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I.1. Motivation from
Gromov—Witten theory

Let (M,w) be a compact symplec-
tic 2n-manifold, J an almost com-
plex structure compatible with w,
and 8 € H>(M:;Z). Then we can
form moduli spaces Mg m(M, J, )
of iso. classes [3,Z,u] of triples
(X, Z,u), where X is a genus g Rie-
mann surface, possibly with nodal
singularities, 22 = (z1,..., zm) are dis-
tinct nonsingular marked points in
2 . and u: 2 — M is J-holomorphic
with u«([Z]) = B in Ho(M;7Z).
Require (X,z,u) to be stable, i.e.
Aut(X, z,u) is finite.



Then Mgy m(M,J,B3) is a compact,
Hausdorff topological space. If the
deformation theory of (X,Z,u) is
unobstructed for all [, Z, u], expect
Mg m(M, J,3) is an oriented orbifold
without boundary of dimension

2(c1 (M) - B+ (n—3)(1 - g) +m),
with smooth maps evy,....evy
Mgm(M,J,3) — M by projection
to u(z1),...,u(zm). Define Gromov
—Witten invariants

GWg7m(6, (6 % I C\{m) —

b S %k
/ﬂg,m<M,J,ﬁ> evilay) U---Uevp(am),

for aq,...,am € H*(M) with deg aq
+ .- 4+degam = dim Mgm(M, J, 3).
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If L is a Lagrangian in (M,w) and
68 € H>(M, L;7Z) then we can form
moduli spaces M, ; ,,(M, L, J, 3) of
stable J-holomorphic curves 2_ in M
with boundary in L, with genus g,
h boundary circles, [ boundary and
m interior marked points. If no ob-
structions then M, ;. (M, L, J, ()
would be a compact orbifold with
boundary and corners.

The spaces Mg p+1.0(M,L,J,3)
are used to define Lagrangian Floer
cohomology of L. There should ex-
Ist open Gromov—Witten invariants
‘counting’ curves in M, (M, L,
J,3), under some conditions.
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However, the Mgm(M,J,3) and
Mg him(M, L, J,3) are usually ob-
structed. Even for generic J,
always have branched covers of
curves, curves with nodal singulari-
ties and constant components, etc.,
which cause obstructions. So have
to deal with singularities. Often
the actual dimension is larger than
the expected (‘virtual') dimension.
One way to deal with this is to de-
fine a geometric structure called a
Kuranishi structure on the moduli
space, encoding the obstructions,
making it into a Kuranishi space.
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One then makes an abstract per-
turbation of the Kuranishi space
(morally over Q, not Z) to turn it
iInto a smooth manifold or orbifold
of the expected dimension, and de-
fines a virtual chain or virtual cycle
INn singular homology, which is then
used to define G—W invariants, etc.
For closed G—W invariants, Kuran-
IShi spaces without boundaries, this
works OK, pretty much. For La-
grangian Floer cohomology, open
G—W invariants, Kuranishi spaces
with boundaries and corners, it is
horribly complex and technical, be-
cause of issues of compatibility of
perturbations at the boundaries.
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Government health warning:
Virtual cycle/chain constructions for
curve moduli spaces can be habit-
forming. Everyone invents their own.
Siebert 1996
Behrend and Fantechi 1997
i and Tian 1998
L iu and Tian 1998
—ukaya and Ono 1999
Ruan 1999
McDuff 1999
Hofer et al. 2005 (polyfolds)
—ukaya, Oh, Ohta, Ono 2000,6
LU and Tian 2006
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I.2. A new idea:

Kuranishi (co)homology

and Kuranishi (co)bordism
Here is my approach to virtual cy-
cles. Let Y be an orbifold and R
a Q-algebra. I define Kuranishi ho-
mology KH+« (Y ; R), a homology the-
ory of Y with coefficients in R, with
chain complex KC«(Y; R) roughly
speaking spanned by [X, f], for X a
compact, oriented Kuranishi space
with boundary and corners, and f:
X — Y a strongly smooth map.
Actually, chains are spanned by
| X, f,G] for G some extra gauge-
fixing data. The boundary is

0:[X, f,G]l — [0X, flax, Glax]-
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Thereis also a Poincaré dual theory
of Kuranishi cohomology KH*(Y; R)
with cochains KC*(Y; R) spanned
by [X, f,C], for £ a strong submer-
sion (weakly submersive), (X, f) co-
oriented, and C co-gauge-fixing data.
The main result of the theory so far
is that KH«(Y; R) is isomorphic to
singular homology HS(Y;R), and
KH*(Y; R) to compactly-supported
cohomology HZ(Y; R).

I also define effective Kuranishi (co)-
homology KHE'(Y; R), KH:.(Y; R)
for R a commutative ring, e.g. R =
Z, giving H3(Y: R),H:.(Y; R). But
this is less useful, as must restrict
the K. spaces allowed in (co)chains.
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As well as Kuranishi (co)homology,
I define several different kinds of
Kuranishi (co)bordism. The simpl-
est is Kuranishi bordism KB« (Y ; R)
for Y an orbifold and R a commuta-
tive ring, spanned over R by [X, f]
for X a compact oriented Kuran-
IShi space without boundary, and
f . X — Y strongly smooth. We
Include the relation that if W is a
compact oriented Kuranishi space
with boundary but without corners,
and e : W — Y Is strongly smooth,
then [OW.e|lgww] = 0 in KB«(Y; R).

10



Similarly, Kuranishi cobordism
KB*(Y; R) is spanned over R by
[ X, f] for X a compact Kuranishi
space without boundary, and f :
X — Y a cooriented strong sub-
mersion. Almost complex Kuran-
ishi (co)bordism KB2¢, KB:;(Y; R)
are variants spanned by [ X, (J, K), f],
for X, f as above and (J,K) an al-
most complex structure on X (sim-
ilar to ‘stably almost complex’).
These (co)bordism theories are a
natural context for closed Gromov—
Witten theory, since Mg m(M, J,3)
IS oriented without boundary and
has an almost complex structure.
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So we can use Kuranishi (co)homo-
logy and (co)chains as a substitute
for singular homology and chains,
or for compactly-supported coho-
mology. This has huge advantages
iIn Gromov—W.itten theory.

In the closed case, (Mgm(M, J,3),
evy X - -+ X evyy) defines a G—W type
invariant directly in KH«(M™;Q),
without passing to virtual cycles.
The isomorphism KH.(M™; Q) =
HSY(M™: Q) identifies these with
Fukaya—Ono's G—W invariants.

I also have a conjectural approach
to the Gopakumar-Vafa integrality
conjecture using Kuranishi bordism
and effective Kuranishi homology.
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In the open case, for Lagrangian
Floer cohomology, using Kuranishi
chains instead of singular chains we
can simplify [FOOOQO] significantly
(joint with Manabu Akaho). We
define a geometric A~c-algebra on
the Kuranishi cochains KC*(L; Anov)
over a Novikov ring, rather than
building the A algebra by as an
algebraic limit from a series of finite
geometric approximations called
A, K-algebras, on subcomplexes of
the singular chains.

I also have a general theory of open
Gromov—Witten invariants.
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I.3. Kuranishi spaces

We follow Fukaya—Ono 1999, with
modifications. Let X be a para-
compact topological space and p lie
in X. A Kuranishi neighbourhood
(Vp, Ep, sp, ¥p) Oon X satisfies:

(i) Vp is a smooth orbifold, which
may have boundary or corners;

(i) Ep, — Vp, is an orbifold vector
bundle, the obstruction bundle;
(iii) sp : Vp — Ep is @ smooth sec-
tion, the Kuranishi map; and

(iv) ¥p is a homeomorphism from
s, 1(0) to an open neighbourhood

of p in X, where s;1(0) ={v e Vp:
sp(v) = 0}.
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Let (Vp,...,¥p) and (Vgy,...,1pq) be
Kuranishi neighbourhoods of p,q €

X with Img C Imp. A coordinate
change (¢pq, dpqg) from (Vgy, ..., 1q)
to (Vp,...,p) satisfies:

(@) ¢pq - Vg — Vp is @ smooth em-
bedoling of orbifolds;

dinngf orbibundles over Vg;

(C) @pg o sq = Sp O Ppg;

(d) 1bg = 1p 0 ppg; aNa

(e) dsp induces an isomorphism on
s; 1(0) between the normal bundle
of ¢pg(Vy) in Vp and ¢4, (Ep)/Eq.
This forcesdim Vp—rank Ep = dim V
—rank Egq, but allows dim V), > dim V,
rank Ep > rank Ey.
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A Kuranishi structure k on X as-
signs a germ of Kuranishi neigh-
bourhoods (Vp,...,¥p) for all p € X,
and a germ of coordinate changes
(¢pg, Ppg) from  (Vp,...,4hp) and
(Vg,...,q) for all p € X and q €
X close to p. These should sat-
iIsfy that dimVp —rank Ep = vdim X
IS independent of p € X, and as-
sociativity of coordinate changes,
Ppq © Pgr = Ppr, $pq © 5(17“ — (Epr-
Then (X, k) is a Kuranishi space.
One can define Kuranishi structures
on moduli spaces of J-holomorphic
curves (Fukaya et al., Liu,...).
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Orbifolds Y are examples of Kuran-
ishi spaces — take (Vp, Ep, sp, ¥Yp) =
(Y,Y,0,idy) for all p € Y, where
Y — Y is the zero vector bundle.
Many definitions for orbifolds gen-
eralize to Kuranishi spaces. For ex-
ample, if X is a Kuranishi space and
Y is an orbifold, a strongly smooth
map f : X — Y assigns smooth
fp: Vp = Y for (Vp,...,¥p) in the
germ at p in X, with fp o ¢pg = fq
for coordinate changes. We call f
a Strong submersion if the fp are
submersions.
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Can define orientations on Kuran-
ishi spaces, and the boundary 0X of
a Kuranishi space. If f, : Xg¢ — Y
fora = 1,2 are strong submersions,
then can define the fibre product
X1 Xy Xo as a Kuranishi space.

A key fact for open Gromov—\W,itten
theory: the boundary OM, p, 1 (M,
L, J,3) is isomorphic as a compact,
oriented Kuranishi space to a dis-
joint union of fibre products

Mgy hyiym (M, Ly J, B X

Mgy holomo (M, L, J, 82), and similar
pieces. Most of Lagrangian Floer
cohomology and open G—W theory
should really be a purely algebraic

consequence of this.
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I.4. J-holomorphic curves in sym-
plectic geometry: on the foun-
dations of the subject

Much of symplectic geometry
involves using moduli spaces of J-
holomorphic curves in (M,w) to de-
fine some homological structure, and
showing this is independent of the
almost complex structure J, so the
homological invariants depend only
on (M,w). This includes Gromov—
Witten invariants (closed and open),
Lagrangian Floer cohomology, con-
tact homology, Symplectic Field
Theory, Fukaya categories, . ...
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For all of these theories, we must
solve four problems:

(a) Define a geometric structure
which is the model structure for
moduli spaces of J-holomorphic
curves, e.g. Kuranishi spaces.

T his structure must have analogues
of differential geometry operations:
orientations, smooth maps, submer-
sions, fibre products.

(b) Show that the moduli spaces
of J-holomorphic curves we wish to
study carry the structure in (a), and
that natural maps of these moduli
spaces are ‘smooth’. Prove identi-
ties between these structures.
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(c) Use this geometric structure to

construct virtual cycles or virtual

chains for the moduli spaces, in

some (co)chain complex. Trans-

late relationships between moduli

spaces into algebraic identities upon
their virtual chains.

(d) Draw some interesting geomet-

rical conclusions — for instance, de-
fine Gromov—Witten invariants or
Lagrangian Floer cohomology, prove
the Arnold Conjecture, and so on.

Kuranishi (co)homology and (co)-
pordism are new tools for solving

problem (c).
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However, there may still be unre-
solved issues with problems (a) and
(b). The foundations of the sub-
ject need some work. Hopefully re-
solved in final version of [FOOQO]?

(a) What is the ‘right’ definition of
Kuranishi space?

(b) Proof that moduli spaces of
J-holomorphic curves are Kuranishi
Spaces: more detail needed,
especially near singular curves, on
smoothness of section s and coordi-
nate changes (¢pq, Ppg) there,
‘gluing’, associativity of coordinate
changes.
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