) and @.([y]) = [po 7], and in R” the equivalence class can be
labeled by (@ o7)’(0). The labeling map is given as follows

Ta([0ov]) = (90v)'(0),

and is an isomorphism, and satisfies the relations

—1
Tid © P« = To, Px = Tiy ©To-
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From now one we identify 7,R" with R" by identifying @, and t,. This justifies
the notation
0+ ([1]) = [pov] := (¢o7)'(0).
Properties of the pushforward can be summarized as follows:
Lemma 4.5. 2° Let f : N — M, and g : M — P be smooth mappings, and let p € M,
then
() fi«:T,N — Ty(mM, and g, : Tr(\M = Tigop)(p)P are linear maps (homo-
morphisms),
(ii) (gof)* = g« f* : TpN — T(gof)(p)P,
(iii) (id), =id:T,N — T,N,
(iv) if f is a diffeomorphism, then the pushforward f, is a isomorphism from
TpN to Tf(p)M.

Proof: We have that f,([y]) = [fo7], and g.([f o¥]) = [go f 7], which defines
the mapping (g5 /). (1)) = [g© foy]. Now

[gofoy]=[go(fov)]=g:([fo]) =g:(f([¥])
which shows that (go f). = g« - fx. [

A parametrization ¢! : R” — M coming from a chart (U, @) is a local dif-
feomorphism, and can be used to find a canonical basis for 7,,M. Choosing local

coordinates x = (x,---,x,) = @(p), and the standard basis vectors ¢; for R”, we
define
d _
o p:: . ' (e).
l

By definition % ‘pe T,M, and since the vectors e; form a basis for R", the vectors

a% » form a basis for 7,M. An arbitrary tangent vector X,, € T,M can now be

written with respect to the basis {% |p}:

X, =0. ' (Xie;) = Xi=—| .
» =0, (Xie;) FR
where the notation Xi% ‘p: Y, Xi% ’p denotes the Einstein summation convention,
and (X;) is a vector in R™!
We now define the directional derivative of a smooth function /2 : M — R in the
direction of X, € T,M by

X,h = h.X, = [hoy].

2OLee, Lemma 3.5.
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In fact we have that X,,h = (hov)'(0), with X,, = [y]. For the basis vectors of 7,M

this yields the following. Let y;(t) = ¢! (x+te;), and X, = % , then
“ip
ad / oh
D e e et - 2
(2) ph= 5| h=((ho@ )0 (eom)) (0) =

in local coordinates, which explains the notation for tangent vectors. In particular,
for general tangent vectors X, X,h = Xiaa—z.

Let go back to the curve y: N = (a,b) — M and express velocity vectors. Con-
sider the chart (N, id) for N, with coordinates 7, then

d

—| =id (D).

t:O._

We have the following commuting diagrams:

N5 M TN —— T,M
idl ltp id*l l(p*
R ?:(poy} R™ R ¥ R™
We now define
d _
YO =x(5]_,) =0 (0on/©) e Tom

by using the second commuting diagram.

If we take a closer look at Figure 27 we can see that using different charts at
p € M, or equivalently, considering a change of coordinates leads to the following
relation. For the charts (U,@) and (U’,¢") we have local coordinates x = @(p)
and x' = @(p), and p € UNU’. This yields two different basis for 7,M, namely
{ a%_ ‘p }, and { a% p } Consider the identity mapping f =id : M — M, and the push-
forward yields the identity on 7T,M. If we use the different choices of coordinates

as described above we obtain
oh  0x; oh

. a o / -1 _ Ty
(10551, )i =@ o0 LA N NA

In terms of the different basis for 7,M this gives

| ox; 9
i T TAR

Let us prove this formula by looking a slightly more general situation. Let N, M
be smooth manifolds and f : N — M a smooth mapping. Let ¢ = f(p) and (V,y)



38

is a chart for M containing g. The vectors ai| form a basis for T,M. If we write

X, = Xi% , then for the basis vectors P ‘ we have
9 0 0 1
<f*8x, ) T oxilp (hof)= ax,( ai(hofO(p )

o f) =

0 d -
= gg (levesoe™) = (ko f)
_ Oh 9f; <8fj )h

dy; ox; ox; dy;

which implies that 7,N is mapped to T;,M under the map f,. In general a tangent
vector Xi% ’p is pushed forward to a tangent vector

aij

0
’ ox;

3) jgj

’ eT,M,

8y]

expressed in local coordinates. By taking N = M and f = id we obtain the above
change of variables formula.

5. Cotangent spaces

In linear algebra it is often useful to study the space of linear functions on a
given vector space V. This space is denoted by V* and called the dual vector space
to V — again a linear vector space. So the elements of V* are linear functions
6:V — R. As opposed to vectors v € V, the elements, or vectors in V* are called
covectors.

Lemma 5.1. Let V be a n-dimensional vector space with basis {vi,--- ,v,}, then
the there exist covectors {0',--- 0"} such that

0 v :=0(v;) = 5;, Kronecker delta,

and the covectors {8',--- 0"} form a basis for V*.
This procedure can also be applied to the tangent spaces T,M described in the
previous chapter.

Definition 5.2. Let M be a smooth m-dimensional manifold, and let 7,M be the
tangent space at some p € M. The the cotangent space T,/ M is defined as the dual
vector space of T,M, i.e.

;M = (T,M)".
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By definition the cotangent space T, M is also m-dimensional and it has a canon-
ical basis as described in Lemma 5.1. As before have the canonical basis vectors
a% |p for T,M, the associated basis vectors for 7,/M are denoted dx!|,. Let us now
describe this dual basis for 7;M and explain the notation.

The covectors dx'|, are called differentials and we show now that these are
indeed related dh,. Let h: M — R be a smooth function, then A, : T,M — R
and h, € T[j‘ M. Since the differentials dxi| p form a basis of T;M we have that
h, = Mdx'| ,, and therefore

J S 0 L . oh
2 =d g ] =y == 2
h*8x,-p AMdx |,7 ol XSZ A o
and thus
) dhy = h. = S|,

Choose h such that k. satisfies the identity in Lemma 5.1, i.e. let h=x; (h=x;0 (0}
= (@, e;)). These linear functions & of course span 7,/M, and

he = (x;0 Q). = d(x;09), = dx'|,.
Cotangent vectors are of the form
iy
0, = 0'dx ‘p.

The pairing between a tangent vector X, and a cotangent vector 0, is expressed
component wise as follows:

0, X, =0'X;8, = 0'X;.

In the case of tangent spaces a mapping f : N — M pushes forward to a linear
f«;T,N — T, M for each p € N. For cotangent spaces one expects a similar con-
struction. Let ¢ = f(p), then for a given cotangent vector 0, € T;M define

(f70q) - Xp =04 (f:Xp) € T,N,

for any tangent vector X, € T,N. The homomorphism f* : T/M — T,/N, defined by
0, — 70, is called the pullback of f at p. Itis a straightforward consequence from
linear algebra that f* defined above is indeed the dual homomorphism of f;, also
called the adjoint, or transpose (see Lee, Ch. 6, for more details, and compare the
the definition of the transpose of a matrix). If we expand the definition of pullback
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in local coordinates, using (3), we obtain

. 0 . 0
*dv/ X— = Jl . L
(f dy ‘q) X’axi » dy ‘qf* (Xl xi p)
of; 0 of;
— J Ix. | — I
'l [ ]a |, 50%
Using this relation we obtain that
0 8f 8 fi
J J i
(f c'dy’ ’ ) fox; | p ax,X ax, "’ ax,
which produces the local formula
ol N2 ot [0 28] 4
(5) froldyl| = [GJE)x,-] dx'| = [GJofaXi dx'| .

Lemma 5.3. Let f: N — M, and g : M — P be smooth mappings, and let p € M,
then

1 f*: M —T,N, and g T(gof)( )P — T;(p)M are linear maps (homo-
morphzsms ),
() (gof) =f*-g": T(’;Of)(p)P —T,N,
(iii) (id)* =id: T;N — TN,
(iv) if f is a diffeomorphism, then the pullback [* is a isomorphism from Tf*(p)M
1o T,N.

Proof: By definition of the pullbacks of f and g we have
I 0q-Xp =0g- fu(Xp), g*(’)g(q)yq = Wg(q) -8+(Yy)-
For the composition go f it holds that (g0 f)* ®(g0f)(p) - Xp = O(gof)(p) - (80.f)+(Xp).
Using Lemma 4.5 we obtain
(gof) (gof)(p X = Oof)(p g*(f*( ))
= 8 mgof f*( ) f*(g*(o(gof)(p))'Xp7

which proves that (go f)* = f*- g*. [

Now consider the coordinate mapping ¢ : U C M — R™, which is local diffeo-

morphism. Using Lemma 5.3 we then obtain an isomorphism ¢ : R" — T/M,
which justifies the notation

dx'l, = ¢" (e;).
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6. Vector bundles

The abstract notion of vector bundle consists of topological spaces E (total
space) and M (the base) and a projection  : E — M (surjective). To be more
precise:

Definition 6.1. A triple (E,M, =) is called a real vector bundle of rank k over M if

(i) for each p € M, the set E),, = 7! (p) is a real k-dimensional linear vector
space, called the fiber over p, such that
(i1) for every p € M there exists a open neighborhood U > p, and a homeomor-
phism @ : 11 (U) — U x R¥;
(@) (mo®@ ') (p,&) = p, forall & € R;
(b) &+ d!(p,&) is a vector space isomorphism between R* and E -

The homeomorphism & is called a local trivialization of the bundle.

If there is no ambiguity about the base space M we often denote a vector bundle
by E for short. Another way to denote a vector bundle that is common in the
literature is w: E — M. It is clear from the above definition that if M is a topological
manifold then so is £. Indeed, via the homeomorphisms ® it follows that E

FIGURE 28. Charts in a vector bundle E over M.

is Hausdorff and has a countable basis of open set. Define ¢ = ((p X Ide) o P,
and ¢ : 7~ (U) — V x RF is a homeomorphism. Figure 28 explains the choice of
bundle charts for E related to charts for M.

For two trivializations ® : T~ (U) = U x R¥ and ¥ : = (V) — V x R, we have
that the transition map Yo ®~ ! : (UNV) x R¥ — (UNV) x R¥ has the following
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form
Yod ! (p,&) = (p,7(p)E)),

where T: U NV — Gl(k,R) is continuous. It is clear from the assumptions that

FIGURE 29. Transition mappings for local trivializations.

Yod !(p,&) = (p,6(p,&)). By assumption we also have that § — &~ (p,E) =
A(p)& and & — ¥~ (p,§) = B(p)&. Now,

Yoo~ (p,8) = ¥(A(p)E) = (p,6(p.8)),

and ¥~!(p,6) =A(p)§ = B(p)o. Therefore 6(p,&) = B~ 'AE =: 1(p)E. Continuity
is clear from the assumptions in Definition 6.1.

If both E and M are smooth manifolds and 7t is a smooth projection, such that the
local trivializations can be chosen to be diffeomorphisms, then (E,M,x) is called
a smooth vector bundle. In this case the maps T are smooth. The following result
allows us to construct smooth vector bundles and is important for the special vector
bundles used in this course.

Theorem 6.4. 2! Let M be a smooth manifold, and let {Ep}pem be a family of k-
dimensional real vector spaces parametrized by p € M. Define E = | |,cp E), and
7 : E — M as the mapping that maps E, to p € M. Assume there exists

(i) an open covering {Uy }oca for M;

21See Lee, Lemma 5.5.
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(ii) for each o € A, a bijection @y : T ' (Uy) — Uy x R, such that & —
@, (p,&) is a vector space isomorphism between R* and E,;

(iii) for each o,B € I, with Uy N Ug # @, smooth mappings Tag : Uy NUp —
Gl(k,R) such that

Ppo®; ' (p.8) = (. Top(P)E).

Then E has a unique differentiable (manifold) structure making (E,M,Tt) a smooth
vector bundle of rank k over M.

Proof: The proof of this theorem goes by verifying the hypotheses in Theorem
2.11. Let us propose charts for E. Let (V,,¢,), V, C Uy, be a smooth chart for
M containing p. As before define ¢, : n7!(V,) — \71, x R¥, We can show, using
Theorem 2.11, that (t(V,),9,), p € M are smooth charts, which gives a unique
differentiable manifold structure. For details of the proof see Lee, Lemma 5.5. m

<« 6.5 Example. Consider the set E defined as

E ={(p1,p2,&1,&2) | p1 = cos(B), p» = sin(), cos(8/2)&; +sin(8/2)& =0}.

Clearly, E is a smooth vector bundle over § I of rank 1, embedded in R*. For
example if U = S"\{(1,0)} (8 € (0,2x)), then ®(n~(U)) = (p1,p2,&1) is a local
trivialization. This bundle is called the Mobius strip.

To show that E is a smooth vector bundle we need to verify the conditions in
Theorem 6.4. Consider a second chart U’ = S"\{(—1,0)} (8 € (-, T)), and the
trivialization ¥(n~!(U")) = (p1, p2,&2). For the @ we have that

_ cos(8/2)
P ! ) 3 = ( ) sy ™ T ATAY )7
(P1,p2,81) = ( p1,p2,81 Sin(6/2) %
and thus
_ cos(0/2)
Wod! = (prop2 -8
o (p17p27&_:1) P1, P2, sm(G/Z) )
which gives that T(p) is represented by T = — 2?1?((3//5))’ for ® € (0,), which invert-
ible and smooth in p. >

Mappings between smooth vector bundles are called bundle maps, and are de-
fined as follows. Given vector bundles T : E — M and ' : E' — M’ and smooth
mappings F : E — E' and f : M — M’, such that the following diagram commutes

E L F
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and Flg, : E, — E}(p) is linear, then the pair (F,f) is a called a smooth bundle
map.

A section, or cross section of a bundle E is a continuous mapping 6 : M — E,
such that To 6 = Idy,. A section is smooth if ¢ is a smooth mapping. The space of

FIGURE 30. A cross section ¢ in a bundle E.

smooth section in E is denoted by €(M). The zero section is a mapping 6 : M — E
such that 6(p) =0 € E, for all p € M.

<« 6.7 Remark. By identifying M with the trivial bundle Ey = M x {0}, a section is
a bundle map from Ey = M x {0} to E. Indeed, define ¢’ : E* — E by ¢’(p,0) =
6(p), and let f =Idy. Then Too’ = oo = Idy. >

The tangent bundle and vector fields
The disjoint union of tangent spaces
™ := | | T,M
PEM

is called the tangent bundle of M. We show now that TM is a fact a smooth vector
bundle over M.
Theorem 6.8. The tangent bundle TM is smooth vector bundle over M of rank m,
and as such TM is a smooth 2m-dimensional manifold.

Proof: Let (U, @) be a smooth chart for p € M. Define

0
<I><X-— ) — (p, (X)),
which clearly is a bijective map between ! (U) and U x R™. Moreover, X, =
(X;) > @ (p.X,) =xl~a%]p

ering of smooth charts of M. Let x = @q(p), and ' = @g(p). From our previous

is vector space isomorphism. Let (Uy, @) be a cov-

considerations we easily see that

q)ﬁ O‘I)(;I(p7XP) = (pv't(x[i(p)XP)’
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where Ty : Uy NUp — Gl(m,R). It remains to show that T4g is smooth. We have
Ppo Py = (pp x Id) o Pgody' o (¢, x1d). Using the change of coordinates
formula derived in Section 4 we have that

PP / / o

(pﬁ 0 Qg (X, (Xl)) = <xl (X), T ’xm(x)7 <a_xlXJ>> )
which proves the smoothness of t,5. Theorem 6.4 can be applied now showing that

TM is asmooth vector bundle over M. From the charts (n~!(U),®) we conclude
that M is a smooth 2m-dimensional manifold. ]

Definition 6.9. A smooth (tangent) vector field is a smooth mapping
X:M—TM,

with the property that o X = idy,. In other words X is a smooth (cross) section in
the vector bundle TM, see Figure 31. The space of smooth vector fields on M is
denoted by F(M).

FIGURE 31. A smooth vector field X on a manifold M [right],
and as a ‘curve’, or section in the vector bundle TM [left].

For a chart (U, @) a vector field X can be expressed as follows

X = X,‘i
ox; lp’
where X; : U — R. Smoothness of vector fields can be described in terms of the
component functions X;.
Lemma 6.11. A mapping X : M — TM is a smooth vector field at p € U if and
only if the coordinate functions X; : U — R are smooth.

Proof: In standard coordinates X is given by
X(x) = (er, o m, X (x), - X)),

which immediately shows that smoothness of X is equivalent to the smoothness of
the coordinate functions X;. [
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In Section 4 we introduced the notion of push forward of a mapping f : N — M.
Under submersions and immersion a vector field X : N — T'N does not necessarily
push forward to a vector field on M. If f is a diffeomorphism, then £, X =Y is a
vector field on M. We remark that the definition of f, also allows use to restate
definitions about the rank of a map in terms of the differential, or pushforward f,
atapoint p € N.

The cotangent bundle and differential 1-forms
The disjoint union
T"M:= | | T;M
PEM
is called cotangent bundle of M.
Theorem 6.12. >? The cotangent bundle T*M is a smooth vector bundle over M of
rank m, and as such T*M is a smooth 2m-dimensional manifold.

Proof: The proof is more identical to the proof for 7M, and is left to the reader

as an exercise. ]

The differential dh : M — T*M is an example of a smooth function. The above
consideration give the coordinate wise expression for dh.

Definition 6.13. A smooth covector field is a smooth mapping
0: M—T'M,

with the property that wo 6 = idy,. In order words 6 is a smooth section in 7*M.
The space of smooth covector fields on M is denoted by F*(M). Usually the space
F*(M) is denoted by I'! (M), and covector fields are referred to a (smooth) differ-
ential 1-form on M.

For a chart (U, @) a covector field 8 can be expressed as follows
0 =0'dx| ,
where 6’ : U — R. Smoothness of a covector fields can be described in terms of
the component functions @'
Lemma 6.14. A covector field © is smooth at p € U if and only if the coordinate

functions 8 : U — R are smooth.
Proof: See proof of Lemma 6.11. ]

We saw in the previous section that for arbitrary mappings f : N — M, a vector
field X € F(N) does not necessarily push forward to a vector on M under f,.. The
reason is that surjectivity and injectivity are both needed to guarantee this, which

225ee Lee, Proposition 6.5.
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requires f to be a diffeomorphism. In the case of covector fields or differential 1-
forms the situation is completely opposite, because the pullback acts in the opposite
direction and is therefore onto the target space and uniquely defined. To be more
precise; given a 1-form 8 € A' (M) we define a 1-form f*0 € A'(N) as follows

(f°0)p = f"0s()

Theorem 6.15. >* The above defined pullback f*0 of © under a smooth mapping
f: N — M is a smooth covector field, or differential 1-form on N.

Proof: Write ® € A' (M) is local coordinates; 6 = Bidyi‘q. By Formula (5) we
then obtain

Feidy| ., :

af; ; ofi ;
el‘ f ] dxj|p: [ faf] dx J‘p’
which proves that f*8 € A!(N). n

Given a mapping g : M — R, the differential, or push forward g, = dg defines
an element in 7M. In local coordinates we have dg‘p: %dxi

» and thus defines
a smooth covector field on M; dg € A'(M). Given a smooth mapping f : N — M,
it follows from (5) that

~afz ‘

.08
frdg=15 ™ ¥ = N fax

By applying the same to the 1-form d(g o f) we obtain the following identities

(6) frdg=d(gof), [ (g0)=(gof)fe.

Using the formulas in (6) we can also obtain (5) in a rather straightforward way.
Let g =V; = (y,e;) =y;, and ® = dg = dy’|, in local coordinates, then

. . i j ~a ~- [
I (7 ow)w) = (' oyo f)f*dg = (o' oy f)d(go ) = |70 f5 ] dv

p?

where the last step follows from (4).

Definition 6.16. A differential 1-form 8 € A'(N) is called an exact 1-form if there
exists a smooth function g : N — R, such that 6 = dg.

23Lee, Proposition 6.13.
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The notation for tangent vectors was motivated by the fact that functions on a
manifold can be differentiated in tangent directions. The notation for the cotangent
vectors was partly motivated as the ‘reciprocal’ of the partial derivative. The in-
troduction of line integral will give an even better motivation for the notation for
cotangent vectors. Let N =R, and 0 a 1-form on N given in local coordinates by
0, = h(t)dt, which can be identified with a function 4. The notation makes sense

because 6 can be integrated over any interval [a,b] C R:

b
0:= / h(t)dt.
[a,b] a
Let M =R, and consider a mapping f : M = R — N =R, which satisfies f’(¢) > 0.

Then t = f(s) is an appropriate change of variables. Let [c,d]| = f([a,b]), then

d b
[C o= N s = [ nieyar = ®

which is the change of variables formula for integrals. We can use this now to
define the line integral over a curve Y on a manifold N.

Definition 6.17. Let y: [a,b] C R — N, and let 6 be a 1-form on N and y*0 the
pullback of 8, which is a 1-form on R. Denote the image of yin N also by v, then

/ve B /[a,b} Vo= /[a,b] O (v(1) (1)1,

the expression in local coordinates.

The latter can be seen by combining some of the notion introduced above:

70 L= (70), =0y 1. = 0,0) (1)

Therefore, v*0 = (Y*8),dr = Oy - Y (t)dt = 0'(Y(t))y;(¢)dz, and
o= [, 0= [, 0w V0= | otnina

If ¥ is nowhere zero then the map y: [a,b] — N is either an immersion or em-
bedding. For example in the embedded case this gives an embedded submanifold
Y C N with boundary 9y = {y(a),y(b)}. Let 8 = dg be an exact 1-form, then

5= 8l 005) —s1(@).

Indeed,

Jag=[ vag=[ a@on=[ (gor/ear=g0s) - grt@).
Y [a,b] [a,b] a

24The expressions Yi(t) € R are the components of Y (t) € Ty;)M.
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This identity is called the Fundamental Theorem for Line Integrals and is a spe-
cial case of the Stokes Theorem (see Section 16).



lIl. Tensors and differential
forms

7. Tensors and tensor products

In the previous chapter we encountered linear functions on vector spaces, linear
functions on tangent spaces to be precise. In this chapter we extend to notion of
linear functions on vector spaces to multilinear functions.

Definition 7.1. Let Vy,---,V,, and W be real vector spaces. A mapping T : V| X
-+ XV, = W is called a multilinear mapping if

T(Vly”' ,7\,V[+IUV§,"‘ ,Vr) :7\,T(V],"‘ 7vi7”'vr)+IUT(vl7'” avga"'vr)7 VI7

and for all h,u € R i.e. f is linear in each variable v; separately.

Now consider the special case that W = R, then T becomes a multilinear func-
tion, or form, and a generalization of linear functions. If in addition V; = --- =
V.=V, then

T:Vx---xV—=R,

is a multilinear function on V, and is called a covariant r-tensor on V. The number
of copies r is called the rank of 7. The space of covariant r-tensors on V is denoted
by T7(V), which clearly is a real vector space using the multilinearity property in
Definition 7.1. In particular we have that T%(V) = R, T!(V) = V*, and T?(V) is
the space of bilinear forms on V. If we consider the case V| = --- =V, = V*, then

T: Vi x-xV* 3R,

is a multilinear function on V*, and is called a contravariant r-tensor on V. The
space of contravariant r-tensors on V is denoted by 7,(V). Here we have that
ThH(V)=ZR,and Ty (V) = (V*)* 2 V.

« 7.2 Example. The cross product on R? is an example of a multilinear (bilinear)
function mapping not to R to R3. Let x,y € R?, then

T(x,y) =xxy€R’

which clearly is a bilinear function on R3. >
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Since multilinear functions on V can be multiplied, i.e. given vector spaces V,W
and tensors 7 € T"(V'), and S € T*(W), the multilinear function

R(Vla"'vhwlv'” 7WS) = T(V],"‘Vr)S(Wl,"' ,Ws)

is well defined and is a multilnear function on V" x W*. This brings us to the
following definition. Let 7 € T"(V), and S € T*(W), then

TRS: V' xW' =R,
is given by
T®S(V17"' 7VF5W17"'WS) :T(Vl,"' 7vr)S(W17"'WS)-

This product is called the tensor product. By taking V =W, T ® S is a covariant
(r+ s)-tensor on V, which is a element of the space 7"*(V) and ® : T"(V) x
T5(V) = T"S(V).
Lemma 7.3. LetT € T"(V), S,S' € T*(V), and R € T'(V), then
(i) (T®S)®R=T ® (S®R) (associative),
(i) TR(S+S)=T®S+T S (distributive),
(i) T®S # SR T (non-commutative).
The tensor product is also defined for contravariant tensors and mixed tensors.
As a special case of the latter we also have the product between covariant and
contravariant tensors.

<« 7.4 Example. The last property can easily be seen by the following example. Let
V =R2? and T,S € T'(R?), given by T(v) = v| +v,, and S(w) = w| —wy, then

T®S(1,1,1,00=2#40=S®7(1,1,1,0),
which shows that ® is not commutative in general. >

The following theorem shows that the tensor product can be used to build the
tensor space 7" (V) from elementary building blocks.
Theorem 7.5. ° Let {vy,--- ,v,} be a basis for V, and let {@",--- 0"} be the dual
basis for V*. Then the set

B={0"® -®6" : 1<i,-,i,<n},

is a basis for the n"-dimensional vector space T" (V).

2gee Lee, Prop. 11.2.
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Proof: Compute

7}1“'l}eil ®"'®eir(vj17'” 7er) = Til ] eil (le)"'eir(vjr)
= zl lrsﬁ SJ' = jl Jr
= T(vj””'?vjr)?

which shows by using the multilinearity of tensors that 7 can be expanded in the
basis B as follows;

T=T,.0"® 20",

where T;,...;, =T (vj,, - ,vi,), the components of the tensor 7. Linear independence
follows form the same calculation. [

<« 7.6 Example. Consider the the 2-tensors T (x,y) = x1y1 +x2y2, T’ (x,y) = x1y2 +
x2y2 and T” = x1y1 +Xx2y2 +x1y2 on R?. With respect to the standard bases 6 (x) =
x1, 0%(x) = x1, and

0'©0'(x,y) =xiyi, 6'@O%(x,y) =x1y2,
CE ®62(X,y) =x2y1, and 62®92(X7y) =X2)2.

Using this the components of 7" are given by 711 =1, 71, =0, To; =0, and T, = 1.
Also notice that 7" = S® §’, where S(x) = x| +x2, and S'(y) = y». Observe that
not every tensor 7 € T?(R?) is of the form T = S® S'. For example 7" # S® 5/,
for any S,5" € T'(R?). >

In Lee, Ch. 11, the notion of tensor product between arbitrary vector spaces is
explained. Here we will discuss a simplified version of the abstract theory. Let
V and W be two (finite dimensional) real vector spaces, with bases {v;,---v,}
and {wy,---wy} respectively, and for their dual spaces V* and W* we have the
dual bases {@',---,0"} and {c',---,6™} respectively. If we use the identification
{V*}* =V, and {W*}* =W we can define V@ W as follows:

Definition 7.7. The tensor product of V and W is the real vector space of (finite)
linear combinations

VoW := {kijvi@)wj S A ER} = [{Vi®Wj},-’j}>

where v; @ w;(v*,w*) :=v*(v;)w*(w,), using the identification v;(v*) := v*(v;), and
wi(w*) :==w*(w;), with (v, w*) € V¥ x W*,
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To get a feeling of what the tensor product of two vector spaces represents con-
sider the tensor product of the dual spaces V* and W*. We obtain the real vector
space of (finite) linear combinations

V* ®W* = {kij9i®cj : ?u,'j S R} = [{9i®(5j}w},

where 6' @ 6/ (v,w) = 0(v)o/(w) for any (v,w) € V x W. One can show that V* ®
W* is isomorphic to space of bilinear maps from V x W to R. In particular elements
v:@w* all lie in V* @ W*, but not all elements in V* ® W* are of this form. The
isomorphism is easily seen as follows. Let v = &;v;, and w = m;w;, then for a given
bilinear form b it holds that b(v,w) = n;b(vi,w;). By definition of dual basis
we have that &1, = 6/(v)o’/(w) = 6’ @ 6/(v,w), which shows the isomorphism by
setting A;; = b(vi,w;).

In the case V* ® W the tensors represent linear maps from V to W. Indeed,
from the previous we know that elements in V* @ W represent bilinear maps from
V x W* to R. For an element b € V*®W this means that b(v,-) : W* — R, and thus
b(v,-) € (W*)* = W.
< 7.8 Example. Consider vectors a € V and b* € W, then a* ® (b*)* can be iden-
tified with a matrix, i.e a* ® (b*)*(v,-) = a*(v)(b*)*(-) = a*(v)b. For example let
a*(v) = ayvi +azvy +aszvs, and

1%
aibyvy +axbyva+aszbyvs \ [ aiby axby aszb; vl
aibavi +azxbovy +azbyvs 2

Av=a*(v)b= (

arby axby azby

Symbolically we can write

arby axby aszb; by
A=d" ®b= = < a, a; a ) ® ,
< arby axby azby ) e ( by
which shows how a vector and covector can be ‘tensored’ to become a matrix. Note
that it also holds that A = (a-b*)* = b-a*. >

Lemma 7.9. We have that

1) VW and W ®V are isomorphic;
(i) (UV)@W and U ® (VW) are isomorphic.
With the notion of tensor product of vector spaces at hand we now conclude that

the above describe tensor spaces 7" (V) and V,(V) are given as follows;

r times r times
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By considering tensor products of V’s and V*’s we obtain the tensor space of
mixed tensors;

T/(V):=V'® - V'eVe V.

r times s times

Elements in this space are called (r, s)-mixed tensors on V — r copies of V*, and s
copies of V. Of course the tensor product described above is defined in general for
tensors T € T/ (V), and S € T/ (V):

®: T (V)X Ty (V) = T/ (V).

The analogue of Theorem 7.5 can also be established for mixed tensors. In the next
sections we will see various special classes of covariant, contravariant and mixed
tensors.

<4 7.10 Example. The inner product on a vector space V is an example of a covariant
2-tensor. This is also an example of a symmetric tensor. >

< 7.11 Example. The determinant of n vectors in R” is an example of covariant n-
tensor on R”. The determinant is skew-symmetric, and an example of an alternating
tensor. >

If f:V — W is a linear mapping between vector spaces and 7 is an covariant
tensor on W we can define concept of pullback of 7. Let T € T"(W), then f*T €
T7(V) is defined as follows:

FTOnv) =T W), f ()

and f*: T"(W) — T"(V) is a linear mapping. Indeed, f*(T+S)=Tof+Sof =
T + f*S, and f*AT = AT o f = Af*T. If we represent f by a matrix A with
respect to bases {v;} and {w;} for V and W respectively, then the matrix for the
linear f* is given by

A Q- QA%

—_—

r times

with respect to the bases {67 ®@---® 0"} and {67! ®--- @0/} for T"(W) and T" (V)
respectively.
< 7.12 Remark. The direct sum

(V) =PT"(V),

consisting of finite sums of covariant tensors is called the covariant tensor algebra
of V with multiplication given by the tensor product ®. Similarly, one defines the
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contravariant tensor algebra

For mixed tensors we have
T(V)=PT/(V),
r,s=0

which is called the tensor algebra of mixed tensor of V. Clearly, T*(V) and T.(V)
subalgebras of (V). >

8. Symmetric and alternating tensors

There are two special classes of tensors which play an important role in the
analysis of differentiable manifolds. The first class we describe are symmetric
tensors. We restrict here to covariant tensors.

Definition 8.1. A covariant r-tensor 7' on a vector space V is called symmetric if
T(Vlj.‘. ,vi’-.- ’Vj’.-- 7\)’_) = T(Vl’.-n 7Vj’-.- ’vi7-.- ’vr)’

for any pair of indices i < j. The set of symmetric covariant r-tensors on V is
denoted by X" (V) C T"(V), which is a (vector) subspace of 7"(V).

If a € S, is a permutation, then define

aT(Vla'” 7Vr) = T(Va(l))"‘ 7va(r))7

where a({1,---,r}) = {a(l),---,a(r)}. From this notation we have that for two
permutations a,b € S,, ®(?T) =PaT. Define

Sym T = % Z aT.
acs,
It is straightforward to see that for any tensor 7 € 7"(V), Sym T is a symmetric.
Moreover, a tensor 7 is symmetric if and only if Sym 7 = T. For that reason
Sym T is called the (tensor) symmetrization.
« 8.2 Example. Let T,T' € T*(R?) be defined as follows: T(x,y) = x;y,, and
T'(x,y) = x1y1. Clearly, T is not symmetric and 7’ is. We have that

1

1
Sym T(X,y) = ET(x7y)+§T(y7x)
1

1
= §X1y2 + §y1x2>
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which clearly is symmetric. If we do the same thing for 77 we obtain:

1 1

Sym T’ (x,y) = ET’(x,y)JrET’(y,X)
! )
= X+ ona =T (xy),

showing that operation Sym applied to symmetric tensors produces the same ten-
sor again. >

Using symmetrization we can define the symmetric product. Let S € " (V') and
T € X*(V) be symmetric tensors, then

S-T=Sym (S®T).

The symmetric product of symmetric tensors is commutative which follows di-

rectly from the definition:

S.T(Vl’...7vr+s):

(r+s)! ag,ﬂs(vau),“' Va(r)T (Va(r41)s 7+ s Va(ris))-

<« 8.3 Example. Consider the 2-tensors S(x) = x; +xp, and T(y) = y2. Now S®
T (x,y) = x1y2 + x2y2, and T ® S(x,y) = x2y1 + x2y2, which clearly gives that S ®
T # T ®S. Now compute

Sym (S®T)(x,y) = %lez + %xwz + %ym + %Xzyz
= %Myz-f—%xzyl +x32 =S-T(x,y).
Similarly,
Sym (T ®S)(x,y) = 1)62)11 + lxm + lyle + lxzyz
2 2 2 2
= %lez + %Xz)ﬁ +x2y2 =T -S(x,y),
which gives that S-7 =T -S. >

Lemma 8.4. Let {vi,---,v,} be a basis for V, and let {0',--- 0"} be the dual
basis for V*. Then the set

By ={0"---0" : 1<iy < <i, <n},
is a basis for the (sub)space X' (V') of symmetric r-tensors. Moreover, dimX’ (V) =

n+r—1 _ (ntr=1)!
= rli(n—=1)!"

r
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Proof: Proving that By is a basis follows from Theorem 7.5, see also Lemma
8.10. It remains to establish the dimension of (V). Note that the elements in the
basis are given by multi-indices (i, - ,i,), satisfying the property that 1 < i <
.-+ < i, < n. This means choosing r integers satisfying this restriction. To do this
redefine ji := iy +k— 1. The integers j range from 1 through n+r— 1. Now choose

. . n+r—1 . . . .
r integers outof n+r—1, i.e. combinations (ji,- -, jr), Which are
r
in one-to-one correspondence with (iy,--- ,i,). (]

Another important class of tensors are alternating tensors and are defined as
follows.

Definition 8.5. A covariant r-tensor 7' on a vector space V is called alternating if
T(Vla”' yVis o 3 Vi, 7vr> = _T(V17”' yVijs oy Vip o 7Vr)7

for any pair of indices i < j. The set of alternating covariant r-tensors on V is
denoted by A"(V) C T"(V), which is a (vector) subspace of T"(V).

As before we define

1 aa
AltT = = ag,( 1)* 2T,

where (—1)? is 41 for even permutations, and —1 for odd permutations. We say
that Alt T is the alternating projection of a tensor T, and Alt T is of course a
alternating tensor.

« 8.6 Example. Let T,T' € T?*(R?) be defined as follows: T(x,y) = x;y2, and
T'(x,y) = x1y2 —x2y1. Clearly, T is not alternating and 7’ (x,y) = —T'(y,x) is
alternating. We have that

1 1

AltT(x,y) = QT(x,y)—ET(y,X)
1 1 _1T,( )
2X1J’2 2)’1962—2 X,Y¥),

which clearly is alternating. If we do the same thing for 7’ we obtain:

1 1

Alt T,(xvy) = iT,(xvy)_iT,(yax)
1 1 1 1 ,
§x1y2 - Exzyl - Eylxz + 5)’2361 =T'(x,y),

showing that operation Alt applied to alternating tensors produces the same tensor
again. Notice that 7' (x,y) = det(x,y). >
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This brings us to the fundamental product of alternating tensors called the wedge
product. Let S € A" (V) and T € A*(V) be symmetric tensors, then

(r+s)!
rls

SAT =

Al (S T).

The wedge product of alternating tensors is anti-commutative which follows di-
rectly from the definition:

1
S/\T(V1,~ e ;vr—&-s) - m Z (_l)aS(Va(l)v T 7va(r))T<Va(r+l)7' e 7va(r+s))'

T AES s

In the special case of the wedge of two covectors 0, ® € V* gives
NO=0R0—-0®6.

In particular we have that
(i) (TAS)AR=TAN(SAR);
i) (TH+TYANS=TAS+T'AS;
(iii) TAS=(—1)"SAT,forT € A"(V)and S € A*(V);
@iv) TAT =0.
The latter is a direct consequence of the definition of Alt . In order to prove these

properties we have the following lemma.
Lemma8.7. Let T € T"(V) and S € T*(V), then

Alt (T®S)=Alt (AtT)®S) =Alt (T @AItS).

Proof: Let G = S, be the subgroup of S, consisting of permutations that only
permute the element {1,---,r}. For a € G, we have a’ € S,. Now (T ®S) =

AT ® S, and thus
1

r!

(12T ®S) = (AltT)®S.

acG
For the right cosets {ba : a € G} we have

Y (-nmhres) = ()L (-1 T es)

acG acG

= F(=1)P "((Ah T)®5).

Taking the sum over all right cosets with the factor o ), gives

Alt(T®S) = sl Y Y (T es)
b acG

r!

_ mg(—m P((AlLT) @ S) = Alt (AL T) @),
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where the latter equality is due to the fact that r! terms are identical under the
definition of Alt ((Alt T)®S). [

Property (i) can now be proved as follows. Clearly Alt (Alt (7T ®S)—-T®S) =0,

and thus from Lemma 8.7 we have that

0= Alt ((Alt (T®S) —T®S)®R) = Alt (Alt (T ®S)®R) — Alt (T @ S®R).

By definition

(r+s+t)!

TAS)AR = —Alt((TAS)®R

( ) (r+s)'t! (( ) ©R)

t)! !

(s 0ty (((r“) AlL(T 95)) 2R)
(r+s)t! rls!
(r+s+1)!

= i At(TESER).

The same formula holds for T'A (S A R), which prove associativity. More generally
it holds that for 7; € A"i(V)

(r1—|—~--+rk)'

TN AT = 'Alt(T1®"'®Tk).

I 1. I‘k!
Property (iii) can be seen as follows. Each term in 7 A S can be found in SAT.
This can be done by linking the permutations a and a’. To be more precise, how
many permutation of two elements are needed to change

aH(lh”'7lr7.]r+17'”7.1r+s) Into  a H(.]r-i—lv”'7.]r+37117”'7lr)~

This clearly requires rs permutations of two elements, which shows Property (iii).
<« 8.8 Example. Consider the 2-tensors S(x) = x| +x2, and T (y) = y». As before
ST (x,y) = x1y2 +x2y2, and T ® S(x,y) = x2y1 +x2y2. Now compute

1 1 1 1
Alt (S®T)(x,y) = FX2+ Xy = Sy = Xy
1 1
= Exlyz—ixgyl :2(5/\ T(x,y)).
Similarly,
Al (T®S)(xY) = 3291+ x2y2 — Syar — o
X = —x —XpV2 — =Y2X] — =X
Y 5 2)1 3 2)2 2yz 1 3 2)2
1 1
= _§x1y2+§x2yl :—Z(T/\S(x,y)),

which gives that SAT = —T AS. Note that if T = e}, i.e. T(x) =x;, and S = €},
i.e. S(x) = x2, then

T AS(x,y) = x1y2 — x2y1 = det(x,y).



60

<« 8.9 Remark. Some authors use the more logical definition
SAT =Alt (S®T),

which is in accordance with the definition of the symmetric product. This definition
is usually called the alt convention for the wedge product, and our definition is
usually referred to as the determinant convention. For computational purposes the

determinant convention is more appropriate. >
If {e],--- ,e;} is the standard dual basis for (R")*, then for vectors ay,--- ,a, €
Rn
det(ay, -~ ,ay) =€ A---Ney(ar, - ,ay).

Using the multilinearity the more general statement reads

(7) B A~ AR (ar, -+, an) = det(B'(a;)),

where B’ are co-vectors.

The alternating tensor det = e} A - - - Aej, is called the determinant function on R".
If f:V — W is a linear map between vector spaces then the pullback f*T € A" (V)
of any alternating tensor 7 € A"(W) is given via the relation:

T, ve) =T(f(v1),, f(v), [N (W)= A(V).
In particular, f*(T AS) = (f*T) A f*(S). As a special case we have thatif f:V —
V, linear, and dimV = n, then
®) [T =det(f)T,

for any alternating tensor 7' € A"(V). This can be seen as follows. By multilinearity
we verify the above relation for the vectors {e¢;}. We have that

[T(eren) = T(fer),--f(en))
= T(fi,-  fo) = cdet(fi,- -, fu) = cdet(f),
where we use the fact that A”(V) = R (see below). On the other hand
det(f)T (e1,---e,) = det(f)c-det(ey, - ,ep)
= cdet(f),

which proves (8).
Lemma 8.10. Let {0',--- 0"} be a basis for V*, then the set
Bpr={0"A--AOT 1< <o <ip<n},
is a basis for A"(V), and dimA"(V) = (n_”ir'),r, In particular, dimA" (V) = 0 for

r>n.
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Proof: From Theorem 7.5 we know that any alternating tensor 7 € A”(V) can
be written as

T=Tj.,0'® 26"

We have that Alt T = T, and so
) . 1 . .
T = lei..jrAlt (611 ®---®9”) = r—!le...er“ A---NOIT

In the expansion the terms with j; = j, are zero since 8¢ A8/t = 0. If we order the
indices in increasing order we obtain
1 i i
T = j:—'Til‘..irG RVARERWAN - L
r!
which show that B spans A”(V).
Linear independence can be proved as follows. Let 0 = A;,..; 8 A--- A8, and

thus A;,..; = 6" A---A@"(v;,---,v; ) = 0, which proves linear independence.
.. . . n
It is immediately clear that B, consists of ) elements. ]
r

As we mentioned before the operation Alt is called the alternating projection.
As a matter of fact Sym is also a projection.
Lemma 8.11. Some of the basic properties can be listed as follows;

(i) Sym and Alt are projections on T"(V), i.e. Sym? = Sym, and Alt> = Alt;

(i) T is symmetric if and only if Sym T =T, and T is alternating if and only
ifAILT =T;

(iii) Sym(7"(V)) =X"(V), and AI(T"(V)) = A" (V);

(iv) Symo Alt = AltoSym =0, i.e. if T € A"(V), then Sym T = 0, and if
T €X/(V), then At T = 0;

(v) let f:V — W, then Sym and Alt commute with f* : T"(W) — T"(V), i.e.
Symo f* = f*oSym, and Alto f* = f*o Alt.

9. Tensor bundles and tensor fields

Generalizations of tangent spaces and cotangent spaces are given by the tensor
spaces

N

T'(T,M), Ty(TpM), and T (T,M),
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where T"(T,M) = T,(T, M). As before we can introduce the tensor bundles:

"M = | | T"(T,M),

peEM

M = | | T(T,M),
PEM

/M= | | T/(T,M),
pPEM

which are called the covariant r-tensor bundle, contravariant s-tensor bundle,
and the mixed (r,s)-tensor bundle on M. As for the tangent and cotangent bundle
the tensor bundles are also smooth manifolds. In particular, T'M = T*M, and
T'M = TM. Recalling the symmetric and alternating tensors as introduced in the
previous section we also define the tensor bundles X"M and A"M.
Theorem 9.1. The tensor bundles T"M ,T.M and T, M are smooth vector bundles.
Proof: Using Section 6 the theorem is proved by choosing appropriate local
trivializations ®. For coordinates x = @q(p) and x’ = @g(p) we recall that
/ /
i = %i, , dx’j\p = %dxi\p.
ox;'?  0x; ox P ox;
For a covariant tensor 7 € T"M this implies the following. The components are
defined in local coordinates by

T =T, ,d" @ @dx'", T, ;= T(ai1 e air).
The change of coordinates x — x’ then gives
T (ax?ﬁa L9, 0 ) g N9
1T g, ax91 T ox;, ax;r v ox;,  Ox;
Define
<I)(T,~l...,-rdx"l ®---@dx'") = (p, (T,-l...,-r)),
then

ox.  ox,
—1 / _ / J1 Jr
Qod (p, (Tlljr)) - (‘D’ (TJPJ? ax,'l axi, )) )
The products of the partial derivatives are smooth functions. We can now apply
Theorem 6.4 as we did in Theorems 6.8 and 6.12. ]

On tensor bundles we also have the natural projection
n:T{M—M,
defined by nt(p,T) = p. A smooth section in T M is a smooth mapping
6:M—T/M,
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such that mo 6 = idy. The space of smooth sections in 7'M is denoted by F'.(M).
For the co- and contravariant tensors these spaces are denoted by 3" (M) and F(M)
respectively. Smooth sections in these tensor bundles are also called smooth tensor
fields. Clearly, vector fields and 1-forms are examples of tensor fields. Sections in
tensor bundles can be expressed in coordinates as follows:

G,’l...irdxi] ®---®dxi’, GE?r(M),
i1 js O 9
o=/{ 0o/ ]xale ®®m’ GEEFS(M),

oy, ® - @dx ® % ®--® g0, GEF(M).
Tensor fields are often denoted by the component functions. The tensor and tensor
fields in this course are, except for vector fields, all covariant tensors and covariant
tensor fields. Smoothness of covariant tensor fields can be described in terms of
the component functions G;, ...;,.
Lemma 9.2. *° A covariant tensor field 6 is smooth at p € U if and only if
(1) the coordinate functions Gj,...;. : U — R are smooth, or equivalently if and
only if
(i) for smooth vector fields X, -- - , X, defined on any open set U C M, then the
function 6(Xy,---,X,) : U — R, given by

G(le T ,Xr)(p) = GP(XI (p)a T >Xr(p)>v

is smooth.
The same equivalences hold for contravariant and mixed tensor fields.

Proof: Use the identities in the proof of Theorem 9.1 and then the proof goes as
Lemma 6.11. |
«9.3 Example. Let M = R? and let 6 = dx' @ dx! +x3dx* @dx?. If X =& (x) % +
E2(x) a% andY =n'(x) aixl +M2(x) % are arbitrary smooth vector fields on T,R? =2
R2, then

o(X,Y) =& (x)i (x) +x{&(x)M2(x),
which clearly is a smooth function in x € R >

For covariant tensors we can also define the notion of pullback of a mapping
f between smooth manifolds. Let f: N — M be a smooth mappings, then the
pullback f* : T"(Ty,)M) — T"(T,N) is defined as

(f*T)(Xb ) Xr) = T(f*X17 o ,f*Xr),

where T € T"(Ty(,\M), and X1, --- , X, € T,N. We have the following properties.

265ee Lee, Lemma 11.6.
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Lemma 9.4. 2" Let f: N — M, g: M — P be smooth mappings, and let p € N,
S €T (TypM), and T € T" (Ty,)M), then:

W) [T (TppyM) — T"(T,N) is linear;
() f*(S®T)=f*S® f*T;
(iii) (g0/)" = f* 08" : T"(Tigap)(pP) = T"(T,M);
(iv) idy,S = S;
W) f*:T"M — T"N is a smooth bundle map.

Proof: Combine the proof of Lemma 5.3 with the identities in the proof of
Theorem 9.1. |

« 9.5 Example. Let us continue with the previous example and let N = M = R?.
Consider the mapping f : N — M defined by

flx)= (2x1,x§ —X1).

For given tangent vectors X,Y € T;N, given by X =&, a% + &2% andY =m; % +

T]za%, we can compute the pushforward

2 0
*: ) d
f < —1 3x3 > o

0 0
X =261—+(— 3058 ) =—,
f ilayl + (=& + xziz)ayz
fY =2 ‘ + (=M1 +3x3m2) J
WY = —+(— X —.
nlayl ni an ay2
Let 6 be given by 6 = dy' @ dy! 4—)}%dy2 ®dy?. This then yields

S(f.X,f.Y) = 4§ +4x (& —3x7&) (M1 —3xm2)
= 4(1+x)&m — 12675Ems
—12x3x3Eom1 + 36x3x3x7E M.
We have to point out here that f,X and f.Y are tangent vectors in 7,N and not

necessarily vector fields, although we can use this calculation to compute f*o,
which clearly is a smooth 2-tensor field on 72N, >

2Tee Lee, Proposition 11.8.
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€ 9.6 Example. A different way of computing f*G is via a local representation of
o directly. We have 6 = dy' ® dy! —H}%dy2 ®dy?, and

ffo = d(2x))®d(2x))+4x3d(x5 —x1) @d(x3 —x1)
= ddx' @dx' +4x] (3)c%dx2 — dxl) ® (3x§dx2 — dxl)
= 4(1+x])dx' @ dx' — 12xIx3dx' @ dx?
—12x3x3dx* @ dx' 4 36xTx3x}dx* @ dx?.
Here we used the fact that computing the differential of a mapping to R produces
the pushforward to a 1-form on N. >

4 9.7 Example. If we perform the previous calculation for an arbitrary 2-tensor
o =aq 1dy1 ® dy1 + alzdyl ® a’y2 + a21dy2 & dy1 + azgdy2 ® dyz.
Then,
fio = (day —2a12 —2a +az)dx' ®dx' + (6ai; —3ax)x5dx' ® dx*
+(6az; — 3a22)x%dx2 Qdx' + 9x3a22dx2 ®dx?,
which produces the following matrix if we identify 7%(7N) and T?(T,M) with R*:

4 -2 -2 1

o 0 6x3 0 -3x3
0 0 6x3 -3 |’
0 0 0 9

which clearly equal to the tensor product of the matrices (Jf)*, i.e.

2 -1 2 —1
f*z(Jf)*®(Jf)*:<o 3xz>®<o 3>
2 2

This example show how to interpret f* : T2(T,M) — T?(T,N) as a linear mapping.
>

As for smooth 1-forms this operation extends to smooth covariant tensor fields:
(f*0)p = f*(0f(p)), © € F'(N), which in coordinates reads

(f*G)p(Xla .. Xr) = Gf(p)(f*Xla' .. ’f*Xr)’

for tangent vectors Xp,---,X, € T,N.
Lemma 9.8. 28 Let f : N — M, g : M — P be smooth mappings, and let h € C*(M),
c€JF" (M), andt € F'(N), then:

() f*:F" (M) — F"(N) is linear;

283ee Lee, Proposition 11.9.
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(i) f*(ho) = (ho f)f*o;
(iii) f*(6®T)=f0® [T
(iv) f*o is a smooth covariant tensor field;
(V) (gof) =[f"og"
(vi) idy,6 =o;

Proof: Combine the Lemmas 9.4 and 9.2. (]

10. Differential forms

A special class of covariant tensor bundles and associated bundle sections are
the so-called alternating tensor bundles. Let A"(7T,M) C T"(T,M) be the space
alternating tensors on 7,M. We know from Section 8 that a basis for A"(7,M) is
given by

{dxi‘ A ANdx 1<y, iy Sm},

and dimA"(T,M) = r‘(ler)‘ The associated tensor bundles of atlernating covariant
tensors is denoted by A"M. Smooth sections in A"M are called differential r-forms,
and the space of smooth sections is denoted by I'"(M) C F"(M). In particular
(M) = C*(M), and T'' (M) = F*(M). In terms of components a differential r-

form, or r-form for short, is given by
Gil...irdxil AREE /\dxi",

and the components ©;,...;. are smooth functions. An r-form ¢ acts on vector fields
Xi,- -+, X, as follows:

(X1, X)) = Y (=1)*Ciidxi, (Xar)) -+~ dxi, (Xa(r)
acs,
D DICVAC IR AR«
acs,

< 10.1 Example. Let M = R3, and 6 = dx A dz. Then for vector fields

X —Xli—szi—i—XSi
P2y "0 gy T 9y
and
0 0 0
Xo =X —4+Xj—+X;—
2 Zax+ 2E)yJr 29z’

we have that
o(X1,X2) = X| X5 — XiX; .
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An important notion that comes up in studying differential forms is the notion
of contracting an r-form. Given an r-form ¢ € I'"(M) and a vector field X € F(M),
then

iXG = G(Xa'7"' ")a

is called the contraction with X, and is a differential (r — 1)-form on M. Another
notation for this is ix6 = X ,6. Contraction is a linear mapping

iy : (M) = T Y (M).
Contraction is also linear in X, i.e. for vector fields X, Y it holds that
ix+yO = ix0 +iyO, i)xO = A-ixO.

Lemma 10.2. % Let 6 € IV(M) and X € F(M) a smooth vector field, then
(i) ixo € I""Y(M) (smooth (r — 1)-form);
(ii) iX o iX = 0,‘
(iii) ix is an anti-derivation, i.e. for 6 € I (M) and ® € I'*(M),

ix(cA®) = (ixo) N+ (—1) 6 A (ixw).

A direct consequence of (iii) is that if 6 = 6; A--- A G,, where ; € T'! (M) =
F*(M), then

(10) ix(F:(—1)i_1(5i(X)(51/\"'8,'/\"'/\(5,,

where the hat indicates that G; is to be omitted, and we use the summation conven-

tion.

< 10.3 Example. Let 6 = xodx' Adx® be a 2-form on R?, and X = x%% —i—)@% +
9 4 0i 3 _yl o 29

(x1+x2) 555 a given vector field on R If ¥ =Y 5= 4 Y= 5=

vector fields then

+Y3 ay% is an arbitrary

(ixo)(Y)=0o(X,Y) = dx'(X)dx*(Y)—dx'(Y)dx}(X)
= XY —(x;+x0)r!,

which gives that

ixG = x7dx® — (x1 4 x2)dx".

29566 Lee, Lemma 13.11.
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Since © is a 2-form the calculation using X, Y is still doable. For higher forms
this becomes to involved. If we use the multilinearity of forms we can give a simple
procedure for computing ix6 using Formula (10).
< 10.4 Example. Let 6 = dx' Adx*> Adx® be a 3-form on R3, and X the vector field
as given in the previous example. By linearity

ixC = in(5+iX2(5+iX3(5,

_,20 _ d _ 9 : EFESU
where X = x{ 5, Xo = x35;, and X3 = (x1 —|—x2)E. This composition is chosen
so that X is decomposed in vector fields in the basis directions. Now

ix,6 = dx'(X))dx* Ndx® = x}dx* Ndx®,
ix,0 = —dx? (Xz)dx1 Adx® = —x3dx' Ndx®,
ix,6 = dx*(Xz)dx' Ndx® = (x) +x2)dx' Adx?,

which gives
ix0o = x%dx2 Adx® = x3dx' NdxP + (x1 +x2)dx1 Adx?,

a 2-form on R?. One should now verify that the same answer is obtained by com-
puting 6(X,Y,Z). >

For completeness we recall that for a smooth mapping f : N — M, the pullback

of a r-form G is given by

(f70)p(X1,-+, X)) = [ O 70p) (X1, -, X)) = Opp) (X1, [ o).

We recall that for a mapping & : M — R, then pushforward, or differential of &
dh, = h. € T;M. In coordinates dh, = g—idx"\p, and thus the mapping p > dh,
is a smooth section in A' (M), and therefore a differential 1-form, with component
C; = a%— (in local coordinates).

If f: N — M is a mapping between m-dimensional manifolds with charts (U, ¢),
and (V,y) respectively, and f(U) C V. Set x = @(p), and y = y(g), then

(11) f*(ody' A---Ndy™) = (o0 f)det(J flx)dx' A+ Adx™.

This can be proved as follows. From the definition of the wedge product and
Lemma 9.8 it follows that Frdy' A Ady™) = frdy' A--- A frdy™, and frdy) =
g—gdxi = dFJ, where F = yo fand f = yo fo¢~'. Now
frdyt A ndy™) = frdyt A ARy
= dF'A---AdF™,
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and furthermore, using (7),

dFl/\.../\dFm((,;C]’...’ain) _det<dFi<£j)> —det@xf;),

which proves the above claim.
As a consequence of this a change of coordinates f: yo ! yields

(12) Ayt A Ady™) = det(Tfly)dx! A-- Adx™

«10.5 Example. Consider 6 = dx Ady on R?, and mapping f given by x = rcos(8)
and y = rsin(@). The map f the identity mapping that maps R? in Cartesian coor-
dinates to R? in polar coordinates (consider the chart U = {(r,0) : r>0,0<8 <
21}). As before we can compute the pullback of 6 to R? with polar coordinates:
6=dxNdy = d(rcos(8))Ad(rsin(8))

= (cos(8)dr—rsin(0)d0) A (sin(0)dr + rcos(8)do)

= rcos?(0)dr Ad® — rsin®(0)d® Adr

= rdrN\d®.

Of course the same can be obtained using (12). >

<« 10.6 Remark. If we define

which is an associative, anti-commutative graded algebra, then f* : T'(N) — I'(M)
is a algebra homomorphism. >

11. Orientations

In order to explain orientations on manifolds we first start with orientations of
finite-dimensional vector spaces. Let V be a real m-dimensional vector space. Two
ordered basis {vy,---,vy,} and {V},---,v,,} are said to be consistently oriented if
the transition matrix A = (a;;), defined by the relation

/
vi:a,-jvj,

has positive determinant. This notion defines an equivalence relation on ordered
bases, and there are exactly two equivalence classes. An orientation for V is a
choice of an equivalence class of order bases. Given an ordered basis {vy,---, v, }
the orientation is determined by the class O = [vy,---,vy,]. The pair (V,0) is called
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an oriented vector space. For a given orientation any ordered basis that has the
same orientation is called positively oriented, and otherwise negatively oriented.
Lemma 11.1. Let 0 # 6 € A™(V), then the set of all ordered bases {vi,--- v}
for which ®(vy,--- ,vy) > 0 is an orientation for V.

Proof: Let {v;} be any ordered basis and v; = a,jv;-. Then O(vy, -« ,vy) =
det(A)0(v},---,v},) > 0, which proves that the set of bases {v;} for which it holds
that (vy,---,v,y) > 0, characterizes an orientation for V. (]

Let us now describe orientations for smooth manifolds M. We will assume that
dimM = m > 1 here. For each point p € M we can choose an orientation O, for
the tangent space 7,M, making (7,M,0,) oriented vector spaces. The collection
{Op}pemy is called a pointwise orientation. Without any relation between these
choices this concept is not very useful. The following definition relates the choices
of orientations of 7,,M, which leads to the concept of orientation of a smooth man-
ifold.

Definition 11.2. A smooth m-dimensional manifold M with a pointwise orientation
{Op}pem, Op = [Xl Lo ,Xm], is (positively) oriented if for each point in M there
exists a neighborhood U and a diffeomorphism ¢, mapping from U to an open
subset of R™, such that

(13) [(p*(xl)7"'7(p*(Xm)]‘p:[elv"'7em]7 VPGU,

where [e},---,e,| is the standard orientation of R™. In this case the pointwise
orientation {O} ,ep is said to be consistently oriented. The choice of {O,} ,ep is
called an orientation on M, denoted by O = {0, } yem.

If a consistent choice of orientations O, does not exist we say that a manifold is
non-orientable.
< 11.3 Remark. If we look at a single chart (U, ¢) we can choose orientations O,
that are consistently oriented for p € O,. The choices X; = ¢, ! (¢;) = a%| p are
ordered basis for 7,M. By definition ¢, (X;) = ¢;, and thus by this choice we obtain
a consistent orientation for all p € U. This procedure can be repeated for each chart
in an atlas for M. In order to get a globally consistent ordering we need to worry
about the overlaps between charts. >

<« 11.4 Example. Let M = S' be the circle in R%,i.e. M = {p=(p1,p2) : p?+p3=
1}. The circle is an orientable manifold and we can find a orientation as follows.
Consider the stereographic charts U; = S'\Np and U, = S'\Sp, and the associated
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mappings
_ 2p _2p
ml(p)—l_pz, (p)—lﬂ)2
_l(x)—( 4x x2—4) _l(x)—( 4x 4—x2)
1 C\x2 447 x244) > O\ 44 X244

Let us start with a choice of orientation and verify its validity. Choose X (p) =
(=p2,p1), then

(@1):(X) =Jo1|p(X) = (1—2p2 (1ipp12)2> < _ppjz ) - 1—2192 >0

on U, (standard orientation). If we carry out the same calculation for U, we obtain

(02)«(X) =J@2|p(X) = ﬁiz < 0 on U,, with corresponds to the opposite orienta-

tion. Instead by choosing ®,(p) = @2(—p1, p2) we obtain

(@ﬁAX)=J¢2AX)=:15p2>

i

which chows that X(p) is defines an orientation O on S'. The choice of vectors
X(p) does not have to depend continuously on p in order to satisfy the definition
of orientation, as we will explain now.

For p € U; choose the canonical vectors X (p) = %| P e

TN -
| =Jo; (1) = (xlgx) :

aXp

(xz +4>2

s ) By definition (¢;).(X) =1
P1

for p € U;. For p = Np we choose X(p) = (=1 0), so X(p) is defined for p € S!
and is not a continuous function of p! It remains to verify that (§2).(X) > 0 for

In terms of p this gives X(p) = 3(1 — p2) (

some neighborhood of Np. First, at p = Np,

—1 2
J@ = =1>0.
(P2|p< 0 ) 14+ po

The choice of X(p) at p = Np comes from the canonical choice %) with respect
p

to @,. Secondly,
N 1 ) 2 . 1—
Toalo (X () = 51 p) Pl)( m>1m

L+py (14 p2)? pi ) 14p’

for all p € U,\Np. Note that @, O(pfl(x) = %4, and

J92|p(X(p)) = T2l p(Jo1 [ p(1)) = T (@200, )|, (1) = xi;’
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which shows that consistency at overlapping charts can be achieved if the transition
mappings have positive determinant. Basically, the above formula describes the
change of basis as was carried out in the case of vector spaces. >

What the above example shows us is that if we choose X (p) = a%\ p for all
charts, it remains to be verified if we have the proper collection of charts, i.e. does
[{JpgoJ@y ' (e)}] = [{ei}] hold? This is equivalent to having det(JpgoJ@y ') > 0.
These observations lead to the following theorem.

Theorem 11.5. A smooth manifold M is orientable if and only if there exists an
atlas A = {(Uq, Qo } such that for any p € M

det(J@ug|x) > 0, Pop = Ppo Py,

for any pair o, B for which x = @q(p), and p € Uy NUp.
Proof: Obvious from the previous example and Lemma 11.1. ]

As we have seen for vector spaces m-forms can be used to define an orientation
on a vector space. This concept can also be used for orientations on manifolds.
Theorem 11.6. *° Let M be a smooth m-dimensional manifold. A nowhere van-
ishing differential m-form © € I'" (M) determines a unique orientation O on M for
which 8, is positively orientated at each T,M. Conversely, given an orientation O
on M, then there exists a nowhere vanishing m-form 8 € I'" (M) that is positively
oriented at each T,M.

Proof: Let 8 € I (M) be a nowhere vanishing m-form, then in local coordinates
(U,9), 8= fdx' A--- Adx™. For the canonical bases for T,M we have

9 9
e(E,--.,a):fﬂ.

Without loss of generality can be assumed to be positive, otherwise change ¢ by
means of x; — —x;. Now let {%} be canonical bases for 7,M with respect to a
chart (V,y). As before 8 = gdy' A---Ady™, g >0onV. Assume that UNV # @,
then at the overlap we have
0 0 0 0
0<g = e(—,m,—) :det<J oy )e<—,--- —)
& ay1 OVm (poy™) ox; Xy,

= fdet(J(q)ow“)),

which shows that det (J (po \|F1)> > 0, and thus M is orientable.
For the converse we construct non-vanishing m-forms on each chart (U, @). Via
a partition of unity we can construct a smooth m-form on M, see Lee. ]

30gee Lee, Prop. 13.4.
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This theorem implies in particular that non-orientable m-dimensional manifolds
do not admit a nowhere vanishing m-form, or volume form.
<« 11.7 Example. Consider the Mobius strip M. The Mobius strip is an example
of a non-orientable manifold. Let us parametrize the Md&bius strip as an embedded
manifold in R3:

rsin(0/2)cos(0) +cos(0)
g:Rx(=1,1) >R g(@8,r)=| rsin(6/2)sin()+sin(8) |,
rcos(0/2)

where g is a smooth embedding when regarded as a mapping from R/2nZ x
(—1,1) — R3. Let us assume that the Mobius strip M is oriented, then by the
above theorem there exists a nonwhere vanishing 2-form ¢ which can be given as
follows

o =a(x,y,z)dy Ndz+b(x,y,z)dz Ndx+ c(x,y,z)dx A dy,

where (x,y,z) = g(0,r). Since g is a smooth embedding (parametrization) the
pullback form g*c = p(6,r)d6 Adr is a nowhere vanishing 2-form on R/2nZ x
(—=1,1). In particular, this means that p is 2m-periodic in 6. Notice that 6 =
ixdx ANdy Ndz, where

0 0 0
X= a(X,y,Z)a +b(x7yvz)$ +C(x7yvz)87Z‘

For vector fields & = E.»la% +§23% —l—&ga% andm=m, E% —1—112% +“3a% we then have
that

6(&n) = ixdxAdyndz(§n) =X - (§x M),
where § x 1 is the cross product of & and 1. The condition that 6 is nowhere
vanishing can be translated to R? as follows:

g 0(e1,e2) = 0(g.(e1),8+(e2))-

Since g.(e1) X g«(€2)|o=0 = —g«(e1) X g«(€2)|o=2r, the pullback g*c form cannot
be nowhere vanishing on R/2nZ x R, which is a contradiction. This proves that
the Mobius band is a non-orientable manifold. >

Let N, M be oriented manifolds of the same dimension, and let f : N — M be
a smooth mapping. A mapping is called orientation preserving at a point p € N
if f. maps positively oriented bases of 7,,N to positively oriented bases in T, \M.
A mapping is called orientation reversing at p € N if f, maps positively oriented
bases of T,,N to negatively oriented bases in Ty(,)M.

Let us now look at manifolds with boundary; (M,dM). For a point p € M we
distinguish three types of tangent vectors:



74

FIGURE 32. Out(in)ward vectors and the induced orientation to
oM.

(i) tangent boundary vectors X € T,(dM) C T,M, which form an (m — 1)-
dimensional subspace of T,M;
(ii) outward vectors; let @' : W C H"™ — M, then X € T,M is called an out-
ward vector if @ 1(Y) = X, for some Y = (y1,---,y,,) with y; < 0;
(iii) inward vectors; let (p_l :W CH" — M, then X € T,M is called an inward
vector if @; 1(Y) = X, for some Y = (y1,-++,yn) with y; > 0.
Using this concept we can now introduce the notion of induced orientation on oM.
Let p € M and choose a basis {X,---,X,,} for T,M such that [X,--- ,X,,] = O,
{Xa,--+, X} are tangent boundary vectors, and X; is an outward vector. In this case
(X2, ,Xm] = (00),, determines an orientation for 7,,(dM), which is consistent,
and therefore 0O = {(d0), } ,com is an orientation on dM induced by O. Thus for
an oriented manifold M, with orientation O, M has an orientation 90O, called the
induced orientation on oM.
<« 11.8 Example. Any open set M C R™ (or H") is an orientable manifold. >

<« 11.9 Example. Consider a smooth embedded co-dimension 1 manifold
M={peR"™" : f(p)=0},  f:R™ R, tk(f)|,, peM.

Then M is an orientable manifold. Indeed, M = ON, where N = {p c R"*! : f(p) >
0}, which is an open set in R”*! and thus an oriented manifold. Since M = N the
manifold M inherits an orientation from M and hence it is orientable. >
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IV. Integration on manifolds

12. Integrating m-forms on R”

We start off integration of m-forms by considering m-forms on R™.

Definition 12.1. A subset D C R is called a domain of integration if

(i) D is bounded, and
(ii) @D has m-dimensional Lebesgue measure du = dx; - - - dx,, equal to zero.

In particular any finite union or intersection of open or closed rectangles is a
domain of integration. Any bounded®! continuous function f on D is integrable,
ie.

—o0 / fdxy---dxy < oo.
D
Since A™(R™) = R, a smooth m-form on R™ is given by
©=f(x1, -, xm)dx" Ao AdX™,

where f : R” — R is a smooth function. For a given (bounded) domain of integra-
tion D we define

/D(o = /fxl, m)dxy - dxm—/fd,u

= [ onler en)du
D

An m-form ® is compactly supported if supp(®) = cl{x € R” : o(x) # 0}
is a compact set. The set of compactly supported m-forms on R™ is denoted by
[*(R™), and is a linear subspace of I""*(R™). Similarly, for any open set U C R”
we can define @ € I''(U). Clearly, I'7'(U) C I'/(R™), and can be viewed as a
linear subspace via zero extension to R™. For any open set U C R™ there exists a
domain of integration D such that U D D D supp(®) (see Exercises).

31Boundedness is needed because the rectangles are allowed to be open.
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Definition 12.2. Let U C R™ be open and ® € I'*(U), and let D be a domain of
integration D such that U D D D supp(®). We define the integral

/Um::/Dco.
fo fo

The next theorem is the first step towards defining integrals on m-dimensional
manifolds M.
Theorem 12.3. Let U,V C R™ be open sets, f: U — V an orientation preserving
diffeomorphism, and let ® € I'"(V'). Then,

/V(o:/Uf*(o.

If f is orientation reversing, then [, ® = — [, f*o.

If U C H™ open, then

Proof: Assume that f is an orientation preserving diffeomorphism from U to
V. Let E be a domain a domain of integration for @, then D = f~!(E) is a do-
main of integration for f*®. We now prove the theorem for the domains D and
E. We use coordinates {x;} and {y;} on D and E respectively. We start with
®=g(y1, -+ ,Ym)dy' A--- Ady". Using the change of variables formula for inte-
grals and the pullback formula in (11) we obtain

/0) = /g(y)dy1 -+ dyy (Definition)
E E
_ /D (g0 f)(x)det(J Fl,)dx" - - dx™

B L(gof)(x) det(']_ﬂx)dxl A Adx™

/ /"o (Definition).
D

One has to introduce a — sign in the orientation reversing case. |

13. Partitions of unity

We start with introduce the notion partition of unity for smooth manifolds. We
should point out that this definition can be used for arbitrary topological spaces.
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Definition 13.1. Let M be smooth m-manifold with atlas A = {(@;,U;) }ier. A
partition of unity subordinate to A is a collection for smooth functions {A; : M —
R};e; satisfying the following properties:
(i) 0<Ai(p) <1forall pe M and foralli€ I,
(i) supp(Ai) C Uy
(iii) the set of supports {supp(A;) }ics is locally finite;
(iv) YicrAhi(p) =1forall p e M.

Condition (iii) says that every p € M has a neighborhood U > p such that only
finitely many A;’s are nonzero in U. As a consequence of this the sum in Condition
(iv) is always finite.

Theorem 13.2. For any smooth m-dimensional manifold M with atlas A there
exists a partition of unity {\;} subordinate to A.

In order to prove this theorem we start with a series of auxiliary results and
notions.

Lemma 13.3. There exists a smooth function h : R™ — R such that 0 < h <1 on
R™, and h|g, o) = 1 and supp(h) C B2(0).
Proof: Define the function f] : R — R as follows

eVt >0,

0, t<0.

fit) =

One can easily prove that f; is a C”-function on R. If we set

fi2—1)
)= .
£2(0) A=)+ filt—1)
This function has the property that f>(t) = 1fort < 1,0< fo(t) <1for1 <t <

2, and f,(r) = 0 for r > 2. Moreover, f, is smooth. To construct f we simply
write f(x) = f2(|x|) for x € R™\{0}. Clearly, f is smooth on R™\{0}, and since
flB,(0) = 1 it follows that f is smooth on R™. |

An atlas A gives an open covering for M. The set U; in the atlas need not be
compact, nor locally finite. We say that a covering U = {U;} of M is locally finite
if every point p € M has a neighborhood that intersects only finitely U; € U. If
there exists another covering V = {V;} such that every V; € V is contained in some
V; C U; € U, then V is called a refinement of U. A topological space X for which
each open covering admits a locally finite refinement is called paracompact.
Lemma 13.6. Any topological manifold M allows a countable, locally finite cov-

ering by precompact open sets.
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FIGURE 33. The functions f; and f>.

FIGURE 34. A locally finite covering [left], and a refinement
[right].

Proof: We start with a countable covering of open balls B = {B;}. We now
construct a covering U that satisfies

(1) all sets U; € U are precompact open sets in M;
(i) U_, CU;,i>1;
(iii) B; C U;.
We build the covering U from B using an inductive process. Let U; = By, and
assume Uy, - - - , Uy have been constructed satisfying (i)-(iii). Then

Uy C B, U---UB;,
where B;, = B;. Now set
Uk+1 =B, U---UB;,.
Choose i; large enough so that iy > k+ 1 and thus By C Uy .
From the covering U we can now construct a locally finite covering V by setting
Vi=U\U;_2,i> 1. [
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FIGURE 35. Constructing a nested covering U from a covering
with balls B [left], and a locally finite covering obtained from the
previous covering [right].

Next we seek a special locally finite refinement {W;} =W of V which has spe-
cial properties with respect to coordinate charts of M;

(i) 'W is a countable and locally finite;
(ii) each W; C W is in the domain of some smooth coordinate map @, :;— R™
for M
(iii) the collection Z ={Z;},Z; = (p;1 (B1(0)) covers M.

The covering W is called regular.
Lemma 13.8. For any open covering U for a smooth manifold M there exists a
regular refinement. In particular M is paracompact.

Proof: Let V be a countable, locally finite covering as described in the previous
lemma. Since V is locally finite we can find a neighborhood W), for each p € M
that intersects only finitely many set V; € V. We want to choose W, in a smart
way. First we replace W, by W,N{V; : p € V;}. Since p € U; for some i we then
replace W, by W, NV;. Finally, we replace W, by a small coordinate ball B,(p)
so that W), is in the domain of some coordinate map ¢,. This provides coordinate
charts (W,,@,). Now define Z, = ¢, ' (B1(0)).

For every k, {Z, : p € Vi } is an open covering of Vi, which has a finite subcov-
ering, say Z}, - -- ,Z*. The sets Z,i are sets of the form Z,, for some p; € Vi. The
associated coordinate charts are (W!,@;),---, (W,"™, @;"). Each W} is obtained via
the construction above for p; € Vi. Clearly, {W/'} is a countable open covering of
M that refines U and which, by construction, satisfies (ii) and (iii) in the definition
of regular refinement. It is clear from compactness that {Wk’ } is locally finite. Let
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FIGURE 36. The different stages of constructing the sets W), col-
ored with different shades of grey.

us relabel the sets {W/} and denote this covering by W = {W;}. As a consequence
M is paracompact. ]

Proof of Theorem 13.2: From Lemma 13.8 there exists a regular refinement W
for A. By construction we have Z; = ¢; ' (B1(0)), and we define

7= o7 (B2(0)).

Using Lemma 13.3 we now define the functions u.M — R;

f2o0; onW,
Hi = _
0 on M\V;.
These functions are smooth and supp(u;) C W;. The quotients
F= Hilp)
Yiui(p)
are, due to the local finiteness of W; and the fact that the denominator is positive

for each p € M, smooth functions on M. Moreover, 0 <A; <1,and ), i Ai=1
Since W is a refinement of A we can choose an index k; such that W; C Uy;.

Therefore we can group together some of the function A ;i
A= Z Aj,
k=i
which give us the desired partition functions with 0 < A; < 1, ¥;A; = 1, and
supp(A;) C U;. [

Some interesting byproducts of the above theorem using partitions of unity are.
In all these case M is assumed to be an smooth m-dimensional manifold.
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Theorem 13.10. 3> For any close subset A C M and any open set U D A, there
exists a smooth function f : M — R such that

1) 0<f<1lonM;
(i) f71(1) =4;
(iii) supp(f) C U.

Such a function f is called a bump function for A supported in U.

By considering functions g = ¢(1 — f) > 0 we obtain smooth functions for which
2~ '(0) can be an arbitrary closed subset of M.
Theorem 13.11. 33 Let A C M be a closed subset, and f : A — R* be a smooth
mapping.>* Then for any open subset U C M containing A there exists a smooth
mapping f1: M — RF such that f'|4 = f, and supp(fT) C U.

14. Integration on of m-forms on m-dimensional manifolds.

In order to introduce the integral of an m-form on M we start with the case of
forms supported in a single chart. In what follows we assume that M is an oriented
manifold with an oriented atlas A, i.e. a consistent choice of smooth charts such
that the transitions mappings are orientation preserving.

@Y
N
FIGURE 37. An m-form supported in a single chart.

32gee Lee, Prop. 2.26.

3gee Lee, Prop. 2.26.

A mapping from a closed subset A C M is said to be smooth if for every point p € A there exists
an open neighborhood W C M of p, and a smooth mapping f7 : W — R* such that fT|yn4 = £.
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Let ® € I'"(M), with supp(w) C U for some chart U in A. Now define the
integral of  over M as follows:

/Mw:= /(p(U)(cp‘l)*co,

where the pullback form (¢~')*® is compactly supported in V = @(U) (¢ is a
diffeomorphism). The integral over V of the pullback form (¢~!)*® is defined in
Definition 12.2. It remains to show that the integral [,, ® does not depend on the
particular chart. Consider a different chart U’, possibly in a different oriented atlas

FIGURE 38. Different charts U and U’ containing supp(®), i.e.
supp(w) CUNU'".

A’ for M (same orientation), then

[@e = [ @ e=[ (@)@ )0
v/ ¢'(unu’) o(uNU")
= [ @@ e= (¢ e
o(UNU’) o(UNU")
= / (o) o,
\4

which show that the definition is independent of the chosen chart. We crucially do
use the fact that A UA’ is an oriented atlas for M. To be more precise the mappings
¢ 0@~ ! are orientation preserving.

By choosing a partition of unity as described in the previous section we can now
define the integral over M of arbitrary m-forms @ € I'7*(M).
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Definition 14.3. Let ® € I (M) and let A; = {(U;,9;}ic;1 C A be a finite subcov-
ering of supp(®) coming from an oriented atlas A for M. Let {\;} be a partition
of unity subordinate to Aj. Then the integral of ® over M is defined as

/M(n::;/Mkim,

where the integrals [,, Mo are integrals of form that have support in single charts
as defined above.

We need to show now that the integral is indeed well-defined, i.e. the sum is
finite and independent of the atlas and partition of unity. Since supp(®) is compact
Ay exists by default, and thus the sum is finite.

Lemma 14.4. The above definition is independent of the chosen partition of unity
and covering Aj.

Proof: Let A, C A’ be another finite covering of supp(®), where A’ is a com-

FIGURE 39. Using a partition of unity we can construct m-forms
which are all supported in one, but possibly different charts U;.

patible oriented atlas for M, i.e. AUA'is a oriented atlas. Let {1’} be a partition
of unity subordinate to A;. We have

[ wo=[ (;xg)xim:; | W,

By summing over i we obtain }; [), A = Y; ; [, A;A;0. Each term A A;@ is sup-
ported in some U; and by previous independent of the coordinate mappings. Sim-
ilarly, if we interchange the i’s and j’s, we obtain that }; [, i@ =¥ ; [, A\,
which proves the lemma. ]
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< 14.6 Remark. If M is a compact manifold that for any ® € I (M) it holds that
supp(®) C M is a compact set, and therefore I'?*(M) =I""(M) in the case of com-

pact manifolds. >

So far we considered integral of m-forms over M. One can of course integrate
n-forms on M over n-dimensional immersed or embedded submanifolds N C M.
Given ® € I""(M) for which the restriction to N, ®|y has compact support in N,

then
/0)::/0)\1\;.
N N

As a matter of fact we have i : N — M, and o|y = i*®, so that [y 0 := [y 0|y =
Jyi*o. If M is compact with boundary oM, then [5,,® is well-defined for any
(m—1)-form ® € " 1(M).

Theorem 14.7. Let ® € I'"(M), and f : N — M is a diffeomorphism. Then

/Mm:/Nf*m.

Proof: By the definition of integral above we need to prove the above statement

/7\,,'0):/]0*7\40).
M N

Therefore it suffices to prove the theorem for forms ® whose support is in a single
chart U.

for the terms

N

/ M
P
S&w(.gw) S‘*&’/’(“’)

?

N Y
@' u&j’@

FIGURE 40. The pullback of an m-form.
[ro = [ @hyre=[ @) rve e
U o(U) o(U)

:/ v o=/ o
w(U') v’
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By applying this to A;® and summing we obtain the desired result. ]

For sake of completeness we summarize the most important properties of the
integral.
Theorem 14.9. 3> Let N,M be oriented manifolds (with or without boundary) of
dimension m , and ®,m € I'?'(M), are m-forms. Then

(i) [yaw+bn=af,0+b[,M;
(1) if —O is the opposite orientation to O, then

o= Lo
M,—0 M.,0

(iil) if  is an orientation form, then [,;® > 0;
(v) if f : N — M is a diffeomorphism, then

/Mm:/Nf*O).

For practical situations the definition of the integral above is not convenient since
constructing partitions of unity is hard in practice. If the support of a differential
form ® can be parametrized be appropriate parametrizations, then the integral can
be easily computed from this. Let D; C R™ — finite set of indices i — be compact
domains of integration, and g; : D; — M are smooth mappings satisfying

(i) E; = gi(D;), and g; : int (D;) — int (E;) are orientation preserving diffeo-
morphisms;
(ii) E;NE; intersect only along their boundaries, for all i # j.
Theorem 14.10. 3¢ Ler {(g;,D;)} be a finite set of parametrizations as defined
above. Then for any & C I'" (M) such that supp(®) C U;E; it holds that

/M(ozzi:/D[giw.

Proof: As before it suffices the prove the above theorem for a single chart U,
i.e. supp(®) C U. One can choose U to have a boundary oU so that ¢(dU) has
measure zero, and @ maps cl(U) to a compact domain of integration K C H". Now
set

A,‘ZCI(U)QE,‘, B; :g;l(Ai), C,:(p,(A,)
We have

/C_((P_l)*mz/Bi((Pogi)*((p_l)*m:/Big;‘m'

35See Lee Prop. 14.6.
36gee Lee Prop. 14.7.
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FIGURE 41. Carving up supp(®) via domains of integration for
parametrizations g; for M.

Since the interiors of the sets C; (and thus A;) are disjoint it holds that

Jo = [ o= [@he
- ;/B,g?"’:;/g,.gf‘”’

which proves the theorem. ]

<« 14.12 Remark. From the previous considerations computing [y, ® boils down
to computing (¢~')*®, or g*® for appropriate parametrizations, and summing the
various contrubutions. Recall from Section 12 that in order to integrate one needs

to evaluate (¢~ ')*w.(eq,- - ,en), which is given by the formula
(((p_l)*m)x(elv T aem) = (o(pfl(x)((p*_l(elh T 7(‘);1(@"))'

For a single chart contribution this then yields the formula

W = W, — -1 R -1 m d
Lo = [, o e, or s

d 9
- /<p(u)m“’l(x)(8m”"’am)d“

or in the case of a parametrization g : D — M:

[y~ st seuin

These expression are useful for computing integrals. >
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<« 14.13 Example. Consider the 2-sphere parametrized by the mapping g : R* —
§? C R? given as

x sin(@) cos(0)
g(@.6)=| y [ = sin(e)sin(6)
z cos (@)

This mapping can be viewed as a covering map. From this expression we derive
various charts for S2. Given the 2-form @ = zdx A dz let us compute the pullback
form g*® on R?. We have that

g«(e1) = cos(@) cos(O);x +cos(¢) sin(e);y - Sin((p);z’
g«(e2) = —sin(Q) sin(e)aax + sin(@) cos(e)aay,

and therefore

g 0(er,e2) = Wy (g+(e1),g+(e2)) = — cos(@) sin’ (@) sin(8),
and thus
g"® = — cos(¢) sin® (@) sin(0)d A d6.
The latter gives that [» @ = — [ [ cos(¢) sin(¢) sin(8)d@d® = 0, which shows

that o is not a volume form on S.
If we perform the same calculations for ® = xdy Adz+ ydz Adx+ zdx Ady, then

2T rm
/ ®= / / sin(()ddd — 4.
S2 0 0

The pullback form g*® = sin(¢@)d® A dB, which shows that ® is a volume form on
s2. >

15. The exterior derivative

The exterior derivative d of a differential form is an operation that maps an
k-form to a (k+ 1)-form. Write a k-form on R™ in the following notation

w= OJil‘..ikdxil Ao Adxk = (,Old/g, 1= (il . 'ik),

then we define

(14) do=dw; Ndx'.
Written out in all its differentials this reads
do = d((x)i1~..ikdxll ARER /\dx”‘) = a—ldx’ Adx' A - Ndx.
Xi
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Of course the Einstein summation convention is again applied here. This is the
definition that holds for all practical purposes, but it is a local definition. We need
to prove that d extends to differential forms on manifolds.

<« 15.1 Example. Consider 0y = f(x,y), a 0-form on R?, then

fdx+ Bf

dwmyg a PR

For a 1-form ; = fi(x,y)dx+ f2(x,y)dy we obtain

_ dfi dfi df2 dfa

doy = Gldxhdvt GrdyNdt GEdendy+ SRy Ady
_ 9dfi dfa _(0fa  9dfi
= oy dNdek A dy (3 5 )d Ady.

Finally, for a 2-form w, = g(x,y)dx A dy the d-operation gives

d d
don = Baxndxndy+ 28

dyNdxN\dy=0.
3 ayy/\x/\y

The latter shows that d applied to a top-form always gives 0. >

<« 15.2 Example. In the previous example d®g is a 1-form, and dw; is a 2-form.
Let us now apply the d operation to these forms:

2F Pf
d(d“"))_(axay ayax)d *Ady =0,
and
d(dw,) =0,

since d acting on a 2-form always gives 0. These calculations seem to suggest that
in general dod = 0. >

As our examples indicate @>® = 0. One can also have forms ® for which dw = 0,
but ® # dc. We say that ® is a closed form, and when ® = do, then ® is called
an exact form. Clearly, closed forms form a possibly larger class than exact forms.
In the next chapter on De Rham cohomology we are going to come back to this
phenomenon in detail. On R™ one will not be able to find closed forms that are
not exact, i.e. on R™ all closed forms are exact. However, if we consider different
manifolds we can have examples where this is not the case.
< 15.3 Example. Let M = R?\{(0,0)}, and consider the 1-form
2 +yy2 dx+ )2

0= dy,
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which clearly is a smooth 1-form on M. Notice that ® does not extend to a 1-form
on R?! It holds that d® = 0, and thus ® is a closed form on M. Lety: [0,2%) — M,
t — (cos(t),sin(¢)) be an embedding of S! into M, then

2n 2m
/0):/ Yo= dt =2m.
Y 0 0

Assume that ® is an exact 1-form on M, then @ = df, for some smooth function
f: M — R. In Section 5 we have showed that

2n
o= far= [ var=tenwa = 1.0~ 1.0 =0,
which contradicts the fact that fyo\) = fyd f = 2m. This proves that ® is not exact.
>

For the exterior derivative in general we have the following theorem.
Theorem 15.4. 3" Let M be a smooth m-dimensional manifold. Then for all k > 0
there exist unique linear operations d : TX(M) — T*t\ (M) such that;

(i) for any O-form ® = f, f € C*(M) it holds that
do(X)=df(X)=Xf, XeFM);
(ii) if ® € TKM) and m € TY(M), then
d(oAn) =doAn+(—DfoAdn;
(iii) dod =0;
(iv) if @ € I"™(M), then dw = 0.
This operation d is called the exterior derivative on differential forms, and is a
unique anti-derivation (of degree 1) on T'(M) with d* = 0.
Proof: Let us start by showing the existence of d on a chart U C M. We have
local coordinates x = @(p), p € U, and we define

dy :THU) - T (),
via (14). Let us write d instead of dy for notational convenience. We have that
d(fdx") = df Ndx'. Due to the linearity of d it holds that
d(fdx' ngdx') = d(fgdx' Ndx') =d(fg)dx
= gdfdx® + fdgdx*
= (df Ndx") N (gdx') + fdg Ndx! ndx’
= (df Ndx') A (gdx" )+ (=1 fdx! ndg Adx’
= d(fdx) A (gd) + (1) (fdx) nd(gdx”),

37See Lee Thm. 12.14
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which proves (ii). As for (iii) we argue as follows. In the case of a O-form we have
that

O i N
ddf) = d(a—Xidx - axjax,->dx Adx
Ff N

= i;j.(axiaxj_axjaxi)dx At =0,

Given a k-form ® = w;dx’, then, using (ii), we have
d(do) = d<d(01 Adx! )
= d(dwy) Ndx' + (=1 de! Ad(dx!) =0,

since y is a 0-form, and d(dx') = (—1)/dx"" A--- Ad(dx'/) A--- Ndx'* = 0. The
latter follows from d(dx'/) = 0. The latter also implies (iv), finishing the existence
proof in the one chart case. The operation d = dy is well-defined, satisfying (i)-
(iv), for any chart (U, ¢).

The operation dy is unique, for if there exists yet another exterior derivative d~U,
which satisfies (i)-(iv), then for ® = w;dx/,

do = do; Adx' + o'd(dx'),

where we used (ii). From (ii) it also follows that d(dx) = (—1)7dxt A--- Ad(dx'i) A
-+~ Adx" = 0. By (i) d(9(p);,) = dx'/, and thus by (iv) d(dx')) = dod(¢(p);;) =0,
which proves the latter. From (i) it also follows that le = dwy, and therefore

do = do; Adx + o'd(dx') = doy Ndx' = do,

which proves the uniqueness of dy .

Before giving the defining d for @ € T*(M) we should point out that dy; trivially
satisfies (i)-(iii) of Theorem 15.5 (use (14). Since we have a unique operation dy
for every chart U, we define for p € U

(d), = (duo|v)p,

as the exterior derivative for forms on M. If there is a second chart U’ 5 p, then by
uniqueness it holds that on

dy (0|yry) = dunu (Olun) = dy (©|uno),

which shows that the above definition is independent of the chosen chart.
The last step is to show that d is also uniquely defined on T*(M). Let p € U, a
coordinate chart, and consider the restriction

(,l)|U = mldx’,
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where ®; € C*(U). Let W C U be an open set containing p, with the additional
property that cI(W) C U is compact. By Theorem 13.10 we can find a bump-
function g € C*(M) such that g|w = 1, and supp(g) C U. Now define

© = goyd(gx;,) N Nd(gxi,).

Using (i) we have that d(gx;)|w = dx’, and therefore ®|y = ®|y. Setn = ® — ,
then njw = 0. Let p € W and h € C*(M) satisfying h(p) = 1, and supp(h) C W.
Thus, hw =0 on M, and
0= d(ho) = dh Ao+ hdo.
This implies that (d®), = —(df A®), = 0, which proves that (d®)|w = (d®)|w.
If we use (i1)-(iii) then

do = d(god(gx,)N---Ad(gx;))

= d(goy) Ad(gxi)) A+ Ad(gxi,) +goord (d(gxiy) A -+~ Ad(gxi,))

= d(goy) Nd(gxi,) A+ Nd(gxi).

It now follows that since g|lw = 1, and since (d®)|y = (d®)|w, that
80)1

(do‘)) ‘W = axi

which is exactly (14). We have only used properties (i)-(iii) the derive this ex-
pression, and since p is arbitrary it follows that d : T*(M) — T**1(M) is uniquely
defined. ]

dx' Ndx!,

The exterior derivative has other important properties with respect to restrictions
and pullbacks that we now list here.
Theorem 15.5. Let M be a smooth m-dimensional manifold, and let ® € T*(M),
k> 0. Then
(i) in each chart (U, Q) for M, dw in local coordinates is given by (14);
(ii) if ® = @' on some open set U C M, then also d® = dw on U,
(iii) ifU C M is open, then d(0|y) = (d®)|y;
@iv) if f : N — M is a smooth mapping, then

fHldo) =d(f o),

ie. f*:T*(M) = T*(N), and d commute as operations.

Proof: Let us restrict ourselves here to proof of (iv). It suffices to prove (iv) in a
chart U, and & = oy;dx!. Let us first compute f*(d®):

frdo) = f*(doyAdx" A Ndx™)
= d(wof)Ad(@of)i A--Ad(@o f);.
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Similarly,

d(f®) = d((a;of)Ad(@of)yA---Ad(@of);)
= d(ojof)Nd(@of)y A---Nd(@o f);,

which proves the theorem. ]

16. Stokes’ Theorem

The last section of this chapter deals with a generalization of the Fundamental
Theorem of Integration: Stokes’ Theorem. The Stokes’ Theorem allows us to
compute [,,do in terms of a boundary integral for ®. In a way the (m — 1)-form
act as the ‘primitive’, ‘anti-derivative’ of the dw. Therefore if we are interested in
J3; © using Stokes” Theorem we need to first ‘integrate’ o, i.e. write 6 = d®. This
is not always possible as we saw in the previous section.

Stokes’ Theorem can be now be phrased as follows.

Theorem 16.1. Let M be a smooth m-dimensional manifold with or without bound-
ary OM, and & € T~V (M). Then,

(15) /Mdm:/an*co,

where j:0M — M is the natural embedding of the boundary oM into M.
In order to prove this theorem we start with the following lemma.
Lemma 16.2. Let ® € I~ 1(H™) be given by

®=adx' A Adxi A Adx,
Then,
(i) [gmdw =0, if supp(®) C int (H™");
(i) Jygmd® = [3gm j o, if supp(®) NOH" # o,
where j : JH™ < H™ is the canonical inclusion.

Proof: We may assume without loss of generality that supp(®) C [0,R] X - -+ X
[0,R] = I}. Now,

. o0w;
do = -1 i+1 el
Hm ( ) ]IVQ” axl

— (—1)H! /Imil (wilx,:R _ 031'|x,-:0)dx1 coodxy e dxy.
R

dxy---dx,

If supp(®) C int I}, then o;|y,—gr — ®;x,=0 = 0 for all i, and

do=0.
Hm
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If supp () NOH"™ # &, then ;|y,—g — 0;|y,—0 =0 forall i <m—1, and @, |, —r = 0.
Therefore,

; ow;
do = (_ 1 )l+] had)
Hm II’?” axl

- (_1)i+1 /Im—l ((Di|x,«:R - wi|xi:0)dxl ceedxic - dxy
R

dxy---dx,,

= (—1)m+1 \/[‘mi1 (_O\)i‘x,71:0>d‘xl .. .d_xm_]
R
- (_l)m /I‘m—l (mi’x”1:0>dx1 o 'dxmfl-
R

The mapping j : 9H™ — H™, which, in coordinates, is given by j= jo@: (x1, - ,Xu_1) >
(x1,-++ ,Xm—1,0), where @(xy,- -+ ,xn—1,0) = (x1,--- ,xm—1). The latter mapping is
orientation preserving if m is even and orientation reversing if m is odd. Under the
mapping j we have that

j*(e,'):ei, i:l,---,m—l,

where the ¢;’s on the left hand side are the unit vectors in R” !, and the bold face
e, are the unit vectors in R™. We have that the induced orientation for oH™ is
obtained by the rotation e; — —e,,, &,, — €}, and therefore

00 = [e27"' 7em—17e1]'

Under ¢ this corresponds with the orientation [e, - - ,e,_1,e1] of R™~!, which is
indeed the standard orientation for m even, and the opposite orientation for m odd.
The pullback form on dH™, using the induced orientation on dH™, is given by
(]*0)) (1,0 Xm—1) (627 Cy€m—1, 61)
= w(xl7”'7x7717170) (-1* (62)7 T 7j* (em—2)7j*(el ))
= (—1)’"0)m(X1 B 7())7

where we used the fact that

dxi A= Ndxm—1(j=(e2), -+ jx(em-1), jx(e1)))
=dxi N Ndxp—1(€2,--- ,€,_1,€1)
= (—l)deQ/\-"/\dxm,1 /\dxl(ez,--- ,em,l,el) = (—1)m.

Combining this with the integral over H" we finally obtain

do = Jio,
Hm oOH™

which completes the proof. ]
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Proof of Theorem 16.1: Let us start with the case that supp(®) C U, where
(U, ) is an oriented chart for M. Then by the definition of the integral we have
that

fao= [ @ @0 = [ @@= [ a(e)o)

where the latter equality follows from Theorem 15.5. It follows from Lemma 16.2
that if supp(®) C int (H™), then the latter integral is zero and thus [,, ® = 0. Also,
using Lemma 16.2, it follows that if supp(®) NdH" # @, then

/Mdm /mdwil)*m):/aHmJ'*(m*l)*w
© e f o

where j' : JH™ — H™ is the canonical inclusion as used Lemma 16.2, and j =

¢~ o' : OM — M is the inclusion of the boundary of M into M.

Now consider the general case. As before we choose a finite covering A; C A
of supp(®) and an associated partition of unity {A;} subordinate to A;. Consider
the forms A;®, and using the first part we obtain

/an*m ;/an*xico:;/Md(xim)
= Z/M(dkmw+kidm>
_ Ad(;h)/\m—l—/w](;ki)dw

= /dm
M

which proves the theorem. ]

€ 16.3 Remark. If M is a closed (compact, no boundary), oriented manifold mani-
fold, then by Stokes” Theorem for any w € I~ ! (M),

/dm:&
M

since M = @. As a consequence volume form G cannot be exact. Indeed, [,,6 >0,
and thus if ¢ were exact, then ¢ = d®, which implies that [,,6 = [,,do =0, a

contradiction. >
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Let us start with the obvious examples of Stokes’ Theorem in R, R?, and R3.
< 16.4 Example. Let M = [a,b] C R, and consider the O-form ® = f, then, since
M is compact, ® is compactly supported 0-form. We have that d® = f’(x)dx, and

[ 7= [ = rw)- @,
a {a,b}

which is the fundamental theorem of integration. Since on M any 1-form is exact
the theorem holds for 1-forms. >

«16.5 Example. Let M =y C R? be a curve parametrized given by y: [a,b] — R2.
Consider a O-form @ = f, then
[ Aedrt fendy= [ f= o) - fora).
Y {¥(a) ()}
Now let M = Q C R2, a closed subset of R? with a smooth boundary dQ2, and
consider a 1-form ® = f(x,y)dx + g(x,y)dy. Then, do = (gx — fy)dx A dy, and
Stokes’” Theorem yields

A(g‘i-gﬁ)dxdy:/mfdx%—gdy,

also known as Green’s Theorem in RZ. >

«16.6 Example. In the case of a curve M =y C R? we obtain the line-integral for
O-forms as before:

/Y Fo(,y,2)dx + fy(x,y,2)dy + f:(x,9,2) = f(¥(b)) — f(¥(a)).

If we write the vector field

) d d

then
. 3fd 3fd dfa

and the above expression can be rewritten as
/Vf~a’s:f]ay.
Y

Next, let M = S C R? be an embedded or immersed hypersurface, and let ® =
fdx+ gdy+ hdz be a 1-form. Then,

do= <3;l— %ﬁ)dy/\dz#— (*-;)dz/\dx%— (— — —y)dx/\dy.

Write the vector fields
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curlF:VxF:(ah 8g)8+(8f 8h>8+<ag E)f)i

dy 0z/ox \9z ox/dy \ox ay/oz
Furthermore set
dx dydz
ds=\| dy |, dS=\| dzdx |,
dz dxdy

then from Stokes’ Theorem we can write the following surface and line integrals:

/VxF~dS:/ F -ds,
s EN

which is usually referred to as the classical Stokes’ Theorem in R3. The version in
Theorem 16.1 is the general Stokes’ Theorem. Finally let M = Q a closed subset
of R3 with a smooth boundary dQ, and consider a a 2-form ® = fdy Adz+ gdz A
dx+ hdx Ndy. Then

B of dg Oh
do = ($+$+§Z)dXAdyAdZ
Write 3 3 o
divF:V-F:—f—l—fg—l-f, dV = dxdydz,
ox dy 0z

then from Stokes’ Theorem we obtain

/V~FdV:/ F-ds,
Q o0

which is referred to as the Gauss Divergence Theorem. >
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V. De Rham cohomology

17. Definition of De Rham cohomology

In the previous chapters we introduced and integrated m-forms over manifolds
M. We recall that k-form @ € T*(M) is closed if dw = 0, and a k-form @ € T*(M)
is exact if there exists a (k— 1)-form ¢ € I'*~! (M) such that ® = do. Since d> =0,
exact forms are closed. We define

Z"M) = {oeT*(M) : do=0}=Ker(d),
B\M) = {oeTl*M):3oeT* (M) 5 o=do} =1Im(d),
and in particular
B (M) c ZF(m).

The sets Z* and B are real vector spaces, with B* a vector subspace of Z*. This
leads to the following definition.

Definition 17.1. Let M be a smooth m-dimensional manifold then the de Rham
cohomology groups are defined as

(16) HA (M) :=ZK(M)/B*(M),  k=0,---m,

where B®(M) := 0.

It is immediate from this definition that Z°(M) are smooth functions on M that
are constant on each connected component of M. Therefore, when M is con-
nected, then HJ (M) = R. Since I*(M) = {0}, for k > m = dim M, we have
that HX (M) = 0 for all k > m. For k < 0, we set HX,(M) = 0.

4 17.2 Remark. The de Rham groups defined above are in fact real vector spaces,
and thus groups under addition in particular. The reason we refer to de Rham
cohomology groups instead of de Rham vector spaces is because (co)homology
theories produce abelian groups. >

An equivalence class [@] € HA; (M) is called a cohomology class, and two form
o, € ZK(M) are cohomologous if (0] = [@']. This means in particular that ® and
o' differ by an exact form, i.e.

o =o+do.
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Now let us consider a smooth mapping f : N — M, then we have that the pull-
back f* acts as follows: f* : I*(M) — I'*(N). From Theorem 15.5 it follows that
do f* = f*od and therefore f* descends to homomorphism in cohomology. This
can be seen as follows:

dffo=f"do=0, and f*do=d(f"0),

and therefore the closed forms Z¥(M) get mapped to Z¥(N), and the exact form
B*(M) get mapped to B¥(N). Now define

[Hlo] = [f o,
which is well-defined by
fro'=fro+f'do = fro+d(f"c)

which proves that [f*@/] = [f*®|, whenever [0'] = [®]. Summarizing, f* maps
cohomology classes in HX, (M) to classes in Hiy (N):

[ Hig(M) = Hig(N),
Theorem 17.3. Let f : N — M, and g : M — K, then
gof =(fog)": Hip(K)— Hgx(N),

Moreover, id* is the identity map on cohomology.

Proof: Since g* o f* = (f o g)* the proof follows immediately. |

As a direct consequence of this theorem we obtain the invariance of de Rham
cohomology under diffeomorphisms.
Theorem 17.4. If f : N — M is a diffeomorphism, then HX, (M) = HX, (N).
Proof: We have thatid = fo f~! = f~!o f, and by the previous theorem

id = fro(f ) = () ef,

and thus f* is an isomorphism. [

18. Homotopy invariance of cohomology

We will prove now that the de Rham cohomology of a smooth manifold M is
even invariant under homeomorphisms. As a matter of fact we prove that the de
Rham cohomology is invariant under homotopies of manifolds.
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Definition 18.1. Two smooth mappings f,g : N — M are said to be homotopic if
there exists a continuous map H : N x [0, 1] — M such that

H(p,0) = f(p)
H(p,1) = g(p),

for all p € N. Such a mapping is called a homotopy from/between f to/and g. If
in addition H is smooth then f and g are said to be smoothly homotopic, and H is
called a smooth homotopy.

Using the notion of smooth homotopies we will prove the following crucial
property of cohomology:
Theorem 18.2. Let f,g : N — M be two smoothly homotopic maps. Then for k > 0
it holds for f*,g* : H\y (M) — H5: (N), that
=g
« 18.3 Remark. 1t can be proved in fact that the above results holds for two homo-

topic (smooth) maps f and g. This is achieved by constructing a smooth homotopy
from a homotopy between maps. >

Proof of Theorem 18.2: A map h: T*(M) — I*~1(N) is called a homotopy map
between f* and g* if

(17) dh(®) +h(do) =g'o— ffo, ©cIl*M).

Now consider the embedding i; : N — N X [, and the trivial homotopy between
ip and i; (just the identity map). Let @ € T*(N x I), and define the mapping

1
h(w) = / i dt,
0 o
which is a map from T*(N x I) — I**~!(N). Choose coordinates so that either
o= w(x,1)dx!, or ®=awp(xt)dtNdT.

In the first case we have that i ia0= 0 and therefore dh(®) = 0. On the other hand

h(do) = h(am’dmdﬂ = ! dx )

1 a(D[
0 al‘
= (Dl(x 1)— oo,(x O))dxl =0 — iHo,
which prove (17) for ij and 77, i.e.

dh(o) +h(dw) = ijo — ijo.
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In the second case we have

h(do) = h(%ffdxi Adt /\d;//>

180)1,

— dx' Adt Adx")dt
oadx,-l%-(X/\ VAN )

_ _(/01 aa(;)_ldt)dxiAde'.

On the other hand

dh(e) = d((/olm,,(x,t)dt)dx”)

1 . !
— ai ( / m,/(x,t)dt>dx’/\dx1
i 0

_ ( /0 1 aa‘)’:f dt) dxi Adx!

= —h(dw).

This gives the relation that
dh(m) +h(dw) =0,

and since ij® = i;® = 0 in this case, this then completes the argument in both
cases, and h as defined above is a homotopy map between ij and 7.
By assumption we have a smooth homotopy H : N x [0,1] — M bewteen f and
g, with f = H oiy, and g = H oi;. Consider the composition h=hoH*. Using the
relations above we obtain
h(do) +dh(w) = h(H*do®)+dh(H*®)

= h(d(H"w))+dh(H o)

= hHH'o—igH "o

= (HO 11)*0)— (HO l())*(l)

= g'o-fo.
If we assume that o is closed then

go— ffo=dh(H m),
and thus
0= [dh(H" w)] = [g'o— f 0] = ¢'o] - /o],

which proves the theorem. ]
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« 18.4 Remark. Using the same ideas as for the Whitney embedding theorem one
can prove, using approximation by smooth maps, that Theorem 18.2 holds true for
continuous homotopies between smooth maps. >

Definition 18.5. Two manifolds N and M are said to be homotopy equivalent, if
there exist smooth maps f: N — M, and g : M — N such that
go fXidy, fog=idy (homotopic maps).

We write N ~ M., The maps f and g are homotopy equivalences are each other
homotopy inverses . If the homotopies involved are smooth we say that N and M
smoothly homotopy equivalent.

« 18.6 Example. Let N = S!, the standard circle in R?, and M = R*\{(0,0)}. We
have that N ~ M by considering the maps

f=i:S" = R>\{(0,0)}, g=id/|-|.

Clearly, (go f)(p) = p, and (fog)(p) = p/|p|, and the latter is homotopic to the
identity via H(p,t) =tp+ (1 —1)p/|p|. >

Theorem 18.7. Let N and M be smoothly homotopically equivalent manifold, N ~
M, then
Hgg (N) = Hig (M),
and the homotopy equivalences f g between N and M, and M and N respectively
are isomorphisms.
As before this theorem remains valid for continuous homotopy equivalences of
manifolds.
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V1. Exercises

A number of the exercises given here are taken from the Lecture notes by J. Bochnak.

Manifolds

Topological Manifolds

= q
i 2
L

4
L

Given the function g : R — R?, g(¢) = (cos(t),sin(¢)). Show that f(R) is a mani-
fold.

Given the set T> = {p = (p1,p2,p3) | 16(p% —i—p%) = (p% +p% +p§ +3)2} C R3,
called the 2-torus.

(i) Consider the product manifold S x S' = {q=(¢1,92,43,q4) | 3+ @5 =1, 3+
qﬁ =1}, and the mapping f : S' x §! — T2, given by

f(@) = (012+93),92(2+43),4).-

Show that f is onto and f~'(p) = (2,22, r =2, p3), where r = Ipl:H-

R

(ii) Show that f is a homeomorphism between S' x S' and T?.

(i) Find an atlas for T2 using the mapping f in 2.
(i) Give a parametrization for T2.
Show that
Asa={(p1,p2) eR*| pi+p5 =1},
is a manifold and A4 4 = S' (homeomorphic).
(i) Show that an open subset U C M of a manifold M is again a manifold.

(ii) Let N and M be manifolds. Show that their cartesian production N x M is also
a manifold.



=

6

10

11

12

13

Show that

(i) {A € M»>(R) | det(A) = 1} is a manifold.

(ii) Gl(n,R) = {A € M,, ,(R) | det(A) # 0} is a manifold.

(iii ) Determine the dimensions of the manifolds in (a) and (b).

Construct a simple counterexample of a set that is not a manifold.

Show that in Definition 1.1 an open set U’ C R” can be replaced by an open disc
D" C R

Show that PR" is a Hausdorff space and is compact.

Define the Grassmann manifold GFR” as the set of all k-dimensional linear sub-
spaces in R". Show that G*R" is a manifold.

Consider X to be the parallel lines (IR x {0}) U (R x {1}). Define the equivalence
relation (x,0) ~ (x,1) for all x # 0. Show that M = X/ ~ is a topological space
that satisfies (ii) and (iii) of Definition 1.1.

Let M be an uncountable union of copies of R. Show that M is a topological space
that satisfies (i) and (ii) of Definition 1.1.

Let M = {(x,y) € R? : xy = 0}. Show that M is a topological space that satisfies
(1) and (iii) of Definition 1.1.

Differentiable manifolds

1=y

14

15
16

17

18

19

Show that cartesian products of differentiable manifolds are again differentaible
manifolds.

Show that PR” is a smooth manifold.

Prove that PR is diffeomorphic to the standard unit circle in R? by constructing a
diffeomorphism.

Which of the atlases for S! given in Example 2, Sect. 1, are compatible. If not
compatible, are they diffeomorphic?

Show that the standard torus T2 C R3 is diffeomorphic to S' x S!, where S' C R?
is the standard circle in R?.

Prove that the taking the union of C*-atlases defines an equivalence relation (Hint:
use Figure 7 in Section 2).
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20

21

104

Show that diffeomorphic defines an equivalence relation.

Prove Theorem 2.15.

Immersion, submersion and embeddings

1=y

22

23

24

25

26

27

28

29

30

31

32

Show that the torus the map f defined in Exer. 2 of 1.1 yields a smooth embedding
of the torus T? in R3,

Let k,m,n be positive integers. Show that the set
Armn = {(x,0,2) €R? Ky 42" =1},

is a smooth embedded submanifold in R3, and is diffeomorphic to S?> when these
numbers are even.

Prove Lemma 3.18.

Let f: R*1\{0} — R\ {0} be a smooth mapping such that f(Ax) = Af(x),
d € N, for all A € R\{0}. This is called a homogeneous mapping of degree d.
Show that f : PR" — PR¥, defined by f([x]) = [f(x)], is a smooth mapping.

Show that the open ball B” C R" is diffeomorphic to R".

(Lee) Consider the mapping f(x,y,s) = (x*> +y,x* +y*> + s> +y) from R3 to R
Show that ¢ = (0,1) is a regular value, and f~!(g) is diffeomorphic to S! (stan-
dard).

Prove Theorem 3.24 (Hint: prove the steps indicated above Theorem 3.24).
Prove Theorem 3.26.

Let N, M be two smooth manifolds of the same dimension, and f : N — M is a
smooth mapping. Show (using the Inverse Function Theorem) that if f is a bijec-
tion then it is a diffeomorphism.

Prove Theorem 3.28.

Show that the map f : §" — PR” defined by f(x1, - ,xp41) = [(x1,- -+, Xn41)] s
smooth and everywhere of rank n (see Boothby).



33

34

35

36

37

38
39
40

(Lee) Leta € R, and M, = {(x,y) € R? : y> =x(x—1)(x—a)}.
(i) For which values of @ is M, an embedded submanifold of R??

(i) For which values of a can M, be given a topology and smooth structure so that
M, is an immersed submanifold?

Consider the map f : R? — R given by f(x1,x) = x? +x1x0 +x§. Which level sets
of f are smooth embedded submanifolds of R?.

Let M be a smooth m-dimensional manifold with boundary oM (see Lee, pg. 25).
Show that oM is an (m — 1)-dimensional manifold (no boundary), and that there
exists a unique differentiable structure on oM such that i : M < M is a (smooth)
embedding.

Let f : N — M be a smooth mapping. Let S = f~!(¢) C N is a smooth embedded
submanifold of codimension m. Is g necessarily a regular value of f?

Use Theorem 3.27 to show that the 2-torus T2 is a smooth embedded manifold in
R4,

Prove Theorem 3.37.
Show that an m-dimensional linear subspace in R is an m-dimensional manifold.

Prove that the annulus A = {(p1, p2) € R? : 1 < p?+ p3 <4} is a smooth manifold
two dimensional manifold in R? with boundary.
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Tangent and cotangent spaces

Tangent spaces

w41
= 42
= 43
44
w45
46
47

Let U C R¥, y € R”, and f : U — R™ a smooth function. By Theorem 3.28 M =
f'(y)={peRF : f(p) =y} is a smooth embedded manifold in R¥ if rk(J f)|, =
m for all p € M. Show that

T,M={X,cR" : X,-9,,f=0,i=1,---,m} =kerJf|,,
i.e. the tangent space is the kernel of the Jacobian. Using this identification from
now on, prove that

M,=p+T,M CRf

is tangent to M at p.
Given the set M = {(p1,p2,p3) €R® : pj+p3+p3 —3pipaps = 1}.
(i) Show that M is smooth embedded manifold in R> of dimension 2.
(if) Compute T,M, at p = (0,0, 1).
Given the set M = {(p1,p2,p3) € R® © pf = p3+pip3s —2pap3 =0, 2p1 —pa+
p3 =3}
(i) Show that M is smooth embedded manifold in R> of dimension 1.
(if) Compute T,M, at p = (1,—1,0).

Prove Lemma 4.5.

Express the following planar vector fields in polar coordinates:
()X =x5+y5:

(i) X = —y% —i—x%;

(iii) X = (x* +y%) 2.

Find a vector field on S? that vanishes at exactly one point.

Let S* C R? be the standard unit sphere and f : $> — S? a smooth map defined as
a 6-degree rotation around the polar axis. Compute f; : TpS2 — Ty p)S2 and give a
matrix representation of f, in terms of a canonical basis.



Cotangent spaces

1=y

48

49

50

51

52

53

(Lee) Let f : R3 — R be given by f(p1, p2,p3) = |p|?, and g : R? — R3 by

2x) 26 |x]?— 1>
X2+ 17 [x2+17 [x]2+1/

8 ()C] 7x2) - (
Compute both g*df, and d(f o g) and compare the two answers.

(Lee) Compute d f in coordinates, and determine the set points where d f vanishes.

()M = {(p1,p2) €ER? : pp >0}, and f(p) = \ﬁTlZ — standard coordinates in R2.
(if) As the previous, but in polar coordinates.

(iiiyM = S* = {p € R? : |p| =1}, and f(p) = p3 — stereographic coordinates.
(iv) M =R", and f(p) = |p|*> — standard coordinates in R".

Express in polar coordinates

(i) 8 = x*dx + (x +y)dy;

(if) © = xdx + ydy + zdz.

Prove Lemma 5.3.

(Lee) Let f: N — M (smooth), ® € A'(N), and y: [a,b] — N is a smooth curve.

Show that
/f*(o:/ o.
Y foy

Given the following 1-forms on R>:

4z 2y 2x
o=— d d d
@ T T

4 2 2
O=— i dx+ 4 dz.

d
(x241)2 y2+1 y+x2+l

(i) Lety(t) = (t,1,1), ¢ € [0,1], and compute [, o and [, ®.

(if) Let y be a piecewise smooth curve going from (0,0,0) to (1,0,0) to (1,1,0) to
(1,1,1), and compute the above integrals.

(ifi) Which of the 1-forms o and ® is exact.

(iv) Compare the answers.
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Vector bundles

= 54 Let M C RY be a manifold in RY. Show that TM as defined in Section 6 is a smooth
embedded submanifold of R%.

55 Let S! C R? be the standard unit circle. Show that 7'S! is diffeomorphic to § I« R.

56 Let M C R! be a manifold in RY. Show that 7*M as defined in Section 6 is a smooth
embedded submanifold of R%.

57 Show that the open Mobius band is a smooth rank-1 vector bundle over S 1
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Tensors

Tensors and tensor products

= 58
= 59
60
= 61
62
= 63

Describe the standard inner product on R" as a covariant 2-tensor.

Construct the determinant on R? and R3 as covariant tensors.

1
2
Given the vectorsa= | 3 |,and b= ( 4 > . Compute a* ®b and b* ® a.

Given finite dimensional vector spaces V and W, prove that V @ W and W ® V are
isomorphic.

Given finite dimensional vector spaces U, V and W, prove that (U ®V)® W and
U ® (V®@W) are isomorphic.

Showthat VR~V ~RKV.

Symmetric and alternating tensors

= 64
65
66

= 67

68

69

Show that for T € T°(V) the tensor Sym 7 is symmetric.
Prove that a tensor 7' € T*(V) is symmetric if and only if 7 = Sym 7.

Show that the algebra

is a commutative algebra.
Prove that for any 7' € T°(V) the tensor Alt T is alternating.

Show that a tensor 7' € T°(V) is alternating if and only if T = Alt T

1 1
Given the vectors a = 2 ) ,b= 1 |,and c= 1 |. ComputeaAbAc,
4 3 2

and compare this with det(a,b,c).
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Given vectors ay, - - - ,a, show thata; A --- Aa, = det(ay,--- ,a,).

Prove Lemma 8.11.

Tensor bundles and tensor fields

72
73
74
w75
= 76
77
= 78
=79

Let M C R! be an embedded m-dimensional manifold. Show that 7"M is a smooth
manifold in R“H,

Similarly, show that 73M is a smooth manifold in R and T/M is a smooth

manifold in R+

Prove that the tensor bundles introduced in Section 7 are smooth manifolds.

One can consider symmetric tensors in 7,M as defined in Section 8. Define and
describe X' (T,M) C T"(T,M) and 'M C T"M.

Describe a smooth covariant 2-tensor field in X2M C T2M. How does this relate to
an (indefinite) inner product on 7,M?

Prove Lemma 9.2.

Given the manifolds N = M = R?, and the smooth mapping

q=f(p) = (pi—p2,p1+2p3),

acting from N to M. Consider the tensor spaces T2(T,N) = T*(T,M) = T*(R?)
and compute the matrix for the pullback f*.

In the above problem consider the 2-tensor field 6 on M, given by

6 = dy' @ dy* + qidy* @ dy*.

(i) Show that 6 € F2(M).
(i) Compute the pulback f*c and show that f*c € F2(N).

(iii) Compute f*c(X,Y), where X,Y € F(N).
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Differential forms

= 80
= 81
w82
= 83

Orientations

= 84
85
= 86
= 87
88
89

Given the differential form ¢ = dx' A d*2 — dx* Adx? on R3. For each of the fol-
lowing vector fields X compute ixG:

(X =3+ — 2

oxy ox3’

. _ 9 20 .
(")X—xlﬁ—xza*x}’

(i) X = x1x, 52 —sin(x3) o2
Given the mapping

£(p) = (sin(p1 + p2), pi — p2),
acting from R? to R? and the 2-form ¢ = p3dx' A dx*. Compute the pullback form
ffo.

Prove Lemma 10.2.

Derive Formula (10).

Show that S" is orientable and give an orientation.

Show that the standard n-torus T" is orientable and find an orientation.
Prove that the Klein bottle and the projective space PR? are non-orientable.
Give an orientation for the projective space PR3,

Prove that the projective spaces PRR" are orientable for n =2k+1, k > 0.

Show that the projective spaces PR" are non-orientable for n = 2k, k > 1.
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Integration on manifolds

Integrating m-forms on R”

= 90 Let U C R™ be open and let K C U be compact. Show that there exists a domain
of integration D such that K C D C R™.

91 Show that Definition 12.2 is well-posed.

Partitions of unity

92 Show that the function f; defined in Lemma 13.3 is smooth.

= 93 If U is open covering of M for which each set U; intersects only finitely many other
sets in U, prove that U is locally finite.

94 Give an example of uncountable open covering U of the interval [0,1] C R, and a
countable refinement V of U.

Integration of m-forms on m-dimensional manifolds

= 95 Let S2 = 9B® C R3 oriented via the standard orientation of R3, and consider the
2-form

O =xdy Ndz+ydz ANdx+ zdx N dy.

Given the parametrization

sin(@) cos(0)
F(e,0)=| y | = sin(e)sin() |,
z cos (@)

for $%, compute [ ©.

= 06 Given the 2-form ® = xdy N\ dz+ zdy N dx, show that

/ 0=0.
S2
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98

= 99

= 100

Consider the circle S' C R? parametrized by

F(8) X\ _ rc?s(e) ‘
y rsin(0)
Compute the integral over S' of the 1-form ® = xdy — ydx.

If in the previous problem we consider the 1-form
0= dy— —2—dx.

V24 y? g V2 +y?

Show that [ o represents the induced Euclidian length of st

Consider the embedded torus
T? = {(x1,x2,%3,%4) ER* : xI+x3=1, x5+x]=1}
Compute the integral over T? of the 2-form

0= x%dxl ANdx4 + xpdxs Ndx;.

Consider the following 3-manifold M parametrized by g : [0, 1]* — R*,

r

Compute

/ xodxy Ndxz Ndxg +2x1x3dx1 Ndxy Adxs.
M

The exterior derivative

= 101

Let (x,y,z) € R3. Compute the exterior derivative d®, where  is given as:

(i) 0 ="

(i) ® = x* + zsin(y);

(i) ® = xdx + ydy;

(iv) ® = dx +xdy+ (22 — x)dz;
(v) @ =xydx Ndz+zdx N\dy;

(vi) © = dx Ndz.
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w103
w104
105
106

114

Which of the following forms on R? are closed?

(i) ® = xdx Ndy Ndz;

(i) ® = zdy ANdx + xdy N dz;

(iii) ® = xdx + ydy;

(iv) ® = zdx AN dz.

Verify which of the following forms ® on R? are exact, and if so write @ = do:
(i) ® = xdy — ydx;

(i) ® = xdy + ydx;

(iii) ® = dx A dy;

(iv) © = (¥ +y*)dx A dy;

Verify which of the following forms ® on R? are exact, and if so write @ = do:
() ® = xdx+ydy + zdz;

(i) ® = x*dx Ndy + 23 dx N dz;

(iif) ® = x>ydx N dy Ndz.

Verify that on R2 and R3 all closed k-forms, k > 1, are exact.

Find a 2-form on R*\{(0,0,0)} which is closed but not exact.

Stokes’ Theorem

107

108

= 109

Let QC R3bea parametrized 3-manifold,i.e. a solid, or 3-dimensional domain.

Show that the standard volume of Q is given by

1
Vol(M) = g/andy/\dz—ydx/\dz—l-de/\dy.

Let Q C R" be an n-dimensional domain. Prove the analogue of the previous prob-

lem.

Prove the ‘integration by parts’ formula

/Mfdm:/aMfm—/Mdem,

where f is a smooth function and ® a k-form.
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Extra’s

112

= 113

= 114

= 115

Compute the integral
/2 x2ydx Ndz+x>dy Ndz+ (z — 2x%)dx A dy,
s
where §% C R3 is the standard 2-sphere.

Use the standard polar coordinates for the S C R? with radius r to compute
/ xdyANdz—ydx Ndz+zdx ANdy
52 (x2 +y2 4 22)3/2

and use the answer to compute the volume of the r-ball B,.

)

Use the examples in Section 16 to show that
curl grad f =0, and div curl F =0,
where f:R?> - R, and F : R? — R3.

Given the mapping f : R? — R3, ® = dx Adz, and

cos(s) sin(?)
f(s,t) = Vs? 412

st

Compute f*o.

Given the mapping f : R?* = R3, ® = xydx Ady Adz, and

scos(?)
f(s,t,u) = | ssin(z)

u
Compute f*o.
Let M = R*\{(0,0,0)}, and define the following 2-form on M:

1
<x2 +y2 _|_Z2)3/2(

xdy Ndz+ydz Ndx+zdx Ady).

(i) Show that @ is closed (d® = 0) (Hint: compute |, 52 ).
(i) Prove that @ is not exact on M!
On N = R3\{x =y =0} D M consider the 1-form:

-z xdy —ydx
x2+y2+22)1/2 x2+y2 :

A

115



= 116
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118

116
(iii ) Show that ® is exact as 2-form on N, and verify that dn = .

Let M C R* be given by the parametrization

N

t
(s,1,u) — —:u , (s,t,u) € [0,1]3.

s—u
(i) Compute [, dx; Adxy Adxy.

(if) Compute [, x;x3dx1 Adxy Ndx3 +x§dx2 Adxz Adxy.

Let C = 0A be the boundary of the triangle OAB in R?, where O = (0,0), A =

(m/2,0), and B = (m/2,1). Orient the traingle by traversing the boundary counter
clock wise. Given the integral

/C (y — sin(x))dx+ cos(y)dy.
(i) Compute the integral directly.
(if) Compute the integral via Green’s Theorem.
Compute the integral [; F - dS, where £ = 9]0, 1], and

4xz
Flxyz)=| —?
¥z
(Hint: use the Gauss Divergence Theorem).
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De Rham cohomology

Definition of De Rham cohomology

119

120

121

122

123

124

125

126

Prove Theorem 17.3.

Let M = iM; be a (countable) disjoint union of smooth manifolds. Prove the
isomorphism

Hé(R(M> = HHgR(Mj)'

Show that the mapping U : Hy (M) x Hiz (M) — HXY (M), called the cup-product,
and defined by

[o]UM]:=[oAn],

is well-defined.

Let M = S', show that
HEi(S") =R, Hg(S") =R, HE(S') =0,

for k > 2.

Show that
Hig(R\{(0,0)}) =R, Hgx(R\{(0,0)}) =R, Hi(R*\{(0,0)}) =0,

for k > 2.
Find a generator for H} (R?\{(0,0)}).
Compute the de Rham cohomology of the n-torus M = T".

Compute the de Rham cohomology of M = §2.
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VIIl. Solutions

Note that (x,y) € g(R) if and only if x> +y*> = 1. So g(R) is just the circle S' in
the plane. The fact that this is a manifold is in the lecture notes.

We will show that f has an inverse by showing that the funcrion suggested in the
exercise is indeed the inverse of f. It follows that f is a bijection and therefore it
is onto. By continuity of f and its inverse, it follows that it is a homeomorphism.
We first show that f maps S! x S! into T?: We use the parametrisation of S! x !
given by

(s,t) — (coss,sins,cost,sint),
where s,¢ € [0,27). Suppose that ¢ = (coss, sins,cost,sint) € S! x S'. Then

f(q) = (coss(2+cost),sins(2+ cost), sint),

so f(q) € T? if and only if LHS = RHS where

(LHS) = 16(cos®s(2+cost)* +sin?s(2 + cost)?),
(RHS) = (cos?s(2+cost)? +sin®s(2+cost)? 4 sin’r +3)%.
We have
LHS = 16(2+cos?)?
RHS = ((2+cost)?+sin’z +3)?

= (4+4cost+cos’t +sin’t +3)?
= (4(2+cost)? = 16(2+cost).

This shows that f maps S' x S! into T2. Now we let g : T2 — S! x S! be the
suggested inverse; i.e.

P11 D2
s) = (2. 2r—2.p3).
r r

where r = |p\i+3‘ We will first show that g maps T2 into S' x S'. So we let p € T?

and we will show that g(p) € S! x S'. But this is the case if and only if p? + p3 = r?
and (r —2)%+ p3 = 1. The first equality follows from the definition of r and the



fact that p € T?. For the second equality we note that

(r=2"+p3 = r—4r+d+p3
= pitpi—4rtd+p
= (Pi+p2+pi+3)—(pl+3)+1
= 1.
This shows that g maps T2 into S! x S'. We will now show that g is the inverse of
filet peT?and g € S' x S'. Then

foglp) = f(prl,pr2 27p3)

P1
- (2
goflg) = g(@1(2+43),92(2+q3),44)
(2443

24
_ (611(2+613) ©2+4)

T -2 614)
r l"

2+ q3)? + 32 +q3)* +43+3
4

= s {Q2+a) + a3 +3}

= 1/4-{4+4q3+q§+q42;}

= 1/4-{42+q3)} =2+4¢3
and therefore go f(q) = (91,92,93,94) = q.

This show that f is a bijection, so in particular it is onto. Since f and g are both
continuos, it follows that f is a homeomorphism.

(i) Given co-ordinate charts (U, @) and (V, ) for S!, we define a new co-ordinate
chart for T? as follows; W = f(U) x f(V), &: W — @(U) x y(V) is defined by
&(p) = (9(x),¥(y)) where (x,y) = f~!(p) and p € W. This shows how to make
an atlas for T? using an atlas for S'.

(ii) A parametrisation for S' x §! was already given in the solution of 2. Using the
map f, we obtain the following parametrisation for T?;

(s,1) > (coss- (24 cost),sins - (24 cost),sins ),
where s,7 € [0,2m).

(i) If (V,y) is a co-ordinate chart for M, then let W =UNV. Let&: W — y(W)
be defined by &(x) = y(x), i.e. & is just the restriction of Y to W. Then clearly &
is a homeomorphism from W to an open subset of y(V). In particular, if y(V) is
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m-dimensional, then so is §(W). This shows how to make an atlas for U, given an
atlas for M.

(ii) Let (U, ) and (V, ) be charts for N and M respectively. The map &: U x V —
Q(U) x y(V) is defined by &(x,y) = (¢(x),¥(y)). This is clearly a homeomor-
phism. This shows how to make an atlas for N x M, given atlases for N and M.
Note that if N is n-dimensional and M is m-dimensional, then N x M is n+ m-
dimensional.

(i) We always let A be a matrix of the form

(0)

We let M = {A € My,(R)|detA =1} and U = {A € M : a # 0}. Note that U is an
open subset of M. We now define ¢ : U — (R\ {0}) x R x R by

¢(A) = (a,b,c).

The inverse of @ is given by

_ X Yy
(p l(xv_YaZ): ( z ﬂ )

Cleary, ¢ and its inverse are continuous, and therefore ¢ is a homeomorphism. So
(@,U) is a co-ordinate chart for M. In a similar way we can define charts on sets
in M where b # 0, ¢ # 0 and d # 0. These four sets cover all of M and so we
obtain an atlas for M which shows that M is a manifold. Since the range of ¢ is
3-dimensional, it follows that M has dimension 3.

(if) Note that det : M, ,(R) — R is a continuous function and that GI(n,R) =
det ' (R\ {0}). It follows that GI(n,R) is an open subset of the space M, ,(R).
But M,, ,(R) is homeomorphic to R, which is a manifold, and therefore Gl(n,R)
is an open subset of a manifold. It follows from 5 that this space is a manifold. The
dimension of GI(n,R) is n?.

The space M is not second countable; observe that every second countable space
is separable. To see that M is not separable, note that it contains an uncountable
collection of non-empty pairwise disjoint open subsets.

Let M and N be differentiable manifolds with maximal atlases A = {(U;, ®;) }ies
and B = {(Vi, Wx) hrek respectively. A typical co-ordinate chart for M x N is given
by @; X i : U; x Vj, — R™ 7",
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Now, for i,j € I and k,I € K, consider the transition map (@; x W) o (@; x ;) 1.
This os just the product of the maps @; o (pjfl and ;o qf,:l. Since these maps are
diffeomorphisms, their product is also a diffeomorphisms.

This shows that the atlas for M x N given by {(U; X Vi, @i X Wi)icrkek is a C*-
atlas. Taking a maximal extension of this atlas endows M x N with a differentiable
structure.

As usual, T : R""1\ {0} — PR" is the quotient mapping, given by 7(x) = [x]. For
i=1,....,n+1, wehave V; = {x € R™!\ {0} : x; # 0} and U; = 7(V;). For [x] € U;

we define
X1 Xi—1 Xi+1 Xn+1
(pi(['x]):(iﬂ"w 9 IERRR] 9
Xi X Xi Xi

and its inverse is given by

(pfl(zl,...,zn):[(zl,...,zi_l,l,z,-,...,z,,)].
We will show that for i < j, the transition map ¢, o (p;1 10;(UinUj) — ¢;(UiNU;)
is a diffeomorphism. We compute @; o (p}fl;
(Pio(P;1<Z17--~7Zrl) - (pi([zla"'7zj—1717Zj7"'7zl’l])
(B Ee s Ly
P e L R e g KRR &
This function is clearly a diffeomorphisms. Note that
(Pi(UiﬂUj) = {ZGR”Zijl#O},
(Pj(UiﬁUj) = {zeR":z #0}.

All the atlases are compatible. We will compute some of the transition maps. We
list three co-ordinate charts, one from each atlas;

(1) :U—U',whereU ={peS':p,>0}and U’ = (—1,1).

o(p)=p1 and @ '(¥)=(xV1—x2).

) y:V -V whereV ={peS':p#£(0,1)} and V' =R.
_2p 1 [ A x*—4
wp)=7F - ad oy W= (a1 274)

3) E:W W, whereW={peS':p+#(1,0)} and W = (0,2r).

&(p) = arccos p; and £71(0) = (cos®,sin®).

Now we compute some of the transition maps;

121
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(1) The map yo @' : (—1,1)\ {0} — (—o0, —2)U(2,00) is given by
2x
1—V1-x2
(2) The map oy ! : (—o0,—2)U(2,) — (—1,1)\ {0} is given by
4x
(3) The map @o&~': (0,7) — (—1,1) is given by

X =

X —

0 — cosO.

All the functions mentioned above are C*-functions. If we check this for all tran-
sition maps, then we have shown that the atlases are compatible.

We have proved in 15 that the product of differentiable manifolds is again a dif-
ferentiable manifolds. The C*-atlas constructed there gives a C*-atlas for S' x S'.
We have seen in 2 that S! x S! is homeomorphic to the torus T? and the map
f: 8" x S! — T? is a homeomorphism. In this exercise we are asked to show that f
is even a diffeomorphism. The differentiable structure of T? is the structure which
it inherits from R3.

Note that using the map f we can endow T? with a differentiable structure inherited
from S' x S'. So we have two differentiable structures on T?; the structure inherited
from R3 and the structure inherited from S' x S!. This exercise amounts to saying
that T?> endowed with the structure inherited from S' x S! is a smooth embedded
submanifold of R3.

Fixing appropriate charts for ' x S' and T? one can show that f is a diffeomor-
phism. For example, consider U C S' x S! given by

{qges' xS q1>0&q3>0}
with ¢ : U — (—1,1) x (—1,1) given by ¢(q) = (¢2,94). For T? we fix a co-
ordinate chart (V,y) such that V C f(U) and v is a projection onto the 2"/ and 3"
co-ordinate. Computing yo fo¢@~! gives;

yofoo ' (x,y) = (x(2+V1-y2),y).

This map is a diffeomorphism. For other co-ordinate charts this is similar.

Let M, N and O be differentiable manifolds. To show that ‘diffeomorphic’ is an
equivalence relation, we prove reflexivity, symmetry and transitivity.

For reflexivity: M is diffeomorphic to M since the transition maps are diffeomor-
phism. So the identity is a diffeomorphism from M onto M.
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For symmetry: The inverse of a diffeomorphism is a diffeomorphism.

For transitivity: Suppose f: M — N and g : N — O are diffeomorphisms and let
p € M. Fix charts (U,9), (V,vy), (V/,¥') and (W,E) such that p € U, f(p) €
VNV and go f(p) € W. Since f and g are diffeomorphisms, we may asssume
that yo fo@ ! and Eogo (W)~ ! are diffeomorphims. Also note that since N is a
differentiable manifold, the map W' o y~! is a diffeomorphism. Now note that

Eogofog ' =(Eogo(y) )o(Woy o(yosfop™).

The map on the right hand side is a composition of diffeomorphisms, so it is again a
diffeomorphism. It follows that the map on the left hand side is a diffeomorphism.
Since p € M was arbitrary, this show that the composition of diffeomorphisms
between manifolds is again a diffeomorphism; i.e. M and O are diffeomorphic. In
this proof we have implicitly used part (iii) of Theorem 2.14.

See Lee, pg 33&34.

Recall that f: S x §' — R3. We fix a co-ordinate chart (U, ) on S! x S! where

U={q9=1(91,92,93,94)|q2 > 0 & q4 > 0},

and @: U — V is defined by ©(q1,92,93,94) = (q1,93) where V = (—1,1) x (—1,1).
The chart (y,RR?) is just the identity. We express f in local co-ordinates, i.e.

f=wofoe ! where

Fy) = (x(14), V1-x2(2+y),V/1-y?).

We have that
I+y X
T oy = | —xQ2+y) (1 =22 (1-x)'/?
0 —y(1—y*)!1/?

It is not hard to verify that the matrix J fx:(p( p) hasrank 2 forall p € U. For example,
if p=071(0,0), then
1 0
Jfoo =1 0 1
00

This shows that f is of rank 2 at all p € U. Of course, we can also prove this for
other similar charts. So it follows that rk(f) = 2, so it is an immersion. Since f is
a homeomorphism onto its image, it follows that f is a smooth embedding.
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We compute g in local co-ordinates. So fix the usual charts (U;,@) and (U;,y;)
for PR" and PR* respectively. For z € R", we let z' be the point in R"*! given by
(21, s2i-1, 1,2y - 20). If f3(2") # 0, then

g =vjog009;'(2) = w(f()))
_ (fl (@) fim1E) fin@) fn(Zi))
fi@)77 LG T fE) T )
By assumption, f(z') # 0, so there is some j such that f;(z') # 0. The fact that g is
smooth follows from the smoothness of all co-ordinate functions f; of f.

The mapping f : B* — §" defined by

F) = —

BT

is a diffeomorphism. Note that one can chose charts for B” and R” such that the co-
ordinate maps are just the identity. So the expression f of f in local co-ordinates
is equal to f.

We first note that

2x 1 0
J xy.s) —
Jwss) ( 2x 2y+1 2s>

Now consider a point p = (x,y,s) € f~'(q). Thenx*+y =0 and y> +s*> = 1. If
s # 0, then the last two columns of Jf,, are independent. If s =0, then y € {—1,1}
and since x> +y = 0, we have in fact that y = —1 and x?> = 1. In this case the first
two colums on Jf, are independent. Sow e have shown that if p € f ~!(q), then
tk(Jf,) = 2 and it follows that ¢ is a regular value.

To show that f~!(g) is diffeomorphic to S', consider the set
A={(x,y,s) eR}|x* +5* =1 & y=0}.

Then A is diffeomorphic to S', see 23. Now consider the map g : A — R? defined
by

Flx,y,s) = (x,—x2,5).
Then g is a constant rank map with rk(g) = 1 and g is injective. So g is a smooth
embedding of A (and thus of S') into R3. It follows that g[A] = f~!(g) is diffeo-
morphic to S'.

Let U; = {x € §" : x; > 0} and ¢ be the projection on all co-ordinates but the i’*,

We have that
07D = Gtz L= 2Pz, 20).
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where |z| < 1. Next we let V; = n[U;] and

wi([x]) = (ﬂ .“’xi—ljxi-i-l’“.’xn-&-l)'

)
Xi Xi Xi Xi

We calculate f in local co-ordinates, so f =yo fo@™!,

- 1
f(2) = ——== (212 1,Zit 1 2n)-
VI[P
‘We note that
142z i= 7
8 o T i
Bz,- \/W 2z . ,
Ry 17
SO
142z 271 221
_ 22 142z --- 22
3/2
Jj=(1- 7)Y . . .
2Zn 2Zn 1+2Zn

For all z with |z| < 1, this matrix has rank 7.
We let f, : R?> — R be given by f,(x,y) = y* —x(x — 1)(x — a) and note that:
fa(x,y) =9 =+ (a+ 1)x* —ax.
Of course, M, = f~'(0). We also have that:
Jfaley) = (=3x* +2(a+ 1)x —a,2y).
We compute the rank of this matrix for various values of a and (x,y) € M,;

If x¢{0,1,a}: theny#0 — the rank is 1

x=0: -3x’4+2(a+1)x—a=—a — the rank is 1 iff a # 0
x=1: -3*4+2(a+1)x—a=a—1 — the rank is 1 iff a # 1
x=a: —3x*4+2@+1)x—a=ala—1) —therankisliffa(a—1)=0

So we conclude that if a ¢ {0, 1}, then M, is an embedded submanifold of R>.

For (ii) : this is possible for all a € R.

So the question really is; which values g € R are regular values of f? For this, we
compute the Jacobian;

Jf’(x,y) = <3X2—|—y, 3y2+x)'
Let g € R and (x,y) € f~'(q). The rank of J f](, ) is 0 if and only if:
3 +y=3y*+x=0.
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In this case we have
y = -3

v = —x/3

It follows from these equations that y* = x* and therefore x = y. Furthermore:
0 = 3x7+y=3(-3y")+y=
= 21 +y=y(2TY’ +1).

We conclude that (x,y) is either (0,0) or (—1/3,—1/3). So g € {0,1/27}.
We conclude that if ¢ ¢ {0,1/27}, then g is a regular value of f and therefore

f~!(q) is a smooth embedded submanifold of R2. The level sets corresponding to
q =0and g = 1/27 are not embedded submanifolds.

NO; consider the mapping f : R? — R? given by f(x,y,z) = (x* +y?,z%). We let
g=(1,0)and S = f~!(q). Note that

S={(x,y,2) €R}x*+y* =1 & z=0}.

So S is just a circle embedded in R3. The co-dimension of S is 2. The Jacobian of
fin p = (x,y,7) is given by

2x 2y O
Jfl, =
flp ( 0 0 2z )
So for example, at the point p = (1,0,0) € S, this matrix is of rank 1 and not of
rank 2. So ¢ is not a regular value of f.

Let N = R*\ {p|p? + p5 = p3+ pj = 0} and consider the mapping f : N — R?
given by f(p) = (p} + p3,p3 + p3)- The Jacobian of f at the point p is given by

Il = 2p1 2pp O O
P 0 0 2p; 2ps

On N, this matrix is always of rank 2, so f is a constant rank mapping with rk(f) =
2. The 2-torus in R* is the level set £~!(1,1), so it follows from Theorem 3.27 that
this space is a smooth embedded submanifold of N. Since N is an open subset of
R4, it follows that N, and hence the 2-torus, is a smooth embedded submanifold of
R*.

Fix p € f~!(y) and as in the proof of Theorem 3.28, construct a map g : R" —
R x R™ where

8(8) = (L&, £ (&) ),
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where L : R" — R"™" is invertible on kerJ f|, C R". We have that

Jg‘[’ :L@‘]f‘[%

and this map is onto. As in the proof of Theorem 3.28, g is invertible on a neigh-
bourhood V of (L(p),0) such that

g ' (R {0}) NV = f'(y).
This gives a local co-ordinate map ¢ with

o ROV — f )N,
where @(§) = LE forall & € f~!(y)NU. It follows that ¢! = L~! and

Jo~ !, =JL",=L7".
So we have that JL™1|,(R"™™) = kerJ f|, by construction, so it follows that
T,M =kerJf|,,
and this is what we wanted to show.
Let f: R* — R be defined by f(p1,p2,p3) = pi + P35+ p3 — 3p1p2p3, so that
M = f~1(1). The Jacobian of f at the point p is given by
o= (30} =3mps, 303 =3pips, 33—3p1p2 )

So we have that tk(Jf)|, = 0 if and only if:

pi = paps & p3 = pips & p3 = pipa.
So it follows that if rk(Jf)|, = 0, then f(p) = 0. We conclude that ¢ = 1 is a regular

value of f and therefore M is 2-dimensional smooth embedded submanifold of R3.

We now compute T, M at the point p = (0,0, 1). We use 41, so T,M =kerJf|,. We
have:

If], = ( 00 3 )
so it follows that
T,M = {(x,3,2) €R® : 2= 0}.
So this is just the (x,y)-plane.

Let f : R® — R? be defined by f(p1,p2,p3) = (P} — p3+p1p3—2pap3,2pi —pa+
p3) so that M = £~1(0,3). The Jacobian of f in p is given by:

2p1+p3 —2p2—2p3 p1—2p2
Jf|p:< 2 -1 1
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Note that if p € £71(0,3), then p? + p1p3 = p3 +2p2p3 and therefore

pi(p1+p3) = pap2+2p3)
2pi+ps = p2+3.

It is left to the reader to verify that in this case, the rank of the Jacobian of f at p is
2.

We now compute 7,M at the point p = (1,—1,0) € M. In this case we have

2 2 3
Jf|p:<2 1 1>

So, using the fact that 7,M = kerJ f

p» We have
T,M = {(x,y,z) €ER?: 2x+2y+3z=0& 2x—y+z=0}

This is the line spanned by the vector (5,4, —6).

We recall that

% = (1,0) % = (cos®,sin0)
9= (0,1) 9 — (—rsin®,rcos0)
dy ’ 0 ) .

So if r # 0, then

J J 1 : J
% = cose-g — ;sme-%
J . J 1 J
y = sm6~; + ;cosO-%.

Also recall that x = rcos9 and y = rsin6. we obtain the following: (i)

d )
X=—+y=— = rcosB(cos0- 5 ;sme'%)

J 1 J
+rsinB(sinO - 30 + ;cose- %)

J d
= 7c0s’0- — +rsin?0- —

or or
0

"ar
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(i)

d ad . J0 1. d
—ya—kx@ = —rsme(cose-g—;sme-ﬁ)
. J 1 d
—|—rcose(sm9-g+;cose-%)
d d
_ wn2n. 9 209
= sin“0 ae—i—cos 986
_ 9
- 08
(iii)
(xz—i-yz)aa = (rzcosze—i-rzsinze)(cosﬂ-;—lsinﬂ-;g)
X roor

J )
= 7r2cos0- — —rsin® - —

or 09

48 We let o0 = u? +v? and B = (o4 1)2. We first compute d(f og). Note that fog:
R? — R is given by

4 + 4 + (> +v* —1)2
p
4o+ 0 — 200+ 1

B

o H20+1 (o+1)? .

B B

fog(u,v) =

So we have that d(fog) = 0. Next we compute g*df. Note that df = 2xdx +
2ydy + 2zdz. We have the following;

2u 2u 2v 2v a—1 /a—1
“df = 2 d( ) 2 d( ) 2 d< )
gdf art\art) o tNort) a1 et
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We first make the following computations:

e _
d( 2u > _ 2(0t+1) —4u dut 4uvdv
o+1 B B
207 —u?+1 —4
_ (v —u”+ )du+ w
p p
2v —4uy 2(02+1) —4v
a(==) = d
P B u—+ B %
. 2 .2
_ 4uvdu+2(u % —l—l)dv
p §
d(a21> _ 2u(0¢2+1)—2u(062—l)du+2v(oc2+1)—2v(ocz—1)dv
o+1 B B
4u 4y
= —du+—dv
p p

Combining these results with the above expression for g*d f, one can verify that
g*df =0;i.e. we have thatd(fog) =g*df.

49 ()
___p = __*
f(p)_p%—l-p% f(xy) X2 432
of af
df adx—i—gdy
2_ .2
Yy X —2xy
(2 +y2)2dx+ (2 +y2)2dy
(ii)
D ~ __rcos®  cos®
f(p)_p%—kp% f(r,G)— 2y
_of  of
df = ﬁdr—kﬁde
_ —0(2)59 . —sm@de.
r r

(iv)
fp)=1pl>  Flxr,...x)=xi+...+x

df = 2x,~dx,~



50 Recall that x = rcos 0 and y = rsin8 and note that

dx = cos8dr—rsin0d0
dy = sin®dr+rcos0d6

(i) We obtain:
® = r>cos’0(cosBdr— rsinBd) 4 (rcos® -+ rsin®)(sinOdr + rcos 0d)

= (r*cos’ 0+ rcosBsin® + rsin’0)dr + (r* cos® 0 + r> sin@cos O — r° cos” Bsin0)d0
(if) We obtain:

® = rcosB(cosOdr—rsin®d0) + rsinB(sinOdr + rcos0d0)

= rdr.

52 We use the fact that (fo7y)" = y*f*, see Lemma 6.3. We have the following se-
quence of equalities:

/Y fro— /[a,b]“f*"’z /[a,bﬁf”)*‘”: Aw‘”'

53 ()
2t 2t
o= o = dr + dt + dt
/v [m]w /[01 t2+1 t2+1 2+1
4t
= ——dt
/ t2+l /[o]]l‘z—i—l
= o] +2m@ ] =2m2 -1
2+1
and:

—4¢2 2t 2
0= 0 = dt + dt + dt
/v 0.1] 4 /[0,1] (+1)2 P+l 241

2(1241) — 412 2t
= —dt+/ dt
/[01] (r2+1)2 0112 +1

= r2+1‘ +In(t +1‘ =142,

(i) We can split yinto three pieces; Y1, ¥» and Y3 all ranging from [0, 1] to R* where
v1(t) = (£,0,0), v2(¢) = (1,2,0) and y3(¢) = (1, 1,7). We now compute the integrals
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as follows:

[o - [arfor]a
Y M Yz
2
= —dt
/[0,1] t2+1 +/ 2+1 /[01] +1

2t
_ / 27+/ ldtzln(tz—i—l)‘ +t’ =In2+1.
o1 =+1 " Jjo 0 10

2t
/co = /m+/ +/ / 5 dr+ ldt =In2+1.
Y M T2 s o1 1= +1 [0,1]

(iii) and (iv) : Recall that a 1-form is exact if it is of the form dg for some smooth

and:

function g. The Fundamental Theorem for Line Integrals states that the integral of
an exact 1-form over a path Y only depends on the end-points of y. So if either o
or  is exact, then the answers in (i) and (ii) do not differ. So we can conclude
immediately that o is not exact. So what about ®? Well, we guess that it is exact,
but we have to find a function g : R3 — R such that @ = dg. This function g is
given by

2Z 2
- 1.
g(x,y,2) 211 O +1)

Fix p € M and a homeomorphism @ : U — V where U,V C R/ and
o(UNM)=VnNR"x{0}).
Suppose (x1,...,x) is a co-ordinate representation for ¢. Note that Jo~!|,(R') is
just R!. Now define amap ¢ : U x R — V x R/ as follows;
0

= i v _ 1 [

(p(q,v axi’q) (xl(q),...,xl(q),v ,...,v),
where |, = J@~!|,(e;). Now note that

e
Al 1 N (-1 i
0] (x,v,...,v)-((p (x),vaxi

<p*'(X))'

So @ is a homeomorphism from U x R onto V x R/, Since @ is a slice chart for M,
we also have that

p(n[U)) = [Vm (R’" X {O}H x [Rm X {0}} CR xR
where T : TM — M is the natural projection map. So ¢ maps a neighbourhood of
(p,v) € TM onto a 2m-slice in R?. This shows how to make co-ordinate charts
for TM. It remains to verify that if \ is another such chart, then the transition map
Jo ¢! is smooth. For this, see Lee pg81.



