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1 Introduction and survey

1.1 Introduction

This book develops a new theory of ‘derived differential geometry’. The objects
in this theory are d-manifolds, ‘derived’ versions of smooth manifolds, which
form a (strict) 2-category dMan. There are also 2-categories of d-manifolds with
boundary dMan® and d-manifolds with corners dMan€, and orbifold versions
of all these, d-orbifolds dOrb, dOrbP, dOrbe.

Here ‘derived’ is intended in the sense of derived algebraic geometry. The
original motivating idea for derived algebraic geometry, as in Kontsevich [63]
for instance, was that certain moduli schemes M appearing in enumerative in-
variant problems may be very singular as schemes. However, it may be natural
to realize M as a categorical truncation of some ‘derived’” moduli space M, a
new kind of geometric object living in a higher category. The geometric struc-
ture on M should encode the full deformation theory of the moduli problem,
the obstructions as well as the deformations. It was hoped that M would be
‘smooth’, and so in some sense simpler than its truncation M.

Early work in derived algebraic geometry focussed on dg-schemes, as in
Ciocan-Fontanine and Kapranov [23]. These have largely been replaced by
the derived stacks of Toén and Vezzosi [100-102], and the structured spaces of
Lurie [70-72]. Derived differential geometry aims to generalize these ideas to
differential geometry and smooth manifolds. A brief note about it can be found
in Lurie [72, §4.5]; the ideas are worked out in detail by Lurie’s student David
Spivak [95], who defines an oo-category of derived manifolds.

The author came to these questions from a different direction, symplectic
geometry. Many important areas in symplectic geometry involve forming mod-
uli spaces M, (X, J, 3) of J-holomorphic curves in some symplectic manifold
(X,w), possibly with boundary in a Lagrangian Y, and then ‘counting’ these
moduli spaces to get ‘invariants’ with interesting properties. Such areas include
Gromov—Witten invariants (open and closed), Lagrangian Floer cohomology,
Symplectic Field Theory, contact homology, and Fukaya categories.

To do this ‘counting’, one needs to put a suitable geometric structure on
./\719,7,,,(X7 J, ) — something like the ‘derived’ moduli spaces M above — and
use this to define a ‘virtual class’ or ‘virtual chain’ in Z,Q or some homology
theory. Two alternative theories for geometric structures to put on moduli
spaces Mg,m(X, J, 3) are the Kuranishi spaces of Fukaya, Oh, Ohta and Ono
[32,34] and the polyfolds of Hofer, Wysocki and Zehnder [43-48].

The philosophies of Kuranishi spaces and of polyfolds are in a sense opposite:
Kuranishi spaces remember only the minimal information needed to form virtual
chains, but polyfolds remember a huge amount more information, essentially a
complete description of the functional-analytic problem which gives rise to the
moduli space. There is a truncation functor from polyfolds to Kuranishi spaces.

The theory of Kuranishi spaces in [32,34] does not go far — they define
Kuranishi spaces, and construct virtual cycles upon them, but they do not
define morphisms between Kuranishi spaces, for instance. The author tried to



study and work with Kuranishi spaces as geometric spaces in their own right,
but ran into problems, and became convinced that a new definition was needed.
Upon reading Spivak’s theory of derived manifolds [95], it became clear that
some form of ‘derived differential geometry’ was required: Kuranishi spaces in
the sense of [32, §A] ought to be defined to be ‘derived orbifolds with corners’.

The purpose of this book is to build a comprehensive, rigorous theory of
derived differential geometry designed for applications in symplectic geometry,
and other areas of mathematics such as String Topology.

As the moduli spaces of interest in the symplectic geometry of Lagrangian
submanifolds should be ‘derived orbifolds with corners’, it was necessary that
this theory should cover not just derived manifolds without boundary, but also
derived manifolds and derived orbifolds with boundary and with corners. This
has much increased the length of the book: the parts dealing with d-manifolds
without boundary (Chapters 2-4 and Appendices A-B) are only roughly a quar-
ter of the whole. It turns out that doing ‘things with corners’ properly is a
complex, fascinating, and hitherto almost unexplored area.

The author wants the theory to be easily usable by symplectic geometers,
and others who are not specialists in derived algebraic geometry. In applications,
much of the theory can be treated as a ‘black box’, as they do not require a
detailed understanding of what a d-manifold or d-orbifold really is, but only a
general idea, plus a list of useful properties of the 2-categories dMan, dOrb.

With this in mind, the rest of Chapter 1 provides a long, detailed, and more-
or-less self-contained summary of the rest of the book. The intention is that
many readers should be able to find what they need in Chapter 1, only dipping
into later chapters for more detail, examples, or proofs.

Our theory of derived differential geometry has a major simplification com-
pared to the derived algebraic geometry of Toén and Vezzosi [100-102] and
Lurie [70-72], and the derived manifolds of Spivak [95]. All of the ‘derived’
spaces in [70-72,95,100-102] form some kind of co-category (simplicial cate-
gory, model category, Segal category, quasicategory, ...). In contrast, our d-
manifolds and d-orbifolds form (strict) 2-categories dMan, ..., dOrb¢, which
are the simplest and most friendly kind of higher category.

Furthermore, the co-categories in [70-72,95,100-102] are usually formed by
localization (inversion of some class of morphisms), so the (higher) morphisms in
the resulting co-category are difficult to describe and work with. But the 1- and
2-morphisms in dMan, . ..,dOrb¢ are defined explicitly, without localization.

The essence of our simplification is this. Consider a ‘derived” moduli space
M of some objects E, e.g. vector bundles on some C-scheme X. One expects
M to have a ‘cotangent complex’ Laq, a complex in some derived category
with cohomology h*(La)|g = Ext'~*(E, E)* for i € Z. In general, Laq can
have nontrivial cohomology in many negative degrees, and because of this such
objects M must form an oo-category to properly describe their geometry.

However, the moduli spaces relevant to enumerative invariant problems are of
a restricted kind: one considers only M such that L a4 has nontrivial cohomol-
ogy only in degrees —1,0, where h°(ILaq) encodes the (dual of the) deformations
Ext'(E, E)*, and h~'(Laq) the (dual of the) obstructions Ext*(E, E)*. As in



Toén [100, §4.4.3], such derived spaces are called quasi-smooth, and this is a
necessary condition on M for the construction of a virtual fundamental class.

Our construction of d-manifolds replaces complexes in a derived category
DP coh(M) with a 2-category of complexes in degrees —1,0 only. For general
M this loses a lot of information, but for quasi-smooth M, since IL o4 is concen-
trated in degrees —1,0, the important information is retained. In the language
of dg-schemes, this corresponds to working with a subclass of derived schemes
whose dg-algebras are of a special kind: they are 2-step supercommutative dg-

algebras A~ -5 A9 such that d(A=1Y) - A=t = 0. Then d(A~1) is a square zero

ideal in A°, and A~ is a module over H° (A’l i>AO).

An important reason why this 2-category style derived geometry works suc-
cessfully in our differential-geometric context is the existence of partitions of
unity on smooth manifolds, and on nice C*°-schemes. This means that (derived)
structure sheaves are ‘fine’ or ‘soft’, which simplifies their behaviour. Parti-
tions of unity are also essential for constructions such as gluing d-manifolds by
equivalences on open d-subspaces in dMan. In conventional derived algebraic
geometry, where partitions of unity do not exist, one needs the extra freedom
of an co-category to glue by equivalences.

Apart from Chapter 5, which summarizes [55], and Appendices A-C, the
material in this book is new research, being published for the first time. A
survey paper on this book, focussing on d-manifolds without boundary, is [58].

Sections 1.2-1.16 summarize the rest of the book, following the order of
chapters, except that §1.2 on C'°°-schemes and §1.8 on C*°-stacks correspond to
Appendices B and C, and §1.9 on orbifolds and §1.12 on orbifolds with corners
correspond to the first and second halves of Chapter 8.

Throughout the book we will consistently use different typefaces to indicate
different classes of geometrical objects. In particular:

e W, X,Y,... will denote manifolds (of any kind), or topological spaces.

o W X Y, ... will denote C*°-schemes.

e W X.Y,... will denote d-spaces, including d-manifolds.

e W X Y. ...will denote Deligne-Mumford C*°-stacks, including orbifolds.
e W. X Y, ... will denote d-stacks, including d-orbifolds.

e W XY,...will denote d-spaces with corners, including d-manifolds with
corners.

e W XY, ... will denote orbifolds with corners.

e W XY, ... will denote d-stacks with corners, including d-orbifolds with
corners.

Acknowledgements. My particular thanks to Dennis Borisov, Jacob Lurie and
Bertrand Toén for help with derived manifolds. I would also like to thank Man-
abu Akaho, Tom Bridgeland, James Cranch, Oliver Fabert, Kenji Fukaya, Ieke
Moerdijk, Hiroshi Ohta, Kauru Ono, and Timo Schiirg for useful conversations.



1.2 (C*-rings and C'*°-schemes

If X is a manifold then the R-algebra C*°(X) of smooth functions ¢ : X — R
is a C°-ring. That is, for each smooth function f : R™ — R there is an n-fold
operation @5 : C*(X)" — C>(X) acting by ¢ : ¢1,...,¢n — fle1,..., ),
and these operations ® satisfy many natural identities. Thus, C*°(X) actually
has a far richer algebraic structure than the obvious R-algebra structure.

C*°-algebraic geometry is a version of algebraic geometry in which rings
or algebras are replaced by C°°-rings. The basic objects are C*°-schemes, a
category of differential-geometric spaces including smooth manifolds, and also
many singular spaces. They were introduced in synthetic differential geometry
(see for instance Dubuc [30] and Moerdijk and Reyes [86]), and developed further
by the author in [56] (surveyed in [57]).

This section briefly discusses C'*°-rings, C°°-schemes, and quasicoherent
sheaves on C°°-schemes, with the aim of enabling the reader to understand the
definitions of d-spaces and d-manifolds. Appendix B provides a more complete
treatment, giving full definitions and results, and going into technical details.

1.2.1 (C*°-rings

Definition 1.2.1. A C*°-ring is a set € together with operations ®; : €" — ¢
for all n > 0 and smooth maps f : R™ — R, where by convention when n = 0 we
define € to be the single point {#}. These operations must satisfy the following
relations: suppose m,n >0, and f; : R®" - Rfori=1,...,mand g : R™ - R
are smooth functions. Define a smooth function i : R™ — R by

h(zy,...,x,) = g(fl(xl,...,mn),...,fm(xl...,xn)),

for all (z1,...,2,) € R". Then for all (¢1,...,c,) € €" we have

Dpcr, ... cn) = @g(@fl(cl,...,cn),...,@fm(cl,...,cn)).

We also require that for all 1 < j < n, defining n; : R" — R by 7; :
(w1,...,2y) = xj, we have O (c1,...,¢,) = ¢j for all (c1,...,¢,) € C".
Usually we refer to € as the C*°-ring, leaving the operations ®; implicit.
A morphism between C*°-rings (Q:, ((I)f)f:R"—>]R Coo), (@, (\I’f)f:]R"—ﬂR Coo)
is a map ¢ : € — D such that Uy(¢(c1),...,¢0(cn)) = ¢ o Py(ca,...,c,) for
all smooth f : R" — R and ¢1,...,¢, € €. We will write C*°Rings for the
category of C*°-rings.

Here is the motivating example:

Example 1.2.2. Let X be a manifold. Write C*°(X) for the set of smooth
functions ¢ : X — R. Forn > 0 and f : R” — R smooth, define & : C*°(X)" —
C*(X) by

(@rler,. . ) (@) = fler(®), ..., en(z)), (1.1)
for all ¢1,...,¢, € C°(X) and x € X. It is easy to see that C°°(X) and the
operations ®; form a C°°-ring.



Now let f : X — Y be a smooth map of manifolds. Then pullback f* :
C>(Y) — C*°(X) mapping f* : ¢ — co f is a morphism of C*°-rings. Further-
more (at least for Y without boundary), every C*°-ring morphism ¢ : C*°(Y") —
C*(X) is of the form ¢ = f* for a unique smooth map f: X — Y.

Write C*°Rings®® for the opposite category of C*°Rings, with directions
of morphisms reversed, and Man for the category of manifolds without bound-

ary. Then we have a full and faithful functor Fl\(/:[amRings : Man — C*°Rings®”

acting by Fo. THPES(X) — C°°(X) on objects and Fo. 70 85(f) = f* on mor-
phisms. This embeds Man as a full subcategory of C*°Rings°®.

Note that C*°-rings are far more general than those coming from manifolds.
For example, if X is any topological space we could define a C*°-ring C°(X) to
be the set of continuous ¢ : X — R, with operations ®; defined as in (1.1). For
X a manifold with dim X > 0, the C*°-rings C*°(X) and C°(X) are different.

Definition 1.2.3. Let € be a C"°°-ring. Then we may give € the structure of
a commutative R-algebra. Define addition ‘+" on € by ¢+ ¢ = ®¢(c,¢’) for
¢,d € €, where f : R? = Ris f(z,y) = 2 +y. Define multiplication ‘-’ on € by
c-c=d4(c, ), where g : R? — R is g(z,y) = zy. Define scalar multiplication
by A € R by Ac = ®y/(c), where A’ : R — R is N (z) = Az. Define elements
0,1 € ¢ by 0= ®y(0) and 1 = &1,((), where 0’ : R = R and 1’ : R" — R are
the maps 0’ : ) + 0 and 1’ : § — 1. One can show using the relations on the
®; that the axioms of a commutative R-algebra are satisfied. In Example 1.2.2,
this yields the obvious R-algebra structure on the smooth functions ¢ : X — R.

An ideal I in € is an ideal I C € in € regarded as a commutative R-algebra.
Then we make the quotient €/I into a C*°-ring as follows. If f : R" — R is
smooth, define % : (¢/I)" — €/I by

(@;(01—&—L...,cn—}—I))(x):f(cl(x)7...,cn(x)) + 1.

Using Hadamard’s Lemma, one can show that this is independent of the choice
of representatives c¢q,...,c¢,. Then (6/[, (@;)f;Rn_)R Coo) is a C'°°-ring.

A C*-ring € is called finitely generated if there exist ¢y, ..., ¢, in € which
generate € over all C"*°-operations. That is, for each ¢ € € there exists smooth
f:R" = R with ¢ = ®¢(c1,...,¢n). Given such €, ¢q,...,c,, define ¢ :
C>®(R") = € by ¢(f) = ®f(c1,...,¢y) for smooth f:R"™ — R, where C°(R")
is as in Example 1.2.2 with X = R". Then ¢ is a surjective morphism of C'*°-
rings, so I = Ker¢ is an ideal in C*°(R"), and € = C>*°(R")/I as a C*°-ring.
Thus, € is finitely generated if and only if € = C*°(R")/I for some n > 0 and
some ideal I in C*°(R™).

1.2.2 (C*-schemes
Next we summarize material in [56, §4] on C'*°-schemes.

Definition 1.2.4. A C*-ringed space X = (X,Ox) is a topological space X
with a sheaf Ox of C'*°-rings on X.
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A morphism f = (f, f") : (X,0x) — (Y,Oy) of C*> ringed spaces is a
continuous map f : X — Y and a morphism f* : f~}(Oy) — Ox of sheaves
of C*°-rings on X, where f~1(Oy) is the inverse image sheaf. There is another
way to write the data f%: since direct image of sheaves f, is right adjoint to
inverse image f~!, there is a natural bijection

Homx (f~'(Oy),0x) = Homy (Oy, f.(0x)). (1.2)

Write f; : Oy — f.(Ox) for the morphism of sheaves of C*°-rings on Y corre-
sponding to f* under (1.2), so that

N Oy) — Ox e fy: Oy — fu(Ox). (1.3)

Depending on the application, either f* or fy may be more useful. We choose
to regard f* as primary and write morphisms as f = (f, f*) rather than (f, f;),
because we find it convenient to work uniformly using pullbacks, rather than
mixing pullbacks and pushforwards.

Write C*°RS for the category of C'*°-ringed spaces. As in [30, Th. 8] there
is a spectrum functor Spec : C*°Rings®® — C°°RS, defined explicitly in [56,
Def. 4.12]. A C*°-ringed space X is called an affine C*°-scheme if it is isomor-
phic in C*°RS to Spec € for some C*°-ring €. A C*°-ringed space X = (X, Ox)
is called a C*°-scheme if X can be covered by open sets U C X such that
(U,Ox|y) is an affine C*°-scheme. Write C>°Sch for the full subcategory of
C*°-schemes in C*°RS.

A C*-scheme X = (X,0Ox) is called locally fair if X can be covered by
open U C X with (U,Ox|y) = Spec€ for some finitely generated C'°°-ring
¢. Roughly speaking this means that X is locally finite-dimensional. Write
C°°Schf for the full subcategory of locally fair C>°-schemes in C*°Sch.

We call a C"*°-scheme X separated, second countable, compact, locally com-
pact, or paracompact, if the underlying topological space X is Hausdorff, second
countable, compact, locally compact, or paracompact, respectively.

We define a C*°-scheme X for each manifold X.

Example 1.2.5. Let X be a manifold. Define a C*°-ringed space X = (X, Ox)
to have topological space X and Ox (U) = C*(U) for each open U C X, where
C>°(U) is the C*°-ring of smooth maps ¢: U — R, and if V C U C X are open
define pyy : C*(U) — C*®(V) by pyv : ¢ — c|ly. Then X = (X,0x) is a
local C*-ringed space. It is canonically isomorphic to Spec C*°(X), and so is
an affine C*°-scheme. It is locally fair.

Define a functor Fgo 5" : Man — C*°Sch ¢ C*Sch by FG..S°h =
Spec oF - Bings  Then FCTSeh js full and faithful, and embeds Man as a full
subcategory of C*°Sch.

By [56, Cor. 4.21 & Th. 4.33] we have:

Theorem 1.2.6. Fibre products and all finite limits exist in C°°Sch. The sub-
category CSch'f is closed under fibre products and finite limits. The functor
FG8¢b takes transverse fibre products in Man to fibre products in C*Sch.
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The proof of the existence of fibre products in C*Sch follows that for fibre
products of schemes in Hartshorne [38, Th. I1.3.3], together with the existence
of C'*°-scheme products X x Y of affine C°°-schemes X,Y. The latter follows
from the existence of coproducts €D in C*Rings of C®-rings ¢,®. Here
¢®® may be thought of as a ‘completed tensor product’ of ¢,®. The actual
tensor product € ®g ® is naturally an R-algebra but not a C'°°-ring, with an
inclusion of R-algebras ¢ ®p © — €®D, but €&D is often much larger than
¢ ®r D. For free C™-rings we have C=(R™)®C>®(R") = C=(R™*™).

In [56, Def. 4.34 & Prop. 4.35] we discuss partitions of unity on C*°-schemes.

Definition 1.2.7. Let X = (X,Ox) be a C*°-scheme. Consider a formal sum
> acA Cas Where A is an indexing set and ¢, € Ox(X) for a € A. We say
> acA Ca is a locally finite sum on X if X can be covered by open U C X such
that for all but finitely many a € A we have pxy(c,) =0 in Ox(U).

By the sheaf axioms for Ox, if ), 4 ¢4 is a locally finite sum there exists a
unique ¢ € Ox(X) such that for all open U C X with pxy(cq) =0 in Ox(U)
for all but finitely many a € A, we have pxy(c) = > ,c4 pxvl(ca) in Ox(U),
where the sum makes sense as there are only finitely many nonzero terms. We
call ¢ the limit of ) 4 ca, written ) ., co = c.

Let ¢ € Ox(X). Then there is a unique maximal open set V' C X with
pxv(c) =01in Ox (V). Define the support suppc to be X \ V, so that supp ¢ is
closed in X. If U C X is open, we say that ¢ is supported in U if suppc C U.

Let {U, : a € A} be an open cover of X. A partition of unity on X
subordinate to {U, : a € A} is {n, : a € A} with n, € Ox(X) supported on U,
for a € A, such that ) _, 7, is a locally finite sum on X with > _, 7, = 1.

Proposition 1.2.8. Suppose X is a separated, paracompact, locally fair C*°-
scheme, and {U, : a € A} an open cover of X. Then there exists a partition of
unity {ne : a € A} on X subordinate to {U, : a € A}.

Here are some differences between ordinary schemes and C'°°-schemes:

Remark 1.2.9. (i) If A is a ring or algebra, then points of the corresponding
scheme Spec A are prime ideals in A. However, if € is a C*-ring then (by
definition) points of Spec € are maximal ideals in € with residue field R, or
equivalently, R-algebra morphisms x : € — R. This has the effect that if X is a
manifold then points of Spec C*°(X) are just points of X.

(ii) In conventional algebraic geometry, affine schemes are a restrictive class.
Central examples such as CP" are not affine, and affine schemes are not closed
under open subsets, so that C? is affine but C*\ {0} is not. In contrast, affine
C*°-schemes are already general enough for many purposes. For example:

e All manifolds are fair affine C'°°-schemes.

e Open C*°-subschemes of fair affine C*°-schemes are fair and affine.

e If X is a separated, paracompact, locally fair C*°-scheme then X is affine.

Affine C°°-schemes are always separated (Hausdorff), so we need general C'>°-
schemes to include non-Hausdorff behaviour.
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(iii) In conventional algebraic geometry the Zariski topology is too coarse for
many purposes, so one has to introduce the étale topology. In C'°°-algebraic
geometry there is no need for this, as affine C*°-schemes are Hausdorff.

(iv) Even very basic C*°-rings such as C*°(R") for n > 0 are not noetherian as
R-algebras. So C°°-schemes should be compared to non-noetherian schemes in
conventional algebraic geometry.

(v) The existence of partitions of unity, as in Proposition 1.2.8, makes some
things easier in C'*°-algebraic geometry than in conventional algebraic geometry.
For example, geometric objects can often be ‘glued together’ over the subsets of
an open cover using partitions of unity, and if £ is a quasicoherent sheaf on a
separated, paracompact, locally fair C°°-scheme X then H*(£) = 0 for i > 0.

1.2.3 Modules over C'*°-rings, and cotangent modules
In [56, §5] we discuss modules over C*°-rings.

Definition 1.2.10. Let € be a C*°-ring. A €-module M is a module over €
regarded as a commutative R-algebra as in Definition 1.2.3. €-modules form an
abelian category, which we write as €-mod. For example, € is a €-module, and
more generally €@r V is a €-module for any real vector space V. Let ¢ : € — ®
be a morphism of C*°-rings. If M is a €-module then ¢,(M) = M ®¢ D is a
®-module. This induces a functor ¢, : €&-mod — ®-mod.

Example 1.2.11. Let X be a manifold, and £ — X a vector bundle. Write
C>(E) for the vector space of smooth sections e of E. Then C*°(X) acts on
C*(E) by multiplication, so C*°(E) is a C°°(X)-module.

In [56, §5.3] we define the cotangent module Q¢ of a C*°-ring €.

Definition 1.2.12. Let € be a C*°-ring, and M a €-module. A C*°-derivation
is an R-linear map d : € — M such that whenever f : R" — R is a smooth map
and ¢q,...,c, € €, we have

d®g(cr, ... yen) =Y,y q)%(cl,...,cn) -de;.

We call such a pair M, d a cotangent module for € if it has the universal property
that for any €-module M’ and C*-derivation d’ : € — M’, there exists a unique
morphism of €-modules ¢ : M — M’ with d' = ¢ o d.

Define Q¢ to be the quotient of the free €-module with basis of symbols
dc for ¢ € € by the €-submodule spanned by all expressions of the form
d(®g(er,...,cn)) — Z?ﬂ(l)%(cl,...,cn) -dc; for f : R" — R smooth and
c1,...,¢, € €, and define dcl: ¢ — Q¢ by de : ¢ — de. Then Q¢,de is a
cotangent module for €. Thus cotangent modules always exist, and are unique
up to unique isomorphism.

Let €, be C*°-rings with cotangent modules Q¢,d¢, Qo,dp, and ¢ : € —
® be a morphism of C*°-rings. Then ¢ makes ()5 into a €-module, and there is
a unique morphism € : Q¢ — Qp in €-mod with dpo¢p = Qgode. This induces
a morphism (Q4)s : Q¢ Qe ® — Qo in D-mod with (Qy). o (de ®idp) = do.

13



Example 1.2.13. Let X be a manifold. Then the cotangent bundle T*X
is a vector bundle over X, so as in Example 1.2.11 it yields a C'°°(X)-module
C>(T*X). The exterior derivative d : C*°(X) — C*°(T*X) is a C°*°-derivation.
These C*°(T* X ), d have the universal property in Definition 1.2.12, and so form
a cotangent module for C*°(X).

Now let X,Y be manifolds, and f : X — Y be smooth. Then f*(TY),TX
are vector bundles over X, and the derivative of f is a vector bundle morphism
df : TX — f*(TY). The dual of this morphism is df* : f*(T*Y) — T*X. This
induces a morphism of C*(X)-modules (df*), : C=(f*(T*Y)) = C=(T*X).
This (df*). is identified with (€f«), in Definition 1.2.12 under the natural
isomorphism C* (f*(T*Y)) =2 C®(T*Y) @cw(y) C*(X).

Definition 1.2.12 abstracts the notion of cotangent bundle of a manifold in
a way that makes sense for any C°°-ring.

1.2.4 Quasicoherent sheaves on C*°-schemes
In [56, §6] we discuss sheaves of modules on C'*°-schemes.

Definition 1.2.14. Let X = (X,Ox) be a C*-scheme. An Ox-module £ on
X assigns a module £(U) over Ox (U) for each open set U C X, with Ox (U)-
action puy : Ox(U) x E(U) — E(U), and a linear map Eyy : E(U) — E(V) for
each inclusion of open sets V' C U C X, such that the following commutes:

Ox(U) % E(U) > E(U)

¢/PUV><5UV EUV¢
rv

Ox(V) x E(V) ———=&(V),

and all this data £(U), Eyy satisfies the usual sheaf axioms [38, §II.1] .

A morphism of Ox-modules ¢ : € — F assigns a morphism of Ox (U)-
modules ¢(U) : E(U) — F(U) for each open set U C X, such that ¢(V)oEyy =
Fuvy o ¢(U) for each inclusion of open sets V- C U C X. Then Ox-modules
form an abelian category, which we write as Ox-mod.

As in [56, §6.2], the spectrum functor Spec : C*°Rings®® — C*°Sch has
a counterpart for modules: if € is a C*°-ring and (X,Ox) = Spec€ we can
define a functor MSpec : €-mod — Ox-mod. If € is a fair C°°-ring, there
is a full abelian subcategory €-mod®® of complete €-modules in €-mod, such
that MSpec |¢-mogee : €-mod® — Ox-mod is an equivalence of categories. Let
X = (X,0x) be a C*®-scheme, and £ an Ox-module. We call £ quasicoherent
if X can be covered by open U with U = Spec € for some C'*°-ring €, and under
this identification £|y = MSpec M for some €-module M. We call £ a vector
bundle of rank n > 0 if X may be covered by open U such that £|y = Oy @rR".

Write qeoh(X), vect(X) for the full subcategories of quasicoherent sheaves
and vector bundles in Ox-mod. Then gcoh(X) is an abelian category. Since
MSpec : €-mod® — Ox-mod is an equivalence for € fair and (X, Ox) = Spec €,
as in [56, Cor. 6.11] we see that if X is a locally fair C*°-scheme then every O x-
module £ on X is quasicoherent, that is, qcoh(X) = Ox-mod.
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Remark 1.2.15. (a) If X is a separated, paracompact, locally fair C°°-scheme
then vector bundles on X are projective objects in the abelian category qcoh(X).

(b) In §B.7 we also define a subcategory coh(X) of coherent sheaves in qcoh(X).
But we will not really use them in this book, as they do not have all the good
properties we want. In conventional algebraic geometry, one usually restricts
to noetherian schemes, where coherent sheaves are well behaved, and form an
abelian category. However, as in Remark 1.2.9(iv), even very basic C*°-schemes
X such as R" for n > 0 are non-noetherian. Because of this, coh(X) is not
closed under kernels in qecoh(X), and is not an abelian category.

Definition 1.2.16. Let f : X — Y be a morphism of C*°-schemes, and let
£ be an Oy-module. Define the pullback f*(£), an Ox-module, by f*(€) =
F7HE) ®f-1(0y) Ox, where fH(E), f~1(Oy) are inverse image sheaves. If ¢ :
& — F is a morphism in Oy-mod we have an induced morphism f*(¢) =
o) ®@idoy : f*(E) = f*(F) in Ox-mod. Then f*: Oy-mod — Ox-mod is
a right exact functor between abelian categories, which restricts to a right exact
functor f* : qcoh(Y) — qcoh(X).

Remark 1.2.17. Pullbacks f*(€) are characterized by a universal property, and
so are unique up to canonical isomorphism, rather than unique. Our definition
of f*(€) is not functorial in f. That is, if f : X - Y, g: Y — Z are morphisms
and € € Oz-mod then (go f)*(€) and f*(g*(€)) are canonically isomorphic in
Ox-mod, but may not be equal. We will write I; 4(€) : (go f)*(E) = f*(g*(£))
for these canonical isomorphisms. Then Iy, : Eio f)* = f*og" is a natural
isomorphism of functors. S -

Similarly, when f is the identity idy : X — X and £ € Ox-mod we may
not have id% () = &, but there is a canonical isomorphism §x (€) : id% (€) — &,
and dx : igi = ido y-mod 1S @ natural isomorphism of functors. N

In fact it is a common abuse of notation in algebraic geometry to omit these
isomorphisms Iy 4(€),idx (€), and just assume that (g o f)*(£) = f*(¢g*(€))
and id% (£) = £. An author who treats them rigorously is Vistoli [103], see in
particular [103, Introduction & §3.2.1]. One reason we decided to include them
is to be sure that dSpa,dMan, ... defined below are strict 2-categories, rather
than weak 2-categories or some other structure.

Example 1.2.18. Let X be a manifold, and X the associated C*°-scheme from
Example 1.2.5, so that Ox(U) = C*(U) for all open U C X. Let E — X be a
vector bundle. Define an Ox-module £ on X by £(U) = C*(E|y), the smooth
sections of the vector bundle E|y — U, and for open V. C U C X define
Euy EWU) = EV) by Eyv : ey — eyly. Then € € vect(X) is a vector bundle
on X, which we think of as a lift of E from manifolds to C"*°-schemes.

Let f : X — Y be a smooth map of manifolds, and f : X — Y the
corresponding morphism of C*-schemes. Let F' — Y be a vector bundle over
Y, so that f*(F) — X is a vector bundle over X. Let F € vect(Y) be the
vector bundle over Y lifting F'. Then f*(F) is canonically isomorphic to the
vector bundle over X lifting f*(F).
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We define cotangent sheaves, the sheaf version of cotangent modules in §1.2.3.

Definition 1.2.19. Let X be a C°-scheme. Define PT*X to associate to
each open U C X the cotangent module 2o, (17), and to each inclusion of open
sets V. C U C X the morphism of Ox (U)-modules ., : Qo @) = Qo)
associated to the morphism of C*°-rings pyy : Ox(U) = Ox (V). Then PT*X
is a presheaf of Ox-modules on X. Define the cotangent sheaf T*X of X to
be the sheafification of PT*X, as an Ox-module.

Let f : X — Y be a morphism of C'°°-schemes. Then by Definition
1.2.16, f* (T*Y) = fYT*Y) ®¢-1(0y) Ox, where T*Y is the sheafification
of the presheaf V' +— Qp, (v, and fUT*Y) the sheafification of the presheaf
U — limy 5 ¢ (T*Y)(V), and f~!(Oy) the sheafification of the presheaf U —
limy 5 ) Oy (V). The three sheafifications combine into one, so that f*(7*Y)
is the sheafification of the presheaf P(f*(T*Y)) acting by

Ur— P(f(T"Y))(U) = limy 51 Qoy (v) Roy vy Ox (U).

Define a morphism of presheaves Py : P(f*(1*Y)) — PT*X on X by

(PQ)U) = limv o) (R, ) pora(vy)e

where (pr—1<v>uofn(V))* : QOY(V) ®OY(V) Ox(U) — QOX(U) = ('PT*X)(U)
is constructed as in Definition 1.2.12 from the C°°-ring morphisms fy(V) :
Oy (V) = Ox(f~1(V)) from f; : Oy — f.(Ox) corresponding to f* in f as in
(1.3), and py1(vyp : Ox(f7H(V)) = Ox(U) in Ox. Define Qj : f*(T*Y) —
T*X to be the induced morphism of the associated sheaves.

Example 1.2.20. Let X be a manifold, and X the associated C°°-scheme.
Then T*X is a vector bundle on X, and is canonically isomorphic to the lift to
C*°-schemes from Example 1.2.18 of the cotangent vector bundle T*X of X.

Here [56, Th. 6.17] are some properties of cotangent sheaves.

Theorem 1.2.21. (a) Let f : X = Y and g : Y — Z be morphisms of
C'®-schemes. Then

ngf = Qf of*(Qg) o If}g(T*Z)
as morphisms (go f)*(T*Z) — T*X. Here Qg : g*(T*Z) — T*Y is a morphism
in Oy-mod, so applying f* gives f*(Qq) : f*(g"(T*Z)) — [*(T*Y) in Ox-mod,
and I o(T*Z) : (go f)*(1T"2) — f*(g*(T*Z)) is as in Remark 1.2.17.

(b) Suppose W, X,Y,Z are locally fair C*°-schemes with a Cartesian square
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in C°Sch', so that W =X Xz Y. Then the following is exact in qcoh(W):

2*(Qg)°Is,g(T*Z)@
—f(Qn)ols n(T*Z QP

(goe)(172)

1.3 The 2-category of d-spaces

We will now define the 2-category of d-spaces dSpa, following Chapter 2. D-
spaces are ‘derived’ versions of C*°-schemes. In §1.4 we will define the 2-category
of d-manifolds dMan as a 2-subcategory of dSpa. For an introduction to 2-
categories, see Appendix A.

1.3.1 The definition of d-spaces

Definition 1.3.1. A d-space X is a quintuple X = (X, 0%, Ex,1x,Jx) such
that X = (X,Ox) is a separated, second countable, locally fair C'*°-scheme,
and O%,Ex,1x,7x fit into an exact sequence of sheaves on X

gX JIx OS( X OX O,
satisfying the conditions:

(a) Ok is a sheaf of C*°-rings on X, with X' = (X, O%) a C*-scheme.

(b) 1x : O% — Ox is a surjective morphism of sheaves of C*°-rings on X.
Its kernel kx : Zx — O is a sheaf of ideals Zx in O, which should be
a sheaf of square zero ideals. Here a square zero ideal in a commutative
R-algebra A is an ideal I with -7 = 0 for all 4,5 € I. Then Zx is an
O%-module, but as Zx consists of square zero ideals and 2x is surjective,
the O%-action factors through an Ox-action. Hence Zx is an Ox-module,
and thus a quasicoherent sheaf on X, as X is locally fair.

(¢) Ex is a quasicoherent sheaf on X, and jx : Ex — Zx is a surjective
morphism in qeoh(X).

As X is locally fair, the underlying topological space X is locally homeomorphic
to a closed subset of R", so it is locally compact. But Hausdorff, second countable
and locally compact imply paracompact, and thus X is paracompact.

The sheaf of C*°-rings O% has a sheaf of cotangent modules Qo , which is an
Oy-module with exterior derivative d : Oy — Qoy . Define Fx = Qo ®0; Ox
to be the associated Ox-module, a quasicoherent sheaf on X, and set ¥x =
Q,, ®id : Fx — T*X, a morphism in qcoh(X). Define ¢x : Ex — Fx to be
the composition of morphisms of sheaves of abelian groups on X:

dlzX

Jx ~ 1d®2x
Ex ——>TIx —> Q(/))/{ = Q(/))/{ ®oy 0%

Qo ®oy, Ox = Fx.
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It turns out that ¢ x is actually a morphism of Ox-modules, and the following
sequence is exact in gqcoh(X):

Ex bx Fy PVx T X 0.

The morphism ¢x : Ex — Fx will be called the virtual cotangent sheaf of X,
for reasons we explain in §1.4.3.

Let X,Y be d-spaces. A 1-morphism f: X — Y is a triple f = (f, f', f"),
where f = (f, f*) : X — Y is a morphism of C®-schemes, f': f~1(0}) — O%
a morphism of sheaves of C*-rings on X, and f” : f*(§y) — Ex a morphism
in qcoh(X), such that the following diagram of sheaves on X commutes:

7UE) O 0y FHOy) = [ {(Ey) — = FHO)) —= [ {(Oy) =0
Vot 77 ov) S v
(&) =

£ fF
#
S E) 9110, Ox

f//
Ex X OS( X Ox 0.

Define morphisms f2 = Qp ®id : f*(Fy) = Fx and f3 = Qp : f*(T*Y) —

T*X in qcoh(X). Then the following commutes in qcoh(X), with exact rows:

f(Y)WI(Y)WI( Y)—so0
bt I )
gX X Fx Px T*X — .

If X is a d-space, the identity 1-morphism idx : X — X is idx =
(idx, 0x(O%),0x(Ex)), where 6 (x) are the canonical isomorphisms of Remark
1.2.17. Let X,Y, Z be d-spaces, and f : X — Y, g:Y — Z be l-morphisms.
Define the composition of 1-morphisms go f : X — Z to be

gof=I(g0f.f ol (9)ols4(Oy) [0 ["(g") 0 Iy 4(E2)), (1.5)

where I, ,(*) are the canonical isomorphisms of Remark 1.2.17.

Let f,g : X — Y be l-morphisms of d-spaces, where f = (f, f/, ") and
= (9,9',9"). Suppose f = g. A 2-morphism 1 : f = g is a morphism
. f*(Fy) — Ex in qeoh(X), such that

g =Ff+ixono(id® (ffof ) o (£ 1(d)
and  ¢" = f"+no f*(oy).

Then g2 = f2+ ¢x on and g® = f3, so (1.4) for f, g combine to give a diagram

g9
n

" (ov) I (Py)
f*(é'y”) N*—y>f*(fy) f—y>f*(T*y) I
f wg =f +néf,(?¥) o f2wg2:f2+¢xon lf;,,:gg (1.6)
o ex Yx *
Ex Fx ™ X 0.

18



That is, n is a homotopy between the morphisms of complexes (1.4) from f, g.

If f: X — Y is a 1-morphism, the identity 2-morphism idy : f = f is the
zero morphism 0 : f*(Fy) — Ex. Suppose X,Y are d-spaces, f,g,h: X =Y
are 1-morphisms and n : f = g, ( : ¢ = h are 2-morphisms. The vertical
composition of 2-morphisms (O n: f=hasin (A.1)is (On=_(+n.

Let X,Y, Z be d-spaces, f,f: X - Y and g, : Y — Z be l-morphisms,
and n : f = f, ( : g = g be 2-morphisms. The horizontal composition of
2-morphisms (xn:go f = go f asin (A.2) is

Cxn=(nof*(g°)+ "o [ () +no f*(dy)o f Q) oL e(Fz).

This completes the definition of the 2-category of d-spaces dSpa.
Regard the category C*°Schlf  of separated, second countable, locally fair

SSC
C>°-schemes as a 2-category with only identity 2-morphisms idy for (1-)mor-

phisms f : X — Y. Define a 2-functor ngpsch : C*°Schf . — dSpa to map
X to X = (X,0x,0,idp,,0) on objects X, to map f to f = (I,fn,O) on
(1-)morphisms f : X — Y, and to map identity 2-morphisms idy: f= fto

identity 2-morphisms idg : f = f. Define a 2-functor F&Saﬂa : Man — dSpa

by Frpan = FCaen © Flfan ™
Write C*°Schlf | for the full 2-subcategory of objects X in dSpa equivalent

SsC

to FAP2 (X) for some X in C®Schlf , and Man for the full 2-subcategory
of objects X in dSpa equivalent to Ff/lsaia(X ) for some manifold X. When
we say that a d-space X is a C*>-scheme, or is a manifold, we mean that

X € C*°Sch¥ _, or X € Man, respectively.

SscC?

In §2.2 we prove:

Theorem 1.3.2. (a) Definition 1.3.1 defines a strict 2-category dSpa, in which
all 2-morphisms are 2-isomorphisms.

(b) For any 1-morphism f : X — Y in dSpa the 2-morphisms n : f = f form
an abelian group under vertical composition, and in fact a real vector space.
(c) ngpsach and Ff\i,lsafla in Definition 1.3.1 are full and faithful strict 2-functors.
Hence C*°Sch_ Man and C°>°Sch!f

sscr esc; Man are equivalent 2-categories.

Remark 1.3.3. (i) One should think of a d-space X = (X,0%,Ex,tx,7x) as
being a C*°-scheme X, which is the ‘classical’ part of X and lives in a cate-
gory rather than a 2-category, together with some extra ‘derived’ information
O%,Ex,1x,7x. 2-morphisms in dSpa are wholly to do with this derived part.
The sheaf £x may be thought of as a (dual) ‘obstruction sheaf’ on X.

(ii) Readers familiar with derived algebraic geometry may find the following
(oversimplified) explanation of d-spaces helpful; more details are given in §14.4.

In conventional algebraic geometry, a K-scheme (X,Ox) is a topological
space X equipped with a sheaf of K-algebras Ox. In derived algebraic geometry,
as in Toén and Vezzosi [101,102] and Lurie [70-72], a derived K-scheme (X, Ox)
is (roughly) a topological space X with a (homotopy) sheaf of (commutative)
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dg-algebras over K. Here a (commutative) dg-algebra (A,d) is a nonpositively
graded K-algebra @k@ Ay, with differentials d : Ay — Ay satisfying d? = 0
and ab = (—1)*ba, d(ab) = (da)b+ (—1)*a(db) for all a € Ay, and b € A;.

We call a dg-algebra (A.,d) square zero if Ay, =0 for k #0,—1 and A_; -
d(A_1) = 0. This implies that d(A_1) is a square zero ideal in Ag. General
dg-algebras form an co-category, but square zero dg-algebras form a 2-category.
Ignoring C*°-rings for the moment, we can think of the data Ex == O% in a d-
space X as a sheaf of square zero dg-algebras A_; 4, Ap on X. The remaining
data Ox,1x can be recovered from this, since O% X, Oy is the cokernel of
Ex 25 O%. Thus, a d-space X is like a special kind of derived R-scheme, in
which the dg-algebras are all square zero.

1.3.2 Gluing d-spaces by equivalences
Next we discuss gluing of d-spaces and 1-morphisms on open d-subspaces.

Definition 1.3.4. Let X = (X, O%,Ex,1x,)x) be a d-space. Suppose U C X
is an open C*°-subscheme. Then U = (U, Ok |v, Ex|v,1x v, sx|v) is a d-space.
We call U an open d-subspace of X. An open cover of a d-space X is a family

{Ua : a € A} of open d-subspaces U, of X with X =J,., U,

As in §2.4, we can glue l1-morphisms on open d-subspaces which are 2-
isomorphic on the overlap. The proof uses partitions of unity, as in §1.2.2.

Proposition 1.3.5. Let X,Y be d-spaces, U, V. C X be open d-subspaces
with X =UUV, f:U — Y and g : V = Y be 1-morphisms, and n :
flunv = glunv a 2-morphism. Then there exist a 1-morphism h : X —'Y
and 2-morphisms ¢ : hly = f, 0 : hly = g such that 8lunv = 1 O Clunv :
hlunv = glunv. This h is unique up to 2-isomorphism, and independent up
to 2-isomorphism of the choice of n.

Equivalences f : X — Y in a 2-category are defined in §A.3, and are the nat-
ural notion of when two objects X, Y are ‘the same’. In §2.4 we prove theorems
on gluing d-spaces by equivalences. See Spivak [95, Lem. 6.8 & Prop. 6.9] for re-
sults similar to Theorem 1.3.6 for his ‘local C"*°-ringed spaces’, an oco-categorical
analogue of our d-spaces.

Theorem 1.3.6. Suppose X,Y are d-spaces, U C X, V CY are open d-
subspaces, and f : U — V is an equivalence in dSpa. At the level of topological
spaces, we have open U C X, V CY with a homeomorphism f:U — V, so we
can form the quotient topological space Z := X 113 Y = (X I1Y)/ ~, where the
equivalence relation ~ on X IIY identifies u € U C X with f(u) e V CY.

Suppose Z is Hausdorff Then there ezist a d- space Z with topological space
Z, open d-subspaces X Y in Z with Z = X U Y equivalences g : X — X
and h Y =Y in dSpa such that gly and hly are both equivalences with
XNY, and a 2- morphism 1 : glu = ho f: U — X NY. Furthermore, Z is
mdependent of choices up to equivalence.
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In Theorem 1.3.6, Z is a pushout X Iiq,, r,f Y in the 2-category dSpa.

Theorem 1.3.7. Suppose I is an indezing set, and < is a total order on I, and
X, fori e I are d-spaces, and for all i < j in I we are given open d-subspaces
Uijj € X, Uj; € X and an equivalence e;; : Uy — Uy, such that for all
1 < j <k in I we have a 2-commutative diagram

eijlu,nu,, Jl n U]k

ij eJk‘UjlﬁU
MNijk
eiklu,;nuy,

U,;jNU; Ui NUy;

for some 151, where all three 1-morphisms are equivalences.

On the level of topological spaces, define the quotient topological space Y =
(ILics Xi)/ ~, where ~ is the equivalence relation generated by x; ~ x; if i < j,
z; € Uy C X, and z; € Uj; C X with e;;(x;) = x;. Suppose Y is Hausdorff
and second countable. Then there exist a d-space Y and a 1-morphism f, :
X = Y which is an equivalence with an open d-subspace X, CY foralliel,
where Y = ¢, X, such that filu,, is an equivalence U; — X.nX; for all
i < jin I, and there exists a 2-morphism n;; : f;oe;; = filu,;. The d-space Y
is unique up to equivalence, and is independent of choice of 2-morphisms 1;ji.

Suppose also that Z is a d-space, and g, : X; — Z are 1-morphisms for all
i € I, and there exist 2-morphisms (;j : g; © €;; = gilu,; forall i < jin I.
Then there exist a 1-morphism h :' Y — Z and 2-morphisms (; : ho f, = g, for
all i € I. The 1-morphism h is unique up to 2-isomorphism, and is independent
of the choice of 2-morphisms (;;.

Remark 1.3.8. In Proposition 1.3.5, it is surprising that h is independent of
7 up to 2-isomorphism. It holds because of the existence of partitions of unity
on nice C*°-schemes, as in Proposition 1.2.8. Here is a sketch proof: suppose
n,h,(,0 and 1/, h’, (', 0 are alternative choices in Proposition 1.3.5. Then we
have 2-morphisms (¢')"'®(¢ : hly = h|y and (¢')"1®0 : hly = h'|y. Choose
a partition of unity {a,1 — a} on X subordinate to {U,V}, so that o : X — R
is smooth with « supported on U C X and 1 — « supported on V C X. Then
- ((()'e¢)+(1—a)-((0")~*®0) is a 2-morphism h = k', where a- ((¢') 1 &()
makes sense on all of X (rather than just on U where (¢’)~! ® ¢ is defined) as
« is supported on U, so we extend by zero on X \ U.

Similarly, in Theorem 1.3.7, the compatibility conditions on the gluing data
X;,Ujj, e;; are significantly weaker than you might expect, because of the ex-
istence of partitions of unity. The 2-morphisms 7;;, on overlaps XN X NXg
are only required to exist, not to satisfy any further conditions. In partlcular
one might think that on overlaps XN X N X N X; we should require

Nikl © (idfm * nijk)|UijﬂUikmUil =MNij1 © (njkl * idf,;j)|UijﬂUikﬂUizv (1'7)

but we do not. Also, one might expect the (;; should satisfy conditions on triple
overlaps XN Xj N X, but they need not.

The moral is that constructing d-spaces by gluing together patches X; is
straightforward, as one only has to verify mild conditions on triple overlaps
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X;NX;NX}. Again, this works because of the existence of partitions of unity
on nice C'*°-schemes, which are used to construct the glued d-spaces Z and 1-
and 2-morphisms in Theorems 1.3.6 and 1.3.7.

In contrast, for gluing d-stacks in §1.10.3, we do need compatibility condi-
tions of the form (1.7). The problem of gluing geometric spaces in an co-category
C by equivalences, such as Spivak’s derived manifolds [94,95], is discussed by
Toén and Vezzosi [101, §1.3.4] and Lurie [70, §6.1.2]. It requires nontrivial con-
ditions on overlaps X;, N---NA; foralln=2,3,....

1.3.3 Fibre products in dSpa

Fibre products in 2-categories are explained in §A.4. In §2.5-§2.6 we discuss
fibre products in dSpa, and their relation to transverse fibre products in Man.

Theorem 1.3.9. (a) All fibre products exist in the 2-category dSpa.

(b) Let g: X — Z and h :' Y — Z be smooth maps of manifolds, and write
X = Ff\:‘,[SaI;la(X)7 and similarly for Y, Z,g,h. If g,h are transverse, so that a
fibre product X x4 75 Y exists in Man, then the fibre product X Xg zpn Y in
dSpa is equivalent in dSpa to F&iﬂa(X Xg.znY). If g,h are not transverse
then X Xg zn Y exists in dSpa, but is not a manifold.

To prove (a), given 1-morphisms g : X — Z and h : Y — Z, we write down
an explicit d-space W = (W, 0}, w,ww, jw), l-morphisms e = (e, e, e”) :
W — X and f=(f,f,f"): W—Y and a 2-morphism n : goe = ho f, and
verify the universal property for

w Y
e Ty

X—Z7

to be a 2-Cartesian square in dSpa. The underlying C°°-scheme W is the fibre
product W = X X475, Y in C®Sch,and e : W — X, f: W — Y are the
projections from the fibre product. The definitions of Oy, 1w, Jw, €', f' in §2.5
are complex, and we will not give them here. The remaining data Ew,e”, f”, 7,
as well as the virtual cotangent sheaf ¢w : Ew — Fw, is characterized by the
following commutative diagram in qcoh(W), with exact top row:

2*(9”)015,5(52) N
—F el a(Es) | € (EX)D

* g )@ " 1"
(oo (6) ) I7(E &
(go€)*(€2) "> (goe)"(Fz) L) Ew —=0
—e" (¢x) 0 e*(g%)ole,q(Fz)
0 —[*(dy) —f*(h?)olsn(Fz) Sw
e (Fx)® (<> 72) >]__V
[ (Fy) > w
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1.3.4 Fixed point loci of finite groups in d-spaces

If a finite group I' acts on a manifold X by diffeomorphisms, then the fixed
point locus XT is a disjoint union of closed, embedded submanifolds of X. In
a similar way, if I acts on a d-space X by l-isomorphisms, in §2.7 we define a
d-space X' called the fized d-subspace of T in X, with an inclusion 1-morphism
Jxr: Xt < X, whose topological space X! is the fixed point locus of I' in X.

Note that by an action r : I’ — Aut(X) of T' on X we shall always mean
a strict action, that is, 7(vy) : X — X is a l-isomorphism for all v € T" and
r(v0) = r(y)r(9) for all 4,0 € T, rather than r(yd) only being 2-isomorphic to
7(v)7r(0). The next theorem summarizes our results.

Theorem 1.3.10. Let X be a d-space, T' a finite group, and v : T' — Aut(X)
an action of T on X by 1-isomorphisms. Then we can define a d-space X'
called the fized d-subspace of 1" in X, with an inclusion 1-morphism jx r :

X' = X. It has the following properties:

(a) Let X,I',7 and jxr : X" — X be as above. Suppose f : W — X
is a 1-morphism in dSpa. Then f factorizes as f = jx pog for some
1-morphism g : W — X' in dSpa, which must be unique, if and only if
r(y)of =f forall y€T.

(b) Suppose X,Y are d-spaces, T is a finite group, v : T' — Aut(X), s: T —
Aut(Y) are actions of T on XY, and f : X — Y is a I'-equivariant
1-morphism in dSpa, that is, f or(y) = s(v) o f for v € . Then there
exists a unique 1-morphism fF : XU 5 YT such that jY’FOfF = foixr-

(c) Let f,g : X — Y be I'-equivariant 1-morphisms as in (b), and n :
f = g be a I'-equivariant 2-morphism, that is, 1 * idy,) = idgy) * 7
for v € T. Then there exists a unique 2-morphism n' : I = g% such
that id;, = * ' =nxid;

Ix,r°

Note that (a) is a universal property that determines XF,jXI up to canonical
1-isomorphism.

We will use fixed d-subspaces X' in Theorem 1.10.14 below to describe
orbifold strata XT of quotient d-stacks X = [X/G]. If X is a d-manifold, as in
§1.4, then in general the fixed d-subspaces X I are disjoint unions of d-manifolds
of different dimensions.

1.4 The 2-category of d-manifolds

We now survey Chapters 3—4 on d-manifolds (without boundary).

1.4.1 The definition of d-manifolds

Definition 1.4.1. A d-space U is called a principal d—mqm'fold if is equivalent
in dSpa to a fibre product X xg 7z Y with X,Y,Z € Man. That is,

dSpa dSpa
U =~ Fypon (X) X pdseag) pdSea z) paSeap) Fptan (V)
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for manifolds X, Y, Z and smooth maps g: X — Z and h: Y — Z. The virtual
dimension vdimU of U is defined to be vdimU = dim X + dimY — dim Z.
Proposition 1.4.11(b) below shows that if U # @ then vdim U depends only on
the d-space U, and not on the choice of X,Y, Z, g, h, and so is well defined.

A d-space W is called a d-manifold of virtual dimension n € 7Z, written
vdim W = n, if W can be covered by nonempty open d-subspaces U which are
principal d-manifolds with vdimU = n.

Write dMan for the full 2-subcategory of d-manifolds in dSpa. If X € Man
then X ~ X x, %, so X is a principal d-manifold, and thus a d-manifold.
Therefore Man in §1.3.1 is a 2-subcategory of dMan. We say that a d-manifold
X is a manifold if it lies in Man. The 2-functor FI‘\j,ISaT : Man — dSpa maps

into dMan, and we will write Fghian = Fl‘\i,ISal;a : Man — dMan.
Here, as in §3.2, are alternative descriptions of principal d-manifolds:

Proposition 1.4.2. The following are equivalent characterizations of when a
d-space W is a principal d-manifold:

(a) W~ X xgznY for XY, Z € Man.

(b) W~ X x;z;Y, where X,Y,Z are manifolds, 1 : X — Z,j:Y — Z are
embeddings, X = Fl'\i/lsaia(X), and similarly for Y, Z,i,j. That is, W is an
intersection of two submanifolds X,Y in Z, in the sense of d-spaces.

(c) W~V xggoV, where V is a manifold, E — V is a vector bundle,
s : V. — FE is a smooth section, 0 : V — FE is the zero section, V =
FIS0a(\7) - and similarly for E,s,0. That is, W is the zeroes s=(0) of a
smooth section s of a vector bundle E, in the sense of d-spaces.

Example 1.4.3. Let X C R" be any closed subset. By a lemma of Whitney’s,
we can write X as the zero set of a smooth function f : R® — R. Then
X =R" Xy g * is a principal d-manifold, with topological space X.

This example shows that the topological spaces X underlying d-manifolds
X can be fairly wild, for example, X could be a fractal such as the Cantor set.

1.4.2 ‘Standard model’ d-manifolds, 1- and 2-morphisms

The next three examples, taken from §3.2 and §3.4, give explicit models for
principal d-manifolds in the form V X4 g o V from Proposition 1.4.2(c) and
their 1- and 2-morphisms, which we call standard models.

Example 1.4.4. Let V be a manifold, E — V a vector bundle (which we
sometimes call the obstruction bundle), and s € C*°(F). We will write down
an explicit principal d-manifold S = (5,04, s, s, 5) which is equivalent to
V Xs.E,0V in Proposition 1.4.2(c). We call S the standard model of (V, E,s),
and also write it Sy, g 5. Proposition 1.4.2 shows that every principal d-manifold
W is equivalent to Sy g ¢ for some V, E, s.
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Write C*°(V) for the C*°-ring of smooth functions ¢: V' — R, and C*°(F),
C°(E*) for the vector spaces of smooth sections of E, E* over V. Then s lies in
C>(E), and C*(E),C*(E*) are modules over C*°(V), and there is a natural
bilinear product - : C*®°(E*) x C*°(E) — C*>(V). Define I, C C*(V) to be
the ideal generated by s. That is,

I;={a-s:aeC®(E*")} CC™(V). (1.8)

Let I2 = (fg: f,g € I;)r be the square of Iy. Then I? is an ideal in C>°(V),
the ideal generated by s ® s € C*°(E ® E). That is,

P={8-(s®s):B€C™(E"®E")} CC®V)

Define C*®-rings ¢ = C>®(V)/I,, ¢ = C>(V)/I2, and let 7 : ¢ — € be
the natural projection from the inclusion 12 C I,. Define a topological space
S ={v eV :s() =0}, as a subspace of V. Now s(v) = 0 if and only if
(s ® s)(v) = 0. Thus S is the underlying topological space for both Spec @
and Spec€’. So Spec€ = S = (5, 0s), Spec€¢’ = 5" = (S,0%), and SpecT =
15 = (ids,1s) : 8" — S, where S, S’ are fair affine C*>°-schemes, and Og, O}
are sheaves of C*°-rings on S, and 15 : O — Og is a morphism of sheaves of
C®°-rings. Since 7 is surjective with kernel the square zero ideal I /I2, 15 is
surjective, with kernel Zg a sheaf of square zero ideals in O%.

From (1.8) we have a surjective C°°(V)-module morphism C*(E*) — I,
mapping o — a - s. Applying ®ce(y)€ gives a surjective €-module morphism

o:C®(E*)/(Is- C®(E*)) — I,JI?, o:a+ (I;-C®(E*)) — a-s+I2.

Define £ = MSpec(C®(E*)/(I, - C*°(E*))). Also MSpec(I,/I?) = Ig, so
Js = MSpeco is a surjective morphism jg : Es — Zg in qcoh(S). Therefore
Sves=5S=(5,0(Es,15,75) is a d-space.

In fact £g is a vector bundle on S naturally isomorphic to £*|g, where
£ is the vector bundle on V = FG>Sh(V) corresponding to E — V. Also
Fs = T*V|s. The morphism ¢g : Eg — Fg can be interpreted as follows:
choose a connection V on E — V. Then Vs € C*(E®T*V), so we can regard
Vs as a morphism of vector bundles E* — T*V on V. This lifts to a morphism
of vector bundles Vs : £ — T*V on the C*®-scheme V, and ¢g is identified
with Vs|g : £*|g — T*V|g under the isomorphisms £g 2 £*|g, Fs = T*V|g.

Proposition 1.4.2 implies that every principal d-manifold W is equivalent
to Sy g s for some V,E,s. The notation O(s) and O(s?) used below should
be interpreted as follows. Let V be a manifold, E — V a vector bundle, and
s € C®(E). If F — V is another vector bundle and ¢ € C*°(F), then we write
t=0(s)ift=a-s for some a € C®(F @ E*),and t = O(s?) if t = B- (s ® s)
for some 8 € C°(F ® E* ® E*). Similarly, if W is a manifold and f,g: V = W
are smooth then we write f = g+ O(s) if co f —cog = O(s) for all smooth
c:W =R, and f =g+ 0(s?) ifco f —cog=0(s?) for all c.
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Example 1.4.5. Let V, W be manifolds, E — V, FF — W be vector bundles,
and s € C®°(E), t € C>°(F). Write X = Sy,g s, Y = Sw, . for the ‘standard
model” principal d-manifolds from Example 1.4.4. Suppose f : V — W is
a smooth map, and f : E — f*(F) is a morphism of vector bundles on V
satisfying .

fos=f*(t)+0(s*) inC™(f*(F)). (1.9)

We will define a 1-morphism g = (g,¢',¢") : X — Y in dMan using f, f.
We will also write g : X =Y as S; 7 : Sv.ps — Sw,r¢, and call it a standard
model 1-morphism. If © € X then z € V with s(z) =0, so (1.9) implies that

t(f(@) = (/*(1)(2) = f(s(2)) + O(s(2)*) =0,

so f(z) €Y CW. Thus g := f|x maps X —» Y.
Define morphisms of C*°-rings

¢: C¥W)/1 — C=(V)/L, ¢ CF(W)/I} — C=(V)/IZ,
by ¢:c+Ij—cof+I, ¢ e+ It —cof+1I2

Here ¢ is well-defined since if ¢ € I; then ¢ = 7y - ¢ for some v € C*(F*), so

cof=(y-t)of=F(3)-F()=F () (fos+0(s) = (fof* (7)) -s+O0(s%) € L.

Similarly if ¢ € I? then co f € I2, so ¢’ is well-defined. Thus we have C>-
scheme morphisms g = (g,9*) = Spec¢ : X — Y, and (g,9') = Specd’ :
(X,0%) — (Y,04), both with underlying map g. Hence g* : g71(Oy) — Ox
and ¢’ : g71(0f) = O% are morphisms of sheaves of C*°-rings on X.

Since g*(€y) = MSpec(C>=(f*(F*))/(ILs - C>(f*(F*))), we may define g” :
g* (&) = Ex by ¢’ = MSpec(G”), where

G C(F () (T, - O (f(F)) — O (B (I, - C(E"))
is defined by G" : v+ I, - C®(f*(F*)) — v o f + I, - C®(E").

This defines g = (g,9’,9”). One can show it is a 1-morphism g : X — Y in
dMan, which we also write as S¢ 7 : Sv.p.s = Sw,re.

Suppose V C V is open, with inclusion iy : V — V. Write E = El; = Z*V(E)
and 5 = s|y;. Define iy v = Siy 4, : Sv.5s = Svps If s71(0) C V then
iy7.y is a l-isomorphism, with inverse iﬁ}v. That is, making V smaller without
making s~!(0) smaller does not really change Sv, g s; the d-manifold Sy g
depends only on E, s in an arbitrarily small open neighbourhood of s~*(0) in V.

Example 1.4.6. Let V, W be manifolds, £ — V, FF — W be vector bundles,
and s € C*(E), t € C*(F). Suppose f,g:V — W are smooth and fE—
f*(F), § : E — g*(F) are vector bundle morphisms with fos = f*(t) + O(s?)
and gos = g*(t)+ O(s?), so we have 1-morphisms Sy 7, S, 5: Sv.es — Sw.rt.
It is easy to show that S; f = S, ; if and only if g = f+O(s?) and g = f—i—O(s).
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Now suppose A : E — f*(TW) is a morphism of vector bundles on V.
Taking the dual of A and lifting to V gives A* : f*(T*W) — £*. Restricting to
the C>°-subscheme X = s71(0) in V gives A\ = A*|yx : f*(Fy) = f*(T*W)|x —
&*|x = Ex. One can show that A is a 2-morphism Sy ; = S, ; if and only if

g=f+Aos+0(s*) and §=f+ f(dt)oA+O(s).

Then we write A as Sy : Sy 7 = 84,5, and call it a standard model 2-morphism.
Every 2-morphism 1 : Sy = S, is Sa for some A. Two vector bundle
morphisms A, A’ : E — f*(TW) have Sy = Sy if and only if A = A" + O(s).

If X is a d-manifold and = € X then x has an open neighbourhood U in X
equivalent in dSpa to Sy g, s for some manifold V, vector bundle £ — V and
s € C*(E). In §3.3 we investigate the extent to which X determines V| E, s
near a point in X and V, and prove:

Theorem 1.4.7. Let X be a d-manifold, and x € X. Then there exists an
open neighbourhood U of x in X and an equivalence U ~ Sy g s in dMan for
some manifold V, vector bundle E =V and s € C*°(E) which identifies x € U
with a point v € V such that s(v) = ds(v) = 0, where Sy g s is as in Example
1.4.4. These V, E s are determined up to non-canonical isomorphism near v by
X near x, and in fact they depend only on the underlying C*°-scheme X and
the integer vdim X .

Thus, if we impose the extra condition ds(v) = 0, which is in fact equivalent
to choosing V. E, s with dim V' as small as possible, then V| E| s are determined
uniquely near v by X near x (that is, V, E,s are determined locally up to
isomorphism, but not up to canonical isomorphism). If we drop the condition
ds(v) = 0 then V| E, s are determined uniquely near v by X near x and dim V.

Theorem 1.4.7 shows that any d-manifold X = (X, O%,Ex,1x,7x) is de-
termined up to equivalence in dSpa near any point z € X by the ‘classical’
underlying C*°-scheme X and the integer vdim X. So we can ask: what extra
information about X is contained in the ‘derived’ data O%,Ex,1x,7x? One can
think of this extra information as like a vector bundle £ over X. The only local
information in a vector bundle £ is rank& € Z, but globally it also contains
nontrivial algebraic-topological information.

Suppose now that f : X — Y is a l-morphism in dMan, and x € X
with f(z) = y € Y. Then by Theorem 1.4.7 we have X ~ Sy g, near x and
Y ~ Sy r: near y. So up to composition with equivalences, we can identify f
near £ with a 1-morphism g : Sy g s = Sw,r+. Thus, to understand arbitrary
1-morphisms f in dMan near a point, it is enough to study 1-morphisms g :
Sv.e,s = Sw,rt. Our next theorem, proved in §3.4, shows that after making
V smaller, every 1-morphism g : Sv g s — Sw,r is of the form Sy 7.

Theorem 1.4.8. Let V,W be manifolds, E — V, FF — W be vector bundles, and
s € C®(E),t € C°(F). Define principal d-manifolds X = Sy gs, Y = Sw.r.,
with topological spaces X = {v € V : s(v) =0} and Y = {w € W : t(w) = 0}.
Suppose g : X — 'Y is a 1-morphism. Then there exist an open neighbourhood
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V of X in'V, a smooth map f : V — W, and a morphism of vector bundles
f:E — f(F) with f o5 = f*(t), where E = E|y, § = s|y, such that g =
S¢fo i‘f/lv, where if/,v = Sidg ids : SV, B5 — Sv,ps 15 a 1-isomorphism, and
Sy SVE,; — Sw.p+ 15 as in Example 1.4.5.

These results give a good differential-geometric picture of d-manifolds and
their 1- and 2-morphisms near a point. The O(s) and O(s?) notation helps keep
track of what information from V) E, s and f, f and A is remembered and what
forgotten by the d-manifolds Sv g s, 1-morphisms Sy j and 2-morphisms Sj.

1.4.3 The 2-category of virtual vector bundles

In our theory of derived differential geometry, it is a general principle that cate-
gories in classical differential geometry should often be replaced by 2-categories,
and classical concepts be replaced by 2-categorical analogues.

In classical differential geometry, if X is a manifold, the vector bundles
E — X and their morphisms form a category vect(X). The cotangent bundle
T*X is an important example of a vector bundle. If f : X — Y is smooth then
pullback f* : vect(Y) — vect(X) is a functor. There is a natural morphism
df* : f*(T*Y) — T*X. We now explain 2-categorical analogues of all this for
d-manifolds, following §3.1-§3.2.

Definition 1.4.9. Let X be a C'°°-scheme, which will usually be the C*°-scheme
underlying a d-manifold X. We will define a 2-category vqcoh(X) of wirtual
quasicoherent sheaves on X. Objects of vqcoh(X) are morphisms ¢ : et ¢g?
in qcoh(X), which we also may write as (£,£2,¢) or (£°,¢). Given objects
¢ : & = % and ¥ : F' = F2, a l-morphism (f',f2) : (£%,¢) — (F*, %)
is a pair of morphisms f! : ' — F', f2: &% — F?in qcoh(X) such that
o ft = f20¢. We write f* for (f1, f?).

The identity 1-morphism of (£°,¢) is (idg1,idg2). The composition of 1-
morphisms f* : (£%,¢) — (F*,%) and ¢°* : (F*,¢) — (G*,€) is g* o f* =
(g"0 f1, %0 f2) £ (£°,6) = (G°,).

Given f*,g°* : (£%,9) = (F*,¢), a 2-morphism 1 : f* = ¢* is a morphism
n:E% = F'in qeoh(X) such that g' = f'4-no¢ and g> = f2++pon. The identity
2-morphism for f® isidse = 0. If f*, g% h*: (£°,¢) — (F°, ) are 1l-morphisms
and n : f* = g% (¢ : ¢g* = h® are 2-morphisms, the vertical composition of
2-morphisms COn: f*=h*isCOn=_C+n. I f*, f*:(E% ¢) = (F°*,%) and
g°,G° : (F*,1) = (G*,€) are 1-morphisms and 7 : f* = f*, ¢ : ¢g* = §* are
2-morphisms, the horizontal composition of 2-morphisms (xn: g®o f® = g° Of'
is Cxn=glon+C o f2+ orpon. This defines a strict 2-category vqcoh(X),
the obvious 2-category of 2-term complexes in qcoh(X).

If U C X is an open C*°-subscheme then restriction from X to U defines a
strict 2-functor |y : vqeoh(X) — vqcoh(U). An object (€°,¢) in vqcoh(X) is
called a virtual vector bundle of rank d € Z if X may be covered by open U C X
such that (£°, @)y is equivalent in vqcoh(U) to some (F*, ) for Fb F? vector
bundles on U with rank F2 — rank F' = d. We write rank(£°®,¢) = d. If X # ()
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then rank(£®, ¢) depends only on £, £2, ¢, so it is well-defined. Write vvect(X)
for the full 2-subcategory of virtual vector bundles in vqcoh(X).

If f: X — Y is a C*°-scheme morphism then pullback gives a strict 2-functor
f* : vaeoh(Y) — vqcoh(X), which maps vvect(Y) — vvect(X).

We apply these ideas to d-spaces.

Definition 1.4.10. Let X = (X,0%,Ex,1x,)x) be a d-space. Define the
virtual cotangent sheaf T*X of X to be the morphism ¢x : Ex — Fx in
qcoh(X) from Definition 1.3.1, regarded as a virtual quasicoherent sheaf on X.

Let f=(f,f,f") : X — Y be a l-morphism in dSpa. Then T*X =
(Ex,Fx,¢x) and f*(T*Y)= (f*(gy),f*(fy),f*(¢y)) are virtual quasicoher-
ent sheaves on X, and Qg := (f”, f?) is a l-morphism f*(IT*Y) — T*X in
vqeoh(X), as (1.4) commutes. -

Let f,g : X — Y be l-morphisms in dSpa, and 7 : f = g a 2-morphism.
Then 1 : f*(Fy) — Ex with ¢ = f” +no f*(¢y) and ¢g* = f?> + ¢x o,
as in (1.6). Tt follows that 7 is a 2-morphism Qf = Qg in vqcoh(X). Thus,
objects, 1-morphisms and 2-morphisms in dSpa lift to objects, 1-morphisms
and 2-morphisms in vqcoh(X).

The next proposition justifies the definition of virtual vector bundle. Because
of part (b), if X is a d-manifold we call T*X the virtual cotangent bundle of
X, rather than the virtual cotangent sheaf.

Proposition 1.4.11. (a) Let V be a manifold, E — V a vector bundle, and
s € C®(E). Then Ezample 1.4.4 defines a d-manifold Sy g . Its cotangent
bundle T*Sv g s is a virtual vector bundle on §V7E7S of rank dimV — rank E.

(b) Let X be a d-manifold. Then T*X is a virtual vector bundle on X of rank
vdim X . Hence if X # 0 then vdim X is well-defined.

The virtual cotangent bundle T*X of a d-manifold X is a d-space ana-
logue of the cotangent complez in algebraic geometry, as in Illusie [50,51]. Tt
contains only a fraction of the information in X = (X,0%,Ex,1x,7x), but
many interesting properties of d-manifolds X and 1-morphisms f : X — Y
can be expressed solely in terms of virtual cotangent bundles T* X, T*Y and
1-morphisms Qy : f*(T*Y) — T*X. Here is an example of this.

Definition 1.4.12. Let X be a C*°-scheme. We say that a virtual vector
bundle (£',E2%,¢) on X is a wvector bundle if it is equivalent in vvect(X) to
(0,&,0) for some vector bundle £ on X. One can show (', €2, ¢) is a vector
bundle if and only if ¢ has a left inverse in qcoh(X).

Proposition 1.4.13. Let X be a d-manifold. Then X is a manifold (that is,
X € Man) if and only if T*X is a vector bundle, or equivalently, if ¢x :
Ex — Fx has a left inverse in qcoh(X).
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1.4.4 Equivalences in dMan, and gluing by equivalences

Equivalences in a 2-category are defined in §A.3. Equivalences in dMan are the
best derived analogue of isomorphisms in Man, that is, of diffeomorphisms of
manifolds. A smooth map of manifolds f : X — Y is called étale if it is a local
diffeomorphism. Here is the derived analogue.

Definition 1.4.14. Let f : X — Y be a I-morphism in dMan. We call f étale
if it is a local equivalence, that is, if for each x € X there exist open x € U C X
and f(x) € V C Y such that f(U) =V and fly : U — V is an equivalence.

If f: X =Y is a smooth map of manifolds, then f is étale if and only if
df*: f*(T*Y) — T*X is an isomorphism of vector bundles. (The analogue is
false for schemes.) In §3.5 we prove a version of this for d-manifolds:

Theorem 1.4.15. Suppose f: X — Y is a 1-morphism of d-manifolds. Then
the following are equivalent:

(i) f is étale;

(i) Qp: fX(T*Y) — T*X is an equivalence in vqcoh(X); and

(iil) the following is a split short exact sequence in qcoh(X):

F"e—f"(ov) x®f>
0—= [*(E&) — S ex @ fr(Fy) —2X L Fy 0. (1.10)

If in addition f : X — Y 1is a bijection, then f is an equivalence in dMan.

Here a complex 0 - E — F — G — 0 in an abelian category A is called

a split short exact sequence if there exists an isomorphism FF =2 E & G in A
identifying the complex with 0 — E Npoaa o

The analogue of Theorem 1.4.15 for d-spaces is false. When f : X — Y
is a ‘standard model’ 1-morphism S¢ 7 : Syv,gs = Sw,F¢, as in §1.4.2, we can

express the conditions for Sy ¢ to be étale or an equivalence in terms of f, f.

Theorem 1.4.16. Let VW be manifolds, E — V, FF — W be vector bundles,
s e C®(E), t e C®F), f:V = W be smooth, and f : E — f*(F) be a
morphism of vector bundles on V with fos = f*(t) + O(s?). Then Example
1.4.5 defines a 1-morphism Sy j: Sv,p.s — Sw,r: in dMan. This Sy j is étale
if and only if for each v € V with s(v) =0 and w = f(v) € W, the following

sequence of vector spaces is exact:

ds(v)®df(v f(v —dt(w
0—> T,V LWV gy WO p o (1)

Also Sy f is an equivalence if and only if in addition f|s-1() : s71(0)—=t~*(0)
is a bijection, where s71(0)={v € V : s(v)=0}, t71(0)={w € W : t(w)=0}.

Section 1.3.2 discussed gluing d-spaces by equivalences on open d-subspaces.
It generalizes immediately to d-manifolds: if in Theorem 1.3.7 we fix n € Z and
take the initial d-spaces X; to be d-manifolds with vdim X ; = n, then the glued
d-space Y is also a d-manifold with vdimY = n.
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Here is an analogue of Theorem 1.3.7, taken from §3.6, in which we take the
d-spaces X; to be ‘standard model’ d-manifolds Sy, g, s,, and the 1-morphisms
e;; to be ‘standard model’ 1-morphisms S¢,; ;. We also use Theorem 1.4.16
in (ii) to characterize when e;; is an equivalence.

Theorem 1.4.17. Suppose we are given the following data:

(a)

(b)

(¢) an indexing set I, and a total order < on I;
)

(d) for each i in I, a manifold V;, a vector bundle E; — V; with dimV; —
rank E,=n,a smooth section s; : V; — E;, andAa homeomorphism 1; :
X; = X, where X; = {v; € V; : s;(v;) =0} and X; C X is open; and

(e) foralli < jinI, an open submanifold Vi; CV;, a smooth map e;; : Vi; —
Vj, and a morphism of vector bundles é;; : Ejl|v,; — e};(Ej).

an integer n;

a Hausdorff, second countable topological space X;

Using notation O(s;),O(s?) as in §1.4.2, let this data satisfy the conditions:
(i) X = Uie[ Xi?
(11) Zf ) <] in I then éij05i|Vij = 62}(5j)+0(5?), ’l/)z(Xﬂ-]‘/U) = XiﬂXj, and

Yilx,nvi; = Yjoeijlxinvi,, and if v; € Vij with s;(v;) = 0 and v; = e;;(v;)
then the following is exact:

dsi(vi)® dei;(vs) €i;(vi)® —ds; (v;

0—= 1,V St gy e, v, LBy, —>0;
(iii) of i <j <k inl then
eiklv,,nvi, = €jk © €ijlvi;nvi, + O(S?) and

Eiklvi;nvin = €ijlV,nvi, (€5k) © €ijlvi,nvi + O(s4).-

Then there exist a d-manifold X with vdim X = n and underlying topolog-
ical space X, and a 1-morphism 1, : Sv, g, s, = X with underlying continuous
map V;, which is an equivalence with the open d-submanifold X, C X corre-
sponding to X, C X for all © € I, such that for all i < j in I there exists a
2-morphism 1nj 1 ;0 Se,; e, = VY, 0ty v, where Se, e, ¢ SVmEilvij silvy,
Sv, B;.s; and ty,; v, : S‘/U7E1.|V”7Si‘vij — Sv,.E;,s; are as in Example 1.4.4. This
d-manifold X is unique up to equivalence in dMan.

Suppose also that Y is a manifold, and g; : V; — Y are smooth maps for
all i € I, and g; o eyj = gilv,; + O(s;) for all @ < j in I. Then there exvist a
1-morphism h : X — 'Y unique up to 2-isomorphism, where Y = F&%:“(Y) =
Sy,0,0, and 2-morphisms (; : ho; = 84,0 for all i € I. Here Sy, s
from Ezample 1.4.4 with vector bundle E and section s both zero, and Sy, o :

Sv, EB,,s; = Sy,,0 =Y ts from Example 1.4.5 with §; = 0.
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The hypotheses of Theorem 1.4.17 are similar to the notion of good coordi-
nate system in the theory of Kuranishi spaces of Fukaya and Ono [34, Def. 6.1],
as discussed in §1.11.9. The importance of Theorem 1.4.17 is that all the ingre-
dients are described wholly in differential-geometric or topological terms. So we
can use the theorem as a tool to prove the existence of d-manifold structures on
spaces coming from other areas of geometry, for instance, on moduli spaces.

1.4.5 Submersions, immersions and embeddings

Let f: X — Y be a smooth map of manifolds. Then df* : f*(T*Y) — T*X is
a morphism of vector bundles on X, and f is a submersion if df* is injective,
and f is an immersion if df* is surjective. Here the appropriate notions of
injective and surjective for morphisms of vector bundles are stronger than the
corresponding notions for sheaves: df* is injective if it has a left inverse, and
surjective if it has a right inverse.

In a similar way, if f : X — Y is a 1-morphism of d-manifolds, we would like
to define f to be a submersion or immersion if the 1-morphism Qg : f*(T*Y) —
T*X in vvect(X) is injective or surjective in some suitable sense. It turns out
that there are two different notions of injective and surjective 1-morphisms in
the 2-category vvect(X), a weak and a strong:

Definition 1.4.18. Let X be a C°-scheme, (£',£%,¢) and (F', F%,¢) be
virtual vector bundles on X, and (f1, f?) : (£°,¢) — (F*,%) be a 1-morphism
in vvect(X). Then we have a complex in gcoh(X):

flo—o P f2

Oﬂglﬁw}*@g?ﬁ]ﬂﬁo, (1.12)

One can show that f® is an equivalence in vvect(X) if and only if (1.12) is a
split short exact sequence in qcoh(X). That is, f* is an equivalence if and only
if there exist morphisms 7, ¢ as shown in (1.12) satisfying the conditions:

706:05 yo(fl@—¢):id517
(ffe—¢)oy+60Wa f?)=idrge, (W& [f?)od=ids.

Our notions of f* injective or surjective impose some but not all of (1.13):

(1.13)

(a) We call f* weakly injective if there exists v : F* @ €2 — £! in qcoh(X)
with o (f1 @ —¢) = idg1.

(b) We call f* injective if there exist v : F' @ &E? — £ and 6 : F? — Fl @ &2
with y0d = 0, yo(f'®—¢) = idg1 and (f'd—¢)oy+do(Yd f?) = idFige2.

(c) We call f* weakly surjective if there exists § : F2 — F* @ £? in qcoh(X)
with (1 @ f2) 06 = idze.

(d) We call f* surjective if there exist v : F' ©E? — £ and 6 : F2 — Fl @ &?
with yod =0, yo (f! @ —¢) = idgr and (¢ & f2) 06 = idre.

If X is separated, paracompact, and locally fair, these are local conditions on X.
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Using these we define weak and strong forms of submersions, immersions,
and embeddings for d-manifolds.

Definition 1.4.19. Let f : X — Y be a 1-morphism of d-manifolds. Definition
1.4.10 defines a 1-morphism Qpf : f*(7T*Y) — T* X in vvect(X). Then:

We call f a w-submersion if Qpf is weakly injective.

We call f a submersion if Qp is injective.

)
)
(c) We call f a w-immersion if ¢ is weakly surjective.
We call f an immersion if Q¢ is surjective.
) f ]

)

We call f a w-embedding if it is a w-immersion and f : X — f(X) is a
homeomorphism, so in particular f is injective.

(f) We call f an embedding if it is an immersion and f is a homeomorphism
with its image.

Here w-submersion is short for weak submersion, etc. Conditions (a)-(d) all
concern the existence of morphisms +, § in the next equation satisfying identities:

f'e—f"(oy) dxDf?
00— f*(&y) i)é’x © [ (Fy) = o - Fx — 0.

Parts (c)—(f) enable us to define d-submanifolds of d-manifolds. Open d-
submanifolds are open d-subspaces of a d-manifold. More generally, we call ¢ :
X — Y a w-immersed, or immersed, or w-embedded, or embedded d-submanifold
of Y, if X,Y are d-manifolds and ¢ is a w-immersion, immersion, w-embedding,
or embedding, respectively.

Here are some properties of these, taken from §4.1-§4.2:

Theorem 1.4.20. (i) Any equivalence of d-manifolds is a w-submersion, sub-
mersion, w-immersion, immersion, w-embedding and embedding.

(ii) If f,g: X =Y are 2-isomorphic 1-morphisms of d-manifolds then f is a
w-submersion, submersion, ..., embedding, if and only if g is.

(iii) Compositions of w-submersions, submersions, w-immersions, immersions,
w-embeddings, and embeddings are 1-morphisms of the same kind.

(iv) The conditions that a 1-morphism of d-manifolds f : X — Y is a w-
submersion, submersion, w-immersion or immersion are local in X and Y.
That is, for each x € X with f(z) =y €Y, it suffices to check the conditions
for flu : U — V with V' an open neighbourhood of y in'Y, and U an open
neighbourhood of = in f~*(V) C X. The conditions that f : X — Y is a
w-embedding or embedding are local in'Y, but not in X.

(v) Let f: X =Y be a submersion of d-manifolds. Then vdim X > vdimY,
and if vdim X =vdimY then f is étale.

(vi) Let f : X = Y be an immersion of d-manifolds. Then vdim X < vdimY,
and if vdim X = vdimY then f is étale.
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(vil) Let f : X — Y be a smooth map of manifolds, and f = FaMan(f).
Then f is a submersion, itmmersion, or embedding in dMan if and only if f
is a submersion,