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Geometry of G-

The action of Go on R’
preserves the metric gg
and a 3-form ¢g on R'.
Let g be a metric and
© a 3-form on M. We
call (v, g) a Go-structure
if (¢,9) = (o0,90) at each
x € M. We call Vo the
torsion of (v, g).

If Vo =0 then (p,q) is
torsion-free.
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We have V=0 Iiff

dp = d*p = 0.

If (¢, qg) is torsion-free
then Hol(g) C G5, and g
IS Ricci-flat. Conversely,
if ¢ is a metric on M’
then Hol(g) C G5 iff there
is a Go-structure (o, g)
with Vo = 0. If M is
compact and Hol(g) C G»
then Hol(g) =G> iff
7T1(M) IS finite.



Let M be compact and
oriented, and (p,g) a
torsion-free G»-structure
on M. Then dp =d*x
= 0, so [¢] € H3(M,R)
and [x¢] € H*(M,R). Let
M be the moduli space
of oriented torsion-free
Go>-structures on M up
to diffeomorphisms iso-
topic to the identity.



Theorem. M issmooth
of dimension b3(M). The
maps M — H3(M,R) and
M — H4(M,R) taking
[(p, 9)] = L¥], [(p,9)] —
[xp] are local diffeomor-
phisms. The map M —
H3(M,R)x H*(M,R) tak-
ing [(p,9)] — (lo], [x¢])
has Image a Lagrangian
submanifold in

H3(M,R) x H*(M,R).




Constructing compact
Go-manifolds

I constructed the first com-
pact 7-manifolds with holon-
omy Go in 1993-4. This is
difficult as such manifolds have
only finite symmetry groups,
and are not algebraic.

It Is interesting as such man-
iIfolds are Ricci-flat, they are
important in String T heory,
and they have beautiful
geometrical properties.




The construction, 1

First we choose a
compact 7-manifold M.
We write down an explicit
Go-structure (p,g) on M
with small torsion.

T hen we use analysis to
deform to a nearby Go-
structure (@, g) with zero
torsion. If w1(M) is
finite then Hol(g) =G5
as we want.

7



T he construction, 2

It iIs not easy to find
G>-structures with small
torsion! Here Is one way
to do it, in 4 steps.

Step 1. Choose a finite
group I of isometries of
the 7-torus T/, and a flat,
[ -invariant Go-structure
(¢o,90)onT’. ThenT'/I
IS compact, with a torsion-
free Go-structure (g, g0).



Step 2. However, T/l

IS an orbifold. We repair

Its singularities to get a

compact 7-manifold M.

VWe can resolve complex

orbifolds using algebraic

geometry.

If the singularities of T/ /I
locally resemble S1xC3/G
for G C SU(3), then we

model M on a crepant

resolution X of C3/G.



Step 3. M is made by
gluing patches S1x X into
T'/T". Now X carries ALE
metrics of holonomy SU(3)
As SU(3) C G5, these give
torsion-free Go-structures
on S x X.

We join them to (900790)
on T/l to get a

family {(¢¢, 1) i t € (0,¢€)]
of Go-structures on M.
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Step 4. This (¢, g¢+) has
Vi = O(t4). SO Vi IS
small for small ¢t. But
R(g:) = O(t~2) and the
injectivity radius 6(g;) =
O(t), since g becomes
singular as t — O.

For small ¢ we deform
(o1, gt) to (@, ge) with
Vo = 0, using analysis.
Then Hol(g:) =Go if

w1 (M) is finite.
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Steps in the analysis proof:

e Arrange that dyy = O
and d*p; = d™, where
Y = O(t%).

o Set oy = p+dns, where
d*n; = 0.

e Then (¢4, gt) IS
torsion-free iff

(d*d=4-dd™)(n:) = d™yy+dF(dn;)

where F'is nonlinear with
F(x) = O(|x|?).
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e Integrating by parts
gives ||dngl| ;2 < 2[¢¢]| 12
when ||dn||~o is small.

e SOlve by contraction
method in LA*(A2T*M),
using elliptic regularity
of d*d 4+ dd™,
pballs of radius ¢ and
Sobolev embedding.
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T he construction, 3

Using different groups
acting on T, and resolv-
ing T'/I in more than

one way, we get many
compact manifolds with

holonomy Go.
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Geometry of Spin(7)

The action of Spin(7) on
RS preserves the metric
go and a 4-form Qg on RS
Let g be a metric and €2
a 4-form on MS. We call
(€2, g9) a Spin(7)-structure
if (€2,9) = (20, 90) at each
x € M. We call V{2 the
torsion of (£2,gq).
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If VQ2=0 then (£2,q9) is
torsion-free. Also V$2=0
Iff d€2 = 0. If V2 =20
then Hol(g) CSpin(7). If
g is a metric on M® then
Hol(g) CSpin(7) iff there
is a Spin(7)-structure
(€2, g) with VQ=0. If
M is compact and
Hol(g) C Spin(7) then g
has holonomy Spin(7) iff
r1(M)={1}, A(M)=1.
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Compact examples

The first examples of
compact 8-manifolds
with holonomy Spin(7)
were constructed by me
N 1995. Here is how.
Let T° be a torus with
flat Spin(7)-structure
(20,90), and let I be a
finite group acting on T°
preserving (£2p,90). Then
T8/I" is an orbifold.
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We choose I so that the
singularities of T8/I" are
locally modelled on C#/G,
for G C SU(4).

T hen we use complex
algebraic geometry to
resolve T3/I", giving a
compact 8-manifold M.
Finally we use analysis to
construct metrics on M
with holonomy Spin(7).
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A second construction

Another way to make
compact 8-manifolds with
holonomy Spin(7) is to
start not with 7 but with
a Calabi-Yau 4-orbifold Y
with isolated singular
points py,...,pr. FINnd the
complex orbifold Y using
algebraic geometry, and
the metric by the orb-
ifold Calabi Conjecture.
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Instead of a group I we
use an antiholomorphic,
Isometric involution o on
Y fixing only the p;.
Then Z =Y/(o) is a real
S-orbifold with singular
points pq,...,pr. Ve
resolve the p; to get a
compact 8-manifold M,
and construct holonomy
Spin(7) metrics on M.
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