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Abstract
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Thesis submitted Hilary Term, 2000, in support
of application to supplicate for the degree of D.Phil.

This thesis is a collection of results about hypercomplex and quaternionic manifolds,
focussing on two main areas. These are exterior forms and double complexes, and the
‘algebraic geometry’ of hypercomplex manifolds. The latter area is strongly influenced
by techniques from quaternionic algebra.

A new double complex on quaternionic manifolds is presented, a quaternionic version
of the Dolbeault complex on a complex manifold. It arises from the decomposition of
real-valued exterior forms on a quaternionic manifold M into irreducible representations
of Sp(1). This decomposition gives a double complex of differential forms and operators
as a result of the Clebsch-Gordon formula V,®@V; =V, 1@®V,_; for Sp(1)-representations.
The properties of the double complex are investigated, and it is established that it is
elliptic in most places.

Joyce has created a new theory of quaternionic algebra [J1] by defining a quaternionic
tensor product for AH-modules (H-modules equipped with a special real subspace). The
theory can be described using sheaves over CP', an interpretation due to Quillen [Q].
AH-modules and their quaternionic tensor products are classified. Stable AH-modules
are described using Sp(1)-representations.

This theory is especially useful for describing hypercomplex manifolds and forming
close analogies with complex geometry. Joyce has defined and investigated g-holomorphic
functions on hypercomplex manifolds. There is also a g-holomorphic cotangent space
which again arises as a result of the Clebsch-Gordon formula. AH-module bundles are
defined and their g-holomorphic sections explored.

Quaternion-valued differential forms on hypercomplex manifolds are of special inter-
est. Their decomposition is finer than that of real forms, giving a second double complex
with special advantages. The cohomology of these complexes leads to new invariants of
compact quaternionic and hypercomplex manifolds.

Quaternion-valued vector fields are also studied, and lead to the definition of quater-
nionic Lie algebras. The investigation of finite-dimensional quaternionic Lie algebras
allows the calculation of some simple quaternionic cohomology groups.
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Introduction

This aim of this thesis is to describe and develop various aspects of quaternionic algebra
and geometry. The approach is based upon two pillars, namely the differential geometry
of quaternionic manifolds and Joyce’s recent theory of quaternionic algebra. Contribu-
tions are made to both fields of study, enabling these strands to be woven together in
describing the algebraic geometry of hypercomplex manifolds.

A recurrent theme throughout will be representations of the group Sp(1) of unit
quaternions. Our contribution to the theory of quaternionic manifolds relies on decom-
posing the Sp(1)-action on exterior forms, whilst the main new insight in quaternionic
algebra is that the most important building blocks of Joyce’s theory are best described
and manipulated as Sp(1)-representations. The importance of Sp(1)-representations to
both areas is chiefly responsible for the successful synthesis of methods in the work on
hypercomplex manifolds.

Another frequent source of motivation is the behaviour of the complex numbers.
Many situations in complex algebra and geometry have interesting quaternionic ana-
logues. Aspects of complex geometry can often be described using the group U(1) of unit
complex numbers; replacing this with the group Sp(1) can lead directly to quaternionic
versions. The decomposition of exterior forms on quaternionic manifolds is precisely
such an example, as is all the work on g-holomorphic functions and forms on hypercom-
plex manifolds. On the other hand, Joyce’s quaternionic algebra is such a rich theory
precisely because real subspaces of quaternionic vector spaces behave so differently from
real subspaces of complex vector spaces.

Much of the original work presented is enticingly simple — indeed, I have often felt
both surprised and privileged that it has not been carried out before. One of the main
explanations for this is the relative unpopularity suffered by the quaternions in the 20"
century. This situation has left various aspects of quaternionic behaviour unexplored.
To help understand the reasons for this omission and the consequent opportunities for
development, the first chapter is devoted to a survey of the history of the quaternions
and their applications. Background material also includes an introduction to the group
Sp(1) and its representations. The irreducible representations on complex vector spaces
and their tensor products are described, as are real and quaternionic representations.

Chapter 2 is about quaternionic structures in differential geometry. The approach
is based on the work of Salamon [S3]. Taking complex manifolds as a model, hyper-
complex manifolds (those possessing a torsion-free GL(n, H)-structure) are defined, fol-
lowed by the broader class of quaternionic manifolds (those possessing a torsion-free
Sp(1)GL(n, H)-structure). After reviewing the Dolbeault complex, we consider the
decomposition of differential forms on quaternionic manifolds, including an important
elliptic complex discovered by Salamon upon which the integrability of the quaternionic



structure depends.

This complex is in fact the top row of a hitherto undiscovered double complex on
quaternionic manifolds, which is the subject of Chapter 3. As an Sp(1)-representation,
the cotangent space of a quaternionic manifold M*" takes the form T*M = 2nV;, where
Vi is the basic representation of Sp(1) on C?. Decomposition of the induced Sp(1)-
representation on A*T*M is a simple process achieved by considering weights. That this
decomposition gives rise to a double complex results from the Clebsch-Gordon formula
V,T*M =V, @2nV) = 2n(V,41®V,—_1). The new double complex is shown to be elliptic
everywhere except along its bottom row, consisting of the basic representations V; and
the trivial representations V. This double complex presents us with new quaternionic
cohomology groups.

In the fourth chapter (which is partly a summary of the work of Joyce [J1] and
Quillen [Q]) we move to our other major area of interest, the theory of quaternionic
algebra. The building blocks of this theory are H-modules equipped with a special real
subspace. Such an object is called an AH-module. Joyce has discovered a canonical
tensor product operation for AH-modules which is both associative and commutative.
Using ideas from Quillen’s work, we classify AH-modules up to isomorphism. Dual
AH-modules are defined and shown to have interesting properties. Particularly well-
behaved is the category of stable AH-modules. In Chapter 5 it is shown that all stable
AH-modules and their duals are conveniently described using Sp(1)-representations.

The resulting theory is ideally adapted for describing hypercomplex geometry, a pro-
cess begun in Chapter 6. A hypercomplex manifold M has a triple of global anticom-
muting complex structures which can be identified with the imaginary quaternions. This
identification enables tensors on hypercomplex manifolds to be treated using the tech-
niques of quaternionic algebra. Joyce has already used such an approach to define and
investigate g-holomorphic functions on hypercomplex manifolds, which are seen as the
quaternionic analogue of holomorphic functions. There is a natural product map on
the AH-module of g-holomorphic functions, which gives the g-holomorphic functions an
algebraic structure which Joyce calls an H-algebra.

Using the Sp(1)-version of quaternionic algebra, we define a natural splitting of the
quaternionic cotangent space H® T"M = A & B, and show that g-holomorphic func-
tions are precisely those whose differentials take values in A C H® T*M. The bundle
A is hence defined to be the g-holomorphic cotangent space of M. These spaces are
examples of AH-module bundles or AH-bundles, which we discuss. Several parallels
with complex geometry arise. There are g-holomorphic AH-bundles with g-holomorphic
sections. Q-holomorphic sections are described using the quaternionic tensor product
and the g-holomorphic cotangent space, and seen to form an H-algebra module over the
g-holomorphic functions.

In the final chapter, such methods are applied to quaternion-valued tensors on hy-
percomplex manifolds. The double complex of Chapter 3 is revisited and adapted to
quaternion-valued differential forms. The global complex structures give an extra decom-
position which generalises the splitting H @ T*M = A & B, further refining the double
complex. The quaternion-valued double complex has advantages over the real-valued
version, being elliptic in more places. The top row of the quaternion-valued double com-
plex is particularly well-adapted to quaternionic algebra, which presents close parallels
with the Dolbeault complex and motivates the definition of g-holomorphic k-forms.



Quaternion-valued vector fields are also interesting. The quaternionic tangent space
splits as H® TM = A® B in the same way as the cotangent space. Vector fields taking
values in A are closed under the quaternionic tensor product and Lie bracket, a result
which depends upon the integrability of the hypercomplex structure. This is the quater-
nionic analogue of the statement that on a complex manifold, the (1,0) vector fields are
closed under the Lie bracket. The vector fields in question therefore form a quaternionic
Lie algebra, a new concept which we introduce. Interesting finite-dimensional quater-
nionic Lie algebras are used to calculate some quaternionic cohomology groups on Lie
groups with left-invariant hypercomplex structures.



Chapter 1

The Quaternions and the Group
Sp(1)

1.1 The Quaternions

The quaternions H are a four-dimensional real algebra generated by the identity element 1
and the symbols i1, iy and i3, so H = {ro+ryiy+raia+13i3 : 1o, ..., r3 € R}. Quaternions
are added together component by component, and quaternion multiplication is given by
the quaternion relations

ivig = —igiy = i3, flgiy = —igiy =iy, i3l = —i1iz =iy, 15 =1i5=13=—1 (1.1)
and the distributive law. The quaternion algebra is not commutative, though it does
obey the associative law. The quaternions are a division algebra (an algebra with the
property that ab =0 implies that a =0 or b=0).

e Define the imaginary quaternions I = (i1,4,43). The symbol I is not standard,
but we will use it throughout.

e Define the conjugate ¢ of ¢ = qo + q1t1 + qot2 + q3i3 by § = qo — q111 — G2ls — q3i3.
Then (pq) = gp for all p, g € H.

e Define the real and imaginary parts of ¢ by Re(q) = ¢o € R and Im(q) = i1 +
Q202 + gsiz € I. As with complex numbers, § = Re(q) — Im(q).

e We regard the real numbers R as a subfield of H, and the quaternions as a direct
sum H=R oI

o Let ¢ = qii1 + qois + q3iz3 € I. Then ¢*> = —1 if and only if ¢ + ¢35 +¢2 = 1, so
the set of ‘quaternionic square-roots of minus-one’ is naturally isomorphic to the
2-sphere S?. We shall often identify these sets, writing ‘q € S?’ as a shorthand for
‘qeH:¢*=-1.

o If ¢ € S? then (1,q) is a subfield of H isomorphic to C. We shall call this subfield
C,.



1.1.1 A History of the Quaternions

The quaternions were discovered by the Irish mathematician and physicist, William
Rowan Hamilton (1805-1865), ! whose contributions to mechanics are well-known and
widely used. By 1835 Hamilton had helped to win acceptance for the system of complex
numbers by showing that calculations with complex numbers are equivalent to calcula-
tions with ordered pairs of real numbers, governed by certain rules. At the time, complex
numbers were being applied very effectively to problems in the plane R?. To Hamilton,
the next logical step was to seek a similar 3-dimensional number system which would
revolutionise calculations in R?. For years, he struggled with this problem. In a touching
letter to his son [H1], ? dated shortly before his death in 1865, Hamilton writes:

Every morning, on my coming down to breakfast, your brother and yourself
used to ask me: “Well, Papa, can you multiply triplets?” Whereto I was
always obliged to reply, with a sad shake of the head, “No, I can only add
and subtract them”.

For several years, Hamilton tried to manipulate the three symbols 1, 7 and j into an
algebra. He finally realised that the secret was to introduce a fourth dimension. On 16th
October, 1843, whilst walking with his wife, he had a flash of inspiration. In the same
letter, he writes:

An electric circuit seemed to close, and a spark flashed forth, the herald
(as I foresaw immediately) of many long years to come of definitely directed
thought and work ... I pulled out on the spot a pocket-book, which still
exists, and made an entry there and then. Nor could I resist the impulse —
unphilosophical as it may have been — to cut with a knife on the stone of
Brougham Bridge, as we passed it, the fundamental formula with the symbols
i, 7, k:
=5 =k =ijk=—1,

which contains the solution of the problem, but of course, as an inscription,
has long since mouldered away.

Substituting iy, is, i3 for ¢, j, k, this gives the quaternion relations (1.1).

Rarely do we possess such a clear account of the genesis of a piece of mathematics.
Most mathematical theories are invented gradually, and only after years of development
can they be presented in a lecture course as a definitive set of axioms and results. The
quaternions, on the other hand, “started into life, or light, full grown, on the 16th of
Ocober, 1843...7 3 “Less than an hour elapsed” before Hamilton obtained leave of the
Council of the Royal Irish Academy to read a paper on quaternions. The next day,
Hamilton wrote a detailed letter to his friend and fellow mathematician John T. Graves

Letters suggest that both Euler and Gauss were aware of the quaternion relations (1.1), though
neither of them published the disovery [EKR, p. 192].

2Copies of Hamilton’s most significant letters and papers concerning quaternions are currently avail-
able on the internet at www.maths.tcd.ie/pub/HistMath/People/Hamilton

3Letter to Professor P.G.Tait, an excerpt of which can be found on the same website as [H1].



[H2], giving us a clear account of the train of research which led him to his breakthrough.
The discovery was published within a month on the 13th of November [H3].

The timing of the discovery amplified its impact upon Hamilton and his followers.
The only other algebras known in 1843 were the real and complex numbers, both of
which can be regarded as subalgebras of the quaternions. (It was not until 1858 that
Cayley introduced matrices, and showed that the quaternion algebra could be realised
as a subalgebra of the complex-valued 2 x 2 matrices.) As a result, Hamilton became
the figurehead of a school of ‘quaternionists’, whose fervour for the new numbers far
exceeded their usefulness. Hamilton believed his discovery to be of similar importance
to that of the infinitesimal calculus, and devoted the rest of his career exclusively to its
study. Echos of this zeal could still be heard this century; for example, while Eamon
de Valera was President of Ireland (from 1959 to 1973), he would attend mathematical
meetings whenever their title contained the word ‘quaternions’!

Such excesses were bound to provoke a reaction, especially as it became clear that
the quaternions are just one example of a number of possible algebras. Lord Kelvin, the
famous Scottish physicist, once remarked that “Quaternions came from Hamilton after
all his really good work had been done; and though beautifully ingenious, have been an
unmixed evil to those who have touched them in any way” [EKR, p.193]. A belief that
quaternions are somehow obsolete is often tacitly accepted to this day.

This is far from the case. The quaternions remain the simplest algebra after the
real and complex numbers. Indeed, the real numbers R, the complex numbers C and
the quaternions H are the only associative division algebras, as was proved by Georg
Frobenius in 1878: and amongst these the quaternions are the most general. The dis-
covery of the quaternions provided enormous stimulation to algebraic research and it is
thought that the term ‘associative’ was coined by Hamilton himself [H3, p.5] to describe
quaternionic behaviour. Investigation into the nature of and constraints imposed by
algebraic properties such as associativity and commutativity was greatly accelerated by
the discovery of the quaternions.

The quaternions themselves have been used in various areas of mathematics. Most
recently, quaternions have enjoyed prominence in computer science, because they are the
simplest algebraic tool for describing rotations in three and four dimensions. Certainly,
the numbers have fallen short of the early expectations of the quaternionists. However,
quaternions do shine a light on certain areas of mathematics, and those who become
familiar with them soon come to appreciate an intricacy and beauty which is all their
OWL.

1.1.2 Quaternions and Matrices

In this section we will make use of the older notation ¢ =4y, j = 19, k = 13. This makes
it easy to interpret ¢ as the standard complex ‘square root of —1” and j as a ‘structure
map’ on the complex vector space C2.

It is well-known that the quaternions can be written as real or complex matrices,
because there are isomorphisms from H into subalgebras of Mat(4,R) and Mat(2,C).
The former of these is given by the mapping



—q1 Qo —q3 Q2
—q2 Q3 do —q1
—q3 —42 1 4o

qo + q1t + q2J + @3k —

More commonly used is the mapping into Mat(2, C). We can write every quaternion
as a pair of complex numbers, using the equation

Qo + @i + ¢27 + gsk = (qo + @17) + (g2 + g3i) 7. (1.2)

In this way we obtain the expression ¢ = a+£j € H = C?. The map j : a+3j — —F+aj
is a conjugate-linear involution of C* with j> = —1. This identification H = C? is not
uniquely determined: each ¢ € S? determines a similar isomorphism.

Having written this down, it is easy to form the map

t:H — H C Mat(2,C) a+ﬁj»—><_aB g) (1.3)
The quaternion algebra can thus be realised as a real subalgebra of Mat(2, C), using the
identifications

(30 w3t e (8) e (20) s

Note that the squared norm ¢g of a quaternion ¢ is the same as the determinant
of the matrix ¢(q) € H. The isomorphism ¢ gives an easy way to deduce that H is an
associative division algebra; the inverse of any nonzero matrix A € ‘H is also in H, and
the only matrix in H whose determinant is zero is the zero matrix.

1.1.3 Simple Applications of the Quaternions

There are a number of ways in which quaternions can be used to express mathematical
ideas. In many cases, a quaternionic description prefigures more modern descriptions.
We will outline two main areas — vector analysis and Euclidean geometry. An excellent
and readable account of most of the following can be found in Chapter 7 of [EKR].

Every quaternion can be uniquely written as the sum of its real and imaginary parts.
If we identify the imaginary quaternions I with the real vector space R*, we can consider
each quaternion ¢ = qo+q1i1+¢2t2+qsi3 as the sum of a scalar part ¢y and a vectorial part
(q1,G2,q3) € R® (indeed, it is in this context that the term ‘vector’ first appears [H4]).
If we multiply together two imaginary quaternions p, ¢ € I, we obtain a quaternionic
version of the scalar product and vector product on R?, as follows:

pq=—-p-qg+pAgeROI=H. (1.5)

Surprising as it seems nowadays, it was not until the 1880’s that Josiah Willard Gibbs
(1839-1903), a professor at Yale University, argued that the scalar and vector products

7



had their own meaning, independent from their quaternionic origins. It was he who
introduced the familiar notation p-¢q and p A ¢ — before his time these were written
‘—Spq’ and ‘Vpq’, indicating the ‘scalar’ and ‘vector’ parts of the quaternionic product
pq € H.

Another crucial part of vector analysis which originated with Hamilton and the
quaternions is the ‘nabla’ operator V (so-called by Hamilton because the symbol V
is similar in shape to the Hebrew musical instrument of that name). The familiar gra-
dient operator acting on a real differentiable function f(z1,z,z3) : R® — R was first

written as of of o/
Vf:= 1 + 19 + 13. 1.6
f 0x1 ! 89[:2 2 8x3 5 ( )
Hamilton went on to consider applying the operator V to a ‘differentiable quaternion
ﬁeld’ F(ZEl,l‘Q, l’g) = fl(l‘l, T, l‘3)i1 + fQ(Il, T, ZL‘3)i2 + fg(fEl,fL’Q, ZEg)ig, obtaining the
equation

_ ofv  0fr  Ofs fs 02 . ofv  0fs df2 O\,
vE= (8:1:1 * 014 * (’9:1:3) * (0;62 83:3) n (83:3 82:1) Ch (&El 8:1:2) e

which we recognise in modern terminology as

VF = —divF 4+ curl F.

Applying the V operator to Equation (1.6) leads to the well-known Laplacian operator
on R?: T TR,
Vif =— =: Af.
/ (89&% * dx3 i 8m§) /

Having obtained the standard scalar product on R® we can obtain the Euclidean
metric on R? in a similar fashion by relaxing the restriction in Equation (1.5) that p
and ¢ should be imaginary. For any p, ¢ € H, we have

Re(pq) = pogo + p1q1 + paga + P33 € R,

and so we define the canonical scalar product on H by

(p,q) = Re(pq). (1.7)

We define the norm of a quaternion ¢ € H in the obvious way, putting

gl = Vaa. (1.8)

The norm function is multiplicative, i.e. |pq| = |p||q| for p, ¢ € H. As with complex
numbers, we can combine the norm function with conjugation to obtain the inverse of
q € H\ {0} (it is easily verified that ¢=' = ¢/|q|? is the unique quaternion such that
-1 _ -1, _ 1
q¢' =q 'qg=1).
Another quaternionic formula, similar to Equation (1.7), is the identity

Re(pq) = pogo — p1n — p2ga — p3qs € R. (1.9)



If we regard p and ¢ as four-vectors in spacetime with the ‘time-axis’ identified with
R C H and the ‘spatial part’ identified with I, this is identical to the Lorentz metric of
special relativity.

Let a and b be quaternions of unit norm, and consider the involution f,; : H — H
given by f.s(q) = agb. Then |f,,(q)| = |g| and the function f,, : R* — R? is a rotation.
Clearly, f_4—t = fap, s0 each of these choices for the pair a, b gives the same rotation.
In 1855, Cayley showed that all rotations of R* can be written in this fashion and that
the two possibilities given above are the only two which give the same rotation. Also,
all reflections can be obtained by the involutions f,;(q) = agb.

One of the beauties of this system is that having obtained all rotations of R*, we
obtain the rotations of R?® simply by putting @ = b~', giving the inner automorphism
of H, ¢ — aqa™!. (By Cayley’s theorem, all real-algebra automorphisms of H take this
form.) This fixes the real line R and rotates the imaginary quaternions I. Identifying I
with R?, the map ¢ — aga™' is a rotation of R®. According to Cayley, within a year
of the discovery of the quaternions Hamilton was aware that all rotations of R* can be
expressed in this fashion.

These discoveries provided much insight into the classical groups SO(3) and SO(4),
and helped to develop our knowledge of transformation groups in general. There are
interesting questions which arise. Why do the unit quaternions turn out to be so im-
portant? In view of the quaternionic version of the Lorentz metric in Equation (1.9),
can we use quaternions to write Lorentz tranformations as elegantly? Are there other
spaces which might lend themselves to quaternionic treatment? These questions are best
addressed using the theory of Lie groups, which the pioneering work of Hamilton and
Cayley helped to develop.

1.2 The Lie Group Sp(1) and its Representations

The unit quaternions form a subgroup of H under multiplication, which we call Sp(1).
Its importance to the quaternions is equivalent to that of the circle group U(1) of unit
complex numbers in complex analysis. As a manifold Sp(1) is the 3-sphere S®. The
multiplication and inverse maps are smooth, so Sp(1) is a compact Lie group. The
isomorphism ¢ : H — H C Mat(2,C) of Equation (1.4) maps Sp(1) isomorphically onto
SU(2).

The Lie algebra sp(1) of Sp(1) is generated by the elements I, J and K, the Lie
bracket being given by the relations [I,J] = 2K, [J, K] = 2] and [K,I| =2J. We can
write these using the matrices of Equation (1.4):

(50) - (80) w- ()

The complexification of sp(1) is the Lie algebra sl(2,C). This is generated over C by
the elements
1 0 0 1 0 0
pe(00) x=(11) v=(20)  am

[H,X]=2X, [HY]=-2Y and [X,Y]=H. (1.11)

and the relations
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Hence the equations
I=iH, J=X-Y and K=i(X+4Y) (1.12)

give one possible identification sp(1) ®g C = sl(2,C).
For any @) € sp(1), the normaliser N(Q) of @ is defined to be

N(Q) =A{P esp(1) : [P, Q] = 0} = (Q),

which is a Cartan subalgebra of sp(1). Identifying a unit vector @ = al+bJ+cK € sp(1)
with the corresponding imaginary quaternion q = ais + biy + cis € S?, the exponential
map exp : sp(1) — Sp(1) maps (@) to the unit circle in C,, which we will call U(1),.

In the previous section it was shown that rotations in three and four dimensions can
be written in terms of unit quaternions. This is because there is a commutative diagram
of Lie group homomorphisms

Sp(1) = Spin(3) < Sp(1) x Sp(1) = Spin(4)

l ) (1.13)
SO(3) — SO(4).

The horizontal arrows are inclusions, and the vertical arrows are 2 : 1 coverings with
kernels {1,—1} and {(1,1),(—1,—1)} respectively. The applications of these homomor-
phisms in Riemannian geometry are described by Salamon in [S1].

From this, we can see clearly why three- and four-dimensional Euclidean geometry
fit so well in a quaternionic framework. We can also see why the same is not true for
Lorentzian geometry. Here the important group is the Lorentz group SO(3,1). Whilst
there is a double cover SL(2,C) — SOq(3, 1), this does not restrict to a suitably interest-
ing real homomorphism Sp(1)— SOy(3,1). It is possible to write Lorentz transformations
using quaternions (for a modern example see [dL]), but the author has found no way
which is simple enough to be really effective. There have been attempts to use the bi-
quaternions {p +iq : p+ q € H} = H®g C to apply quaternions to special relativity
[Sy], but the mental gymnastics involved in using four ‘square roots of —1’ are cum-
bersome: the equivalent description of ‘spin transformations’ using the matrices of the
group SL(2,C) are a more familiar and fertile ground.

1.2.1 The Representations of Sp(1)

A representation of a Lie group GG on a vector space V' is a Lie group homomorphism
p: G — GL(V). We will sometimes refer to V itself as a representation where the map
p is understood. The differential dp is a Lie algebra representation dp : g — End(V).

The representations of Sp(1) = SU(2) will play an important part in this thesis.
Their theory is well-known and used in many situations. Good introductions to Sp(1)-
representations include [BD, §2.5] (which describes the action of the group SU(2)) and
[FH, Lecture 11] (which provides a description in terms of the action of the Lie algebra
s[(2,C)). We recall those points which will be of particular importance.

Because it is a compact group, every representation of Sp(1) on a complex vector
space V' can be written as a direct sum of irreducible representations. The multiplicity

10



of each irreducible in such a decomposition is uniquely determined. Moreover, there is a
unique irreducible representation on C" for every n > 0. This makes the representations
of Sp(1) particularly easy to describe. Let V; be the basic representation of SL(2,C)
on C? given by left-action of matrices upon column vectors. This coincides with the
basic representation of Sp(1) by left-multiplication on H = C?. The unique irreducible
representation on C"*' is then given by the n'* symmetric power of V4, so we define

Vo, = S"(W1).

The representation V,, is irreducible [BD, Proposition 5.1], and every irreducible rep-
resentation of Sp(1) is of the form V,, for some nonnegative n € Z [BD, Proposition
5.3].

Let x and y be a basis for C?, so that V; = (x,y). Then

Vn — Sn(v'l) — <Xn7 Xn—ly7 Xn—ZyQ7 o ’X2yn—2’ Xyn—l’ yn>

The action of SL(2,C) on V,, is given by the induced action on the space of homogeneous
polynomials of degree n in the variables x and y.

Each of the Lie group representations V,, is a representation of the Lie algebras sl(2, C)
and sp(1). Another very important way to describe the structure of these representations
is obtained by decomposing them into weight spaces (eigenspaces for the action of a
Cartan subalgebra). In terms of H, X and Y, the sl(2, C)-action on V; is given by

Hx) = x X(x) = 0 Y(x) =
8’ (1.14)

To obtain the induced action of s[(2,C) on V,, we use the Leibniz rule * A(a - b) =
A(a) - b+ a- A(b). This gives

H(x"*y*) = (n—2k)(x"""y")
X(X’n—kyk‘) — k(Xn—k‘-‘rlyk—l) (115)
Y(Xn_kyk) — (n . k)(Xn_k_lyk+1).
Each subspace (x" *y*) C V,, is therefore a weight space of the representation V;,, and
the weights are the integers

{n,n—2,...,n—2k,...,2—n,—n}.

Thus V,, is also characterised by being the unique irreducible representation of sl(2, C)
with highest weight n. We can compute the action of sp(1) on V,, by substituting I, J
and K for H, X and Y using the relations of (1.12).

Another important operator which acts on an sp(1)-representation is the Casimir
operator C = I? + J> + K? = —(H? + 2XY + 2Y X). Tt is easy to show that for any
ankyk c VTM

C(x"My*) = —n(n + 2)x"Fy*r. (1.16)

4This can be found in [FH, p. 110], which describes the action of Lie groups and Lie algebras on
tensor products.
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Each irreducible representation V,, is thus an eigenspace of the Casimir operator with
eigenvalue —n(n + 2).

Let V,, and V,, be two Sp(1)-representations. Then their tensor product V,, ® V,,
is naturally an Sp(1) x Sp(1)-representation, ®> and also a representation of the diagonal
Sp(1)-subgroup, the action of which is given by

gu®v) = g(u) @ g(v).

The irreducible decomposition of the diagonal Sp(1)-representation on V,, ® V,, is given
by the famous Clebsch-Gordon formula,

Vi @V ZVoin @ Viano® - @ Voo ® Vi form >n. (1.17)

This can be proved using characters [BD, Proposition 5.5] or weights [FH, Exercise
11.11].

Real and quaternionic representations

It is standard practice to work primarily with representations on complex vector spaces.
Representations on real (and quaternionic) vector spaces are obtained using antilinear
structure maps. A thorough guide to this process is in [BD, §2.6]. In the case of Sp(1)-
representations, we define the structure map o, : V; — V; by

o1(z1X + 20y) = —ZX + Z1y 21,29 € C.

Then 0? = —1, and o0, coincides with the map j of Section 1.1.2. Let o, be the map
which o7 induces on V,,, i.e.

o (21X FyP) = (—1)Fz xFynr, (1.18)

2

If n = 2m is even then o3, = 1 and 09, is a real structure on Vs,,. Let V7 be the set

of fixed-points of &a,,. Then VI = R*"! is preserved by the action of Sp(1), and

VYQC;rL ®]R(Cg ‘/Qm

Thus Vy, is a representation of Sp(1) on the real vector space R*™*!.

If on the other hand n = 2m — 1 is odd, o3,, ; = —1. Then Sp(1) acts on the un-
derlying real vector space R*™. This real vector space comes equipped with the complex
structure ¢ and the structure map o5,,_1, in such a way that the subspace

(v, 10, Gam1(0), 1021 (0)) = R

is isomorphic to the quaternions; thus V3,1 = H™. This is why a complex antilinear
map o on a complex vector space V such that 02 = —1 is called a quaternionic structure.

5Since Sp(1) x Sp(1) = Spin(4), we can construct all Spin(4) and hence all SO(4) representations in
this fashion — see [S1, §3].
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1.3 Difficulties with the Quaternions

Quaternions are far less predictable than their lower-dimensional cousins, due to the great
complicating factor of non-commutativity. Many of the ideas which work beautifully for
real or complex numbers are not suited to quaternions, and attempts to use them often
result in lengthy and cumbersome mathematics — most of which dates from the 19"
century and is now almost forgotten. However, with modesty and care, quaternions can
be used to recreate many of the structures over the real and complex numbers with which
we are familiar. The purpose of this section is to outline some of the difficulties with a
few examples, which highlight the need for caution: but also, it is hoped, point the way
to some of the successes we will encounter.

1.3.1 The Fundamental Theorem of Algebra for Quaternions

The single biggest reason for using the complex numbers in preference to any other num-
ber field is the so-called ‘Fundamental Theorem of Algebra’ — every complex polynomial
of degree n has precisely n zeros, counted with multiplicities. The real numbers are not
so well-behaved: a real polynomial of degree n can have fewer than n real roots.

Quaternion behaviour is many degrees freer and less predictable. If we multiply
together two ‘linear factors’, we obtain the following expression:

(alX -+ bl)(CZQX -+ bg) = alXagX + &1Xb2 + b1a2X -+ blbg.

It quickly becomes obvious that non-commutativity is going make any attempt to fac-
torise a general polynomial extremely troublesome.

Moreover, there are many polynomials which display extreme behaviour. For ex-
ample, the cubic X?%i; X7 + ;X% X — i1 X4, X? — X4, X?; takes the value zero for
all X € H. At the other extreme, since ;X — Xi; € I for all X € H, the equation
11X — X4, +1 =0 has no solutions at all!

In order to arrive at any kind of ‘fundamental theorem of algebra’, we need to restrict
our attention considerably. We define a monomial of degree n to be an expression of the

form
apXar Xag - -a, 1Xa,, a; €H\{0}.

Then there is the following ‘fundamental theorem of algebra for quaternions’:

Theorem 1.3.1 [EKR, p. 205] Let f be a polynomial over H of degree n > 0 of the
form m + g, where m is a monomial of degree n and g is a polynomial of degree < n.
Then the mapping [ :H — H is surjective, and in particular f has zeros in H.

This is typical of the difficulties we encounter with quaternions. There s a quater-
nionic analogue of the theorems for real and complex numbers, but because of non-
commutativity the quaternionic version is more complicated, less general and because of
this less useful.
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1.3.2 Calculus with Quaternions

The monumental successes of complex analysis make it natural to look for a similar
theory for quaternions. Complex analysis can be described as the study of holomorphic
functions. A function f : C — C is holomorphic if it has a well-defined complex
derivative. One of the fundamental results in complex analysis is that every holomorphic
function is analytic 7.e. can be written as a convergent power series.

Sadly, neither of these definitions proves interesting when applied to quaternions —
the former is too restrictive and the latter too general. For a function f:H — H to
have a well-defined derivative

a _ lim(f(q+h) — f(g)h ™",

dq h—0

it can be shown [Su, §3, Theorem 1] that f must take the form f(q) = a+ bg for some
a,b € H, so the only functions which are quaternion-differentiable in this sense are affine
linear.

In contrast to the complex case, the components of a quaternion can be written as
quaternionic polynomials, i.e. for ¢ = qo + q111 + @2i2 + ¢33,

1 1

do = Z(q — 11411 — 12qQly — Z3Q23) q1 = 4—21

This takes us to the other extreme: the study of quaternionic power series is the same
as the theory of real-analytic functions on R*. Hamilton and his followers were aware
of this — it was in Hamilton’s work on quaternions that some of the modern ideas in
the theory of functions of several real variables first appeared. Despite the benefits of
this work to mathematics as a whole, Hamilton never developed a successful ‘quaternion
calculus’.

It was not until the work of R. Fueter, in 1935, that a suitable definition of a ‘regular
quaternionic function” was found, using a quaternionic analogue of the Cauchy-Riemann
equations. A regular function on H is defined to be a real-differentiable function f :
H — H which satisfies the Cauchy-Riemann-Fueter equations:

(q — ilqil + igqig + 23(]23) etc. (]_]_9)

—— + 0+ i+ i3 =0. (1.20)

The theory of quaternionic analysis which results is modestly successful, though it is
little-known. The work of Fueter is described and extended in the papers of Deavours
[D] and Sudbery [Su], which include quaternionic versions of Morera’s theorem, Cauchy’s
theorem and the Cauchy integral formula.

As usual, non-commutativity causes immediate algebraic difficulties. If f and ¢ are
regular functions, it is easy to see that their sum f + ¢ must also be regular, as must
the left scalar multiple gf for ¢ € H; but their product fg, the composition fog and
the right scalar multiple fg need not be. Hence regular functions form a left H-module,
but it is difficult to see how to describe any further algebraic structure.

1.3.3 Quaternion Linear Algebra

In the same way as we define real or complex vector spaces, we can define quaternionic
vector spaces or H-modules — a real vector space with an H-action, which we shall call
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scalar multiplication. There is the added complication that we need to say whether this
multiplication is on the left or the right. We will work with left H-modules — this choice
is arbitrary and has only notational effects on the resulting theory. A left H-module is
thus a real vector space U with an action of H on the left, which we write (q,u) — ¢-u
or just qu, such that p(qu) = (pq)u for all p,q € H and u € U. For example, H" is an
H-module with the obvious left-multiplication.

Several of the familiar ideas which work for vector spaces over a commutative field
work just as well for H-modules. For example, we can define quaternion linear maps
between H-modules in the obvious way, and so we can define a dual H-module U* of
quaternion linear maps o : U — H.

However, if we try to define quaternion bilinear maps we run into trouble. If A, B and
C' are vector spaces over the commutative field F, then an F-bilinear map p: Ax B — C
satisfies u(fia,b) = fip(a,b) and p(a, f2b) = fou(a,b) for all a € A,b € B, f1, fo € F.
This is equivalent to having wu(fia, fab) = fifou(a,b).

Now suppose that U, V and W are (left) H-modules. Let ¢;,q, € H and let u € U,
v € V. If we try to define a bilinear map pu: U x V — W as above, then we need both
(i, g2v) = qiu(u, gev) = gaqupi(u,v) and p(qiu, 2v) = qep(qu,v) = qgap(u,v).
Since q1g2 # g2q1 in general, this cannot work.

Similar difficulties arise if we try to define a tensor product over the quaternions. If
A and B are vector spaces over the commutative field IF, their tensor product over F is
defined by

F(A, B)
AQp B=——"-= 1.21
where F'(A, B) is the vector space freely generated (over F) by all elements (a,b) € Ax B
and R(A, B) is the subspace of F'(A, B) generated by all elements of the form

(a1 + U,Q,b) — (al, b) — (ag,b) (a, b1 + bg) — (a,bl) — (a, bg)

fla,0) = (f(a),b)  and  f(a,b) = (a, f(b)),

for a,a; € A, b,b; € B and f € F. Not surprisingly, this process does not work for
quaternions. Let U and V' be left H-modules. Then if we define the ideal R(U,V) in
the same way as above, we discover that R(U, V') is equal to the whole of F'(U, V), so
UerpV ={0}.

One way around both of these difficulties is to demand that our H-modules should
also have an H-action on the right. We can now define an H-bilinear map to be one which
satisfies p(qiu,vq2) = qiu(u, v)ge, or alternatively u(qiu,qv) = qiu(u,v)ge. Similarly,
for our tensor product we can define a generator ug ® v —u ® qu (replacing f(u) @ v —
u® f(v)) for R. In this (more restricted) case we do obtain a well-defined ‘quaternionic
tensor product’ U®ygV = F(U,V)/R(U,V) which inherits a left H-action from U and a
right H-action from V.

The drawback with this system is that it does not really provide any new insights.
If we insist on having a left and a right H-action, we restrict ourselves to talking about
H-modules of the form H" = H ®gr R". In this case, we do get the useful relation
H"®@yH" = H™", but this is only saying that HOr R™ @rR" = H®rR™". In this context,
our ‘quaternionic tensor product’ is merely a real tensor product in a quaternionic setting.
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1.3.4 Summary

By now we have become familiar with some of the more elementary ups and downs of the
quaternions. In the 20" century they have often been viewed as a sort of mathematical
Cinderella, more recent techniques being used to describe phenomena which were first
thought to be profoundly quaternionic. However, we have seen that it is possible to
produce quaternionic analogues of some of the most basic algebraic and analytic ideas of
real and complex numbers, often with interesting and useful results. In the next chapter
we will continue to explore this process, turning our attention to quaternionic structures
in differential geometry.
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Chapter 2

Quaternionic Differential Geometry

In this chapter we review some of the ways in which quaternions are used to define
geometric stuctures on differentiable manifolds. In the same way that real and complex
manifolds are modelled locally by the vector spaces R"™ and C" respectively, there are
manifolds which can be modelled locally by the H-module H". These models work by
defining tensors whose action on the tangent spaces to a manifold is the same as the
action of the quaternions on an H-module. There are two important classes of manifolds
which we shall consider: those which are called ‘quaternionic manifolds’, and a more
restricted class called ‘hypercomplex manifolds’.

In this chapter we describe these important geometric structures. We also review
the decomposition of exterior forms on complex manifolds, and examine some of the
parallels of this theory which have already been found in quaternionic geometry. Many
of the algebraic and geometric foundations of the material in this chapter are collected
in (or can be inferred from) Fujiki’s comprehensive article [F].

2.1 Complex, Hypercomplex and Quaternionic Man-
ifolds

Complex Manifolds

A complex manifold is a 2n-dimensional real manifold M which admits an atlas of
complex charts, all of whose transition functions are holomorphic maps from C" to
itself. As we saw in Section 1.3, the simplest notions of a ‘quaternion-differentiable map
from H to itself’ are either very restrictive or too general, and the ‘regular functions’ of
Fueter and Sudbery are not necessarily closed under composition. This makes the notion
of ‘quaternion-differentiable transition functions’ less interesting that one might hope.

An equivalent way to define a complex manifold is by the existence of a special
tensor called a complex structure. A complex structure on a real vector space V is an
automorphism I : V' — V such that I? = —idy. (It follows that dimV is even.) The
complex structure I gives an isomorphism V' = C", since the operation ‘multiplication
by i’ defines a standard complex structure on C". An almost complex structure on a
2n-dimensional real manifold M is a smooth tensor I € C*°(End(7'M)) such that I is a
complex structure on each of the fibres T, M.
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Now, if M is a complex manifold, each tangent space T, M is isomorphic to C", so
taking I to be the standard complex structure on each T, M defines an almost complex
structure on M. An almost complex stucture I which arises in this way is called a
complex structure on M, in which case [ is said to be integrable. The famous Newlander-
Nirenberg theorem states that an almost complex structure I is integrable if and only if
the Nijenhuis tensor of I

Ni(X,Y) = [X, Y]+ I[IX, Y]+ I[X,IY] = [IX,IY]

vanishes for all X|Y € C>(TM), for all x € M. The Nijenhuis tensor N; measures the
(0,1)-component of the Lie bracket of two vector fields of type (1,0). ' On a complex
manifold the Lie bracket of two (1,0)-vector fields must also be of type (1,0).

Thus if I is an almost complex structure on M and N; = 0, then M is a complex
manifold in the sense of the first definition given above. We can talk about the complex
manifold (M, I) if we wish to make the extra geometric structure more explicit —
especially as the manifold M might admit more than one complex structure.

Hypercomplex Manifolds

This way of defining a complex manifold adapts itself well to the quaternions. A hyper-
complex structure on a real vector space V' is a triple (7, J, K) of complex structures on
V satisfying the equation IJ = K. (It follows that dim V' is divisible by 4.) If we iden-
tify I, J and K with left-multiplication by iy, i and 73, a hypercomplex structure gives
an isomorphism V = H". Equivalently, a hypercomplex structure is defined by a pair of
complex structures I and J with I.J = —JI. It is easy to see that if (I, J, K) is a hyper-
complex structure on V', then each element of the set {al+bJ+cK : a>+b*+c* = 1} = 52
is also a complex structure. We arrive at the following quaternionic version of a complex
manifold:

Definition 2.1.1 An almost hypercomplex structure on a 4n-dimensional manifold M is
a triple (I, J, K) of almost complex structures on M which satisfy the relation IJ = K.

If all of the complex structures are integrable then (I, J, K) is called a hypercomplex
structure on M, and M is a hypercomplex manifold.

A hypercomplex structure on M defines an isomorphism 7, M = H" at each point
x € M. As on a vector space, a hypercomplex structure on a manifold M defines a
2-sphere S? of complex structures on M.

Some choices are inherent in this standard definition. A hypercomplex structure as
defined above gives T'M the structure of a left H-module, since IJ = K. This induces
a right H-module structure on 7% M, using the standard definition (/(§), X) = (£, [(X))
ete., for all £ € T*M, X € TM, since on T*M we now have

(6, 1J(X)) = (1(£), J(X)) = (JI(£), X).

In this thesis we will make more use of the hypercomplex structure on 7*M than that on
T'M. Because of this we will usually define our hypercomplex structures so that I.J = K
on T*M rather than T'M . This has only notational effect on the theory, but it does pay to

ITensors of type (p, q) are defined in the next section.
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be aware of how it affects other standard notations. For example, for us the hypercomplex
structure acts trivially on the anti-self-dual 2-forms w; = dxg A dzq — dxy A dzs ete.
This encourages us to think of a connection whose curvature is acted upon trivially by
the hypercomplex structure as anti-self-dual rather than self-dual, whereas some authors
use the opposite convention. Such things are largely a matter of taste — we are choosing
to follow the notation of Joyce [J1] for whom regular functions form a left H-module,
whereas Sudbery’s regular functions form a right H-module.

One important difference between complex and hypercomplex geometry is the exis-
tence of a special connection. A complex manifold generally admits many torsion-free
connections which preserve the complex structure. By contrast, on a hypercomplex
manifold there is a unique torsion-free connection V such that

VI=VJ=VK =0.

This was proved by Obata in 1956, and the connection V is called the Obata connection.

Complex and hypercomplex manifolds can be decribed succinctly in terms of G-
structures on manifolds. Let P be the principal frame bundle of M, i.e. the GL(n,R)-
bundle whose fibre over z € M is the group of isomorphisms T, M = R*. Let G be a
Lie subgroup of GL(n,R). A G-structure Q on M is a principal subbundle of P with
structure group G.

Suppose M?" has an almost complex structure. The group of automorphisms of T, M
preserving such a structure is isomorphic to GL(n, C). Thus an almost complex structure
I and a GL(n, C)-structure @ on M contain the same information. The bundle ) admits
a torsion-free connection if and only if there is a torsion-free linear connection V on M
with VI = 0, in which case it is easy to show that [ is integrable. Thus a complex
manifold is precisely a real manifold M?" with a GL(n,C)-structure ) admitting a
torsion-free connection (in which case @ itself is said to be ‘integrable’).

If M* has an almost hypercomplex structure then the group of automorphisms
preserving this structure is isomorphic to GL(n,H). Following the same line of argument,
a hypercomplex manifold is seen to be a real manifold M with an integrable GL(n,H)-
structure (). The uniqueness of any torsion-free connection on @) follows from analysing
the Lie algebra gl(n,H). This process is described in [S3, §6].

Quaternionic Manifolds and the Structure Group GL(1, H)GL(n, H)

Not all of the manifolds which we wish to describe as ‘quaternionic’ admit hypercomplex
structures. For example, the quaternionic projective line HP' is diffeomorphic to the
4-sphere S*. Tt is well-known that S* does not even admit a global almost complex
structure; so HP! can certainly not be hypercomplex, despite behaving extremely like
the quaternions locally.

The reason (and the solution) for this difficulty is that GL(n,H) is not the largest
subgroup of GL(4n,R) preserving a quaternionic structure. If we think of GL(n,H)
as acting on H" by right-multiplication by n X n quaternionic matrices, then the action
of GL(n,H) commutes with that of the left H-action of the group GL(1,H). Thus
the group of symmetries of H" is the product GL(1,H) xg+ GL(n,H), which we write
GL(1,H)GL(n,H). We can multiply on the right by any real multiple of the identity
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(since GL(1,H) and GL(n,H) share the same centre R*), so without loss of gener-
ality we can reduce the first factor to Sp(1). Thus GL(1,H)GL(n,H) is the same as
Sp(1)GL(n,H) = Sp(1) xz, GL(n, H).

Definition 2.1.2 [S3, 1.1] A quaternionic manifold is a 4n-dimensional real manifold M
(n > 2) with an Sp(1)GL(n, H)-structure () admitting a torsion-free connection.

When n = 1 the situation is different, since Sp(1) xSp(1) = SO(4). In four dimensions
we make the special definition that a quaternionic manifold is a self-dual conformal
manifold.

In terms of tensors, quaternionic manifolds are a generalisation of hypercomplex
manifolds in the following way. Each tangent space T, M still admits a hypercomplex
structure giving an isomorphism 7, M = H", but this isomorphism does not necessarily
arise from globally defined complex structures on M. There is still an S?-bundle of
local almost-complex structures which satisfy I.J = K, but it is free to ‘rotate’. For a
comprehensive study of quaternionic manifolds see [S3] and Chapter 9 of [S4].

Riemannian Manifolds in Complex and Quaternionic Geometry

Suppose the GL(n,C)-structure ¢ on a complex manifold M admits a further reduc-
tion to an integrable U(n)-structure . Then M admits a Riemannian metric g with
g(IX, 1Y) =g(X,Y) forall X, Y € T, M forall z € M. We also define the differentiable
2-form w(X,Y) = ¢g(/X,Y). If such a metric arises from an integrable U(n)-structure
Q" then w will be a closed 2-form, and M is a symplectic manifold — so M has com-
patible complex and symplectic structures. In this case M is called a Kdhler manifold;
an integrable U(n)-structure is called a Kéhler structure; the metric g is called a Kéhler
metric and the symplectic form w is called a Kahler form.

The quaternionic analogue of the compact group U(n) is the group Sp(n). A hyper-
complex manifold whose GL(n,H)-structure ) reduces to an integrable Sp(n)-structure
()’ admits a metric g which is simultaneously Kéahler for each of the complex structures
I, J and K. Such a manifold is called hyperkahler . Using each of the complex structures,
we define three independent symplectic forms w;, w; and wg. Then the complex 2-form
wy + 1wk is holomorphic with respect to the complex structure I, and a hyperkahler
manifold has compatible hypercomplex and complex-symplectic structures. Hyperkahler
manifolds are studied in [HKLR], which gives a quotient construction for hyperkéahler
manifolds.

Similarly, if a quaternionic manifold has a metric compatible with the torsion-free
Sp(1)GL(n, H)-structure, then the Sp(1)GL(n, H)-structure @) reduces to an Sp(1)Sp(n)-
structure @' and M is said to be quaternionic Kdhler. The group Sp(1)Sp(n) is a
maximal proper subgroup of SO(4n) except when n = 1, where as we know Sp(1)Sp(1) =
SO(4). In four dimensions a manifold is said to be quaternionic Kéhler if and only if it
is self-dual and Einstein. Quaternionic Ké&hler manifolds are the subject of [S2].

2.2 Differential Forms on Complex Manifolds

This section consists of background material in complex geometry, especially ideas which
encourage the development of interesting quaternionic versions. More information on this
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and other aspects of complex geometry can be found in [W] and [GH, §0.2].

Let (M, I) be a complex manifold. Then I gives TM and T*M the structure of a
U(1)-representation and the complexification C®gT'M splits into two weight spaces with
weights £¢. The same is true of C ®@g T*M. There are various ways of writing these
weight spaces; fairly standard is the notation C ®@g T*M = T7 M @ 15, M, where these
summands are the +¢ and —: eigenspaces of I respectively. However, for our purposes
it will be more useful to adopt the notation of [S3], writing

Cor T*M = AY"M & A>' M, (2.1)

so AYM = Ty M and A®'M = T, M. A holomorphic function f € C*(M,C) is
a smooth function whose derivative takes values only in AYYM for all m € M, i.e. f
is holomorphic if and only if df € C(M,A"YM). A closely linked statement is that
AYPM is a holomorphic vector bundle. Thus AYYM is called the holomorphic cotangent
space and A% M is called the antiholomorphic cotangent space of M. If we reverse the
sense of the complex structure (i.e. if we swap I for —I) then we reverse the roles of the
holomorphic and antiholomorphic spaces, which is why a function which is holomorphic
with respect to I is antiholomorphic with respect to —1.

From standard multilinear algebra, the decomposition (2.1) gives rise to a decompo-
sition of exterior forms of all powers

k
C @r A'T"M = @D AT}, M) © A P(T5, M).

p=0

Define the bundle
APAM = NPTV M @ AT, M. (2.2)
With this notation, Equation (2.1) is an example of the more general decomposition into
types
Cop N'T"M = P APM. (2.3)
p+a=k

A smooth section of the bundle AP7M is called a differential form of type (p,q) or just
a (p,q)-form. We write QP4(M) for the set of (p, q)-forms on M, so

QPI(M) = C®(M,APM)  and  QF(M)= 5 Q"(M).
ptq=k
Define two first-order differential operators,

Q0 QPI(M) — QPTL(M)
8 — 7.(.erl,q od (2.4)
where 774 denotes the natural projection from C ® A*M onto AP9M. The operator O
is called the Dolbeault operator.

These definitions rely only on the fact that I is an almost complex structure. A
crucial fact is that if I is integrable, these are the only two components represented in
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Figure 2.1: The Dolbeault Complex

020 etc.

the exterior differential d, i.e. d =0 +0 [WW, Proposition 2.2.2, p.105]. An immediate
consequence of this is that on a complex manifold M,

0*=00+00=0 =0, (2.5)

This gives rise to the Dolbeault complex. Writing 8" for the particular map 0 :
OPa — P9t we define the Dolbeault cohomology groups

1 — Ker(8"") ‘
o m@h

A function f € C*(M,C) is holomorphic if and only if df =0 and for this reason 0 is
sometimes called the Cauchy-Riemann operator. Similarly, a (p,0)-form « is said to be
holomorphic if and only if do = 0.

A useful way to think of the Dolbeault complex is as a decomposition of C @ A*T™* M
into types of U(1)-representation. The representations of U(1) on complex vector spaces
are particularly easy to understand. Since U(1) is abelian, the irreducible representations
all are one-dimensional. They are parametrised by the integers, taking the form

on: U(1) - GL(1,C) = C* on €0 — emi?

for some n € Z. Representations of the Lie algebra u(1) are then of the form dg,, : z —
nz. The Dolbeault complex begins with the representation of the complex structure
(I =2 u(1) on C® T*M. This induces a representation on C @ A*T*M. It is easy
to see that if w € APYM, I(w) = i(p — ¢)w. In other words, AP?M is the bundle of
U(1)-representations of the type g,_,.
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2.3 Differential Forms on Quaternionic Manifolds

Any G-structure on a manifold M induces a representation of G on the exterior algebra
of M. Fujiki’s account of this [F, §2] explains many quaternionic analogues of complex
and Kahler geometry.

The decomposition of differential forms on quaternionic Kahler manifolds began by
considering the fundamental 4-form

Q=wrNwr+wjAwy+wg N\wg,

where wy, w; and wg are the local Kéahler forms associated to local almost complex
structures I, J and K with [J = K. The fundamental 4-form is globally defined and
invariant under the induced action of Sp(1)Sp(n) on A*T*M. Kraines [Kr|] and Bonan
[Bon] used the fundamental 4-form to decompose the space A*T*M in a similar way to
the Lefschetz decomposition of differential forms on a Kéhler manifold [GH, p. 122]. A
differential k-form p is said to be effective if QAxp = 0, where * : AFT*M — AY=FT* M
is the Hodge star. This leads to the following theorem:

Theorem 2.3.1 [Kr, Theorem 3.5/[Bon, Theorem 2]
For k < 2n+ 2, every every k-form ¢ admits a unique decomposition

o= Z VA k-,

0<j<k/4

where the py_4; are effective (k — 4j)-forms.

Bonan further refines this decomposition for quaternion-valued forms, using exterior
multiplication by the globally defined quaternionic 2-form ¥ = 3w 4 isw; + i3wg. Note
that U A U = —2Q).

Another way to consider the decomposition of forms on a quaternionic manifold is as
representations of the group Sp(1)GL(n, H). We express the Sp(1)GL(n, H)-representation
on H" by writing

H'=ZV,®FE, (2.6)

where V; is the basic representation of Sp(1) on C? and E is the basic representation
of GL(n,H) on C*". (This uses the standard convention of working with complex
representations, which in the presence of suitable structure maps can be thought of as
complexified real representations. In this case, the structure map is the tensor product
of the quaternionic structures on V; and E.)

This representation also describes the (co)tangent bundle of a quaternionic manifold
in the following way. Let P be a principal G-bundle over the differentiable manifold M
and let W be a G-module. We define the associated bundle

PxW

W=P~P W =
Xa G ;

where g € G acts on (p,w) € PxW by (p,w)-g=(f-g,97'-w). Then W is a vector

bundle over M with fibre W. We will usually just write W for W, relying on context
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to distinguish between the bundle and the representation. Following Salamon [S3, §1],
if M*" is a quaternionic manifold with Sp(1)GL(n,H)-structure @, then the cotangent
bundle is a vector bundle associated to the principal bundle ) and the representation
Vi ® E, so that we write

(T"M)*=2V,®F (2.7)

(though we will usually omit the complexification sign). This induces an Sp(1)GL(n, H)-
action on the bundle of exterior k-forms A*T*M,

[k/2] [k/2]
MTM = ANV @ B) = @ sH (W) e L = @ Vieo; ® L%, (2.8)
j=0

where L¥ is an irreducible representation of GL(n,H). This decomposition is given
by Salamon [S3, §4], along with more details concerning the nature of the GL(n,H)
representations L¥. If M is quaternion Kéhler, A¥T*M can be further decomposed
into representations of the compact group Sp(1)Sp(n). This refinement is performed in
detail by Swann [Sw], and used to demonstrate significant results.

If we symmetrise completely on V} in Equation (2.8) to obtain Vj, we must antisym-
metrise completely on E. Salamon therefore defines the irreducible subspace

A=V, @ A*E. (2.9)

The bundle A* can be described using the decomposition into types for the local almost
complex structures on M as follows [S3, Proposition 4.2]: 2

AF =" APM. (2.10)

Ies?

Letting p denote the natural projection p : A¥T*M — A* and setting D = p o d, we
define a sequence of differential operators

0— C®(AY L o~Al = T* M) 25 c~(4%) 2 . oA — 0. (2.11)

This is accomplished using only the fact that M has an Sp(1)GL(n, H)-structure; such
a manifold is called ‘almost quaternionic’. The following theorem of Salamon relates the
integrability of such a structure with the sequence of operators in (2.11):

Theorem 2.3.2 [S3, Theorem 4.1] An almost quaternionic manifold is quaternionic if
and only if (2.11) is a complez.

This theorem is analogous to the familiar result in complex geometry that an almost
complex structure on a manifold is integrable if and only if J =0.

2This is because every Sp(1)-representation V,, is generated by its highest weight spaces taken with
respect to all the different linear combinations of I, J and K. We will use such descriptions in detail in
later chapters, and find that they play a prominent role in quaternionic algebra.
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Chapter 3

A Double Complex on Quaternionic
Manifolds

Until now we have been discussing known material. In this chapter we present a discovery
which as far as the author can tell is new — a double complex of exterior forms on
quaternionic manifolds. We argue that this is the best quaternionic analogue of the
Dolbeault complex. The ‘top row’ of this double complex is exactly the complex (2.11)
discovered by Simon Salamon, which plays a similar role to that of the (k, 0)-forms on a
complex manifold.

The new double complex is obtained by simplifying the Bonan decomposition of
Equation (2.8). Instead of using the more complicated structure of A*T*M as an
Sp(1)GL(n, H)-module, we consider only the action of the Sp(1)-factor and decompose
AFT*M into irreducible Sp(1)-representations — a fairly easy process achieved by con-
sidering weights. The resulting decomposition gives rise to a double complex through
the Clebsch-Gordon formula, in particular the isomorphism V, @V, =2V, & V,_;. This
encourages us to define two ‘quaternionic Dolbeault’ operators D and D, and leads to
new cohomology groups on quaternionic manifolds.

The main geometric difference between this double complex and the Dolbeault com-
plex is that whilst the Dolbeault complex is a diamond, our double complex forms an
isosceles triangle, as if the diamond is ‘folded in half’. This is more like the decomposition
of realvalued forms on complex manifolds.

Determining where our double complex is elliptic has been far more difficult than for
the de Rham or Dolbeault complexes. The ellipticity properties of our double complex are
more similar to those of a real-valued version of the Dolbeault complex. Because of this
similarity, we shall begin with a discussion of real-valued forms on complex manifolds.

3.1 Real forms on Complex Manifolds

Let M be a complex manifold and let w € AP? = AP4)M. Then w € A?P, and so w + @
is a real-valued exterior form in (AP? @ A%P)g, where the subscript R denotes the fact
that we are talking about real forms. The space (AP? @ A?P)g is a real vector bundle
associated to the principal GL(n, C)-bundle defined by the complex structure. This gives
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a decomposition of real-valued exterior forms, !

[IES

k
MTM= P (A& A& A2 (3.1)
ptg=k
pP>q

The condition p > g ensures that we have no repetition. The bundle Aé’g only appears
when £ is even. It is its own conjugate and so naturally a real vector bundle associated
to the trivial representation of U(1).
Let w+ @ € (7@ Q¥P)g. Then dw + 0w € (P19 @ Q4P+, Call this operator
0@ 0. Then
dw+w)=(0®9)(w+)+ (00 9)(w+)

c (Qp+1,q fa Qq,erl)R o) (Qp,qﬂ D QquLp)R

When p=¢q,w=u,5 0®0=0®0 = d, and there is only one differential operator
acting on QPP. This gives the following double complex (where the real subscripts are
omitted for convenience).

Figure 3.1: The Real Dolbeault Complex

Q30 g Q03 e etc
0@ 0
0®0
QZ,O D QO,Q
090 0D 0
0®0
QL0 g Qo1 P2lgQlz e etc
/ /
0@ 0 0®0

Q0,0 — COO(M) Ql,l

Thus there is a double complex of real forms on a complex manifold, obtained by
decomposing A*T*M into subrepresentations of the action of u(1) = (I), induced from
the action on Ty M. This double complex is less well-behaved than its complex-valued
counterpart; in particular, it is not elliptic everywhere. We shall now show what this
means, and why it is significant.

Ellipticity

Whether or not a differential complex on a manifold is ‘elliptic’ is an important ques-
tion, with striking topological, algebraic and physical consequences. Examples of elliptic

!This decomposition is also given by Reyes-Carién [R, §3.1], who calls the bundle (AP? & A9P)g
[[AP]].
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complexes include the de Rham and Dolbeault complexes. A thorough description of
elliptic operators and elliptic complexes can be found in [W, Chapter 5].

Let E and F' be vector bundles over M, and let ® : C*°(E) — C*°(F) be a differential
operator. (We will be working with first-order operators, and so will only describe this
case.) At every point x € M and for every nonzero & € T M, we define a linear map
oo(x,§) . B, — F, called the principal symbol of ®, as follows. Let ¢ € C*(F) with
€(r) =e, and let f € C®°(M) with f(z) =0, df(z) =& Then

ae(z,§)e = O(fe)lo-

In coordinates, o is often found by replacmg the operator 575 with exterior multiplication
by a cotangent vector & dual to W For example, for the exterior differential d :
QF (M) — QFY(M) we have o4(z,&)w = w A €. The operator @ is said to be elliptic at
x € M if the symbol o4 (z,€) : E, — F, is an isomorphism for all nonzero £ € T M.

A complex 0 2% C=(Ey) 2% C=(E;) 22 C(By) = s, 2 0%(B,) Tt g i

said to be elliptic at F; if the symbol sequence F;_; T, E; i} E;.q is exact for all

& €Ty M and for all x € M. The link between these two forms of ellipticity is as follows.
If we have a metric on each E; then we can define a formal adjoint ®; : E; — E;_;.
Linear algebra reveals that the complex is elliptic at E; if and only if the Laplacian
Q7P + ®;_;PF , is an elliptic operator.

One important implication of this is that an elliptic complex on a compact manifold
has finite-dimensional cohomology groups W, Theorem 5.2, p. 147]. Whether a complex
yields interesting cohomological information is in this way directly related to whether or
not the complex is elliptic. The following Proposition answers this question for the real
Dolbeault complex.

B

Proposition 3.1.1 For p > 0, the upward complex

0 s PP , QPHLe oy Qpptl L QPF2P gy QpPt2

is elliptic everywhere except at the first two spaces QPP and QPP @ QPP+l
For p =0, the ‘leading edge’ complex

0— Q%W — e — g0 —

is elliptic everywhere except at Q% @ QO = QY (M).

Proof. When p > q + 1, we have short sequences of the form

Qpr—1La 9, QP 9, Qpt+la

DS &) &) (3.2)

9 E]

Qer—1 2, Qar _Z, Qept+l

Each such sequence is (a real subspace of) the direct sum of two elliptic sequences, and
so is elliptic. Thus we have ellipticity at QP9 @ Q%P whenever p > q + 2.
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This leaves us to consider the case when p = ¢, and the sequence

7]

} Qrrle 2, QP22 ete.
0 —s QPP N D - @ (3.3)
B e+l 9L 22 L e

This fails to be elliptic. An easy and instructive way to see this is to consider the simplest
4-dimensional example M = C2.

Let €, e' = I(e%), € and € = I(e?) form a basis for T*C* = C?, and let %
denote e® Aeb A...etc. Then I(e") =% — el =0, so € € AL, The map from Ab!
to A% @ A2 is just the exterior differential d. Since o4(z,e%)(e’!) = e A e’ =0 the
symbol map o4 : Ab — A% @ AM? is not injective, so the symbol sequence is not exact
at AbL

Consider also e'** € A*! @ A2, Then o,.5(x,€”)(e'**) = 0, since there is no bundle
A3t @ AY3. But €' has no e’factor, so is not the image under o4(z,e?) of any form
a € AbL. Thus the symbol sequence fails to be exact at At @ AL2,

It is a simple matter to extend these counterexamples to higher dimensions and higher
exterior powers. For k£ = 0, the situation is different. It is easy to show that the complex

0 — C°(M) -5 Q0@ Q0L 282 020 002 e

is elliptic everywhere except at (Q50 @ Q%1). |

This last sequence is given particular attention by Reyes-Carién [R, Lemma 2]. He
shows that, when M is Kéhler, ellipticity can be regained by adding the space (w) to
the bundle A?° @ A%2 where w is the real Kahler (1,1)-form.

The Real Dolbeault complex is thus elliptic except at the bottom of the isosceles
triangle of spaces. Here the projection from d(27?) to QPTLP @ QPP is the identity,
and arguments based upon non-trivial projection maps no longer apply. We shall see
that this situation is closely akin to that of differential forms on quaternionic manifolds,
and that techniques motivated by this example yield similar results.

3.2 Construction of the Double Complex

Let M*" be a quaternionic manifold. Then T:M = V; @ E as an Sp(1)GL(n,H)-
representation for all z € M. Suppose we consider just the action of the Sp(1)-factor.
Then the (complexified) cotangent space effectively takes the form V; ® C*" = 2nVj.
Thus the Sp(1)-action on A*T™M is given by the representation A¥(2nV}).

To work out the irreducible decomposition of this representation we compute the
weight space decomposition of A¥(2nV}) from that of 2nVi. 2 With respect to the
action of a particular subgroup U(1), C Sp(1), the representation 2nV; has weights
+1 and —1, each occuring with multiplicity 2n. The weights of A*(2nV}) are the k-
wise distinct sums of these. Each weight 7 in A¥(2nV}) must therefore be a sum of p
occurences of the weight ‘+1’ and p —r occurences of the weight ‘—1’, where 2p—r =k

2This process for calculating the weights of tensor, symmetric and exterior powers is a standard
technique in representation theory — see for example [FH, §11.2].
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and 0 < p <k (from which it follows immediately that —k < r < k and r = k mod 2).
The number of ways to choose the p ‘+17 weights is (2;), and the number of ways

to choose the (p —r) ‘—1" weights is (pQ_"T), so the multiplicity of the weight r in the

Mult(r) = (,%n) (3;)

For r > 0, consider the difference Mult(r)—Mult(r+2). This is the number of weight
spaces of weight r which do not have any corresponding weight space of weight r + 2.
Each such weight space must therefore be the highest weight space in an irreducible
subrepresentation V,, C A¥T*M, from which it follows that the number of irreducibles
V, in A*(2n1}) is equal to Mult(r)—Mult(r + 2). This demonstrates the following
Proposition:

representation A*(2nV}) is

Proposition 3.2.1 Let M*" be a hypercomplex manifold. The decomposition into irre-
ducibles of the induced representation of Sp(1) on A¥T*M is

k
o 2n 2n 2n 2n
r=0 2 2 2 2

where r = k mod 2.

We will not always write the condition r» = k mod 2, assuming that (z’) =0ifq ¢ Z.

Definition 3.2.2 Let M*" be a quaternionic manifold. Define the coefficient

n 2n 2n 2n 2n
€k — k+r k—r | 7\ k+r+2 k—r—2 |
2 2 2 2

and let Ej, be the vector bundle associated to the Sp(1)-representation €y Vi With
this notation Proposition 3.2.1 is written

k k
NT*M = Pe, Vi = P Er
r=0 r=0

Our most important result is that this decomposition gives rise to a double complex
of differential forms and operators on a quaternionic manifold.

Theorem 3.2.3 The exterior derivative d maps C®(M, Ey,) to C®°(M, Exi1,41 D
Ek+1,r71>-

Proof. Let V be a torsion-free linear connection on M preserving the quaternionic
structure. Then V : C*(M, Ey,) — C®(M, Ey, ® T*M). As Sp(l)-representations,
this is

V:C®(M, e, V) — C®(M, e, V, @ 2nV7).
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Using the Clebsch-Gordon formula we have €}, V,®2nV; & 2neg . (V,41©V,-1). Thus the
image of Ej, under V is contained in the V,;; and V,_; summands of AFT*M @ T*M.

Since V is torsion-free, d = Ao V, so d maps (sections of) Ej, to the V,4; and V,_4
summands of A¥'T*M. Thus d : C*®°(M, Ey,) — C®°(M, Exs1.,41 D Epy10-1). [ |

This allows us to split the exterior differential d into two ‘quaternionic Dolbeault
operators’.

Definition 3.2.4 Let 7, be the natural projection from ART* M onto Ej . Define the
operators

D: Coo(Ek,'r> - COO(Ek—I—l,r—l-l)

? : Coo(Ek,r> - OOO(-Ek—l—l,'r—l)
D= Tk+1,74+1 © d D

= Tg41,7—1 © d.

and (3.4)

Theorem 3.2.3 is equivalent to the following:
Proposition 3.2.5 On a quaternionic manifold M, we have d = D + D, and so

D2=DD+DD=D =0.

Proof. The first equation is equivalent to Theorem 3.2.3. The rest follows immediately
from decomposing the equation d? = 0. [ |

Figure 3.2: The Double Complex

000(33’3) ...... etc
% \
D
C>®(Esy2)
D
COO(ELl = T*M) OO(E31) ...... etc
D D

Here is our quaternionic analogue of the Dolbeault complex. There are strong sim-
ilarities between this and the Real Dolbeault complex (Figure 3.1). Again, instead of
a diamond as in the Dolbeault complex, the quaternionic version only extends upwards
to form an isosceles triangle. This is essentially because there is one irreducible U(1)-
representation for each integer, whereas there is one irreducible Sp(1)-representation only
for each nonnegative integer. Note that this is a decomposition of real as well as complex
differential forms; the operators D and D map real forms to real forms.
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By definition, the bundle Ey , is the bundle A* of (2.9) — they are both the subbundle
of A¥T* M which includes all Sp(1)-representations of the form Vj. Thus the leading edge
of the double complex

0 — C™(Eop) — C™(Fyy) — C®(Fya) — ... 5 C™(Fapan) — 0

is precisely the complex (2.11) discovered by Salamon.

Example 3.2.6 Four Dimensions

This double complex is already very well-known and understood in four dimensions.
Here there is a splitting only in the middle dimension, A?T*M = V, ® 3V,. Let I, J
and K be local almost complex structures at x € M, and let €® € T M. Let e! = I(e?),
e? = J(e) and €* = K(e"). In this way we obtain a basis {€°,... e} for TXM = H.
Using the notation €% = ¢e? A ef A €* A .. .etc., define the 2-forms

wi=e"teB W=+ wi=e" 4l (3.5)

Then I, J and K all act trivially * on the w;, so Eyo = (wi,wy,wy). The action of

sp(1) on the w;-“ is given by the multiplication table

Iwh) = 0 W) = 2w Il = —2uf
J(w) = —2w5 Jwy) = 0 J(wy) = 2w (3.6)
K(w) = 2wf Kwy) = —2wf Kwf) = 0.

These are the relations of the irreducible sp(1)-representation V3, and we see that Ey o =

(wi',wy', wy).

These bundles will be familiar to most readers: Ej,, is the bundle of self-dual 2-
forms A% and E,j is the bundle of anti-self-dual 2-forms A%. The celebrated splitting
A*T*M = A3 @ A? is an invariant of the conformal class of any Riemannian 4-manifold,
and I? + J? + K% = —4(x + 1), where * : A¥T*M — A*=*T*M is the Hodge star map.

This also serves to illustrate why in four dimensions we make the definition that
a quaternionic manifold is a self-dual conformal manifold. The relationship between
quaternionic, almost complex and Riemannian structures in four dimensions is described
in more detail in [S4, Chapter 7], a classic reference being [AHS].

Because there is no suitable quaternionic version of holomorphic coordinates, there is
no ‘nice’ co-ordinate expression for a typical section of C*°(Ej,,). In order to determine
the decomposition of a differential form, the simplest way the author has found is to use
the Casimir operator C = I? + J? + K?. Consider a k-form «. Then « € FEj, if and
only if (I? + J?> + K?)(a) = —r(r + 2)a. This mechanism also allows us to work out
expressions for D and D acting on a.

Lemma 3.2.7 Let a € C*(E},). Then

1 _ e e 2
Da = 4((7‘ 1>+7’+1(I +J —i—K))da

3We are assuming throughout that uppercase operators like I, J and K are acting as elements of a
Lie algebra, not a Lie group. This makes no difference on T*M but is important on the exterior powers
A*T*M. In particular, for & # 1 we no longer expect I? = J? = K? = —1, and by ‘act trivially’ we
mean ‘annihilate’.
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and

1 L oo 2
Da—4 <<T+3)+7‘+1(I +J —|—K)) da.

Proof. We have da = Da + Da, where Da € Ejy 1,41 and Da € Ejy 1, 1. Applying the
Casimir operator gives

(I* 4+ J?* + K?)(da) = —(r + 1)(r + 3)Da — (r + 1)(r — 1)Da.

Rearranging these equations gives Da and Da. [

Writing Dy, for the particular map D : C*®(Ey,) — C°(Ekt1,41), we define the
quaternionic cohomology groups

Ker(Dy.
() = o)

= B (3.7)

3.3 Ellipticity and the Double Complex

In this section we shall determine where our double complex is elliptic and where it is
not. It turns out that we have ellipticity everywhere except on the bottom two rows of
the complex. This is exactly like the real Dolbeault complex of Figure 3.1, and though
it is more difficult to prove for the quaternionic version, the guiding principles which
determine where the two double complexes are elliptic are very much the same in both
cases.

Here is the main result of this section:

Theorem 3.3.1 For 2k > 4, the complex

D D D D D
0 — Eoro — Fopr11 — Fopqoo — ... — Fopyponi — 0

is elliptic everywhere except at Eapo and Eagy1.1, where it is not elliptic.
For k =1 the complex is elliptic everywhere except at Es 1, where it is not elliptic.
For k =0 the complex s elliptic everywhere.

The rest of this section provides a proof of this Theorem. Note the strong similarity
between this Theorem and Proposition 3.1.1, the analogous result for the Real Dolbeault
complex. Again, it is the isosceles triangle as opposed to diamond shape which causes
ellipticity to fail for the bottom row, because d = D on FEy; o and the projection from
d(COO(EQk,(])) to COO(EQkJrLl) is the identity.

On a complex manifold M?" with holomorphic coordinates z’, the exterior forms
dz A ... ANdz% ANdZ™ A ... A dz% span AP4. This allows us to decompose any form
w € APY making it much easier to write down the kernels and images of maps which
involve exterior multiplication. On a quaternionic manifold M*" there is unfortunately no
easy way to write down a local frame for the bundle E}, ,., because there is no quaternionic
version of ‘holomorphic coordinates’. However, we can decompose L}, just enough to
enable us to prove Theorem 3.3.1.
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A principal observation is that since ellipticity is a local property, we can work on H"
without loss of generality. Secondly, since GL(n,H) acts transitively on H" \ {0}, if the
symbol sequence ... 7, Ey, 7, Eii141 70, is exact for any nonzero e € T*H"
then it is exact for all nonzero & € T*H". To prove Theorem 3.3.1, we choose one such
¢ and analyse the spaces Ej, accordingly.

3.3.1 Decomposition of the Spaces L,

Let € € T*H" = H" and let (I, J, K) be the standard hypercomplex structure on H". As
in Example 3.2.6, define e! = I(e%), e? = J(e%) and €3 = K(eY), so that (€°, ..., e3) = H.
In this way we single out a particular copy of H which we call Hy, obtaining a (nonnatural)
splitting T*H"™ = H" ' @ H which is preserved by action of the hypercomplex structure.
This induces the decomposition AFH"™ = @?:0 AFTH" ! @ AMH,, which decomposes each
Ey.,. C A*H" according to how many differentials in the Hy-direction are present.

Definition 3.3.2 Define the space E,lw to be the subspace of E}, consisting of exterior
forms with precisely [ differentials in the Hy-direction, i.e.

E},, = Ep, 0 (AH @ A'Hy).

Then E,lw is preserved by the induced action of the hypercomplex structure on AFH".
Thus we obtain an invariant decomposition Ey, = E}) . ® E; @ E}, @ E} , & E}.,.. Note
that we can identify EJ  on H" with £, on H"™".

(Throughout the rest of this section, juxtaposition of exterior forms will denote ex-
terior multiplication, for example ae” means a A €.)

We can decompose these summands still further. Consider, for example, the bun-
dle Ej,. An exterior form a € Ej, is of the form age’ + aje' + aze® 4 aze®, where
a; € A*TH""!. Thus a is an element of A*TH""! ® 2V}, since Hy = 2V; as an sp(1)-
representation. Since « is in a copy of the representation V., it follows from the isomor-
phism V, ® Vi = V.11 © V,_; that the a; must be in a combination of V,;; and V,_;
representations, i.e. o; € Ep_, ., ® E_,,_,. We write

a=a"+a = (af +a5)e’ + (af +ai)e' + (af +a5)e* + (af + az)e’,

where of € E}_| ., and o € E) | ;.
The following Lemma allows us to consider at and a~ separately.

Lemma 3.3.3 Ifa=a" +a~ € E;, then both a* and o~ must be in Ey,.

Proof. In terms of representations, the situation is of the form
(Vo1 ® Vr1) © 2V 2 20(Vrs2 & V) @ 20(V; & Via),

where o™ € pV,41 and = € ¢V,_;. For a to be in the representation 2(p + q)V;,
its components in the representations 2pV,.o and 2¢V,_o must both vanish separately.
The component in 2pV,, o comes entirely from a*, so for this to vanish we must have
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at € 2(p+ q)V, independently of a~. Similarly, for the component in 2¢V,_5 to vanish,
we must have a~ € 2(p+ q)V,. [

Thus we decompose the space E,i’r into two summands, one coming from E,gfufl ®
2V; and one from E}_, ., ®2Vi. We extend this decomposition to the cases | = 0,2, 3,4,
defining the following notation.

Definition 3.3.4 Define the bundle E,iT to be the subbundle of E,lw arising from
V,.-type representations in A*'H"'. In other words,

Ek (Eklm@)AHO)ﬁEkr

r

To recapitulate: for the space E,iT, the bottom left index £ refers to the exterior
power of the form o € A¥H"; the bottom right index 7 refers to the irreducible Sp(1)-
representation in which « lies; the top left index [ refers to the number of differentials in
the Hy-direction and the top right index m refers to the irreducible Sp(1)-representation
of the contributions from A*~*H""! before wedging with forms in the Hy-direction. This
may appear slightly fiddly: it becomes rather simpler when we consider the specific
splittings which Definition 3.3.4 allows us to write down.

Lemma 3.3.5 Let E,iT be as above. We have the following decompositions:
BB EL=ETeBIT B =B oEo B

3 _ 3+l 37‘ 1 4 ppar
By, =Ly ©E; and Ey, =L,

\T

Proof. The first isomorphism is trivial, as is the last (since the hypercomplex structure
acts trivially on A*Hj). The second isomorphism is Lemma 3.3.3, and the fourth follows
in exactly the same way since A’H, = 2V} also. The middle isomorphism follows a
similar argument. i

Recall the self-dual forms and anti-self-dual forms in Example 3.2.6. The bundle E2 "
splits according to whether its contribution from A%H] is self-dual or anti-self-dual. We
will call these summands Ek7:+ and Ek,r_ respectively, so E2T = E,f e E2 .

3.3.2 Lie in conditions

We have analysed the bundle Ej, into a number of different subbundles. We now
determine when a particular exterior form lies in one of these subbundles. Consider
a form o = ape®*e 4 apeltte 4 ete. where o € E}_,,. For a to lie in one of the

spaces E,’ > the a; will usually have to satisfy some simultaneous equations. Since these
are the Condltlons for a form to lie in a particular Lie algebra representation, we will
refer to such equations as ‘Lie in conditions’.

To begin with, we mention three trivial Lie in conditions. Let o € E} .. That a € Eg:

is obvious, as is ae?3 € Ek > since wedging with %123 has no effect on the sp(1)-action.
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Likewise, the sp(1)-action on the anti-self-dual 2-forms w; = €% — €23, w, = €% — ¢3!
and wy = €% — ' is trivial, so aw; € E,f:f for all j = 1,2, 3.

This leaves the following three situations: those arising from taking exterior products
with 1-forms, 3-forms and the self-dual 2-forms w;-“. As usual when we want to know

which representation an exterior form is in, we apply the Casimir operator.

The cases [=1and [ =3

Let a; € Ef,. Then o = age’ + aze! + aze® + aze® € By, ® Eyfy,_y, and o is
entirely in Eliil,rﬂ if and only if (I?+ J?>+ K*)a = —(r+ 1)(r + 3)c.

By the usual (Leibniz) rule for a Lie algebra action on a tensor product, we have that
I*(aje?) = I*(ay)e? + 21 (aj)I(e?) + ajI?(e), etc. Thus

3
P+ Pt Ea = Y [(12 +J2 4 K¥)(a))e + (12 + J2 + K2)(e7) +
j=0

+ 2(I(a<>1(ej) +J () I (¢) + KW)KW)]

- <r+2>a—3a+2z( 0 1() + J(ay) () + K () K (e7) )

= (=r*=2r —3)a+2 <](040)61 —I(ay)e® + I(ag)e® — I(az)e*+
+J(v)e? — J(ay)e® — J(ag)e® + J(az)e'+

K (a0)e? + K(ay)e? — K (as)e! — K(a3>60).
(3.8)

For a € E,chl +1 we need this to be equal to —(r + 1)(r + 3)c, which is the case if and
only if

—ra = I(ag)e' — I(ay)e® + I(az)e® — I(as)e* + J(ag)e® — J(ay)e® — J(ag)e® + J(as)e!

+ K(ap)e® + K(ay)e* — K(az)e' — K(as)e.

Since the a; have no e/-factors and the action of I, J and K preserves this property,
this equation can only be satisfied if it holds for each of the e’-components separately.
We conclude that o € E;LJ,H if and only if g, a1, as and a3 satisfy the following Lie
in conditions: *

rog — I(Oél) J(Oéz) K(Oé3) =0
rag + I(ag) + J(ag) — K(ag) = 0 (3.9)
rag — I(as) + J(o) + K(ay) = 0 '
raz+ I(ag) — J(a1) + K(ag) = 0.

Suppose instead that o € Ek+1r 1 Then (I*+ J*+ K?)a = —( —1)(r+1)a. Putting

this alternative into Equation (3.8) gives the result that «a € Ek 1,1 if and only if

4Our interest in these conditions arises from a consideration of exterior forms, but the equations
describe sp(1)-representations in general: they are the conditions that « € V. ® V; must satisfy to be in
the V,.;1 subspace of V.11 @ V,_1 2V, ® V1. The other Lie in conditions have similar interpretations.
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<T+2)Oé0 —i—[(ozl) J(OQ) + K(ag) = 0

(r+2)aq — I(ag) — J(ag) + K(aw) 0 (3.10)
(r+ 2)0@ + I(az) — J(ap) — K(ay) 0 ’
(r+2)as —I(az) + J(aq) — K(ogg) = 0

_ 123 032 013 021 3,r 3,r :
Consider now o = age™” + aie’”* + aze’™ + asze € Ek+3 1 @ Ek+37r_1. Since
A3H, = Hy, the Lie in conditions are exactly the same: for a to be in Ekf;?) ++1 We need

the «; to satisfy Equations (3.9), and for « to be in Ezlh , we need the a; to satisfy
Equations (3.10).

The case [ =2

We have already noted that wedging a form § € E,gr with an anti-selt-dual 2-form w;
has no effect on the sp(1)-action, so fw; € Ek o~ Thus we only have to consider the
effect of wedging with the self-dual 2-forms (w;, w; ,wy ) &V, C A?Hy. By the Clebsch-
Gordon formula, the decomposition takes the form V, ® Vo = V..o & V. & V,_5. Thus
for 8 = fiw + fowy + Bsws we want to establish the Lie in conditions for 3 to be in
E;f’lz,rw Eil; and E2—:2 r—2

We calculate these Lie in conditions in a similar fashion to the previous cases, by con-
sidering the action of the Casimir operator I?+.J%+ K? on /3 and using the multiplication

table (3.6). The following Lie in conditions are then easy to deduce:

(r+4)8 = J(Bs) — K(5)
6 € Ek+2r+2 <~ (T+4)ﬁg = K(ﬁl) —](63) (311)
(r+4)s = I(B2) — J(Br).

261 = J(B3) — K(52)
Be E,ff;;r =< 20, = K(B)—1(Bs)
205 = I(B2) — J(B1).

2-7p = J(B3) — K(B)
BEE,, & 2= = K(B)~1(5) (3.13)
(2-7)8s = 1(B2) — J(B).

Equation 3.12 is particularly interesting. Since this equation singles out the
V,-representation in the direct sum V, o & V. & V, o, it must have dimV, = r + 1
linearly independent solutions. Let 3y € V,. and let 51 = I(By), B2 = J(6o), B3 = K(Bo)-
Using the Lie algebra relations 21 = [J, K| = JK — KJ, it is easy to see that (3, (5
and 3 satisfy Equation 3.12. Moreover, there are r + 1 linearly independent solutions
of this form (for r # 0). We conclude that all the solutions of Equation (3.12) take the

form 5 = 1(0o), P2 = J(Bo), B3 = K (o).

(3.12)

3.3.3 The Symbol Sequence and Proof of Theorem 3.3.1

We now describe the principal symbol of D, and examine its behaviour in the context
of the decompositions of Definition 3.3.2 and Lemma 3.3.5. This leads to a proof of
Theorem 3.3.1. First we obtain the principal symbol from the formula for D in Lemma
3.2.7 by replacing da with ae’.
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Proposition 3.3.6 Let v € H", " € T/H" and o € Ey,. The principal symbol
mapping op(z,€®) : By, — Ejy1,41 is given by

op(r,e?)(a) = (r+2)ae’ — I(a)e' — J(a)e* — K(a)e?).

20+ |

Proof. Replacing do with ae® in the formula for D obtained in Lemma 3.2.7, we have

op(z,e”)(a) = —%((r—l)—i—ﬁ(ﬁ—l—ﬁ—i—f@))a@o
_ ﬁ[((r—l)(r+l)—r(r+2)—3)a60

+2 (I(a)e' + J(a)e® + K(a)e?) }

B z<r—l+1>(<7" +2)ae’ — I(a)e! = J(a)e? — K(a)e),
as required. [

Corollary 3.3.7 The principal symbol op(z,e) maps the space E,QT to the space

+1,m
Ek+1,r+1‘

Proof. We already know that op : By, — Ejt1,41, by definition. Using Lemma 3.3.6,
we see that op(z,e?) increases the number of differentials in the Hy-direction by one, so
the index [ increases by one. The only action in the other directions is the sp(1)-action,
which preserves the irreducible decomposition of the contribution from A*~*H"!, so the
index m remains the same. [

(To save space we shall use o as an abbreviation for op(z,e°) for the rest of this
section.)
The point of all this work on decomposition now becomes apparent. Since o : E}w —

E,lcflr +1, we can reduce the (somewhat indefinite) symbol sequence

g g g ag
L Ek—l,r—l — Ekﬂ« — E/H-l,?”-i-l — ... elc.
to the H-space sequence
o 0 4 1 o 2 o 3 o 4 4
0 Ek—?,’r—2 Ek:—l,r—l Ek,r Ek+17r+1 Ek+2,r+2 0. (314)

Using Lemma 3.3.5 as well, we can analyse this sequence still further according to the
different (top right) m-indices, obtaining three short sequences (for k > 2, k = r mod 2)

2,r+2 3,r+2 4,r+2
0 - Ek,r - Ek+1,r+1 - Ek+2,r+2 — 0
©® ©®
1,r 2,r 3,r
0 - Ek—l,r—l - Ek,r - Ek+1,r+1 - 0
s> S¥)
0,r—2 1,r—2 2,r—2
0 — By, o — Ekq,r 1 Ek,r - 0
(3.15)



This reduces the problem of determining where the operator D is elliptic to the problem
of determining when these three sequences are exact.

For a sequence 0 — A — B — (' — 0 to be exact, it is necessary that dim A —
dim B + dim C' = 0. Given this condition, if the sequence is exact at any two out of A,
B and C'it is exact at the third. We shall show that for » # 0 this dimension sum does
equal zero.

Lemma 3.3.8 Forr > 0, each of the sequences in (3.15) satisfies the dimension condi-
tion above, i.e. the alternating sum of the dimensions vanishes.

Proof. Let r > 0. We calculate the dimensions of the spaces E,i:'f for [l =0,...,4. Recall
the notation Ej, = €.V, from Definition 3.2.2. It is clear that dim E}) . = (7“ + ep,

. .. _ . 0.r—2

since B on H" is sunply By, on H"'. Thus dimE)",> , = (r — 1)e}= 2y_s and
. 4,r+2

dim By = (r+ 3)er s 2,742

The cases a = 1 and a = 3 are easy to work out since they are of the form EO , @2V,
For a = 1, we have dim E,i = = 2rep 5, o and dim El’r =2, For a =3,

dim Eg; 1 = 2(r +2)e57, 2, and dim E2£T§+1 =2(r +2)e; 7, 2

The case a = 2 is shghtly more complicated, as we have to take into account exterior
products With the self-dual 2-forms V5 and anti-self-dual 2-forms 3V; in A2H,. The spaces
E,i 72 and E ~2 receive contributions only from the self-dual part V2, from which we

infer that dim Ez;“ = (r+1)e25,, and dim EZ::_2 = (r+ 1), 2r o Finally, the

space E2"* has dimension (r+1)e?~}  and the space E>"~ has dimension 3(r—+1)e?"} |
k,r k—2,r k,r k— 2r

giving Ez a total dimension of 4(r + 1)e}—; -
It is now a simple matter to verify that for the top sequence of (3.15)

g (T +1=2(r+2)+r+3)=0,
for the middle sequence
62:577"(27’ —4(r+1)+2(r+2)) =0,
and for the bottom sequence
eZ:;r_z(r —1=2r+r+1)=0.

The case r = 0 is different. Here the bottom sequence of (3.15) disappears altogether,
the top sequence still being exact. Exactness is lost in the middle sequence. Since the
isomorphism 62:570‘/0 RV, = EZ:% oV gives no trivial Vj-representations, there is no space

2 2,0 . .
Ek’8+. Thus Ek’g is ‘too small’ — we are left with a sequence

0— 362:;70% E— 262:;70‘/1 - 07

which cannot be exact. (As there is no space Eg}o, this problem does not arise for the
leading edge 0 — Eyg — E11 — ... etc.)
We are finally in a position to prove Theorem 3.3.1, which now follows from:
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Proposition 3.3.9 When r # 0, the three sequences of (3.15) are exact.

: O 242 0 3042 0 rdgrd2
Proof. Consider first the top sequence 0 — E* " — Ejn 0 — By,

The Clebsch-Gordon formula shows that there are no spaces E}? | or E, ;2. Thus

— 0.

D =0on E,f:;“ and EX72  so D = d for the top sequence. It is easy to check using

k+1,r+1>
.. s 0. r2,r+2 3,r+2
the relevant Lie in conditions that the map Ae” : Ep " — Epr 0

0. 3,r+2 4,742 : . .
map Ae” : By — By 1S surjective.
To show exactness at E} ,, ,, consider & = ape® + aje! + ane? +aze® € B} | . A

calculation using Proposition 3.3.6 shows that

is injective and the

ola) = 2_17" ((7“041 + I(ap))e'® + (rag + J(ag))e® + (ras + K(ag))e*+ (3.16)
+ (201 — J(a3) + K(02))e*? + (20 — K(ay) + I(as))e® + (2as — (o) + K(al))ezl) :

Since the «; have no e’-components, o(a) = 0 if and only if all these components
vanish. This occurs if and only if a; = —2I(a), as = —+J(ap), a3 = =LK () (since
as remarked in Section 3.3.1 these equations also guarantee that 2aq —J(a3)+ K (o) =0
etc.), in which case it is clear that

a(a):0<:>a:0<Ma0>.

r

This shows that the sequence E} , _, — E; ,, ; — E}  is exact. Restricting to
E,iflﬂ_l and E,if;ffl, we see that exactness holds at these spaces in the middle and
bottom sequences respectively of (3.15).

Consider a € EY_,,_,. Then

o(a) = ﬁ (rae” — I(a)e' — J(a)e* — K(a)e?).

: . : : . 0,r—2
Since these are linearly independent, o(«) = 0 if and only if « =0, and o : E;", . , —
1,r—2 Ce . . 0,r—2 o 1,r—2 o
E," ., is injective. Hence the bottom sequence 0 — E",0 , — £ 0 —

27— .
E; " — 0 is exact.

Finally, we show that the middle sequence 0 — E,ifl . AN E,f: AN O —

k+1,r+1

0 is exact at Ei:, which is now sufficient to show that the sequence is exact.
Let 8 = fiw;y + fows + fswq € E,zfr Recall the Lie in condition (3.12) that (
must take the form § = 2 (I(Bo)wi” + J(Bo)ws + K(Bo)wq ) for some [y € Ef_,,. (The
%—factor makes no difference here and is useful for cancellations.) Thus a general element

of Eg: is of the form

1 _ _ _
B+v= - (I(Bo)wi + J(Bo)ws + K(Bo)ws ) +mwi + yawy + w3
for By, 7; € E,sz,r. A similar calculation to that of (3.16) shows that

r+2)
r+2)71 — 1(Bo
)
)

(
o(f+7) =0« 27’4‘2
(

N AN AN
)
[

— — —
I

o O O O



But this is exactly the Lie in condition (3.10) which we need for Fye® + vyie! +y9e? + y3e3
to be in Elifu—p in which case we have

B+v=0(2(80€’ + 7€' +72e” +73¢%)) .

This demonstrates exactness at EZ: and so the middle sequence is exact. [

As a counterexample for the case 7 = 0 and k > 4, consider a € E{_,,. Then
ae1? ¢ Eﬁ:g and o(ae’®) =0, 80 0 : Eyo — Eky11 18 not injective, which is exactly
the same as saying that the symbol sequence is not exact at Ejo. It is easy to see
that this counterexample does not arise when k£ = 0 or 2, and to show that the maps
o:FEyg— FEi; and o: Eyg — FEs; are injective.

As a counterexample for the case 7 = 1 and k > 2, consider o € E{_,,. Then

ae'® € B2, and ae'® A e® € Ef, . Thus o(ae'®) = 0. Since ae'® has no e’-
components at all it is clear that ae'® # ¢(3) for any § € Ef,. Thus the symbol
sequence fails to be exact at Eji1;:. Again, it is easy to see that this counterexample
does not arise when k& = 0, and to show that the sequence FEjjq AN Eqq AN Eyo s
exact at b ;.

This concludes our proof of Theorem 3.3.1.

3.4 Quaternion-valued forms on Hypercomplex Man-
ifolds

Let M be a hypercomplex manifold. Then M has a triple (I, J, K) of complex structures
which we can identify globally with the imaginary quaternions. Thus we have globally
defined operators which generate the sp(1)-action on A¥T*M.

Consider also the quaternions themselves. Equation (2.6) describes the
Sp(1)GL(n, H)-representation on H" as V; ® E. In the case n = 1 this reduces to
the representation

H=V W, (3.17)

where we can interpret the left-hand copy of V; as the left-action (p,q) — pq, and the
right-hand copy of V; as the right-action (p,q) — ¢qp~', for ¢ € H and p € Sp(1).

We can now use our globally defined hypercomplex structure to combine the Sp(1)-
actions on H and A¥T*M. This motivates a thorough investigation of quaternion-valued
forms on hypercomplex manifolds. Consider, for example, quaternion-valued exterior
forms in the bundle Ej, = ¢ .V;. The Sp(1)-action on these forms is described by the
representation

H® B, =2VioV® 6277«‘/;-

Leaving the left H-action untouched, we consider the effect of the right H-action and the
hypercomplex structure simultaneously. This amounts to applying the operators

T:a— I(a)— aiy, Ja— J(a) — iy and K:a— K(a)— ais

to a € H® Ej,. Under this diagonal action the tensor product V; ® GZJ‘/T splits, giving
the representation
H® By, 2Vi@e,(Vigr ©Vioy). (3.18)
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Each of these summands inherits the structure of a left H-module from the left-action
V1, which is not affected by our splitting.

This situation mirrors our discussion of real and complex forms on complex mani-
folds. There is a decomposition of real-valued forms, which is taken further when we
consider complex-valued forms. In the same way, considering quaternion-valued forms
on a hypercomplex manifold allows us to take our decomposition further.

This point of view turns out to be very fruitful. It will, over the next few chapters,
lead to quaternionic analogues of holomorphic functions and k-forms, the holomorphic
tangent and cotangent spaces, and complex Lie groups and Lie algebras.

The algebraic foundation for this geometry lies in considering objects like our left
H-modules in Equation (3.18). Each of the summands V; ® GZVT‘/;nil is a left H-module
which arises as a submodule of H® Ej, = (r + 1)e; H". Thus each summand is an
H-linear submodule of H". In the next chapter we will introduce a new algebraic theory
which is based upon such objects.
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Chapter 4

Developments in Quaternionic
Algebra

This chapter describes an algebraic theory which will be central to our description of
hypercomplex geometry. The theory is that of my supervisor, Dominic Joyce, and is
presented in [J1]. The basic objects of study are H-submodules U of H ® R". Joyce
shows that the inclusion (y : U — H" is determined up to isomorphism by the H-
module structure of U and the choice of a real vector subspace U’ C U satisfying a
certain condition. The pair (U,U’) is an augmented H-module, or AH-module.

The most important discovery in [J1] is a canonical tensor product for AH-modules
with interesting properties. (Recall from Section 1.3 that the most obvious definitions of
a tensor product over the quaternions are not especially fruitful.) For two AH-modules
U cC H" and V C H", we can define a unique AH-module U®yxV C H™" . The
operation ‘ ®y ~ will be called the quaternionic tensor product. It has similar properties
to the tensor product over a commuting field; for example it is both associative and
commutative. This allows us to develop the algebra of AH-modules as a parallel to that
of vector spaces over R or C. This analogy is particularly strong for certain well-behaved
AH-modules which will be called stable AH-modules.

There are other algebraic operations which are equivalent to Joyce’s quaternionic ten-
sor product. A sheaf-theoretic point of view is presented by Quillen [Q], in which he dis-
covers a contravariant equivalence of tensor categories between AH-modules and regular
sheaves on a real form of CP'. This allows us to classify all AH-modules and determine
their tensor products. In the next chapter, we will see that the most important classes of
AH-modules are conveniently described and manipulated using Sp(1)-representations.

4.1 The Quaternionic Algebra of Joyce

The following is a summary of parts of Joyce’s theory of quaternionic algebra. The
interested reader should consult [J1] for more details and proofs.

4.1.1 AH-Modules

We begin by defining H-modules and their dual spaces. A (left) H-module is a real vector
space U with an action of H on the left which we write as (q,u) — ¢ -u or qu, such
that p(q(u)) = (pg)(u) for p,q € H and v € U. For our purposes, all H-modules will
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be left H-modules. By dimU we will always mean the dimension of U as a real vector
space, even if U is an H-module.

We write U* for the dual vector space of U. If U is an H-module we also define the
dual H-module U* of linear maps « : U — H that satisfy a(qu) = ga(u) for all ¢ € H
and u € U. If ¢ € H and o € U*, define ¢-a by (¢-a)(u) = a(u)g for u € U. Then
q-a € U* and U is a (left) H-module. Dual H-modules behave just like dual vector
spaces.

Definition 4.1.1 [J1, Definition 2.2] Let U be an H-module. Let U’ be a real vector
subspace of U. Define a real vector subspace UT of U* by

Ul={acU*:afu)clforalluecU'}. (4.1)
Conversely, UT determines U’ (at least for finite-dimensional U) by
U ={ueU:a(u)elforall a €U} (4.2)

An augmented H-module, or AH-module, is a pair (U, U’) such that if u € U and a(u) = 0
for all @ € UT, then v = 0. We consider H to be an AH-module, with H' = I. AH-
modules should be thought of as the quaternionic analogues of real vector spaces.

Usually we will refer to U itself as an AH-module, assuming that U’ is also given. If we
consider only the real part Re(a(u)) (for u € U and a € U*), we can interpret U* as
the dual of U as a real vector space, and then UT is the annihilator of U’. Thus if U is
finite-dimensional, dim U’ + dimU' = dimU = dimU* and an isomorphism U = U*
determines an isomorphism U/U’ = UT.

Let U be an AH-module and let u,v € U such that a(u) = a(v) for all a € UT.
Then since « is a linear map we have a(u —v) = 0 for all & € U and it follows from
Definition 4.1.1 that v = v. Thus U is an AH-module if and only if each v € U is
uniquely determined by the values of a(u) for a € UT. In effect, the definition of an AH-
module demands that U’ should not be too large. Definition 4.1.1 demands for any u € U,
its H-linear span H - u should not be entirely contained in U’ so dim(U'NH - u) < 3.

If V is an AH-module, we say that U is an AH-submodule of V' if U is an H-submodule
of V.and U’ = UNV’. As UT is the restriction of VT to U, if a(u) = 0 for all « € UT then
u =0, so U is an AH-module. Define W to be the quotient H-module V/U and define
W’ to be the real subspace (V' +U)/U of W. We would like to define (W, W’) to be
the quotient AH-module V//U. However, there is a catch: W may not be an AH-module,
as the condition in Definition 4.1.1 may not be satisfied.

Example 4.1.2 [J1, Definition 6.1] Let Y € H? be the set Y = {(q1,¢2,43) : quiy +
Q2is + q3iz = 0}. Then Y = H? is a left H-module. Define a real subspace Y’ =Y NI
so Y = {(q¢1,¢2,¢3) : ¢ € I and qi1 + @iz + g3i3 = 0}. Then dimY = 8 and
dimY’ = 5.

Let v:Y — H, v(q1,42,q3) = 111 + i2g2 + i3q3. Then im(v) =1 and ker(v) =Y.
Since Y/Y’ 2 (YT)* v induces an isomorphism (YT)* =1 V.

Here is the natural concept of linear map between AH-modules:

Definition 4.1.3 Let U,V be AH-modules and let ¢ : U — V be H-linear. We say
that ¢ is an AH-morphism if ¢(U’) C V'. If ¢ is also an isomorphism of H-modules we
say ¢ is an AH-isomorphism.
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One obvious question is whether we can classify AH-modules up to AH-isomorphism.
Real and complex vector spaces are classified by dimension, but clearly this is not true
for AH-modules, as there are several choices of U’ for each H-module U = H". We will
return to this question in some detail later.

We note the following points:

e lf p: U — Vand v : V — W are AH-morphisms, then ¥ o¢ : U — W is an
AH-morphism.

e Let U,V be AH-modules and ¢ : U — V an AH-morphism. Define an H-linear
map ¢* : V* — U* by ¢*(8)(u) = B(p(u)) for § € V* and uw € U. Then
¢(U') C V' implies that ¢*(VT) C UT.

e Let U be an AH-module. Then H®(UT)* is an H-module, with H-action p-(q®x) =
(pq) @ z. Define a map 1y : U — H® (U")* by wy(u)-a = a(u), for ue€ U and
a € UT. Then ¢y is H-linear, so that ¢;(U) is an H-submodule of H ® (UT)*.

Suppose u € keriy. Then a(u) = 0 for all @ € UT, so that u = 0 as U is an
AH-module. Thus ¢y is injective, and ¢y (U) = U.

e From Equation (4.2), it follows that y(U’) = y(U) N (I ® (U")*). Thus the
AH-module (U,U’) is determined by the H-submodule ¢ (U).

This shows as promised that every AH-module is isomorphic to a (left) submodule
of (H® R",T®R") for n = dim(UT)*. Example 4.1.2 shows how ths works for the
AH-module Y. As an abstract AH-module Y is isomorphic to H* and (Y)* = V4. One
of the easiest and most symmetrical ways to obtain Y is as an 8-dimensional subspace
of H* = H® V,. We will find this version of events very useful in many situations, as we
shall see immediately.

4.1.2 The Quaternionic Tensor Product

Let U and V be AH-modules. Then they can be regarded as subspaces of H® (UT)* and
H @ (VT)* respectively. Since the H-action on both of these is the same, we can paste
these AH-modules together to get a product AH-module. Here is the key idea of the
theory:

Definition 4.1.4 [J1, Definition 4.2] Let U,V be AH-modules. Then H® (UT)* @ (V1)*
is an H-module, with H-action p- (¢ ® 2 ® y) = (pq) ® x ® y. Exchanging the factors of
H and (UT)*, we may regard (UT)* ® 1y/(V) as a subspace of H® (UT)* ® (V1)*. Thus
w(U)@ (VH* and (U)* @1y (V) are AH-submodules of H® (UT)* ® (VT)*. We define
their intersection to be the quaternionic tensor product of U and V,

UenV = (wU) o V)N (U @w(V) cH (U @ (V)" (4.3)
The vector subspace (U®yV) is then given by (U®yV) = (UeyV)NIx (UT)* @ (V1))

and with this definition U®yxV is an AH-module. The operation ®y will be called the
quaternionic tensor product.
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A few words of explanation may be useful at this point. At the end of Chapter 1 we
saw that it is possible to define a sort of tensor product H" @yH™ = H™", but that this is
not really any different from taking tensor products over R. The theory of AH-modules
and the quaternionic tensor product is a way of taking the quaternionic behaviour into
account. How U’ behaves in relation to the H-action determines a particular subspace
ty(U) of H® R". The quaternionic tensor product is the natural way of combining
these choices for AH-modules U C H® R™ and V C H ® R” into an AH-module
UorV C He R™.

We also define the tensor product of two AH-morphisms:

Definition 4.1.5 Let U,V,W, X be AH-modules, and let ¢ : U — W and ¢ : V — X
be AH-morphisms. Then ¢*(WT) C UT and >*(XT) C VT. Taking the duals gives
maps (¢*)* : (UT)* — (WT)* and (¢*)* : (VT)* — (XT)*. Combining these, we have a
map

de(@*) @ W) He (U)o (V) —-He (W) e (X (4.4)
Define ¢@u) : UV — W®gX to be the restriction of id ®(¢™)* @ (¢*)* to URyV.

Then ¢®gy is an AH-morphism from U®ygxV to W®gX . This is the quaternionic
tensor product of ¢ and 1.

It can be proved [J1, Lemma 4.3] that there are canonical AH-isomorphisms
HoyU =2 U, UpV =2 VepU and (U®HV)®HW = U®H(V®HW). (45)

This tells us that ®py is commutative and associative, and that the AH-module H acts
as an identity element for ®y. Since ®y is commutative and associative we can define
symmetric and antisymmetric products of AH-modules:

Definition 4.1.6 [J1, 44] Let U be an AH-module. Write @%LU for the product
URpy - --®@uU of k copies of U, with ®%1U — H. Then the k" symmetric group S;, acts
on ®%U by permutation of the U factors in the obvious way. Define SEU and ALU
to be the AH-submodules of ®§HU which are symmetric and antisymmetric respectively
under the action of Sj.

Much of the algebra that works over R or C can be adapted to work over H, using
AH-modules and the quaternionic tensor product instead of vector spaces and the real
or complex tensor product. There are, however, many situations where the quaternionic
tensor product behaves differently from the standard real or complex tensor product.
For example, the dimension of U®KxV can behave strangely. It can vary discontinuously
under smooth variations of U’ or V', and it is possible to have U®yxV = {0} when
both U and V are non-zero. If ¢ and v are both injective AH-morphisms, it is possible
to prove [J1, Lemma 7.4] that ¢®yt is also injective. However, if ¢ and ¢ are both
surjective then ¢®y1) is not necessarily surjective.

Given u € U and v € V it is not possible in general to define an element u®yxv €
U®ygV. However, we do have the following special case:

Lemma 4.1.7 [J1, 4.6] Let U,V be AH-modules, and let w € U and v € V' be nonzero.
Suppose that a(u)B(v) = Bv)a(u) € H for every a € UT and 3 € VI. Define an
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element u@yv of H® (UN)* @ (VI)* by (u@pv) - (a @ B) = a(u)B(v) € H. Then u®gv
is a nonzero element of URyV .

It is easy to visualise how this Lemma ‘works’. If a(u)g(v) = f(v)a(u) € H for every
a € Ul and 3 € VT, then a(u) and B(v) must both be in some commutative subfield
C, C H. This is the same as saying that

w(u) € C,@ (UM and 1y (v) € C,® (V)

and the element u®gv is just the complex tensor product vy (u) ®c, tv(v) € C,® (UT)* ®
(V1)*. So Lemma 4.1.7 tells us that on complex subfields of H, the quaternionic tensor
product is the same as the complex tensor product.

4.1.3 Stable and Semistable AH-Modules

In this section we define two special sorts of AH-modules, which we shall call semistable
and stable. These AH-modules behave particularly well, and we can exploit their ‘nice’
properties to cement further the analogy between real and quaternionic algebra.

Definition 4.1.8 [J1, §8] Let U be a finite-dimensional AH-module. We say that U is
semistable if it is generated over H by the subspaces U’ N qU’ for q € S2.

We can describe semistable AH-modules by the following property:

Lemma 4.1.9 Suppose that U is semistable, with dimU = 45 and dimU’' = 2j + r,
for integers j,r. Then U' +qU’ = U for generic ¢ € S*. Thus r > 0.

The next logical step is to require this property for all ¢ € S?, motivating the
following definition:

Definition 4.1.10 Let U be a finite-dimensional AH-module. We say that U is stable
if U=U"+ qU' for all q € S%

In effect, our definitions of stable and semistable AH-modules act as a balance to
Definition 4.1.1 by demanding that U’ should not be too small. Many of the properties
of semistable and stable AH-modules can be characterised by exploring the properties
of a particularly important type of AH-module:

Definition 4.1.11 Let ¢ € T\ {0}. Define an AH-module X, by X, = H, X = {p €
H : pg = —qp}. In other words, X; is the subspace of H which is perpendicular to C,
with respect to the standard scalar product.

We quote the following results, mainly taken from [J1, §8]:

e X, is semistable, but not stable.

o X, = X), forall A\ € R\ {0}, but for p # A\g, X, and X, are not AH-isomorphic
to one another. There is thus a distinct AH-module X, given by each pair of
antipodal points {g, —q} for ¢ € S%.
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e There is a canonical AH-isomorphism X,®yX, = X,, butif p # Aq then X,®@nX, =

{0}

o Let x, : X, — H be the identity map on H. Then x, and id ®myx, : U®uX, —
UoyH = U are injective AH-morphisms.

e There is an isomorphism (U®ypX,)" = U'NqU" = C}. It follows that U®yX, =
nX,.

e Therefore if ¢ € S? and U is an AH-module with dimU = 45 and dim U’ = 25+,
then U®pX, = nX, with n >r.

e If U is semistable then U®yX, = rX, for generic ¢ € S?, by Lemma 4.1.9.
e An AH-module U is stable if and only if U®yX, = rX, for all ¢ € S2.

e It follows that if U and V are stable AH-modules then U®gV@uX, = Uu(sX,) =
rsX, for all ¢ € 52, so using the associativity of the quaternionic tensor we infer
that U®yxV is a stable AH-module.

The AH-module X, is an important bridge from quaternionic to complex algebra. In
effect, X, =C, ® (Cj, and the operation ‘®yX,” converts an AH-module U into copies
of X, so it turns the AH-module structure on U which is quaternionic information into
a set of what are effectively complex vector spaces.

It is clear that all stable AH-modules are semistable. There is a sense in which the
X,’s are the ‘only’ class of AH-modules which are semistable but not stable, due to the
following Proposition:

Proposition 4.1.12 [J1, 8.8]: Let V be a finite-dimensional AH-module. Then V is
semistable if and only if V = U @ (@._, X,,), where U is stable and ¢; € S°.

Joyce also shows that generic AH-modules with appropriate dimensions are stable or
semistable:

Lemma 4.1.13 [J1, 8.9] Let j,r be integers with 0 < r < j. Let U = H and let U’
be a real vector subspace of U with dim U’ = 2j + r. For generic subspaces U’, (U,U’)

is a semistable AH-module. If r > 0 then for generic subspaces U’', (U, U’) is a stable
AH-module.

The benefits of working with stable and semistable AH-modules become increasingly
apparent as one becomes more familiar with the theory. For now, we will quote the
following theorems:

Theorem 4.1.14 [J1, 9.1] Let U and V be stable AH-modules with
dimU =45, dimU =2j+r, dimV =4k and dimV’' =2k +s. (4.6)

Then U®yV is a stable AH-module with dim(U®yxV') =4l and dim(UyxV)" = 20 +t,
where | = js+rk—rs and t =rs.
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Proof. (Sketch of formula for total dimension) The proof works along the following lines.
If dimU =45 and dimU’ = 2j +r, then dim(U")* = 2j —r and similarly dim(VT)* =
2k —s. So dim(H & (UT)* @ (V1)*) = 4(2j — r)(2k — s).

Let A= 1y(U)® (V)" and B = (U)* ® 1y(V), so that UoyxV = AN B. Then
dim A = 4j(2k — s) and dim B = 4k(25 — r), and dim(A 4+ B) = dim A + dim B —
dim(A N B). Now, if ,5 > 0 then dim A + dim B > dim(H ® (U")* @ (V1)*), and so if
the subspaces A and B are suitably transverse in H ® (U")* ® (V1)* we expect that
A+ B=H® (U")*® (V1* in which case

dim(U®gV) = dimA+dimB —dim(H® (U")* @ (V1))
= 4(js+rk—rs).

The rest of Joyce’s proof consists of showing that if U and V are stable then this
intersection s transverse and finding (U®gxV')’, from which it is easy to see that U®gxV
is stable. [

In fact, these dimension formulae still hold if V' is only semistable. Theorem 4.1.14
and Proposition 4.1.12 combine to give the following:

Corollary 4.1.15 [J1, 9.3] Let U,V be semistable AH-modules. Then U®ygV s
semistable.

Thus both stable and semistable AH-modules form subcategories of the tensor cat-
egory of AH-modules, closed under direct and tensor products. Let U be a stable
AH-module, with dimU = 4j and dimU’ = 2j + r. We define r to be the wvirtual
dimension of U. Then Proposition 4.1.12 shows that the virtual dimension of U®ykxV is
the product of the virtual dimensions of U and V. We end this section by quoting the
following result:

Proposition 4.1.16 [J1, 9.6/ Let U be a stable AH-module, with dimU = 45 and
dimU" = 2j +r. Let n be a positive integer. Then S{U and AgU are stable AH-
modules, with dim(S{U) = 4k, dim(S{U) = 2k+s, dim(AgU) = 4l and dim(AgU)" =
20 +t, where

o) () o) ()

4.2 Duality in Quaternionic Algebra

The objects which are naturally dual to AH-modules are called SH-modules. Under
certain circumstances an SH-module can also be regarded as an AH-module. In this
case we obtain interesting algebraic results which use dual AH-modules to tell us about
AH-morphisms between AH-modules.
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4.2.1 SH-modules

In this section we will describe the class of objects which are dual to AH-modules. These
will be called strengthened H-modules, or SH-modules. SH-modules are introduced by
Quillen in [Q], as a link between sheaves and AH-modules. Being very much part of
quaternionic algebra rather than sheaf theory, we discuss them in this section.

Let (U,U’) be an AH-module. Then u € U is completely determined by the values
of a(u) for a € UT, and if u is determined then so is B(u) for all 3 € U*. So for all
B € U, B(u) is determined by the action of U’ on w. Since the only other structure
present is the H-action, each [ € U* must be an H-linear combination of elements
of U, so U* is generated over H by Uf. The converse is clearly true as well — if
every 3 € U* is of the form ¢ -« for some o € UT, then (U,U’) is an AH-module by
Definition 4.1.1. The natural dual to an AH-module is thus an H-module equipped with
a generating real subspace.

Definition 4.2.1 Let Q be a left H-module and Q' a real linear subspace of Q. We
say that the pair (Q, Q") is a strengthened H-module or SH-module if @Q is generated
over H by QF.

If U= (U,U’) is an AH-module then (U*,U") is an SH-module, the SH-module
corresponding to U. Just as we sometimes write U for the AH-module (U,U"), we will
often write U for the SH-module (U*,UT).

A further link between these two ideas is provided by choosing a (hyperhermitian)
metric on the AH-module (U,U’), giving an H-module isomorphism U = U*. This
in turn identifies UT with (UT)*, and so realises (U?)* as a subspace of U which is
perpendicular to U’. We see that choosing a metric gives us a decomposition U =
U' & (UY)*, where (U, (U)*) is an SH-module. Every AH-module can thus be regarded
as an SH-module — the point of view depends on whether we think of U’ or (U’)* as the
‘special’ subspace. The simplest example is that of the quaternions themselves: we can
regard them as the AH-module (H,I) or the SH-module (H,R), and these definitions
are exactly equivalent.

We define morphisms and quaternionic tensor products for SH-modules, by taking
the definitions from their corresponding AH-modules: the whole theory works in exactly
the same way. For example, if (U,U’) and (V,V’) are AH-modules and ¢ : U — V isan
AH-morphism, then (U*,UT) and (V*,VT) are SH-modules and the dual H-morphism
> VX — U satisfies ¢*(VT) C UT, which makes ¢* an SH-morphism. We write
U* @" V> for the quaternionic tensor product of two SH-modules; in other words we
define

U v = (UsygV)*. (4.7)

Another useful example is given by stable and semistable AH-modules. An AH-
module is stable (respectively semistable) if and only if it satisfies the identity U =
U’ + qU’ for all (respectively for generic) ¢ € I. But

U'+qU =U < (U')" nqU)*" = {0},

where (U’)* is the subspace orthogonal to U’ with respect to a (hyperhermitian) metric
on U. Since there is an SH-isomorphism (U, (U’)*) = (U*,UT), we see that

U +qU =U < U'nqU' = {0}.
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Definition 4.2.2 An SH-module is called stable (respectively semistable) if and only if
it has the property that UT N qUT = {0} for all (respectively for generic) ¢ € I.

This is sometimes easier to demonstrate than the property for the corresponding AH-
modules. We shall work happily with either AH-modules or SH-modules according to
the needs of each situation, since their theories are interchangeable.

4.2.2 Dual AH-modules

In this section we take a new step and ask what happens if we consider (U*,UT) as an
AH-module — the dual AH-module of (U,U’). There are immediate attractions to this
approach. If V' is a vector space over the commutative field F then we define the dual
space V* to be the space of F-linear maps ¢ : V — F. In the same way, if U is an
H-module we define U* to be the space of H-linear maps ¢ : U — H. Once we also
have a real subspace U’ C U we define U' to be the set of maps

Ul={acU*:afu)clforaluecU'}.

But an H-linear map « : U — H such that «(U’) C I is precisely an AH-morphism
from U into H. Thus the space (U*,UT) consists of two sets of maps ¢ : U — HI,
namely the H-linear maps and AH-morphisms respectively. This suggests that defining
(U*,UT) to be the dual AH-module of (U,U’) could be a good quaternionic analogue
of the concept of a dual vector space in real or complex algebra.

There is an obvious possible catch: (U*, UT) might not even be an AH-module! Thus
if we are to talk about dual AH-modules, we need to discern which AH-modules have
well-defined duals. We have in fact already done this in Section 4.2.1.

Lemma 4.2.3 The AH-module (U,U’) has a well defined dual AH-module (U*,UT) if
and only if (U,U’) is also an SH-module.

Proof. In Section 4.2.1 we showed that (U,U’) is an AH-module if and only if (U*,UT)
is an SH-module. We simply reverse this argument: (U*,UT) is an AH-module if and
only if the AH-module (U,U’) is also an SH-module. |

Definition 4.2.4 Let U be an H-module and U’ a real subspace of U. We say that
the pair (U,U’) is a strengthened augmented H-module, or SAH-module, if (U,U’) is
both an AH-module and an SH-module.

A comprehensive way to sum this up is to say that (U,U’) is an AH-module if
and only if it has no submodule isomorphic to (H,H), an SH-module if and only if it
has no submodule isomorphic to (H, {0}), and an SAH-module if and only if it has no
submodule isomorphic to either (H,H) or (H,{0}). Unless otherwise stated, when we
refer to properties of an SAH-module such as stability, we mean this in terms of the
structure of U as an AH-module.

Example 4.2.5 Any semistable AH-module U has the property that U = U’ + qU’
for generic ¢ € I, so U is also an SH-module and so an SAH-module.
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Definition 4.2.6 Let U = (U,U’) be an AH-module which is also an SAH-module.
Then we define U* = (U*,U") to be the dual AH-module of U.

With this definition, it is clear that U* is also an SAH-module. For finite dimensional
U, there are canonical isomorphisms U = (U*)* and (U*)T 2 U’

Definition 4.2.7 Let (U,U’) be an AH-module. Then U is called antistable if and
only if U'NqU" = {0} for all g € I

It is clear that antistable AH-modules are almost always dual to stable AH-modules.
The only irreducible exception is the AH-module (H, {0}), which we regard as an anti-
stable AH-module in spite of the fact that its dual (H,H) is not an AH-module.

4.2.3 Spaces of AH-morphisms and Duality

The space Ut is, as we have remarked, the space of AH-morphisms ¢ : U — H. This
fact is an example of a more general result which makes the theory of dual spaces
in quaternionic algebra particularly useful. Let A and B be (free, finite dimensional)
modules over the commutative ring R, and let Hompg(A, B) denote the space of R-linear
maps ¢ : A — B. It is well-known that there is a canonical isomorphism Hompg(A, B) =
A*®gr B.

There is an analogous result in quaternionic algebra. We start with the following
definition:

Definition 4.2.8 Let U and V be AH-modules. Then Homag(U,V) denotes the
space of AH-morphisms from U into V.

Here is the main result of this section:

Theorem 4.2.9 Let U be an SAH-module and V' be an AH-module. Then there is a
canonical 1somorphism
HOHlAH(U, V) = (UX(X)HV)/

Proof. Let ¢ € (U*®uV)’. Then
¢ € (= (U) @ (V)N ((U) @w (V)N (I U) @V,

or equivalently
¢ € (UM @ (V)N (U) @w().

Consider ¢ € 1yx(UT) ® (VT)*. The mapping tyx identifies Ut with yx(UT). Using
this and the canonical isomorphism of real vector spaces Hom(A, B) = A* ® B we see
that ¢ is exactly equivalent to an real linear map

®: (U — (V1)
which in turn is equivalent to an H-linear map

Py He (U - He (V)
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which by definition is an AH-morphism.

Every AH-morphism ¢ : U — V is equivalent to an AH-morphism ¥ : H® (UT)* —
H ® (VT)* with the property that ¥ : 1y(U) — (V). Using the fact that ¢ €
(UN* ®1y(V') and the natural identification U’ 2 1y (U’) we see that

(I)H : LU(U/) — L\/<V/).

Since U is an SAH-module, ¢(U) is generated over H by ¢y (U’), from which it follows
that @y : wpy(U) — 1y (V). Thus Py is equivalent to an AH-morphism from U to
V. Reversing these steps, we can construct an element of (U*®gV) from each AH-
morphism from U to V. [

The quaternionic tensor product can be used in this way to tell us about spaces of
AH-morphisms, which is another piece of evidence suggesting that Joyce’s definition of
the quaternionic tensor product is the right one for AH-modules.

4.3 Real Subspaces of Complex Vector Spaces

We have seen that choosing different real subspaces U’ of an H-module U = H" gives
rise to different algebraic properties. As always with the quaternions, it is useful to
compare this situation with that of the complex numbers. As an instructive example
(and a bit of light relief!) we shall give a classification of real linear subspaces of complex
vector spaces up to complex linear isomorphism. In other words, we classify the possible
orbits of a subspace R* of C" under the action of GL(n, C). This is not difficult, though
as far as the author can tell both the problem and its solution are original.

Theorem 4.3.1 Let U’ = R* be a real linear subspace of C". Then we can choose a
complex basis {e? : j=1,...,n} of C" such that

! 1 - 1 .
U =(e,....,el e, ... ie"g,

where ¢ < p<n, p+q==k.

Proof. Both U’ + iU’ and U’ NiU’ are complex subspaces of C". Let U’ + iU = CP
and let U' NiU’" = CY. Then dimg(U’) =p +q.

Choose a complex basis {e',...,e?} for U' NiU’. Then {e' iet,... e%ie?} is a
real basis for U’ N4U’. Extend this to a real basis {e!,iel, ... e% ie?, e?™! ... eP} for
U'. Then {e',...,eP} spans U’ + iU’ = C? (over C), and so {e',... eP} is linearly
independent over C. The result follows. [ |

It is easy to see from this theorem that choosing a real subspace of C" is always
compatible with the complex structure, in the sense that each basis vector of the real
subspace U’ can be chosen to lie in one and only one copy of C. The pair (U,U’) =
(C™,R*) can always be completely reduced to a direct sum of copies of C, each of which
contains 0, 1 or 2 basis vectors for U’.

The situation is very different for H-modules. For example, consider the AH-module
(U,U") with

U=H> and U’ ={(1,0)(0,1), (i, i2)).
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There is no way to decompose U into two separate copies of H, the first of which contains
2 basis vectors for U’ and the second of which contains the remaining basis vector.
This motivates the following definition:

Definition 4.3.2 An AH-module (U,U’) is irreducible if and only if it cannot be
written as a direct sum of two non-trivial AH-modules, i.e. there are no two non-trivial

AH-modules (Uy,Uj), (Uz, US) such that (U,U’") = (U; @ Us, Uj & US).

The classification of irreducible AH-modules up to AH-isomorphism is a much more
difficult problem than its analogue for complex vector spaces. It will be addressed in the
next section using a class of algebraic objects called K-modules.

4.4 K-modules

A K-module is an algebraic object based on a pair of complex vector spaces. Real and
quaternionic vector spaces, as so often, occur as complex vector spaces with particular
structure maps.

Definition 4.4.1 [Q, 4.1] A K-module is a pair (W, V') of (finite dimensional) complex
vector spaces together with a linear map e : W — H ® V, where H = C? is the basic
representation of GL(2,C).

The reason why K-modules are important to quaternionic algebra is that in the
presence of suitable structure maps, some K-modules are equivalent to AH-modules.
This allows us to use the classification of irreducible K-modules, a problem with a known
solution, to write down all irreducible AH-modules very explicitly. This link between
K-modules and AH-modules was discovered by Quillen [Q]. Quillen is more interested in
an interpretation of quaternionic algebra in terms of sheaves over the Riemann sphere, a
powerful theory which we will review in the next section. We follow a slightly different
approach from that in Quillen’s paper to obtain a more immediate link between K-
modules and AH-modules.

A K-module e : W — H ® V is called indecomposable if it cannot be written as the
direct sum of two non-trivial K-modules. A K-module morphism is a map ¢ : (W, =
H®V) — (W, 2 H® V,) which respects the K-module structure. A K-module
can equivalently be defined as a pair of linear maps ej,e; : W — V. In this guise, a
K-module is a representation of the Kronecker quiver. We recover the first definition by
setting e(w) = hy ®e1(w)+he ® ea(w) where {hy, ha} is a basis for H. Representations
of the Kronecker quiver are discussed in Benson’s book [Ben, §4.3]. The important result
is the following classification theorem of Kronecker (which we have summarised slightly),
which shows that every indecomposable K-module is isomorphic to one of three basic

types.

Theorem 4.4.2 [Ben, p. 101] Let ey,e5: W — V' be a pair of linear maps constituting
an indecomposable K-module. Then one of the following holds:

(i) The vector spaces W and V' have the same dimension. In this case, if dete; # 0
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then ey and ey can be written in the form

o 0

1 «
€1D—>id €9 H—

0 1l «o

If dete; = 0 a modification is necessary which in some sense corresponds to the ‘rational
canonical form at infinity’.

(ii) The dimension of W is one larger than the dimension of V', and bases may be chosen
so that ey and ey are represented by the matrices

1 0 0 01 0

e = : ey =

(iii) The dimension of W is one smaller than the dimension of V', and bases may be
chosen so that ey and ey are represented by the transposes of the above matrices.

Definition 4.4.3 Define X["“ to be the indecomposable K-module of type (i) with
dimV =n and « on the leading diagonal of ey. (We write X}"> for the case dete; =
0). Define A3 to be the irreducible K-module of type (ii) with dim V' = n. Define X3
to be the irreducible K-module of type (iii) with dim V' = n.

Let oy be the standard quaternionic structure map on H defined by oy (z1h1 +
29hy) = —Zahy + Z1he. This gives H® V' the structure of a complex H-module. Our aim
is for the K-module e : W — H ® V' to define a real subspace of a real H-module. This
is accomplished by compatible structure maps on W and V.

Definition 4.4.4 [Q, 11.2] An SK-module is a K-module e : W — H®V equipped with
antilinear operators oy and oy of squares 1 and —1 respectively, such that e - oy =

(O‘H®Uv)-6.

Suppose W — H ®V is an SK-module. Then oy is a real structure on W, and its
set of fixed points is the real vector space W7. The map oz ®oy is also a real structure,
and in the same way we define the real vector space (H ® V)?. Then (H ® V)7 is a real
H-module, whose H-module structure is inherited from that on H, and e(W?7) is a real
subspace of this H-module. In many circumstances an SK-module is therefore equivalent
to an AH-module.

Example 4.4.5 Consider the K-module X which has dimW = 3 and dimV = 2.
Let {wy,ws, w3} be a basis for W and let {vy,v5} be a basis for V. We have

6(11)1) = hl ® U1, 6(11)2) = hl X vy + hg X U1, 6(?1)3) = hz X Va.

Let oy be the standard quaternionic structure on V', so oy (v;) = vy and oy (vg) = —vy.
There is a compatible real structure oy on W given by ow(w;) = ws, o(ws)w = wy
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and oy (wy) = —ws, so that with these structure maps X3 is an SK-module. We have
real vector spaces
wWe = <w1 + Ws, ’iw27 ’L(U)l - w3)>
and ( )
hi @ vg —ha @v1 i(h1 ® Vg + ho @ V1
HeV)” = . .
(HOV) <h1®v1+h2®v2 i(h1 ® v1 — hy @ V)

An H-module isomorphism (H ®V)? = H is obtained by mapping these basis vectors to
1, 41,19 and i3 respectively. Under this isomorphism the real subspace e(1W7) is mapped
to the imaginary quaternions I. This demonstrates explicitly that the SK-module X7 is
equivalent to the AH-module (H,I) = H.

Every real subspace U’ of a quaternionic vector space U can be obtained in this
fashion, so a classification of SK-modules gives a classification of AH-modules.

Corollary 4.4.6 Every indecomposable SK-module is isomorphic to one of the following:
(A) The direct sum of a pair of K-modules of type (i) of the form X["* & Xln,_c—,—l.

(B) An indecomposable K-module of type (ii) or (iii) with dim V' even; in other words
XFm or XM,

(C) An indecomposable K-module of type (ii) or (iii) with dim'V' odd, tensored with the
basic representation H equipped with its standard structure map og; in other words
X" @ H or X" @ H.

Proof. This follows from Theorem 4.4.2 and explicit calculations using standard structure
maps on the vector spaces V. [

It remains to check which pairs (U,U’) arising in this fashion are AH-modules. As
noted earlier, a pair (U,U’) fails to be an AH-module if and only if it has a subspace
of the form (H,H). This pair is given by the SK-module H ® X;. The ‘annihilating
K-module’ XY also fails to give an AH-module. Any SK-module containing neither of
these indecomposables is equivalent to an AH-module.

Here are some important facts about irreducible AH-modules which can now be
deduced:

e SK-modules of type (ii) correspond to stable AH-modules and SK-modules of type
(iii) correspond to antistable AH-modules.

e Indecomposable SK-modules of type (i) of the form X,"* @ Xll’_afl correspond to
the semistable AH-modules X,.

e The irreducible stable AH-module corresponding to X3™ has dimU = 4m and
dim U’ =2m + 1. Thus U = H™ and the virtual dimension of U is 1.

e The irreducible stable AH-module of the form H ® X;™*! has dimU = 4(2m +1)
and dim U’ = 4(m 4+ 1). Thus U = H*"*! and the virtual dimension of U is 2.

e This shows that there is an irreducible stable AH-module with virtual dimension
1 in every dimension and an irreducible stable AH-module with virtual dimension
2 in every odd dimension.
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e The isomorphism class of an irreducible stable AH-module is thus uniquely deter-
mined by the dimension and virtual dimension of U.

4.5 The Sheaf-Theoretic approach of Quillen

Much of Joyce’s quaternionic algebra can be described using (coherent) sheaves over
the complex projective line CP'. This interpretation is due to Daniel Quillen [Q].
Quillen’s paper works by recognising that certain exact sequences of sheaf cohomology
groups are K-modules. Thus in the presence of certain structure maps, we obtain SH-
modules. (Quillen deals primarily with SH-modules rather than AH-modules.) Quillen
uses slightly different structure maps from those we used in the previous section to obtain
SK-modules, but the resulting theory is exactly the same.

The most interesting new result in this section is that the equivalence between sheaves
and SH-modules respects tensor products, enabling us to calculate the quaternionic
tensor product of two SH-modules from knowing the tensor products of the corresponding
sheaves. Thus by the end of this section we will have succeeded in classifying all AH-
modules and their tensor products.

4.5.1 Sheaves on the Riemann Sphere

We describe the algebraic geometry of (coherent) sheaves over CP'. ' Quillen demon-
strates that every coherent sheaf over CP' is the direct sum of a holomorphic vector
bundle and a torsion sheaf (one whose support is finite). ? These summands factorise
very neatly — every torsion sheaf is the sum of indecomposable sheaves supported at a
single point, and every holomorphic vector bundle is a sum of holomorphic line bundles.
We will describe the vector bundles first.

Every holomorphic line bundle over CP" is a tensor power of the hyperplane section
bundle L [GH, p. 145]. In the case n = 1, we use the open cover of CP' = C U {oo}
consisting of the two open sets Uy = CP*\ {oo} and U; = CP'\{0}. A holomorphic line
bundle over CP' is determined by a holomorphic transition function  : UyNU; — C*,
so ¢ : C* — C*. Two transition functions v and 1)’ determine the same line bundle if
and only if there exist non-vanishing holomorphic functions f,g: C* — C* such that

w=1y
g
Two functions are equivalent under this relation if and only if they have the same winding
number, so each line bundle on CP! is given by one of the transition functions g(z) = 2",
n € Z. The line bundle given by the transition function 2" is in fact @" L. Following
standard notation, we write O(n) for the sheaf of its holomorphic sections. Thus O =

'Background material can be found in [GH], which introduces sheaves and their cohomology [pp.
34-49], coherent sheaves [pp. 678-704], holomorphic vector bundles [pp. 66-71] and holomorphic line
bundles [pp. 132-139]. A more thorough exposition of the differential geometry of holomorphic vector
bundles, including many of the properties of sheaves used in Quillen’s paper, can be found in Kobayashi’s
book [K].

2This uses the convention of identifying a holomorphic vector bundle with its sheaf of holomorphic
sections.
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O(0) is the structure sheaf of CP'. It is easy to see (by multiplying the transition
functions together) that L™ ® L™ = L™ or in sheaf-theoretic terms O(n) @ O(m) =
O(n +m).

Every holomorphic vector bundle over CP! can be written as a direct sum of these
line bundles, the summands being unique up to order. > Thus every holomorphic vector
bundle E is a sum of irreducible line bundles, and can be written E = @ ° a, L",
where the multiplicities a,, are unique (though the decomposition itself may not be).

This leaves us to consider sheaves which are supported at a finite set of points, which
are called torsion sheaves. Quillen [Q, §2] demonstrates that every coherent sheaf over
CP' is the sum of a vector bundle and a torsion sheaf. Torsion sheaves themselves
split into sheaves supported at one point only. Let z € CP' be such a point, and let
O. be the ring of germs of holomorphic functions at z. Define m, to be the unique
maximal ideal of O, consisting of germs of functions whose first derivative vanishes at
z. Every torsion sheaf splits into sheaves of the form O,/(m.)", which we write O/m?
by extending m, by O on the complement of z. We have the following Theorem:

Theorem 4.5.1 [Q, 2.3/ Any coherent sheaf over CP* splits with unique multiplicities
into indecomposable sheaves of the form O(n) for n € Z and O/m? for n > 1 and
z € CP.

Cohomology Groups and Exact Sequences

There are various ways to calculate the cohomology groups of these sheaves. * The
method Quillen outlines uses the properties of exact sequences of sheaves. It is from the
maps in these sequences that we obtain K-modules and thence SH-modules.

Let H = C* be the basic representation of GL(2,C). Then CP' can be identified
with the set of quotient lines of H and there is a basic exact sequence

0-ANHRO(-1) - Ho0 — O(1) — 0. (4.8)

Tensoring (over @) with the sheaf F' and choosing an identification A?H = C yields
the exact sequence
0—-F(-1)-H®F — F(1) =0, (4.9)

where F'(n) denotes the sheaf F ®o O(n).
Example 4.5.2 If we put F'= O(n),n > 0, we have the exact sequence

0—-0n—-1)—-H®OMn)—0Mn+1)—0. (4.10)

We know that H°(O) = C (global holomorphic functions on CP(1)) and that
H°(O(-1)) = 0. By the exact sequences of (4.10) and induction, it follows that
H(O(n)) = S™(H) for n > 0 and zero otherwise, and there is an exact sequence
of cohomology groups given by

0—S"'H—H®S"H—S""H —0. (4.11)

3This follows from the Harder-Narasimhan filtration of a holomorphic vector bundle E over any
Riemann surface M [K, p. 137]

4For example [W, p.11], where H°(O(n)) is shown to be isomorphic to the (complex) vector space
of homogeneous polynomials of degree n in 2 variables.
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Torsion sheaves can be dealt with in a similar fashion, using a resolution involving
the sheaf cohomology groups H?(F). It is easy to see that H°(O/m?) = C". We call
the sheaves O(n) where n > 0, torsion sheaves, and sums thereof regular sheaves. For
all regular sheaves F, the first cohomology group H!(F) is zero.

This leaves the sheaves O(n) where n < 0 and sums thereof, which we call negative
vector bundles. These must be treated slightly differently, using the first cohomology
groups H'(F). Since H°(O(n)) =0 for n < 0, we obtain an exact sequence

0— H(OMn—-1)) - H® H(O(n)) — H(O(n+1)) — 0, (4.12)

from which it follows that H'(O(n)) = S~ 2H for n < —2 and zero otherwise.

Sheaves and K-modules

Consider the regular sheaf O(n) for n > 0. The exact sequence (4.10) gives rise to
an injection of cohomology groups H°(O(n — 1)) — H°(H ® O(n)) which takes the
form e : S"'H — H ® S"H. This is clearly a K-module, the irreducible K-module
X+t Similarly for the torsion sheaves O/m?” there is an injection H°(O/m?(—1)) —
H(H ® O/m"). This gives a K-module of type (i) and dim W = n. Thus we obtain a
K-module from each regular sheaf F' which we call £TF.

Let O(n), n <0 be a negative vector bundle. The exact sequence (4.12) gives a map
HY (O(n —1)) - H® H'(O(n)) which is equivalent to the indecomposable K-module
X; "', Thus for any negative vector bundle G we obtain a K-module which we call
&G

Comparing the classifications of indecomposable sheaves and K-modules (Theorems
4.4.2 and 4.5.1), it is clear that these categories are equivalent. Quillen proves this in
detail [Q, §84,5] and uses the tensor product of sheaves F®oG to construct an equivalent
tensor product operation for K-modules [Q, §6].

The rest of the programme begins to take shape. Some sheaves will correspond to SK-
modules, from which we obtain SH-modules. Quillen formulates this slightly differently
from our treatment in Section 4.4. Let W — H ® V be a K-module. Instead of a
real structure on W and a quaternionic structure on V, Quillen uses K-modules with
a quaternionic structure oy, on W and a real structure oy on V, such that the map
e intertwines oy and oy ® oy. In this situation, W and H ® V' are H-modules and
e is an H-linear map. He calls this structure a o K-module. A oK-module is not itself
an SH-module, but the inclusion of the real subspace V7 in the cokernel (H ® V')/W
is an SH-module if the K-module has no submodule for which the map e is surjective,
in which case the K-module is called reduced.

There is a parallel description in terms of sheaves. Let o : z +— z~! be the antipodal
map on the Riemann sphere. This induces a map of sheaves ¢* : F' — ¢*(F) which
we call the o-transform, and allows us to define a ‘ o-invariant sheaf’ or just ‘ o-sheaf’.
For example, a torsion sheaf F' is a o-sheaf if it is supported at a finite set of points

which is preserved by the antipodal map o — so it must consist of sheaves of the
form O/m? & O/my,,, where o* interchanges the two summands. Quillen investigates

o-sheaves thoroughly, and discovers that:
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Proposition 4.5.3 [Q, 10.7] Any o-sheaf splits with unique multiplicities into the fol-
lowing irreducible o-sheaves:

(1) Of(m.my))" for any pair {z,0(z)} of antipodal points and n > 1.

(2) O2m) for m € Z.

(3) O2m+1)® H for m € Z.

The formal similarity between this result and Corollary 4.4.6 is clear. He also proves
that:

Proposition 4.5.4 [Q, 12.6] The categories of reduced o K-modules and SH-modules are
equivalent.
We can also use o-sheaves to obtain SK-modules which lead directly to SH-modules.

Example 4.5.5 Let F' be a regular o-sheaf. Then we have the exact sequence
0— H(F)— H®H(F(1)) — H(F(2)) — 0, (4.13)

and H°(F) — H @ H°(F(1)) is an SK-module e : W — H ® V. Taking real subspaces
gives an SH-module which we call n*(F).

Example 4.5.6 Let G be a negative o-vector bundle with no summand H ® O(—1)
or O(—2). Then we have the exact sequence

0— HY(G) — H® H'(G(1)) — H(G(2)) — 0, (4.14)
Just as in the previous example, this sequence gives an SK-module
HY(G) - H® H (G(1)). (4.15)

We call this SH-module n~(G). We also define n~(O(—2)) =n~ (H ® O(—1)) = 0.

If we have a o-sheaf A = F+G, with F and G as above, then H°(G) = H°(G(1)) =
0 and HY(F) = H'(F(1)) =0; so n7(G) = n~(F) = 0. In theory, we could combine
the functors n*t and 1~ into a single functor n = n* +n~, since n(A) = n*(F)+n"(G)
as required.

4.5.2 Sheaves and the Quaternionic Tensor Product

We have seen how the tensor product of sheaves encourages us to define a ‘reduced
tensor product’ operation for K-modules. It turns out that this tensor product agrees
remarkably with the quaternionic tensor product for SH-modules. This is a considerable
bonus from Quillen’s theory — the correspondences between o-sheaves, SK-modules and
SH-modules allow us to compute tensor products in each category. The main theorem
is as follows:

Theorem 4.5.7 [Q, 7.1]°

5Quillen proves this theorem for the tensor product of K-modules — the version given here is obtained
by performing the simple translation into SH-modules.
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Let F; be reqular o-sheaves and G; be negative o-vector bundles. Then
Nt @ ntFy =0t (F ®o F),

nTE "G =10 (Fi ®0 Gh)

and

’I7_G1 ®H T]_GQ = {0}

Since we will usually work with AH-modules, we will often find ourselves using this
theorem for the corresponding AH-modules, which of course take the form (n*F)* and
(n~G)*.

Thus if F' is a torsion o-sheaf and G is a negative o vector bundle, (n*F)*®g
(n~G)* ={0}. If F=0O(m) and G = O(n) (possibly tensored with H if m or n is
odd) with m >0 and n < —2 then

_ 0 m+n>—2
+ X X -
(" F)" @n(n”G) _{ N (F® G)* m+n< -3

since n~(O(k)) = {0} for k> —2.

The sheaf-theoretic approach is thus a very powerful tool for describing quaternionic
algebra. For example, it is possible to obtain the dimension theorems of Section 4.1.3
by translating known results about the degree and rank of the tensor product of two
sheaves.
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Chapter 5

Quaternionic Algebra and
Sp(1)-representations

The representations of the group Sp(1) occur in so many different situations, from Kéhler
geometry to particle physics, that they are by far the most ubiquitous Lie group rep-
resentations in modern mathematical literature. Given this versatility, it is no surprise
that these representations are a powerful tool in quaternionic algebra, especially since
Sp(1) is just the group of unit quaternions and the Lie algebra sp(1) can be identified
with I

In this chapter, we will see how stable and antistable AH-modules can be handled
using Sp(1)-representations. We encountered the germ of this idea in Section 3.4, where
we came across the space H ® Ej, and its splitting into two H-submodules. Because
the Riemann sphere CP' can be described as the homogeneous space Sp(1)/U(1), the
holomorphic sections of line bundles over CP' are naturally Sp(1)-representations. The
structure maps necessary to define an SK-module e : W — H ® V' of type (ii) or (iii)
arise from Sp(1)-representations on W, H and V. Not only do Sp(1)-representations
underlie all of these phenomena — they also make the theory of quaternionic algebra
very easy to predict and manipulate.

This point of view turns out to have fruitful applications in hypercomplex geometry,
towards which our exposition is deliberately geared. We use representations to explain
the structure of stable AH-modules and their tensor products. We also investigate the
role of semistable AH-modules and their interaction with the Sp(1)-representation struc-
ture of stable AH-modules.

5.1 Stable AH-modules and Sp(1)-representations

5.1.1 Sp(1)-representations on the quaternions

As a motivating example, we review the case of the quaternions themselves, viewed as the
stable AH-module (H,I). Recall the description of the quaternions as a tensor product
of two Sp(1)-representations H = V; ® Vi, given in Equation (3.17), where the left hand
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copy of V; gives the left H-action, and the right-hand copy gives the right H-action. !

In other words, we think of H as an Sp(1) x Sp(1)-representation by defining
(p,q) :r— prqg”! reH, pqeSp(l)cCH.

Consider now the action of the diagonal Sp(1)-subgroup {(¢,q) : ¢ € Sp(1)} C
Sp(1) x Sp(1) on V4 ® V;. The Clebsch-Gordon formula gives the splitting Vi ® V; =
Vo @& Vy (equivalent to the standard isomorphism V @ V' 2 S?V & A2V ). Each of these
summands inherits a real structure from the real structure on V; ® V; so we obtain the
splitting

VieoWV 2V, eV, (5.1)

into real subspaces of dimensions three and one respectively, just as we would expect.
This is the same as taking the action by conjugation r +— ¢rq~!, which as we know
preserves the splitting H = I R. For the quaternions, the AH-module structure H' 2 1
and (H')* 2 R is a concept which arises naturally when we take both the Sp(1) actions
into account. It is this account of the AH-module H which we will generalise to all stable
AH-modules.

This description of the quaternions is very similar to that of Example 4.4.5, where
H = XZ. In terms of Sp(1)-actions, the basic vector space H we used so much in the
previous chapter is simply a copy of the basic representation V;.

5.1.2 Notation for Several Sp(1)-representations

It will be a sound investment at this point to introduce some notation to help us keep
track of the structure of representations when we have several copies of Sp(1) acting on
a vector space. We have already encountered the action of Sp(1) x Sp(1) on V; ® V.
Here we have two copies of Sp(1) acting, so there is already the possibility of ambiguity
concerning which Sp(1) is acting on which V;. We remove this ambiguity by writing
upper-case superscripts with the groups and the representations, to make it clear which
group is acting on which vector space.

For left H-modules there will always be a left H-action to consider. We will denote
this by Vi, and the copy of Sp(1) which acts on this factor by Sp(1) *. Other copies of
Sp(1) and other representations will be labelled with the letters M, N etc. So we would
write the above example as

Sp()* x Sp(1)™  actingon V¥ @ VM.

When we decompose such a representation using the Clebsch-Gordon formula, we
are decomposing the action of the diagonal subgroup {(g,q)} C Sp(1)* x Sp(1)™. We
will call this subgroup Sp(1) #™ | thus stating explicitly of which two groups this is the
diagonal subgroup. Similarly, we can combine superscripts for the representations to
write

VE @ VM = yIM g LM,

1We are talking about the representation Vi ® Vi as a real representation on R*, implicitly using
the induced map o1 ® o7 as a real structure on V; ® V;. For more details, refer to Section 1.2.1.
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This book-keeping comes into its own when we come to consider tensor products of
many Sp(1)-representations. For example, if we have three copies of Sp(1) acting, we
write this as

Sp(1)" x Sp(1)™ x Sp(1)"  actingon Vi@ VM @ VM.

In this situation there are various diagonal actions we could be interested in, and we
can join the superscripts as above to indicate exactly which one we are considering. For
example, supposing we want to restrict to the diagonal subgroup in the first two copies of
Sp(1), i.e. {(q,q)} x Sp(1)". We denote this subgroup Sp(1)X x Sp(1)". We combine
superscripts for the representations in the same way, so that we now have

Sp(1)*M x Sp(1)Y  acting on (Vﬂr]\l/[ @ V;L_Af) ® VY.

If, however, we considered the diagonal subgroup of the first and last copies of Sp(1), we
would write this as

Sp(1)™Y x Sp()™  acting on (VI @ V) @ VM.

This provides an unambiguous and (it is hoped) easy way to understand tensor prod-
ucts of several representations and their decompositions into irreducibles under different
diagonal actions.

5.1.3 Irreducible stable AH-modules

We have described the quaternions as an Sp(1)% x Sp(1)M-representation. This allows
us to interpret the primed part H' = I as a representation of the diagonal subgroup
of Sp(1)IM < Sp(1)* x Sp(1)M. In this section we will demonstrate how this idea can
be adapted to describe more general stable AH-modules. The basic idea is exactly the
same — a stable AH-module is a (real) Sp(1)* x Sp(1)M-representation Vi @ W,
where WM = ¥ a; VM. The left H-action is given by the action of the left subgroup
Sp(1)* c Sp(1)F x Sp(1)*. The primed part is then a representation of the diagonal
subgroup Sp(1)¥™ c Sp(1)L x Sp(1)™M.

Let (U,U’) be an irreducible stable (or antistable) AH-module. Let M be the group
of AH-automorphisms of U whose (real) determinant is equal to 1. Using Theorem
4.2.9, we see that M = =41 if the virtual dimension U is 1, and M = Sp(1) if the
virtual dimension of U is 2.

Consider now the more general group G of real linear isomorphisms ¢ : U — U such
that:

e o(U)=U
e The (real) determinant of ¢ is 1,
e There exists some ¢ € Sp(1) such that ¢(pu) = (gpg~1)¢(u) for all p e H,u € U.

Then G is a compact Lie group of which M is a normal subgroup. Because of this the
Lie algebra of G splits into two orthogonal ideals

g=sp(l)om
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and the exponential map determines a homomorphism p : Sp(1) — G. Since the elements
of G map U’ to itself, p is a representation of Sp(1) on U’.

Since every stable AH-module is a sum of such irreducibles, there is an action of
Sp(1) on U’ for all stable AH-modules U, and the irreducible decomposition of U as
an AH-module determines the irreducible decomposition of the Sp(1)-action on U’, and
vice versa. As we shall see, there is a unique irreducible stable AH-module for each
irreducible Sp(1)-representation.

Let U be a stable AH-module and suppose that U’ is preserved by some diagonal
action of Sp(1). This diagonal action will be the result of the left H-action on V; and
some other Sp(1)-action on U. Thus our AH-modules will follow the basic form

U=vltevM (5.2)

as a representation of the group Sp(1)% x Sp(1)*. The primed part of U is then the
VEM summand in the decomposition

For example, recall the splitting
H® By, =2 Vi@ e, (Vier © Vi)

from Section 3.4. We see that each of these summands is an AH-submodule of H® Ej .
The larger (left-hand) submodule is stable; the smaller one is antistable. Both stable
and antistable AH-modules arise as Sp(1) x Sp(1)-representations.

This is not necessarily the case for AH-modules which are neither stable nor anti-
stable. For example, there is no representation of Sp(1) on X, which couples with the
left H-action to give a representation of Sp(1) on X7 .

AH-modules of the form V; ® Vo1

Consider an even-dimensional irreducible Sp(1)-representation V3, 1. Because o =
01 ® a1 is a real structure, there is a real representation V¥ @ VM | =~ R* with
a left H-action defined by ¢ : a ® b — (ga) ® b. Under the diagonal Sp(1)*M-action
q:a®b— (ga)® (gb), we have the splitting

VIE @ Vi = Vo @ Vo, (5:3)

>~

which is a splitting of real vector spaces (technically we could write (ViF @ VM )7
(V)7 @ (Varn2)7)-

Proposition 5.1.1 The pair (V¥ @ VM VEEMY forms a stable AH-module (U,U’)
with U =2 H™ and U’ = R*™H

Proof. Consider the maximal stable submodule W of U. Since W is an H-submodule
it must be invariant under the left H-action. Also, W must depend solely on the
Sp(1) x Sp(1)-representation structure: in particular W’ must be preserved by the

diagonal action. So W’ must be an Sp(1)*M-invariant subspace of U’ = Vj,, and
by Schur’s Lemma [FH, p.7] W’ = V,,, or W’ = {0}. Since dimU’ > dim U we must
have W # {0}. Hence (W,W') = (U,U’) and thus U is stable. [
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Lemma 5.1.2 The AH-module U = V; & V5,1 is the irreducible stable AH-module
corresponding to the SK-module X3™.

Proof. This follows from Proposition 5.1.1 and the remarks in Section 4.4. The virtual
dimension of U is 1, from which it follows that U must be irreducible. The isomorphism
with X2™ follows because irreducible stable AH-modules are uniquely determined by
their dimensions. [ |

It is instructive to describe the splitting of V; ® V5,,_1 thoroughly in terms of basis
vectors. To make statements less cumbersome, we let n = 2m — 1 throughout, bearing
in mind that n is odd.

Let V; = (x,y) and V,, = (a™,a" 'b,...,ab"! b") be Sp(1)-representations. The
actions of s[(2,C) on V; and V,, are given by Equations (1.14) and (1.16) of Section
(1.2.1). We want to understand the actions on the tensor product

n n—1 n—1 n
V1®Vn_<x®a,x®a b,...,x®ab ,x®b>

yat,y®a" b ....y®ab®” ! y®b"

In particular, we would like to find out how the left H-action interacts with the splitting
Vi’eV, 2V @ Vi

Consider the structure of X™ as a K-module e: W — H® V, where H = V; and
V = V,. Using these isomorphisms and Theorem 4.4.2; the image e(WW) is spanned by
the vectors

{x®a",x@a" 'b+y®a”,...,x@a" b +y@a" b | x@b"+y®ab" !, y®b"}.

It is easier to observe the sp(1) action on the complementary subspace which we can
identify as the Uf-part of an SH-module. Given a suitable choice of metric, the perpen-
dicular subspace to e(W) is spanned by vectors of the form x®@a" *b* —y®an *+1pr-1,
Calculating the action of the Casimir operator C' = H? +2XY +2Y X reveals that

C(X ® an—kbk —y ® an—k—i—lbk—l) — (n + 1)(n o 1)(X ® an—kbk —y ® an—k—i—lbk—l)‘
This shows that x ® a"*b* — y @ a»*'bF~! € V,,_,, giving the result that
Vi1 = Span{x ® a" *b* —y @ a" *'bF1 . 1 <k < n}. (5.4)

The subspaces e(W) and e(W)* of the SK-module H ® V' are thus equivalent to the
subspaces V, 11 and V,_; respectively in the splitting V; ® V,, = V,,.1 & V,,_1.

The SK-module structure maps oy and oy are exactly the standard real structure
on—1 and the quaternionic structure o, introduced in Section 1.2.1. The H-action is as
usual determined by the action of sp(1) on x and y using the correspondence

le—— X 41— 11X lg—Yy 1i3+— —iy.

This formalism enables us to write out the structure of V; ® V,, as an H-module in the
same fashion as in Example 4.4.5.
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AH-modules of the form V; ® Va,,

We can also obtain a stable AH-module from an odd-dimensional irreducible
Sp(1)-representation Vi, = C*™*!. If we take the tensor product Vi @ VY =~ C*m+2
we obtain the splitting Vi* ®@ V! = VM, @ ViEM “and a left H-action in the same way
as above. However this does not restrict to an H-action on any suitable real vector space
U such that U ®g C = V] ® V,,,, (this is obviously impossible since RAm+2 % H* for any
k). The reason for this is that the structure map oy ® 03, has square —1 instead of 1,
and so VF®@ VM is a quaternionic rather than a real representation of Sp(1)% x Sp(1)M.

There are two ways round this difficulty. Firstly, we could simply take the underlying
real vector space R¥ >V, @ V5, to be an H-module. Secondly, we can tensor with
H =2 C? equipped with its standard structure map. The vector space H is unaffected
by the Sp(1)* x Sp(1)M-action; thus we can think of V' @ V;¥ @ H as a direct sum of
two copies of Vi @ VM which we write 2VF ® VM. This space comes equipped with a
real structure o = 0y ® 09, ® o, and so we have a stable AH-module

(2" ® Vi) (2Vama)”)- (5.5)

(As usual, once the correct structure maps have been specified, we will not usually
mention the o-superscript.) This approach is the equivalent of dealing with SK-modules
of the form X% ® H and the o-sheaves O(2m + 1) ® H.

Both these approaches give exactly the same AH-module; both effectively leave the
Sp(1) x Sp(1)-representation V; ® V4, untouched, whilst doubling the dimension of the
real vector space we are considering so that it is divisible by four.

5.1.4 General Stable and Antistable AH-modules

Definition 5.1.3 Let Us, denote the AH-module (Vi*® VL | ViEAL).
Let Us,—1 denote the AH-module (2ViF @ V,)!, 2V ).

mn

The AH-module Us, corresponds to the SK-module X7"*? and the o-sheaf O(2n).
The AH-module Us,_; corresponds to the SK-module X;""!' ® H and the o-sheaf
O@2n—-1)® H.

By analogy with the quaternions themselves, we will refer to the action of the ‘left’
subgroup Sp(1)* on Vi as the left H-action, and the action of the ‘right’ subgroup
Sp(1)™ on V, as the Sp(1)-action. (This could also be taken to signify ‘module’
action.) We will often omit the superscripts L and M from expressions like V¥ @ VM
if the context leaves no ambiguity as to which group acts on what. Thus we write

Un - a‘/l ® Vn—l—lu

where a =1 if n iseven and a =2 if n is odd.

This formulation allows us to see the relationship between stable AH- and SH-modules
very explicitly. The AH-module U, = aV; ® V,,41 splits as a(V,12@V,,). We can choose
to regard this as a stable AH-module by thinking of aV,,,» as the ‘primed part’, or as a
stable SH-module by regarding aV,, as the ‘generating real subspace’.

The classification results of Sections 4.4 and 4.5 allow us to state the following theo-
rem:
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Theorem 5.1.4 FEvery stable AH-module can be written as a direct sum of the irre-
ducibles U, with unique multiplicities.

Consider the direct sum U = @?:o a;U;. We can write U more explicitly in terms
of Sp(1)¥ x Sp(1)-representations, as the sum

U:WL®<@V2%1@2@VZA,§>. (5.6)
j=1 k=1

The left H-action on V¥ is common to all the irreducibles. The Sp(1)M-action can
be much more complicated. However, we know that since Sp(1) is a compact group, any
such representation can be written as a sum of irreducibles with unique multiplicities.
Having done this, it is then easy to separate these representations to form separate AH-
modules, provided that each odd-dimensional representation V,}/ appears with even
multiplicity. Thus the following is equivalent to Theorem 5.1.4:

Theorem 5.1.5 To every stable AH-module (U,U’) can be attached an Sp(1)-action
which intertwines with the left H-action in such a way that the diagonal Sp(1)*™ -action
preserves U'.

In the decomposition of Equation (5.6), each irreducible subrepresentation of the
Sp(1)M-action contributes 1 to the virtual dimension of U. Thus the virtual dimension

of @?:0 c;U; is equal to Z]- oven Cj T 2 Zj odd i

Antistable AH-modules

Let U, = aV; ® V41 be a stable AH-module. Then its dual AH-module U is an
antistable AH-module. Just like stable SH-modules, antistable AH-modules are formed
by taking the smaller summand in the splitting aV; @V, 11 = a(V,12®V,,). The following
Lemma then follows immediately from Definition 5.1.3.

Lemma 5.1.6 The antistable AH-module Uy, takes the form (Vi @ Vil VEM).

The antistable AH-module Uy, | takes the form (2ViF @ VM 2VEM Y,

The AH-module U, corresponds to the SK-module X;""* and the o-sheaf O(—2n—
4). The AH-module U, corresponds to the SK-module X7"*' @ H and the o-sheaf
O(—2n — 3) ® H. There is a ‘unique factorisation theorem’ for antistable AH-modules
which is exactly dual to Theorem 5.1.4.

5.1.5 Line Bundles over CP! and Sp(1)-representations

There is naturally a link between Sp(1)-representations and the cohomology groups of
vector bundles over CP'. In Section 4.5.1 we demonstrated that H°(O(n)) = S™(H),
where H =2 C? is the basic representation of GL(2,C). From the inclusion SL(2,C) C
GL(2,C), H is also the basic representation V; of SL(2,C) and therefore Sp(1). The
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induced action of Sp(1) on S™(H) is by definition the irreducible representation V.
Thus the cohomology groups of line bundles over CP* are Sp(1)-representations; we
have

H(O(n) =V, and  HYO(-n)) =V, ,. (5.7)

The exact sequence (4.11) of Section 4.5.1 is thus the same as the exact sequence
00—V, 1 — VeV, 2V, 18& V41 — Vi — 0. (5.8)

The fact that the cohomology groups of line bundles over CP! have the structure
of irreducible Sp(1)-representations is already known in the context of the theory of
homogeneous spaces. Let G be a compact Lie group and let 7' be a maximal toral
subgroup. Then the homogeneous space G/T has a homogeneous complex structure.
(This famous result is due to Borel.) The right action of 7" on G gives G the structure
of a principal T-bundle over G/T. Let t be the Lie algebra of T, so that t is a
Cartan subalgebra of g. For each dominant weight A\ € t* there is a one-dimensional
representation C, of 7. The holomorphic line bundle associated to the principal bundle
G and the representation A is then

L)\ = GXT C)\
= (G xCy)/{(g,v) ~ (gt,t 7 v), t € T}.

Since GG acts on Ly, the cohomology groups of L) are naturally representations of G.
For more information see [FH, p. 382-393].

In the case of the group Sp(1), each maximal torus is isomorphic to U(1), and the
homogeneous space Sp(1)/U(1) = CP" is the Hopf fibration S* < S — S2. The line
bundle Sp(1) xy)Cy is then L™, where L is the hyperplane section bundle of CP'.

5.2 Sp(1)-Representations and the Quaternionic Ten-
sor Product

This section describes the quaternionic algebra of stable and antistable AH-modules
using the ideas of the previous section.

5.2.1 The inclusion map ¢y (U)

We begin by discussing the map ¢y and its image. Let U, be an irreducible stable
AH-module. Then

Un=a(VF@ Vi), U =aVi ad Uf=(U) = aV

There is an injective map ¢y, : U, — H® (U])*. This map has a natural interpretation
in terms of the Sp(1)-representations involved. Writing the quaternions as the stable
AH-module V' @ VE, we have

He (U) =V Vigad,).
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This is exactly like the motivating example of H ® Ej, in Section 3.4. Leaving the
left-action untouched and taking the diagonal Sp(1)"*N-action gives the isomorphism

He (U = VE®a(VE e VEY) (5.9)

as an Sp(1) x Sp(1)-representation. The AH-submodule i, (U,) is clearly the V¥ ®
aVEY subrepresentation of H® (U;)*.

Antistable AH-modules behave in a similar fashion. Consider the AH-module U,
so that

n n n n

Ul =a(Vi @ VL), (Uy) =aVi™ and (U)'=(U))" = eV,
There is a similar splitting
He (U)) =V eV edl, 2V 0V e V).

This time, the AH-submodule ¢, (U) is the smaller AH-submodule Vi*®aV, Y. Thus
the splitting
H®aVY =aVi o (VEY @ VEY) (5.10)

splits H ® aV,, into the direct sum of a stable AH-module isomorphic to U, and an
antistable AH-module isomorphic to U ,.

The subspaces vy, (U,,) and 1% ((Uy)’) have a similar interpretation. Treating the
imaginary quaternions I as a copy of V,*f, we have

18 (U])" 2 VER 6 VY = a(VERY @ VERY @ VERY),
and vy, (U],

) is the aV, o subrepresentation of 1® (U})*. In exactly the same way, for
Uy we have

Ie (U 2V @aVN, = a(VEEN @ VEEN @ VRN,

In this case, ¢/, ((Uy)") is the smallest subrepresentation aV,*". This also shows why
we would not expect U’ to be closed under the left H-action — the group Sp(1)¥ does
not act upon it, since we do not have an intact copy of V.

It is worth noting that so far we have been able consistently to interpret stable AH-
modules and their subspaces as representations of highest weight in tensor products of
Sp(1)-representations, and antistable AH-modules and their subspaces as representations
of lowest weight.

5.2.2 Tensor products of stable AH-modules

We shall now see how to use our description of stable AH-modules to form the quater-
nionic tensor product. The results in this section can be obtained through Quillen’s
sheaf-theoretic version of AH-modules by using Theorem 4.5.7. However, the author
hopes that including a little more description will help the reader to get more of a feel
for what is going on.

Let U,, = aVy ® Vi1, U, =bV; ® V.11 be stable AH-modules. By Definition 4.1.4,

Un@uUn = (tv,,(Un) ® (UD)") N ((UL)" ® w, (Un)) C He (U)" @ (U))".
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In terms of Sp(1)-representations,
He (UL) @ U 2 Ve Vi Ve, (5.11)

Using Equation (5.9), we write tp,, (Uy) = aViF @ V,EL ¢ VE @ a(VEL @ VER) =
H ® (U] )*. Tensoring this expression with (U])* = bV,? gives

w,, (Un) @ (UN* =2 a(VEe VEL) @ bVe. (5.12)
In the same way, we form the isomorphism
(UL @ 1, (Un) = aVE @ b(VE @ VED). (5.13)

A rearrangement of the factors leaves us considering the spaces abVi’ ® VI @ V@
and abViF @ VP ® Vn]i@l We now have an Sp(1)L x Sp(1)#F x Sp(1)@-representation
and an Sp(l)L x Sp(1)F x Sp(1)f@-representation. From these we want to obtain a
single Sp(1) x Sp(1)-representation which leaves the left H-action intact. The way to
proceed is to leave the V'-factor in each of these expressions alone and consider the
representations of the diagonal subgroup Sp(1)fF?.  We examine the factors
VEP @ V@ and VI ® Vfﬁ. To obtain a stable AH-module, we want to reduce these
two Sp(1) x Sp(1)-representations to a single Sp(1)-representation. In so doing, we hope
to find the intersection of these two spaces.
This is summed up in the following diagram:

He (U) @U)2VieVEgadV! @bVe

Un @ (U})* Uh)eu,
LUm(U ) (UT)* = VL X CLV m—+1 X va ® [/Un = aVWf (24 ViL (024 anR_Ql

U @uU, = abViF @ (@ V)

The upward arrows here are inclusion maps. The argument goes in the opposite direction,
as we restrict our attention to particular subspaces. If we go down the left hand side, we
consider the diagonal action of the subgroup Sp(1)%F, and restrict to the higher weight
subspace (y,, (Un) ® (U})*. We then consider the action of Sp(1)FF? on this. If on
the other hand we go down the right hand side, we consider the diagonal action of the
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subgroup Sp(1)#9, restrict to the higher weight subspace (U)* ® iy, (U,), and then
consider the action of Sp(1)#F? on this. At each ‘half-way stage’ we are considering
representations of diagonal subgroups of different pairs of groups, and in both cases we
take the higher weight representation in a sum Vj.; & Vi1 and discard the Vj_; part.
Since we do this for different diagonal subgroups we expect to be left with different
subspaces.

Using the Clebsch-Gordon formula, we obtain the two decompositions

min{m+1,n} min{m,n+1}
RP ~ RPQ P RQ ~ PRQ
Vi1 ® VnQ = @ vm+1+n—2j and Vin @ V11 = @ Vm+n+1—2j'
7=0 7=0

These decompositions contain fairly similar summands, with differences arising as the
index j approaches the region of min{m,n}. However, just because we have two
Sp(1)#F@-representations of the same weight, we cannot say that they are automati-
cally the same subspace of H® (UT)* @ (VT)*. We want to know which parts end up
contributing to the final Sp(1)%#%-representation whichever path we take. This will
identify the subspace U,,®urU, C H® (U!)* ® (Ul)*.

One thing that we can guarantee for any m,n > 0 is that the representation with
highest weight will be the same in both cases — both expressions have leading summand
Vinans1. We conjecture that this is the summand which we find in U,,®gxU,,. This would
fit well with the observation that stable AH-modules arise as representations of highest
weight in decompositions of tensor products of Sp(1)-representations.

We will show that this is in fact the case, using Joyce’s dimension formulae for stable
AH-modules. Here is the main result of this section:

Theorem 5.2.1 Let U,,, U, be irreducible stable AH-modules. If m or n is even then
Um®HUn = m+n-
If m and n are both odd then

Um On Un = 4Um+n .

Proof. We have already noted that each irreducible representation of the Sp(1)™-action
on a stable AH-module U contributes 1 to the virtual dimension of U. Thus any
stable AH-module of virtual dimension k& must be a sum of at least k/2 and at most k
irreducibles, depending on whether the irreducibles are odd or even.

We will deal with the three possible cases in turn.

Case 1(m and n both even): Let m = 2p, n = 2¢q. Then
dimU,, =4(p+1) dimU, =2p+3 dimU,=4(¢+1) and dimU =2q+ 3.

Using Theorem 4.1.14 we find that dim U, ®@gU, = 4(p + ¢ + 1) and that the virtual
dimension of U,,®yxU, is equal to 1. But any stable AH-module whose virtual dimension
is equal to 1 must be irreducible. The irreducible stable AH-module whose dimension
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is 4(p + ¢+ 1) and whose virtual dimension is 1 is Vi ® Vapyg+1 = Umqn. Hence

Case 2(m even and n odd): Let m = 2p, n =2¢ — 1. Then
dimU,, =4(p+1) dimU,,=2p+3 dimU, =4(2¢+1) and dimU) =4(¢+1).

Using Theorem 4.1.14 we find that dim U,,®@uU, = 4(2p + 2¢ + 1) and that the virtual
dimension of U,,®yxU, is equal to 2. Thus U,,®xU, must be either an even irreducible
or a sum of two odd irreducibles.

Consider the space vy, (Uy) @ (U)* =2 a(ViIE@ VEL) @ bV,@ of Equation (5.12). For
m = 2p and n = 2q — 1 this becomes

2V © Vot © Vaa_y = Vi © 2(Vapr oy © Vo2 ® - ) (5.14)

The virtual dimension of the tensor product U,,®yU, must be equal to 2, so we cannot
have more than 2 of the irreducibles of the Sp(1)#“-action. We also need a total
dimension of 4(2p + 2¢ + 1). Examining Equation (5.14) we see that the only way this
can occur is if U,,®uU, = V) ® 2Va,,9,, as all the other irreducibles of the Sp(1)#F@-
action have smaller dimension. Hence U,,&nU, = 2Vi @ Vopioq = Uppin.

Case 3 (m and n both odd): The argument is very similar to that of Case 2.
Let m=2p—1, n=2q— 1. Then

dimU, =4(2p+1) dimU, =4(p+1) dimU, =4(2¢+1) and dimU’ = 4(qg+1).

Using Theorem 4.1.14 we find that dimU,,®@yxU, = 16(p + ¢) and that the virtual
dimension of U,,®uU, is equal to 4.

Consider the space tp,,(Uy) @ (UN)* =2 a(ViIE@ VEL) @ bV,@ of Equation (5.12). For
m=2p—1 and n = 2g — 1 this becomes

~ RP RP
WER V@ Vyr 2V @4(Vaig 1 © Vaprgy g+ ). (5.15)

The only way U,,®uU, can have a virtual dimension of four and a total dimension of
16(p+ q) is if U,®@uU, = 4V @ Vapiog—1 = 4Upijn. i

Quaternionic tensor products of more general stable AH-modules can be computed
from this result by splitting into irreducibles and using the fact that the quaternionic
tensor product is distributive for direct sums.

This result is parallel to Theorem 4.5.7 applied to non-negative vector bundles. For
the canonical sheaves O(n) over CP', H°(O(n)) = V,,. The isomorphism O(n) ®¢
O(m) = O(n + m) induces a map of cohomology groups H°(O(m)) ® H°(O(n)) —
H°(O(m+n)). In terms of Sp(1)-representations, this is a map

VWI; ® VnQ o Vrffn D Vw]jfn_Q D ... = Viin.

The map in question is projection onto the irreducible of highest weight V,,.,,. This is
really what this whole section has been about — the idea that the behaviour of stable
AH-modules can be thoroughly and flexibly described by taking subrepresentations of
highest weight in tensor products of Sp(1)-representations.

72



5.2.3 Tensor Products of Antistable AH-modules

It is not difficult to extend Joyce’s results for tensor products of stable AH-modules to
irreducible antistable AH-modules — we can follow the same argument as in the proof
of Theorem 4.1.14, since the generic properties of sums and intersections guaranteed by
stability also hold if one or both of the AH-modules is irreducible and antistable.

Let U and V be antistable AH-modules with dim U = 4j, dimU’ = 2j—r, dimV =
4k and dimV’' =2k —s. Let A = 1y(U) @ (V1)* and let B = (U")* ® 1y (V). Then
dim A = 4j(2k + s) and dim B = 4k(2j + r), so dim(H ® (U")* @ (V1)*) = 4(2j +
r)(2k 4+ s) > dim A + dim B. Thus in generic situations we would expect dim AN B =
dim U®HV =0.

Suppose instead that V is stable, so now dimV’ = 2k + s. A similar calculation
shows that dim A + dim B > dimH ® (U")* @ (VT)* if and only if s(j +r) > kr. In
this case we might expect dim U®yV = dim A + dim B — dim(H ® (U")* ® (V1)*). For
example, let U = U)X = (aV; ® Vipy1)© and V = U, = bV; ® V1. Then we would
expect that dim(UX®@yU,) = 2ab(m —n + 2).

As in Section 5.2, we can describe what is going on in terms of diagonal actions
on tensor products of Sp(1)-representations. We will illustrate the case U,,®@gU,‘. Let
Un=aVi @ Vs and UX = bV, @ V,11)%, s0 (UF)* 2V, and ((UX)")* = V,,5. This
gives rise to the standard descriptions

H e (U) =" @V eV =Vl e (Vi e Vh)
and
Hew (U;)) 2oV @ Ve Vi, =V e (Ve V).
The only difference between this and equation (5.9) is that we have an antistable AH-

module involved, and thus to obtain LU,;(U%% we take the smaller summand of V,, 3 &
Vi1 We use the Clebsch-Gordon formula to describe

min{m+1,n+2}

tw, (Um) @& (U;))" = abVF © Vrffl ® VnQ+2 = abVi' ® @ anjf7?+3—2j
j=0
and
min{m,n+1}
(Uh) @iy (U) 2abVF o VieViG=ale | @ Viidiy
§=0

As with stable AH-modules, our task is to find which of these summands is in the
intersection U, ®@uU} = ty,,(Un) Q= (U;)N)* N (U])* @r 1 (U)). This time since
min{m + 1,n + 2} = min{m,n + 1}, we can guarantee that the summand of smallest
weight will appear in both expressions. From our dimensional arguments, we only expect
a non-zero intersection if m < n 4 2, in which case min{m,n + 1} = m, and we would
predict that U,,®gyU, contains the summand V,,_,,+1. Because its virtual dimension is
not positive, U,,®uU, cannot be stable. This suggests that

{0} ifm>n+2
Un@uU) = (abV] @ V,,_pi1)™ = UX.,. mnormevenand m <n+ 2
4U . n and m both odd and m < n + 2.
(5.16)
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Rather than try to emulate Joyce’s (difficult) proof of Theorem 4.1.14, we will confirm
these conjectures by appealing to Quillen’s powerful results.

Proposition 5.2.2 Let U, be an irreducible stable AH-module and let U be an irre-
ducible antistable AH-module.

If m>n+2 then U,®yU) = {0}.

If m<n+2 and m or n is even then U,@uyU> = U,",,.

If m<n+2 and m and n are both odd then U,,@uyU) = 4U,",..

Let U)X and U)X be antistable irreducible AH-modules. Then U ®@uU) = {0}.

Proof. This follows from Theorem 4.5.7 (due to Quillen), using the correspondences
Up =1 (aO(m)) and U} =n~ (aO(—n —4)), where as usual a = 1 or 2 depending on
whether m,n are even or odd. [

We can use this result about tensor products of antistable AH-modules to tell us
about AH-morphisms between stable AH-modules, using the isomorphism

HOl’IlA]H[(Um, Un) = (U;i@HUn)/
of Theorem 4.2.9.

Proposition 5.2.3 Let U,, and U, be stable AH-modules. Then

(aUy_) = aViyy n<m

Homag (U, Uy,) = { {0} nm

where a =4 if m and n are both odd and a =1 otherwise.

Proof. This follows immediately by combining Theorems 4.2.9 and 5.2.2. [

In particular, since Uy = H, we see that there are always AH-morphisms from U,, into
H (and indeed, this is a defining property for AH-modules), but never AH-morphisms
from H into U, unless n = 0.

Similarly, we can now see that there are always AH-morphisms from antistable AH-
modules into stable AH-modules, but never AH-morphisms from stable AH-modules into
antistable AH-modules.

5.3 Semistable AH-modules and Sp(1)-representations

In this section we shall consider how the AH-module X, fits into the picture of stable
AH-modules and Sp(1)-representations. Recall from Section 4.1.3 that for ¢ € S?
X,=H and X] ={p € H:pg= —qp} so that Xg = (X;f)* = C,.

If we consider the dual AH-module X = (H,C,) we see that the left-multiplication
Ly : H — H defined by L,(p) = ¢ -p gives an AH-isomorphism X, = X . This
suggests that Theorem 4.2.9 might be particularly interesting in the case of X,. For any
AH-module U, there is a canonical isomorphism

HOHlAH(Xq, U) = (XqX®HU),
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and so
HOD’IAH(X(IX, U) = HomAH(Xq, U) = (XQ®HU)/ = (X;@HU)/

Let ¢ : X — U be an AH-morphism. Then we need ¢(1) =u € U’ and ¢(q) € U’
Since ¢ is H-linear, ¢(q) = qu, and so u € U’ NqU’. It follows that

Homau(Xy, U) = (X,@ulU) = U NqU". (5.17)

As noted by Joyce (see the summary in Section 4.1.3), the second of these isomorphisms
is given by the map (idy ®myx,) : (U®nX,) — (UogH) = U’

Though X/ is not itself an Sp(1)-representation, the subspaces C, and X = (Cj
are acted on by the Cartan subgroup U (1), C Sp(1). As we shall see, taking the tensor
product of a stable AH-module with the AH-module X, serves to restrict attention
from information about Sp(1)-representations to information concerning representations
of the group U(1), and its Lie algebra u(1),.

Let Q = aly +bly + cl3 € sp(1) with a®> + 0?4+ 2 =1 and let q = aiy + biy + ciz €
S2. Any irreducible representation of sp(1) is also a representation of the subalgebra
u(l), = (@). The analysis of V,, as a U(1),-representation is already familiar: it is the
decomposition of V,, into weight spaces of the operator @ : V,, — V,,. If we choose an
identification sp(1) ®g C = s[(2,C) such that @ = ¢H, this is exactly the same as the
decomposition of V,, into eigenspaces of H with weights {—n,—n +2,...,n — 2 n}.
This decomposition gives important information about the action of ¢ on the AH-module
U,=aVi ® Vyi1.

This is exactly what we have done in the explicit calculations of Section 5.1.3 for the
case ¢ = 1;. We define a basis (x,y) for the space V; in such a way that Q(x) = ix
and @Q(y) = —iy. This also gives the left action of ¢ € Sp(1) on Vi, since the actions of
g and @) coincide for this representation (see Section 1.2.1). This gives the left action
of ge H on U, =aV; ® V1.

The goal of this discussion is to describe the AH-module U, ®uX,. We do this with
the aid of the following lemma. For ease of notation we work with the AH-module U, _;.

Lemma 5.3.1 The subspace U],_; NqU]_, is given by the sum of the weight spaces of
Q) with highest and lowest possible weights.

Proof. Recall from Section 5.1.3 that

n n—1 n—1 n
V1®Vn:<x®a,x®a b,...,x®ab" " ,x®Db >’

ya',y®a" b ....y®ab®" ! y®b"
and that the space (U,_1)" = V,,41 is spanned by the vectors
{x®a", x®a" 'b+y®a",...,x@a" *bFty@a" FbFl | x@b"+y®ab" ! y®b"}.

Define the basis vectors wy, = x ® a" *b* + y @ a"**'b¥~! including wy = x ® a" and
Wnt1 =Y X b".

The action of H € s[(2,C) is given by H(x ® a" *b*) = (n — 2k + 1)x ® a" *bF
and H(y ® a"*b*) = (n — 2k — 1)y ® a» *b*. Thus each basis vector wy, is a weight
vector with weight (n — 2k 4+ 1). The two extreme vectors x ® a” and y ® b" are also
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weight vectors with weights n +1 and —n — 1 respectively. Note that all these weights
are different.
The left H-action of ¢ on V; ® V,, is given by

q(x ® a" *b*) = ix @ a"*b* ¢y ® a" *b*) = —iy @ a" b,

Left multiplication by ¢ therefore preserves the weight space decomposition with respect
to @ of a vector w € V; ® V,,.
On the basis vectors w; = x ® a” *b* +y ® a” *'b*~1 we have

Q(X ® an—kbk + y ® an—k+1bk—1) —ix ® an—kbk . Zy ® an—k—i—lbk—l‘

Since each vector wy, has a different weight from all the others we have q(wy) € V,, 4 if
and only if ¢(wy) € (wy), and

q(z Mwg) € Vop1 <= AN =0 or q(wg) € Vi for all k.
It is evident that
gx®a")=ix®a"€V,; and ¢y®a")=—iy®a" €V,
but for all the other basis vectors wy,

q(wk) & (wr) andso  g(wk) & Va1

Hence
Vn+1 N qvn—l—l = <X & an, Yy & bn>7

the weight spaces with highest and lowest weight. Taking the o-invariant subspace
(x®@a"—y®b") if U,_; is an even AH-module yields the desired result for the AH-
module U,_;. [ |

Since the AH-submodule (id ®mx,)(Un—1®uX,) C U,_1 is the subspace generated
over H by U’ N qU’, this demonstrates the main result of this section which describes
U,®@uX, as follows:

Theorem 5.3.2 Let U, = aV1®V, 11 be an irreducible stable AH-module, whose eigenspace
decomposition with respect to @) € sp(1) takes the form

y®a"l y®a'b,...,y ® ab",y ® b"*!
If U, is an even AH-module then U,®uX, = X, and
(id @uxy)(U,@rX,) = H- (x @ a"! —y @ b" )k,
where the H-action is induced by the H-action on V;.

If U, is an odd AH-module then U,®@uX, = 2X, and

(id @i (Un@uX,) = H- (x @ 2™,y @ b 1), = 1 @ (@™, b"+1),

Thus the quaternionic tensor product U,®uX, picks out the representations of ex-
treme weight in the decomposition of U, into weight spaces of Q).
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5.4 Examples and Summary of AH-modules

By now, the reader should be familiar with the ideas of quaternionic algebra. In this
section we shall briefly sum up this information, giving explicit constructions of the AH-
modules which will occur most frequently in the following chapter, in the forms in which
they occur most naturally.

Example 5.4.1 Recall the AH-module Y = {(q1,42,43) : 191 + goiz + q3i3 = 0} of
Example 4.1.2. Since Y is stable and has virtual dimension 1, it follows that Y is
irreducible and is isomorphic to Us = V; ® V5. A calculation shows that (YT)* =~ V5 and
that the equation ¢jiy + gois + q3i3 = 0 is precisely the condition for (g1, g2, ¢qs) to lie in
the subspace ViIF @ VM of Ho VM 2 VEig Vo VM 2V (VEM ¢ VEM),

Consider the AH-modules ®§H Y, SEY and ALY. Using the dimension formulae of
Theorem 4.1.14 and Proposition 4.1.16, we discover that ALY = {0} and that @Y =
SpY with dim(SEY) = 4(n+ 1) and dim(SEY)’ = 2n + 3. From this we deduce that
SiY = Us, and that all the even irreducible stable AH-modules can be realised as tensor
powers of the AH-module Y.

Example 5.4.2 [J1, Example 10.1] Let Z C H® R* be the set

Z ={(q0,q1,92,93) : Qo + @171 + @212 + qziz = 0}.

Then Z = H® is a left H-module. Define a real subspace Z' = {(qo,q1,42,¢3) : ¢; €
I and qo+ qii1 + q2is + q3i3 = 0}. Then dimZ = 12, dimZ’ = 8 and Z is a stable
AH-module.

In fact, Z is isomorphic to the first odd irreducible AH-module U; = 2V; ® V,. We
have (Z1)* =2 R* =2 2V;. The equation ¢y + qi4; + qois + qgis = 0 is the condition for
(90, q1, G2, g3) to lie in the subspace 2ViF @ VM of H @ 2VM =~ Vi @ VI g 2VM =
2‘/1L ® (‘/ZRM EB ‘/ORM )

Example 5.4.3 We can obtain the rest of the odd AH-modules as tensor products of
those above. From Theorem 5.2.1 we know that

Uzny1 = U2 ®uUs.
This combined with the previous examples shows that
Uspi1 = SpY QuZ.

Thus we have obtained all the irreducible stable AH-modules in terms of previously
known AH-modules. We can also use these constructions to write down formulae giving
all those irreducible antistable AH-modules which are dual to stable AH-modules.

Example 5.4.4 Consider the AH-module (U,U’) where
UZHZ and U/ = <(170)7(2.17i2)’(071)7(07i1)>‘

Then {(0,q) : ¢ € H} is an AH-submodule of U isomorphic to X;,. However, there is no
complementary AH-submodule V' such that U = X;, &V, and indeed U is irreducible.
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It is also clear that U is not semistable — nor is it the dual AH-module of any semistable
AH-module. We call such an AH-module irregular.

Irregular AH-modules correspond to type (i) SK-modules of the form X]"* @ A}" ma
and torsion sheaves of the form O/m?, where n > 2. In the present case which singles
out the subfield C,;,, we have

U =0 (0 )

For a general formula linking pairs of antipodal points {z,¢(z)} in CP' and complex
subfields of H see [Q, §14].

These are the only AH-modules which we do not describe in detail, for two reasons.
Firstly, they are badly behaved compared to semistable and antistable AH-modules. Sec-
ondly, as far as the author is aware, they do not arise naturally in geometrical situations
in the way that the other AH-modules do.

Example 5.4.5 There is one remaining irreducible to consider — the AH-module
(H, {0}). This trivially satisfies Definition 4.1.1, and so is an AH-module. Any AH-
module whose primed part is zero is a direct sum of copies of (H, {0}). It is easy to see
that for any irreducible AH-module U, U®y(H,{0}) = {0} unless U = H, in which
case we have Hey(H, {0}) = (H, {0}).

Though badly behaved, the AH-module (H, {0}) does arise naturally in quaternionic
algebra — for example, Z@yH™ = (H, {0}). This suggests the notation

(H, {0}) = U,

in which case this result agrees with Theorem 5.2.2. Such notation is consistent with the
sheaf description of antistable AH-modules, since we have

U =0 (20(-3))

as expected. Thus we interpret (H, {0}) as the ‘antistable part’ of 2V} ® V4. The dual
space (H, H) is of course not an AH-module, so there is no stable AH-module U_; which
is dual to UX|. In spite of this we still regard U*, as ‘antistable’, because treating it as
an exception every time would be cumbersome.

We end this chapter with a diagram (overleaf) summarising much of our theory.
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Figure 5.1: Irreducible AH-modules and the ratio of their dimensions.

AH-morphisms

>
-

X, and irregular

YX = Uy AH-modules Y =~ 1,
Z% = U1 Z = Ul
X _
% = (. {0)) Hh | ﬂ |

|
0 3 / g\ 3 dimU’'/dimU 1

U (3<n< o) U, (3<n< o)

Quaternionic tensor products

This describes the AH-modules we have met so far — all the finite-dimensional irre-
ducible AH-modules. The quaternionic tensor product of two AH-modules is always to
the left of both of them in Figure 5.1. On the other hand, there are AH-morphisms from
an AH-module into itself and any AH-modules to its right — and never from an AH-
module to any AH-module to its left. These statements are closely linked by Theorem
4.2.9. If U and V are irreducible stable or antistable AH-modules, this demonstrates
that that there will always be AH-morphisms from U®yxV into U and V, but never
any AH-morphisms from U or V into U®ykxV, unless U or V is equal to H.
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Chapter 6

Hypercomplex Manifolds

This chapter uses the quaternionic algebra developed in Chapters 4 and 5 to describe
hypercomplex manifolds. It is in three parts (the first of which is a summary of Joyce’s
work, the other two being original). The first part (Section 6.1) summarises Joyce’s
theory of g-holomorphic functions. A g-holomorphic function on a hypercomplex man-
ifold M is a smooth function f : M — H which satisfies a quaternionic version of
the Cauchy-Riemann equations. We let P,; denote the AH-module of g-holomorphic
functions on M. The g-holomorphic functions on the hypercomplex manifold H are
precisely the regular functions of Fueter and Sudbery. Because of the noncommuta-
tivity of the quaternions, the product of two g-holomorphic functions is not in general
g-holomorphic. Nonetheless, g-holomorphic functions possess a rich algebraic structure.
Joyce attempts to capture this using the concept of an H-algebra, a quaternionic version
of a commutative algebra over the real or complex numbers.

In the second part (Section 6.2), we use the Sp(l)-representation T*M = 2nV;
defined by the hypercomplex structure to obtain a natural splitting of the quaternionic
cotangent space of a hypercomplex manifold M, which we write H® T"M = A ¢ B.
This is precisely a version of the splitting H ® aV; = aV; @ (V41 & Vi—1) used in the
previous chapter to construct and describe all stable and antistable AH-modules, and
the Sp(1)-version of quaternionic algebra gives a complete description of the geometric
situation. A function f is g-holomorphic if and only if its differential df takes values in
the subspace A C H® T*M. This is very similar to the situation in complex geometry
where the differential of a holomorphic function takes values in the holomorphic cotangent
space A0, It follows that the subbundle A should be thought of as the g-holomorphic
cotangent space of M, its complement B being the g-antiholomorphic cotangent space.

The third part (Sections 6.3 and 6.4) is about AH-bundles, which are smooth vector
bundles whose fibres are AH-modules. They can be defined over any smooth manifold
M, but are most interesting when M 1is hypercomplex. An AH-bundle FE is said to
be g-holomorphic if it is simultaneously holomorphic with respect to the whole 2-sphere
of complex structures on M. This condition is met if and only if E carries an anti-
self-dual connection which is compatible with the structure of £ as an AH-bundle. We
generalise the theory of g-holomorphic functions to that of g-holomorphic sections, so
that a g-holomorphic function is precisely a g-holomorphic section of the trivial bundle
M x H. We investigate the algebraic structure of g-holomorphic sections in some detail,
showing that the g-holomorphic sections of a gq-holomorphic vector bundle E form an
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H-algebra module over Pyy.

6.1 Q-holomorphic Functions and H-algebras

6.1.1 Quaternion-valued functions

This section is mainly a summary of [J1, §§3,5], to which the reader is referred for
more detail and proofs of the important results. Let M be a smooth manifold and
let C*°(M,H) be the vector space of smooth quaternion-valued functions on M. An
H-action on C*°(M,H) is defined by setting (q - f)(m) = q(f(m)) for all m € M,
f e C>®(M,H). Thus C°(M,H) is a left H-module. What is less immediately obvious
is that C*°(M,H) is an AH-module.

Lemma 6.1.1 Define a linear subspace
CO(M,H) ={f € C*°(M,H) : f(m) €l forallme M} =C>(M,I).
With these definitions, (C°°(M,H),C>®(M,H)") is an AH-module.

Proof. We use the fact that M can be embedded in C*°(M,H)" in the following way.
For each m € M, define the ‘evaluation map’

Op : C¥(M,H) - H by  0,(f) = f(m).

Then 0,,(q- f) = q-0m(f), so O, € C°(M,H)*. Also, if f € C*(M,I) then 0,,(f) €l
for all m € M, so 0, € C=(M,H)'.

Suppose that f € C*(M,H), and «a(f) = 0 for all a« € C*°(M,H)'. Since 6, €
C®(M,H)t, f(m)=0 for all m € M;so f=0. Thus C*°(M,H) is an AH-module,
by Definition 4.1.1. [ |

This technique of linking a point m € M to an element of C*°(M,H)" is extremely
useful. Joyce has used this process to reconstruct hypercomplex manifolds from their
H-algebras. Note that we have assumed no geometric structure on M other than that
of a smooth manifold.

Complex and quaternionic functions

For each ¢ € 5% let 1, : C — H be the inclusion obtained by identifying ¢ € C with
q € 5% so that ty(a+ib) = a +qb. ' For any real vector space E, the inclusion ¢,
extends toamap (,: CO E - H®FE given by ¢,(eg+ie1) = eg+qer (for eg,e; € E).
Note that the images of ¢, and ¢_, are the same, but the two maps are not identical:
since t4(a+1ib) = a+ qb and t_,(a +ib) = a — gb, we see that 1,(z) = t_,(Z).

Let f = a + ib be a complex-valued function on M. Then for every ¢ € S2,
the function ¢,(f) = a + ¢b is a quaternion-valued function on M. In this way we
obtain quaternion-valued functions from complex ones, and we shall soon see that this
construction can be used to obtain g-holomorphic functions from holomorphic ones.

!The map ¢, will be distinguished from the inclusion map ¢y of AH-modules by the use of lower-case
rather than upper-case subscripts.
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6.1.2 Q-holomorphic functions

In this section we will define g-holomorphic functions, the hypercomplex version of holo-
morphic functions, and familiarise ourselves with some of their basic properties. Consider
the complex manifold (M, ). A complex-valued function f = fy + idf; € C*°(M,C) is
holomorphic (with respect to I') if and only if f satisfies the Cauchy-Riemann equations

dfo + Idf = 0. (6.1)

Let (M, I, I, I3) be a hypercomplex manifold. Here is the definition of a g-holomorphic
function on M.

Definition 6.1.2 Let f € C*°(M,H) be a smooth H-valued function on M. Then
f = fot frir+ faia+ fsis with f; € C*°(M). The function f is said to be g-holomorphic
if and only if it satisfies the Cauchy-Riemann-Fueter equations

Df =dfy + Lidf, + Lydfs + Isdfs = 0.
The set of all g-holomorphic functions on M is called P,y.

The term g-holomorphic is short for quaternion-holomorphic, and it is intended to
indicate that a g-holomorphic function on a hypercomplex manifold is the appropriate
quaternionic analogue of a holomorphic function on a complex manifold. If a function f
is g-holomorphic then the function ¢ - f is also g-holomorphic for all ¢ € H. Thus the
set of g-holomorphic functions Py, forms a left H-submodule of C*°(M,H). We adopt
the obvious definition for P}, namely

Py ={f €Puy: f(m)elforalme M}

So Py = Py NC®(M,H), and Py is an AH-submodule of C*°(M,H). Thus the
g-holomorphic functions Py; on a hypercomplex manifold M form an AH-module.

The product of two g-holomorphic functions is not in general g-holomorphic — we can
observe this simply by noting that all constant functions are trivially g-holomorphic, but
Par is not even closed under right-multiplication by quaternions. Thus g-holomorphic
functions do not form an algebra in the same sense that the holomorphic functions on a
complex manifold do.

We show that there are many interesting g-holomorphic functions on a hypercomplex
manifold M, by observing that every complex-valued function on M which is holo-
morphic with respect to any complex structure Q € S? gives rise to a g-holomorphic
function.

Lemma 6.1.3 Let q = aqi; + agis + asis € S? and let Q = ayI; + asly + asls be the
corresponding complex structure on M. Let f = x + iy € C°(M,C) be holomorphic
with respect to Q. Then 1,(f) = x + qy 1is a g-holomorphic function.

Proof. The proof is a simple substitution. If f = x + iy is holomorphic with respect to
() then it satisfies the Cauchy-Riemann equations dz + Q(dy) = 0, in which case

0=dzx + ((11]1 + CLQIQ + agjg)(dy> = D(l’ + Cblyil + agy’ig + agyig) = D(CC + qy)
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So the H-valued function ¢,(f) = = + qy is g-holomorphic. [

If f=ux+iye C®°M,C) is holomorphic with respect to @, then its conjugate
f = x — iy is holomorphic with respect to —Q. Does this mean that both z + gy and
x — qy are g-holomorphic functions? Closer inspection shows that this is not the case
— we see that

t(x+iy) = 1_y(x — iy) = x + qy.

So the holomorphic functions with respect to  and —( are mapped to the same
functions when we consider their images under ¢y, in C*(M,H). We shall see that this
is a consequence of (indeed is equivalent to) the fact that the AH-modules X, and X_,
are the same.

Now, if the functions f,g € C*(M,C,) are both holomorphic with respect to @,
then so is fg € C*°(M,C,). By Lemma 6.1.3, ¢,(f), t,(9), and t,(fg) = t4(f)t4(9)
are all g-holomorphic. In this special case where the g-holomorphic functions f and
g both take values in a commuting subfield of H, their product is also g-holomorphic.
This is reminiscent of the situation described in Lemma 4.1.7, where two elements u €
U and v € V such that y(u) € C, ® (UN)* and ty(v) € C, ® (VT)* define an
element u®yv € U®yxV. In this case we have two well-defined ‘products’ of f and
g — their quaternionic tensor product f®mg € Py®uPy and their product as C,-
valued functions fg = gf € Py;. This algebraic situation is described by the theory of
H-algebras.

6.1.3 H-algebras and Q-holomorphic functions

An H-algebra is a quaternionic version of an algebra over a commutative field. Let F
be a commutative field (usually the real or complex numbers). An F-algebra is a vector
space A over F, equipped with an F-bilinear multiplication map p: A x A — A which
has certain algebraic properties. For example if pi(a,b) = pu(b,a) for all a,b € A then p
is said to be commutative. As we have already seen in Section 1.3, this formulation is of
no great use to us when seeking a quaternionic analogue because the non-commutativity
of the quaternions makes the notion of an H-bilinear map untenable.

The axioms for an algebra over F can alternatively be written in terms of tensor
products. The main feature of tensor algebra is that a bilinear map on the cartesian
product A x B translates into a linear map on the tensor product A®rB. So our bilinear
multiplication map pu : A Xx A — A becomes an F-linear map pu: A Q¢ A — A. The
commutative axiom pu(a,b) = pu(b,a) becomes p(a®b) = u(b®a), so pla@b—b®a) =
p(a A b) = 0. Hence we obtain a ‘tensor algebra version’ of the commutative axiom,
saying that p: A ®r A — A is commutative if and only if A2A C ker p.

Once we have reformulated our axioms in terms of tensor products and linear maps we
can translate them into quaternionic algebra, replacing ‘vector space’, ‘linear map’ and
‘tensor product’ with ‘AH-module’, ‘AH-morphism’ and ‘quaternionic tensor product’.
This is precisely what Joyce does, producing the following definition [J1, §5]:

Axiom H. (i) P is an AH-module.

(77) There is an AH-morphism pp : PP — P, called the multiplication
map.
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(iii) AZP C ker up. Thus pup is commutative.

(tv) The AH-morphisms pp : P@yP — P and id : P — P com-
bine to give AH-morphisms pup®gid and id @gup : POgPRrP —
PoyP. Composing with pp gives AH-morphisms pp o (up®pid)
and pp o (id @gup) : POuPRuP — P. Then pp o (up@pid) =
pp o (id @gup). This is associativity of multiplication.

(v) Anelement 1 € A called the identity is given, with 1 ¢ P’ and 1-1 C
P

(vi) Part (v) implies that if o € PT then (1) € R. Thus for each a € P,
loga and a®ygl € PRyP by Lemma 4.1.7. Then pup(l®ga) =
pp(a®yl) = a for each a € P. Thus 1 is a multiplicative identity.

Definition 6.1.4 P is an H-algebra if P satisfies Axiom H.

Here H-algebra stands for Hamilton algebra. We also define morphisms of H-algebras:

Definition 6.1.5 Let P, Q be H-algebras, and let ¢ : P — Q be an AH-morphism.
Write 1p,1o for the identities in P, Q respectively. We say that ¢ is an H-algebra
morphism if ¢(1p) = 1g and pg o (¢®ud) = ¢ o up as AH-morphisms PRyP — Q.

Let M be a hypercomplex manifold. Joyce has constructed a multiplication map
(s with respect to which the g-holomorphic functions P,; form an H-algebra, and such
that for f,g € C>°(M,C,) holomorphic with respect to @ we have u(f®mug) = fg.
In this way the the H-algebra P, includes the algebras of holomorphic functions with
respect to all the different complex structures on M.

Let M, N and (therefore) M x N be hypercomplex manifolds. We define an AH-
morphism ¢ : Py @uPy — Puxny. Let U and V be AH-modules. Let z € Ul @ V1
and y € U®yV. Then y -2 € H, where ‘-’ contracts together the factors of U @ V1
with those of (UT)* ® (V1)* in UeyV C H® (UT)* ® (V1)*. Define a linear map

Aoy UT @V — (UegV)T by setting A\pyv(2)(y) =y - =, (6.2)

forall z cUT®@ VT and y € URyV. 2

Consider again the maps 6,, € P]Tw of Lemma 6.1.1, which allow us to interpret
points of m € M as AH-morphisms 6,, : Py; — H. In the same way, we can associate
to each point (m,n) € M x N the map 6,, @6, € P, @ PL,. Then Ap,, py (0 @6,) €
(Pr@uPn)t.

Definition 6.1.6 We define a map ¢ : Py@uPy — C®°(M x N,H) as follows. Let
f € Pu®uPy. Then Ap,, py (0 ®0,,) - f € H and we define ¢(f) : M x N — H by
setting

¢(f) (m’ n) = APM,PN (em ® en) : f

For infinite-dimensional vector spaces U and V we define U ® V to consist of
finite sums of elements u ® v. Thus ¢(f) is a sum of finitely many smooth func-
tions, and so is smooth. It is easy to see that ¢(f) is g-holomorphic, since Dyryn =

2See [J1, Definition 4.2], where Joyce defines this map and uses it to prove that U®yV is an AH-
module.
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Dy (o6(f)) + Dn(o(f)) = 0, i.e. we can evaluate the derivatives in the M and N
directions separately. It is clear that ¢ is H-linear and that ¢(P},@uPyN) C Pliun-
Thus we have a canonical AH-morphism ¢ : Py QuPyn — Prrxn-

The second (and easier) step is to consider the case M = N, so ¢ : Py®@uPy —
Prrxar- The diagonal submanifold My = {(m,m) :m € M} C M x M is a submani-
fold of M x M isomorphic to M as a hypercomplex manifold, and each g-holomorphic
function on M x M restricts to a g-holomorphic function on Mgi,s. Let p be the re-
striction map p : Pyxy — Puy,,; then p is an AH-morphism. Thus we can define an
AH-morphism

= po o Pyu®uPu — P (6.3)
Here is the key theorem of this section:

Theorem 6.1.7 [J1, 5.5]. Let M be a hypercomplex manifold, so that Py is an AH-
module. Let 1 € Py be the constant function on M with value 1, and let pps :
Pu®uPy — Py be the AH-morphism uy = p o ¢ of Equation (6.3). With these
definitions, Py; s an H-algebra.

This statement is also true for C*°(M,H). An AH-morphism ¢ : C*(M, H)®g
C>®(N,H) — C*°(M x N,H) can be defined just as in Definition 6.1.6, and p is
still the obvious restriction. The g-holomorphic functions P,; form an H-subalgebra
of C*°(M,H), and the inclusion map id : Py; — C*(M,H) is an H-algebra morphism.

Example 6.1.8 Q-holomorphic functions on H /J1, §10].

Consider the manifold H with coordinates (xg, x1, z2, x3) representing the quaternion
o + 191 + Tols + x3i3. Then H is naturally a complex manifold with hypercomplex
structure (I, I, I3) given by

]1d$2 = dl’g, ]2dlL’3 = dl’l, ]3dl’1 = dl’Q and ]jdi[’o = dl’j, ] = ]_, 27 3. (64)

Consider the linear H-valued functions on H. Using the Cauchy-Riemann-Fueter
Equation (1.20) with the hypercomplex structure in (6.4), we find that f = oz +
171 + @29 + q3x3 is g-holomorphic if and only if ¢y + q141 + @222 + ¢3i3 = 0. Thus
the linear g-holomorphic functions on H form an AH-submodule of the set of all linear
functions, and this submodule is isomorphic to the AH-module Z = U; of Example
5.4.2.

Consider the AH-module U®) of homogeneous g-holomorphic polynomials of degree
k. The spaces U®) are important in quaternionic analysis and are studied by Sudbery
[Su, §6]. Joyce uses the dimension formulae of Proposition 4.1.16 to prove that SEZ =
U®). We can easily show that

(k+1)Ux k even

k 7 ~ =
SpZ =2 (k+ 1)V ® Vi = { 1k+1)Ux Kk odd.

This constructs not only the spaces U*)| but also their structure as Sp(1)-representations,
which is crucial to Sudbery’s approach.

The space of all g-holomorphic polynomials on H is therefore given by the sum
D, , Sk Z, which is naturally an H-algebra. Joyce [J1, Example 5.1] calls this FZ, the
free H-algebra generated by Z , and this idea enables us to write down the multiplication
map pug. The full H-algebra Py is constructed by adding in convergent power series.
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6.2 The Quaternionic Cotangent Space

Let M be a complex manifold and recall the splitting C @g T*M = AM @ A% M
of Equation (2.1). A function f € C*(M,C) is holomorphic if df € A"YM. The
Cauchy-Riemann operator is defined by 9 = 7%' o d, and f is holomorphic if and only
if 0f =0.

This section presents the quaternionic analogue of this description. Let M be a
hypercomplex manifold. We show that there is a natural splitting of the quaternionic
cotangent space HQT*M = A& B. The bundle A is then the g-holomorphic cotangent
space of M. A function f € C*°(M,H) is q-holomorphic if and only if df € A, and the
Cauchy-Riemann-Fueter operator can be written 6 = 7% o d, where 78 is the natural
projection to the subspace B C H® T*M. The ease with which quaternionic algebra
presents such close parallels with complex geometry could scarcely be more rewarding.

Theorem 6.2.1 Let M*" be a hypercomplez manifold and let H® T*M be the quater-
nionic cotangent bundle of M. The hypercomplex structure determines a natural splitting

HeT"M = Ao B,

where dim A = 12n and dim B = 4n.

Proof. Recall from Section 3.2 that T*M = 2nV; as an Sp(1)-representation. Call this
representation 2nV,¢ (since it is the action defined by the geometric structure of M ).
Following the standard arguments of Chapter 5, we have a splitting

HeTM = VieViieanV®
= Ve (e Vi)
>~ Ag B,
where A =2nVil @ VY and B = 2nVl @ V9. [

This is a situation with which we are by now very familiar. Using the theory of
Chapter 5, we immediately deduce that

e The (fibres of the) subspaces A and B are AH-modules with A = nU; and
= nU%,.

e Dim A = 12n and dim A" = 8n, where A’ = ANIT®T*M. A is a stable AH-
module.

e Dim B = 4n and dim B’ = 0, where B’ = BNI® T*M. B is an antistable
AH-module.

e The mapping A@® B — H ® T*M is an injective AH-morphism which is an
isomorphism of the total spaces. It is not an AH-isomorphism because dim(A'@®B’)
is smaller than dim(I ® T*M).
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The importance of this splitting lies partly in the following result:

Theorem 6.2.2 A function f € C®(M,H) is g-holomorphic if and only if df €
C>®(A).

The proof of this theorem will be in two parts. Firstly, we investigate the projection
operators 74 and 7% from H® T*M onto A and B. We then show that the Cauchy-
Riemann-Fueter operator can be written as 72 o d.

To work out projection maps to A and B we use the Casimir operator for the
diagonal Sp(1)%%-action, obtained by coupling right-multiplication on H with the action
of the hypercomplex structure. The diagonal Lie algebra action is given by

IZ(w) = I (w) — wiy J(w) = L(w) — wiy K(w) = I3(w) — wis. (6.5)

Then C(w) = (Z?+J*+K?)(w) = —6w—2x(w), where x(w) = I (w)i1+Io(w)is+I3(w)is.
The operator y satisfies the equation y? = 3 — 2y, so has eigenvalues +1 and —3. If
w is in the —3 eigenspace then we have C(w) = 0, so w € Vi 1If w is in the +1
eigenspace then we have C(w) = —8, so w € V' Thus the subspaces A and B are
the eigenspaces of the operator x. This enables us to write down expressions for 74
and 78 such that 74 + 78 = 1.

Lemma 6.2.3 Projection maps 7 : HQT*M — A and 7% : H®T*M — B are given
by

1

A( 1

(Bw+I(w)iy+1a(w)is+15(w)is) 8 (w) = i(u}—ll(W)il—IQ<W)i2—13(W)i3).

7 (w)

These maps depend only on the structure of M as a hypercomplex manifold.

Just as we defined the Dolbeault operators in Equation (2.4), we define new differ-
ential operators ¢ and §:

§:C*(M,H) — C>*(M, A)
§=n40d

§: C®(M,H) — C>*(M, B)

and 0 =nBod.

(6.6)

Then for a function f € C°(M,H), df =6f +df.

Proposition 6.2.4 A function f € C>(M,H) is g-holomorphic if and only if §f = 0.

Proof. Let f = fo+ fii1 + faia + f3i3 be a g-holomorphic function on M, so Df =
dfo + I df, + Ldfs + I3dfs = 0. This is exactly the real part of the equation

Moreover, the three imaginary parts are the equations [;(Df) = 0, which are satisfied
if and only if Df = 0. Thus the real equation Df = 0 is exactly the same as the
quaternionic equation §f = 0. [
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It now follows that a function f is q-holomorphic if and only if df = df € C°(M, A).
This proves Theorem 6.2.2 and motivates the following definition:

Definition 6.2.5 Let M be a hypercomplex manifold and let HQ T*"M = A @ B, as
in Theorem 6.2.1. Then A is the g-holomorphic cotangent space of M and B is the
g-antiholomorphic cotangent space of M.

Here are some practical methods for writing the spaces A and B. Let w =1® wy +
11 QWi + 12 ® Wy + i3 ® ws. It is straightforward to verify that

wE A <— wo + Il<W1) + [2((«02) + [3(0)3) = 07

and
w € B<«— Wy = [1(&)1) = [2((,()2) = [3(&)3).

Let M be a hypercomplex manifold and let {e®: a = 0,...,4n — 1} be a basis
for T*M such that I(e!?) = e***. In other words, we choose a particular isomorphism
T:M = H" such that the subspace (e®, etot! elat2 edat3) s a copy of H with its
standard hypercomplex structure. With respect to this basis the fibres of A and B at
the point x are given by

Ay = {Z 9a€® : qab + Qapt101 + Qupiatz + Qupiziz =0 forallb=0,...,n— 1} (6.8)
and

B, = {Z Qa€” * Qab = —Qab101 = —Qapy2i2 = —qapy3iz forallb=0,...,n— 1}
(6.9)
Equation (6.8) is a higher dimensional version of the equation gy + q1i1 + gtz + q3i3 = 0
which gives the g-holomorphic cotangent space on H (Example 6.1.8). This gives an
AH-isomorphism between A, and the AH-module nZ = nUj.

Let us pause for a moment to reflect on what has happened. On a complex manifold,
we have a splitting of C®T*M into two spaces of equal dimension, which are conjugate
to one another. On a hypercomplex manifold, we have a splitting into two subspaces,
but they are not equal in size. Instead, one of them has three times the dimension of the
other, because the subspaces are defined by the equation V; ® V; = V5, @ V4. This type
of splitting into spaces of dimension 3n and n is typical of the quaternions, echoing the
fundamental isomorphism H = I & R.

6.2.1 The Holomorphic and Q-holomorphic cotangent spaces

Let M* be a hypercomplex manifold with hypercomplex structure (I3, I, I3). Let
q = a1iy + agis +asiz € S? and let Q = a I, +asl, +asls be the corresponding complex
structure on M. We have already seen (Lemma 6.1.3) that if f is a complex-valued
function on M which is holomorphic with respect to the complex structure (), then
tq(f) is a g-holomorphic function. This is a correspondence not only of holomorphic
and g-holomorphic functions, but also of the holomorphic and g-holomorphic cotangent
spaces.
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Each complex structure ) on M defines a holomorphic cotangent space Ago. Using
the embedding ¢, we can consider CQT*M = C,®T*M as a subspace of H®T*M. The
relationship between these subspaces of H @ T*M is clarified in the following Lemma:

Lemma 6.2.6 Let A C H® T*M be the g-holomorphic cotangent space of a hyper-
complex manifold M and let Ago CC®T*M be the holomorphic cotangent space with
respect to the complex structure ). Then

H - Lq(Ago) = (ida®mxg) (A®uX,).

Proof. We illustrate the case dim M = 4, the general result holding in exactly the
same way but involving more coordinates. For any point x € M we choose a basis
{e% el e? e} for TXM such that the hypercomplex structure at z is given by the
standard relations (6.4). Without loss of generality take ¢ = i; and consider the complex
manifold (M, ;). Then
A};O = (e’ +iet, e* +ied)c.

Since ¢;, (a + ib) = a + i1b, we see that

H - Lq(A}io) =H- (" +i1et, e* +ire’). (6.10)

Recall from Section 5.3 that (idy ®ux,)(U®uX,) = U' NqU" for any AH-module

U. Using Equation (6.8), we have A = {(qoe® + ... + q3€®) : qo + qui1 + iz + qziz = 0}
and A’ =1® T*M. It follows that

AnitA = {qe’ +...+qe® € A:qj € (ig,i3)}

= (ige? —izel,ize +ise! ine® —ize” ize” + ige’), (6.11)

and the image (ids ®muy;, )(ARuX;,) = 2X;, is generated over H by this subspace.

Observe that —iy - (i — ize!) = €¥ + el and that —iy - (ixe? — ized) = €% + 1€’

Therefore H - (A’ Ni;A’) is exactly the same as the subspace H - Lq(A};O) of Equation

(6.10). ]

This gives us a description of the g-holomorphic and g-antiholomorphic cotangent
spaces of M in terms of complex geometry:

Corollary 6.2.7 Let M*" be a hypercomplex manifold, with g-holomorphic cotangent
space A and g-antiholomorphic cotangent space B. Then

A=) H-1,(A)
QeS?

and
0,1
B= (] H-,(Ag).
Qes?
Thus the g-holomorphic cotangent space is generated over H by the different holomorphic
cotangent spaces.

Proof. Use the fact that A is a stable AH-module; thus A is generated over H by the
subspaces A’ N gA’ for g € I. The proof now follows immediately from Lemma 6.2.6. Il
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6.3 AlH-bundles

An AH-bundle is the natural quaternionic analogue of a real or complex vector bundle:
a set of AH-modules E parametrised smoothly by a base manifold M.

Definition 6.3.1 Let M be a differentiable manifold and (W, W’) a fixed AH-
module. A smooth AH-module bundle with fibre W or simply AH-bundle is a family
{(E:, E.)}zem of AH-modules parametrised by M, together with a differentiable man-
ifold structure on E = |J,.,, E» such that

e The projection map n: £ — M, 7w: E, — x is C*.

e For every xy € M, there exists an open set U C M containing z, and a diffeo-
morphism

oy N U) = UxW
such that ¢(E,) — {x} x W is an AH-isomorphism for each = € U.

A section of an AH-bundle is a smooth map « : M — E such that a(x) € E, for
all x € M, and the left H-module of smooth sections of E is denoted by C*(M, E).
Define C*(M, E) = C*>°(M, E’). With this definition, it is easy to adapt Lemma 6.1.1
to show that if F is an AH-bundle then C*(M, E) is an AH-module. We can multiply
sections on the left by quaternion-valued functions, and C*°(M, E) is a left module over
the ring C*°(M, H).

The standard real or complex algebraic operations which give new bundles from old
can be transfered en masse to quaternionic algebra and AH-bundles. Let (E,m, M) and
(F,m, N) be AH-bundles. We define a bundle (E@uF, M xN) by setting (EQuE)(mn) =
E,,®@uF,. We can define a bundle E & F' in the same way.

In particular, let £ and F be AH-bundles over M. By restricting to the diago-
nal submanifold of M x M we define a bundle (E®yF, M) by setting (EQuF), =
E,@uF,,. In the same way (E @& F, M), ALE and SE(E) are AH-bundles, as is E*
if the fibres of E are SAH-modules. We will always make clear whether an AH-bundle
‘E@yF’ refers to (E@yF, M x M) or the diagonal restriction (E®QyF, M).

The g-holomorphic and g-antiholomorphic cotangent bundles A and B are both
AH-bundles, and are AH-subbundles of H ® T*M. In fact, every AH-bundle can be
regarded as an AH-subbundle of some bundle H ® V', as is easy to demonstrate:

Lemma 6.3.2 Let £ = (E,n,M) be an AH-bundle. Then E is isomorphic to an
AH-subbundle of H® V', for some real vector bundle (V,m, M).

Proof. This is an extension of the fact that any AH-module W is isomorphic to ¢y (W) C
H ® (WT*. Consider the map tp, (E,) : B, — H® (El)* for x € M. Let V, = (El)*.
Then V' = |J,cp Ve is a real vector bundle, and H® V' is an AH-bundle. Thus E is
isomorphic to the AH-subbundle

zeM

and the lemma is proved. [ |
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Abusing notation slightly, if E is an AH-bundle we will often write (g : F —
H® (ET)* for the set of inclusion maps |J,.,,(ts, : Bz — H® (EL)*).

We could broaden our definition of an AH-bundle, demanding only that E should be
a real vector bundle possessing a left H-action and a real subbundle £ such that (E,, E.)
is an AH-module for all = € M. The following example shows why this definition would
be unwieldy:

Example 6.3.3 Let M = R, and define a real vector bundle £ = R x H. Define a real
subspace E' C E by

E:/B = <i1, iQ + 51%3)
It is easy to check that (FE,, E.) = Xj,_s, as an AH-module. Thus E is not an AH-
bundle, since the fibres E, and FE, are not AH-isomorphic for x # y. There is good
reason for excluding FE from being an AH-bundle. For example,

(BE®nXi,)e = { 0 otherwise.

So despite the fact that £ is a smooth vector bundle, E®yX, is not; if we considered
this broader class of objects to be ‘AH-bundles’ then they would not be closed under the
tensor product.

Let V be a real vector bundle over the manifold M with fibre R*, and let PV
be the bundle of frames associated with V. Then PV is a principal bundle with fibre
GL (k,R), and V = PV X GL(k,R) R*. In the same way, let E be an AH-bundle with fibre
W and let G = Autag(W). We can define a principal G-bundle P¥ associated with
E so that E = PP xg W. As we know, G will be a subgroup of GL (k,H). In most
cases, G will be significantly smaller than GL (k, H). For example, if W = Uy; for some
J then by Theorem 4.2.9 we have Homag(Us;, Uzj) = R, so Autam(Us;) = R* = R\ {0}
and PF is just a principal R*-bundle. Principal bundles associated with AH-bundles
tend to be much smaller than those associated with real or complex vector bundles.

6.3.1 Connections on AH-bundles

Definition 6.3.4 Let E be an AH-bundle over M. An AH-connection on E is an
AH-morphism

Vg :C®(M,E) — C*(M,EQT*M) = Q' (M, E)

which satisfies the rule
VE(fOé) =df ®a+ f-Vga

for all « € C*°(M, E), f € C>®(M,H).

We will sometimes omit the subscript and just write ‘V’ when the AH-bundle F
is clearly implied. Let V be an AH-connection on FE. Then the map id ®(VE)* is
an AH-connection on H ® (ET)* which preserves tg(E). Thus every AH-connection V
on E is equivalent to a connection (V')* on the real vector bundle (ET)*. We will not
distinguish between V and (V')*, but will write V for both. This equivalence allows us
to construct AH-connections on tensor products, in very much the same way that Joyce
constructs the AH-morphism ¢®y1 from AH-morphisms ¢ and ¢ [J1, Definition 4.4].
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Lemma 6.3.5 Let (E,M) and (F,N) be AH-bundles and let Vg and Vg be AH-
connections on I/ and F. Then Vg and Vg induce an AH-connection Vpg,r on the

AH-bundle (EQyF, M x N).

Proof. We regard Vg as a connection on (Ef)*. The bundle ((ET)*, M) extends
trivially to a bundle ((E7)*, M x N) over M x N. Using the natural identification
Ty (M X N) 2Ty M @ TN, define a differential operator Vg on ((E)*, M x N),
where Vg s differentiates only in the M-directions of M X N. In the same way define
a connection Vpy on ((F7)*, M x N) which differentiates only in the N-directions.

Adding these gives a differential operator
Vieu ®id+id@Vey : C°(EN) @ (FN*) — C*((EY)* @ (F)* @ T*(M x N)).

This operator is a connection on the real vector bundle (ET)* ® (FT)*, so the operator
id®(Vegy ® id+id®@Vey) on the bundle (H® (ET)* @ (F)*,M x N) is an AH-
connection.

Since Vg is an AH-connection, the operator id ®V gy ®id maps sections of tp(E)®
(FT)* to sections of 1x(F)® (F)*®@T*(M x N), and acts trivially on the (F')* factor;
thus id ®V gy ® id maps sections of E®yF' to sections of EQyF @ T*(M x N). The
same is true for id ®id ®Vpy, and so the AH-connection id ®(Vg y ® id+id @V e y)
preserves the AH-subbundle (E®yF, M x N), on which it is therefore an AH-connection.
We call this connection Vgg, p. [ |

If £ and F' are AH-bundles over the same manifold M we can use Lemma 6.3.5 to
define an AH-connection on the diagonal bundle (M, EQyF).

This process can be described in terms of principal bundles. ® Suppose that ¢ €
Autpag(W) for some AH-module W. Then ¢ induces a real linear isomorphism (¢*)* :
(WT)* — (W1)*. In this way the action of G = Autag(W) on W gives rise to an action
on (W1)*. Let E be an AH-bundle with fibre W, and let P be the associated principal
bundle with fibre G, so that £ = P xg W. An AH-connection Vg on E gives rise
to a connection Dp on the principal bundle P, and vice versa. Since connections on
principal bundles always exist, we can use this to guarantee that every AH-bundle has
an AH-connection.

Let F' be another AH-bundle with fibre V', let H = Autag(V) and let @ be the
associated principal bundle with fibre H, so that F'= @ xgz V. An AH-connection Vg
on F' gives rise to a connection D¢ on the principal bundle (). Consider the principal
bundle P x @, a bundle over M x N with fibre G' x H. Since G acts on (W1)* and
H acts on (VT)* there is an induced action of G x H on W®yV. The AH-bundle
(E@uF, M x N) is the associated bundle (P x Q) Xgxg W®gV. Since the connections
Dp and Dg define a unique connection Dp @ D¢ on the product bundle P x @, this
gives rise to a connection on the associated bundle F®yF'. Since G x H acts as AH-
automorphisms on W®yV/, this induced connection is an AH-connection, which we can
identify with the AH-connection Vgg,r of Lemma 6.3.5.

3A similar discussion for connections in complex vector bundles can be found in [K, §1.5].
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6.4 Q-holomorphic AH-bundles

Using complex geometry as a model, we define a g-holomorphic AH-bundle over a
hypercomplex manifold M to be one which is holomorphic with respect to each complex
structure Q € S?. An AH-bundle is g-holomorphic if and only if it admits a connection
whose curvature takes values only in Epy = A?. We define the g-holomorphic sections of
a g-holomorphic vector bundle using a version of the Cauchy-Riemann-Fueter equations.
Q-holomorphic sections have interesting algebraic properties, which generalise those of
Joyce’s g-holomorphic functions. We give an interpretation of g-holomorphic sections in
terms of quaternionic algebra and the g-holomorphic cotangent space, which makes the
step-by-step correspondence with complex geometry extremely clear.
Here is the main definition of this section:

Definition 6.4.1 Let E be an AH-bundle over the hypercomplex manifold M, equipped
with an AH-connection V. Suppose that V gives E the structure of a holomorphic
vector bundle over the complex manifold (M,Q) for all Q@ € S%.. Then (E,V) is a
g-holomorphic AH-bundle.

If we want to be really specific we can write (F,w, M,V) for our g-holomorphic
bundle; on the other hand, if a connection is already specified, we can simply refer to
the total space FE as a g-holomorphic AH-bundle. The existence of such a connection
ensures that the different holomorphic structures are compatible. A lot can be learned
about g-holomorphic AH-bundles by studying the connection V.

6.4.1 Anti-self-dual connections and g-holomorphic AH-bundles

Let E be a complex vector bundle over the complex manifold (M, ])_ and let V be
a connection on FE. Just as we split the exterior differential d = 9 + 0, we can define

OF = 710V : C®(E) — C*(E®@AYYM) and 9" = 7010V : C>(E) — C®°(EQA™ M).

Proposition 6.4.2 The connection V gives E the structure of a holomorphic vector

bundle if and only if 9700 = 0, i.e. the (0,2)-component of the curvature R of
V wanishes. Conversely, if E is a holomorphic vector bundle then E admits such a
connection.

Proof. This is Propositions 3.5 and 3.7 of [K, p. 9]. [ |

Let E be a g-holomorphic AH-bundle over the hypercomplex manifold M, so E has
the structure of a holomorphic vector bundle over (M, Q) for every complex structure
Q € S?. Let V be a connection on E and let R be the curvature of V. FEach

Q € S? defines a splitting V = (95 +5§, and so a decomposition of the curvature tensor
R = Ré’o + Réjl + R%z. By Proposition 6.4.2, V defines a holomorphic structure on
E with respect to @ if and only if R%Z = 0. If we reverse the sense of () then we
reverse the decomposition of R, so R"Z = Ré’o. Thus V gives E the structure of a

holomorphic vector bundle with respect to every @ € S? if and only if Ré’o = R%Q =0
for all Q € S?, i.e. the curvature of V is of type (1,1) with respect to all Q € S2.
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A 2-form w is of type (1,1) with respect to every Q € S? if and only if it is
annihilated by the action of sp(1) on A?T*M, so w € Fyy C A’T*M. By analogy
with the 4-dimensional theory (see Example 3.2.6), we call E, the space of self-dual
2-forms A3 and E,( the space of anti-self-dual 2-forms A%. A connection V whose
curvature R takes values only in C*°(End(E)® Esp) is therefore called an anti-self-dual
connection.

Several authors have considered self-dual and anti-self-dual connections, particulary
on quaternionic Kahler manifolds: for example Galicki and Poon [GP], Nitta [N] and
Mamone Capria and Salamon [MS]. This is partly because such connections give minima
of a Yang-Mills funtional on M. It is important to note that Mamone Capria and
Salamon refer to the bundle E,, as self-dual rather than anti-self-dual, and so refer
to connections taking values in E,, as self-dual connections. There is no unanimous
convention in the literature: our choice is made because we are using the conventions
that I;(e”) = e/ not —e’, and that the volume form e°'** gives a positive orientation of
H.

We have established the following result:

Theorem 6.4.3 Let E be an AH-bundle over the hypercomplex manifold M equipped
with an anti-self-dual AH-connection nabla. Then (E,V) is a g-holomorphic AH-
bundle.

Conversely, an AH-bundle E equipped with an AH-connection V is g-holomorphic
if and only if 'V is anti-self-dual.

This is similar to the idea of hyperholomorphic bundles described by Verbitsky [V, §2].
Verbitsky considers the case where B is a Hermitian vector bundle over a hyperkéahler
manifold, so the fibres of such a bundle are not normally H-modules. There is no reason
why his definition cannot be extended to hypercomplex manifolds, since as we have seen,
the Hermitian inner product is not necessary to force the connection to be anti-self-
dual if it is to be compatible with the 2-sphere of holomorphic structures. If FE is a
g-holomorphic AH-bundle then it is easy to see that H ® (ET)* is also g-holomorphic,
and (ET)* ® C is a hyperholomorphic bundle. Conversely, if B is a hyperholomorphic
bundle with a real structure o such that B = B ® C, then H® B? is a g-holomorphic
AH-bundle. Any AH-subbundle E of H ® B? which is preserved by the anti-self-dual
connection V will also be g-holomorphic.

The following Proposition gives further insight into the analogy between holomorphic
and g-holomorphic bundles:

Proposition 6.4.4 Let (E,n, M,V) be a g-holomorphic AH-bundle over the hypercom-
plex manifold M. Then FE is itself a hypercomplex manifold.

Proof. Consider the splitting of TFE into horizontal and vertical subbundles TFE =
E @& TM, where the vertical subbundle E is naturally defined by the structure of E as
an AH-bundle and the horizontal subbundle T'M is defined by the connection.

Define a hypercomplex structure (Iy,I,I3) on TE as follows. On the vertical
subbundle isomorphic to F, the action of I, I, and I3 is given by the fixed left H-action
of i1, 12 and i3 on the fibres. On the horizontal subbundle isomorphic to T'M, define
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the hypercomplex structure (Iy, 15, 13) to be the horizontal lift of the hypercomplex
structure on M. This defines an almost-hypercomplex structure on E. The integrability
of this structure is guaranteed by the fact that (E, ;) is a holomorphic vector bundle
for 7 =1,2,3. [

Example 6.4.5 Let M be a hypercomplex manifold. Then the Obata connection
V on T*M is anti-self-dual and defines an anti-self-dual AH-connection on H & T*M,
which is thus a g-holomorphic AH-bundle. Let A C H® T*M be the g-holomorphic
cotangent space of M,

A:{w0+i1®w1+i2®w2+i3®w3:w0+11w1+12wQ+13w3:O, Wi ET*M}

Let a = CL0—|—’i1(11 +i2a2+i3a3 S COO(M, A) Then VCL0—|—[1<VCL1)+IQ(VCL2)+13(va3) =0
(where I, I and I3 act on the A factor of AQT*M ), since VI; =0 for j =1,2,3. It
follows that Va € C*°(A®T*M). Hence the Obata connection defines an AH-connection
on A. Since the Obata connection is anti-self-dual, A is a gq-holomorphic AH-bundle.

Example 6.4.6 Let E and F be g-holomorphic AH-bundles. Then so are the var-
ious associated bundles FoyF, E & F, AFE and so on, all with their induced AH-
connections.

6.4.2 Q-holomorphic sections

Q-holomorphic sections of AH-bundles are defined using a version of the Cauchy-Riemann-
Fueter equations. We cannot automatically rewrite Equation (6.7) to define a Cauchy-
Riemann-Fueter operator on a general AH-bundle FE, because the fibres of F will not
in general have a well-defined right H-action. Instead, we use the inclusion map (g to
manipulate sections of e in a more manageable form.

Definition 6.4.7 Let E be an AH-bundle over the hypercomplex manifold M equipped
with an AH-connection V. Let e € C*®(M, E) so that tg(e) = ey + i1e1 + iseq + izes,
ej € C°(M,(E"))*. Then e is a g-holomorphic section of E if and only if

Veo + [1(V€1) + [2<V€2) + ]3<V€3) = 0, (612)

where I;, I and I3 act on the T*M factor of E® T*M.
Let P(M,E) = P(E) be the space of g-holomorphic sections of E. Let P(E) =
P(E)NC>®(M,E") so that P(FE) is an AH-submodule of C*(M, E).

Q-holomorphic sections are the natural generalisation of g-holomorphic functions,
which are precisely the g-holomorphic sections of the trivial bundle M x H equipped
with the flat connection. So Py = P(M x H).

A general AH-bundle might have no g-holomorphic sections. However, if the AH-
bundle (F,V) is g-holomorphic then E is holomorphic with respect to the complex
structure (), and admits holomorphic sections. It is easy to adapt Lemma 6.1.3 to
show that the holomorphic sections of this holomorphic vector bundle give rise to g-
holomorphic sections of F.

95



Not all g-holomorphic AH-bundles have interesting g-holomorphic sections. For ex-
ample, the g-antiholomorphic cotangent space B C H® T*M is closed under the action
of the Obata connection, and so is technically a g-holomorphic AH-bundle. Recall that

B = {w — ’L.l & ]1(0)) — 2'2 X IQ(W) — ’i3 & 13((.0) Tw e T*M}
Let b= by — i111bg — i2laby — i3l3by € C°°(M, B), so b is g-holomorphic if and only if
Vb — 1V 11bg — 1,V 15y — I3V I3y = 0.

Since VI; =0 and 132 = —1, this equation is satisfied if and only if Vb = 0, and the
AH-bundle B admits no non-trivial g-holomorphic sections. In fact, this follows from
the fact that B’ = 0, and such behaviour is predicted and described by the algebra of
the quaternionic cotangent space.

Q-holomorphic sections and the quaternionic cotangent space

Let E be a g-holomorphic AH-bundle over the hypercomplex manifold M. We can
describe the g-holomorphic sections of E using the g-holomorphic cotangent space, just
as we did for g-holomorphic functions in the previous chapter. The inclusion map (g
and the AH-connection V (regarded as a connection on (ET)*) define an AH-morphism
Voug : C®(M,E) —» C®*(M,H® (E")* @ T*M). After swapping the H and (ET)*
factors, we have a copy of the quaternionic cotangent space H ® T*M, which we can
split into the g-holomorphic and g-antiholomorphic spaces A and B. Thus we have a
map Voup: C®(M,E) — C°(M,(E")* ® (A® B)). We can now use the projections

74 and 78 of the previous chapter to split the action of V ot into two operators.

Definition 6.4.8 Let (E£,V) be a g-holomorphic AH-bundle. We define the pair of
operators 0% : C®(E) — C*((E")*® A) and §F : O®(E) — C*((E")* ® B) by

5E = (1d(ET)* ®7TA) @) V Ol

and B
o = (id(gty- @mB)oVoug.

Hence we regard E as a subspace of H ® (ET)*, and then the action of V on E
splits into a g-holomorphic part % and a g-antiholomorphic part 6% so that in effect
V = 6% + 6%, This is an exact analogue of the complex case where a connection V
splits as V = 70 oV + 7% o V. Let V be a holomorphic vector bundle with a
connection V compatible with the holomorphic structure, so that 9” =3. A section
v € C*®(V) is holomorphic if and only if 7%! 0 V(s) = 0. In just the same way, the
operator e — Veg+ I1(Vey) + I5(Ves) + I3(Ves) of Definition 6.4.7 is precisely the real
part of 67, and a section e € O®(FE) is q-holomorphic if and only if §¥(e) = 0.

This analogy goes further. In complex geometry, a section v € C*°(V') is holomorphic
if and only if v = 0, which means that Vv € C°(V ®@cA"YM). Here is the quaternionic
analogue of this statement:
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Proposition 6.4.9 Let (E, 7, M,V) be a g-holomorphic AH-bundle, and let e € C*(E)
be a q-holomorphic section. Then

Voug(e) € C*(EQuA),

where A is the g-holomorphic cotangent space of M.

Proof. Let e be g-holomorphic, so 6¥(e) =0 and Voug(e) = §(e) € C*(H® (E)* ®
T*M). Using the identification (AT)* = T*M we can regard 0F(e) as a section of
H® (B (A7),

The induced connection V on (ET)* preserves tg(E), so 6F(e) € C®(1p(E)®(AT)*).
Clearly 6F(e) € C®((ET)* ® 14(A)), since 6 is defined by projection to this subspace.
Thus Votg(e) € C*°(E®yA), by Definition 4.1.4. [

In complex geometry, a holomorphic section v of a holomorphic vector bundle V' is
one whose covariant derivative Vv takes values in the complex tensor product of V' with
the holomorphic cotangent space. In hypercomplex geometry, a g-holomorphic section e
of a g-holomorphic vector bundle FE is one whose covariant derivative Ve takes values
in the quaternionic tensor product of E with the g-holomorphic cotangent space.

6.4.3 Sections of Tensor Products

For real and complex vector bundles, there is a natural inclusion C*(M, E)® C*(N, F')
— C®(MxN,EQF) given by (e® f)(m,n) = e(m)® f(n). The quaternionic analogue
of this map is more delicate. Let £ and F be AH-bundles. We want to define an AH-
morphism ¢ : C®°(M, E)@uC>®(N,F) — C*(M x N, EQgF). The obvious difficulty
is that for sections e and f of E and F respectively, there will not in general be a
section e®gf of the AH-bundle (E®yF,M x N). Instead we use a generalisation of
Joyce’s map ¢ : Py®QuPy — Puxy (Definition 6.1.6).

Consider first the fibres E,, and F,, for m € M and n € N. Let o € E,L and
B € EI. Define an AH-morphism «,, : C®°(M,E) — H by an(e) = a(e(m)) for all
e € C°(M,E). Then a,, € C®°(M, E)". Similarly, define the ‘evaluation at n € N,
Bo(f) = B(f(n)). Then B, € C*°(N, F)". The operators a,, and 3,, are generalisations
of Joyce’s 6, € C°®°(M,H)', introduced in Lemma 6.1.1. With H-valued functions
(sections of M x H), the evaluation map 6, generates the whole of H! = R. For
more general AH-bundles, we need to consider the combination of a point m at which
to evaluate sections, and an AH-morphism « € EJ , since we can no longer assume that
the map « = id generates the whole of E .

For AH-modules U and V, recall the linear map Apy : U @ VI — (UggxV)" of
Equation (6.2). Thus there are linear maps Mg, g, : E}, ® Fi — (E,®gF,)" and
)\COO(M,E%COO(N,F) : COO<M, Ej)]L (029 COO<N, F)T — (COO(M, E)@HCOO(N, .F))]L

Definition 6.4.10 Let ¢ € C®°(M, E)®@uC>®(N, F'). Define ¢gr(e)(m,n) € E,,QukF,
by the equation

AB 1 (0 ® B) - g p(€)(m,n) = Moo (a,B),00(N,F) (O @ By) - €

forall m € M, a € El andforall n€ N, 3 € FI.
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Thus ¢p r(€) defines a section of the AH-bundle (E®gF, M x N). By the same
arguments as in Definition 6.1.6, ¢g r(€) is smooth because it is a finite sum of smooth
sections, and so we have a linear map

It is easy to see that ¢p p is an injective AH-morphism. We shall call ¢g p the section
product map for AH-bundles.

If e € C®°(M,E) and f € C®(N,F) satisty the conditions of Lemma 4.1.7 (so if
tg(e) and tp(f) both take values in C, for some ¢ € S?) then the section ¢ rp(e®uf) is
the complex product of the sections, so ¢(e@mf)(m,n) = e(m)@uf(n) = e(m)@c, f(n).
The section product map is the natural tool for relating tensor products of sections with
sections of tensor products and allows us to treat sections of more complicated AH-
bundles using similar techniques to those used by Joyce for g-holomorphic functions.

It is well known that sums and tensor products of holomorphic sections are themselves
holomorphic. The same is true for sums of g-holomorphic sections, and there is an
analogous description for g-holomorphic sections of quaternionic tensor products, using
the section product map ¢g p. This is a generalisation of the fact (Definition 6.1.6) that
¢ : Pu®@uPn — Puxn.

Theorem 6.4.11 Let (E,m,M,Vg) and (F,79, N,V ) be g-holomorphic AH-bundles,
and let P(M,E) C C*(M,FE) and P(N,F) C C®(N,F) be the AH-modules of their
g-holomorphic sections. Then

¢pr: P(M,E)@uP(N,F) — P(M x N, EQuF),

where EQul' is equipped with the connection Vgg,r, so the section product map takes
g-holomorphic sections to g-holomorphic sections.

Proof. Consider the anti-self-dual connection Vgg,r = id®(Vey ® idd+id®@Vey).
Then Vg, = 0F98F 4 6E%:F Using the natural splitting T*(M x N) =2 T*M & T*N,
we see that 0F®5F" = FM @id +id @5, where §%M differentiates sections of 1z(E) in
the M directions and then projects to the g-antiholomorphic cotangent space of M x N,
and similarly for 6%V,

Let € € P(E)@uP(F), and let ¢p p(e) € C°(M x N, EQyF'), where ¢p r is the sec-
tion product map of Definition 6.4.10. Since € € tp(p)(P(E)) @ (P(F)T)*, it follows that
(6FPM2id)(¢p r(e)) = 0. Similarly, (id @067N)(¢p r(e)) = 0. Hence §¥95F (¢ r(€)) = 0,
and ¢g p(€) is g-holomorphic. [

Just as for g-holomorphic functions, when M = N we can restrict to the diagonal
bundle (F®yF, M). The restriction map p clearly preserves g-holomorphic sections,
and we obtain a natural product po ¢pp : P(M, E)QuP(M,F) — P(M,E®@yF). In
particular, let F be a g-holomorphic AH-bundle over M, let P(E) be the AH-module
of g-holomorphic sections of F and let Py, = P(H) be the H-algebra of g-holomorphic
functions on M. Then by Theorem 6.4.11, we have a natural AH-morphism

We can descibe such an algebraic situation by saying that P(FE) is an H-algebra module
over Py;. Here is the definition of an H-algebra module:
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Axiom M. (i) Q is an AH-module and (P, up) is an H-algebra.

(¢7) There is an AH-morphism pg : PyQ — Q, called the module
multiplication map.

(731) The maps pup and pg combine to give AH-morphisms pup®yid and
id ®upg : PROrPREQ — PouQ. Composing with pgo gives AH-
morphisms pg o (up®pmid) and pgo (id @uug) : PP — Q.
Then pgo(pup®uid) = pgo(id ®upug). This is associativity of module
multiplication.

(tv) For v € Q, 1®uu € Pe@rQ by Lemma 4.1.7. Then pgo(1®pu) = u
for all uw € Q. Thus 1 acts as an identity on Q.

Definition 6.4.12 Q is an H-algebra module if Q satisfies Axiom M.

The idea of an H-algebra module was suggested by Joyce, and the axioms follow a
very similar pattern to those for an H-algebra (Definition 6.1.4). It is relatively easy
to see that the g-holomorphic sections P(E) of a g-holomorphic AH-bundle form an
H-algebra module over the H-algebra 7P,;, the module multiplication map being the
section product map ¢p p of Equation (6.13). The proof of this statement is obtained
by adapting Joyce’s proof that the g-holomorphic functions P,; form an H-algebra [J1,
Theorem 5.5].

One possible application of this idea is to study anti-self-dual connections (instantons)
on H. Different connections will give rise to different H-algebra modules of g-holomorphic
sections. This suggests that the theory of H-algebra modules over Py might lead to an
algebraic description of instantons on H.
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Chapter 7

Quaternion Valued Forms and
Vector Fields

This final chapter uses the algebra and geometry developed so far to describe quaternion-
valued tensors on hypercomplex manifolds. On a hypercomplex manifold we have global
complex structures, which allows us to adapt the real-valued double complex of Chapter
3 to decompose quaternion-valued forms. The splitting HH® T*M = A @ B of the
previous chapter is the first example of this type of decomposition. More generally, for
all £ and r we obtain a splitting of H® E}, into two AH-bundles. This decomposition
gives rise to a double complex of quaternion-valued forms on hypercomplex manifolds,
which has some advantages over the real-valued double complex. Not only the top row
but the top two rows of the quaternion-valued double complex are elliptic, and in four
dimensions the whole complex is elliptic. The top row of the quaternion-valued double
complex is particularly well-behaved, and can be constructed using quaternionic algebra.
This allows us to define g-holomorphic k-forms, and to describe their algebraic structure
using ideas from the previous chapter.

A similar approach to quaternion-valued vector fields is also fruitful. Just as with
the quaternionic cotangent space, there is a splitting of the quaternionic tangent space
H ® TM using which we define a hypercomplex version of the ‘(1,0) vector fields’ on a
complex manifold. These vector fields are closed under the Lie bracket (suitably adapted
to the quaternionic situation). This encourages us to adapt the axioms for a Lie algebra
to form a quaternionic version, in a similar way to that in which Joyce arrived at H-
algebras. The Lie bracket on hypercomplex manifolds defines a natural operation on
vector fields which satisfies these axioms.

In recent times, Spindel et al. [SSTP] and Joyce [J3] demonstrated the existence of in-
variant hypercomplex structures on certain compact Lie groups and their homogeneous
spaces. This discovery presents us with lots of examples of finite-dimensional quater-
nionic Lie algebras. We use this idea to calculate the quaternionic cohomology groups of
the group U(2), and suggest how these methods may be extended to higher-dimensional
hypercomplex Lie groups.
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7.1 The Quaternion-valued Double Complex

In Chapter 3, we saw how the real-valued exterior forms A*T*M on a quaternionic
manifold M are acted upon by the principal Sp(1)-bundle @ of local almost complex
structures on M. Recall that the subbundle of A*T*M consisting of V,-type represen-
tations is denoted Ej, = ¢ep V.

Suppose in addition that M is hypercomplex, and so possesses global complex struc-
tures Iy, Is and I3 = 11, (in other words, @ is the trivial bundle M x Sp(1) ). Instead
of just real or complex forms (which we can think of as taking values in the trivial repre-
sentation V), consider forms taking values in some Sp(1)-representation W, i.e. sections
of the bundle W ® A¥T*M. Since the Sp(1)-action on A*T™*M is now defined by global
complex structures, we can take the diagonal action under which the subspace W ® Ej,
splits according to the Clebsch-Gordon formula.

The situation in which we are particularly interested is that of forms taking values
in the quaternions H = V¥ ® V®. As suggested in Section 3.4, we obtain splittings by
coupling the right Sp(1)-action on H with the Sp(1)-action on A*T*M. In symbols, this
takes the form

H® By, 2VEeVEee, Ve =e VP (VI e VED. (7.1)

Proposition 7.1.1 Let M*" be a hypercomplex manifold. The AH-bundle H® A*T* M
decomposes as

k+1
H ® AkT*M = ‘/1L ® (@(5Z,r+1 + gz,r—l)v;’RG> )

r=0
where r = k + 1 mod 2.

Proof. By Proposition 3.2.1, we have
k
He AT M= Ve Ve (GB 62,#5’) ,
r=0

where the ‘Sp (1)%-action’ is the action of Sp(1) on A¥T*M induced by the hypercomplex
structure. Taking the diagonal Sp(1)%“-action using the Clebsch-Gordon formula, this
becomes

k
He ANTM =2 VE e (@ e, (Vi @ V,fi?)) . (7.2)
r=0
Collecting together the V,. representations yields the formula in the Proposition. [

Definition 7.1.2 Define Fy, to be the subspace (¢}, ,+¢e},)Vi®Vipy CH@AFT*M.

The primed part of the space Fj, is obtained using the theory of Chapter 5. As in
Equation 5.10, Equation 7.1 is a decomposition of H ® Ej, into stable and antistable
AH-modules. (This is a generalisation of the splitting H® 7T*M = A @& B.) Defining
Fy, = Frp, N (I ® AFT*M), the space Fy, is an AH-subbundle of H ® (F,ir)* =H®
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(Ekri2 ® Ei,), and each (fibre of the) AH-bundle Fj, is the direct sum of stable and
antistable components. The splitting

Ho B, = o, VE ® (VS & 1)
gives an H-module isomorphism

er Ur ® g, Uy for r even
H® Ei, = (7.3)
s Ur @ 360 UX for r odd.
As with the decomposition H® T*M = A @ B, these are not AH-isomorphisms because
some of the primed part is lost in the splitting. We give names to these spaces as follows
(where as usual @ =1 if n is even and a =2 if n is odd):
Definition 7.1.3 Define F,;T to be the AH-bundle éeszr C H® Ej,. Define F,ir
to be the AH-bundle %5Z,T+2UTX C H® Ejry2. Thus FkT,T is the U,-type subspace of
H® A*T*M and Fk{r is the UX-type subspace of H ® A¥T*M, so that

Fkﬂ” = FlfT,r@Fkl,r‘

The g-holomorphic cotangent space A is Fj; = Fﬂl and the g-antiholomorphic cotan-
gent space B is Fy_; = Fll’fl.

With these definitions, we have (F,IWT)* = (F,ir_;)* = Fj,, and H® Ej, = F,I,T e
F lir—?‘ Just as with the splitting H® T*M = A@ B, there is an injective AH-morphism

Flj,r S Fkl,r—Q — H ® Ekﬂ"

which is an H-linear isomorphism of the total spaces but is not injective on the primed
parts. A short calculation shows that

dim F| = 2(r 4+ 2)er, 1 dim F} = 2(r +2)ep .,
i b an b K
dim ], = (r +3)ep, dim B}, = (r+ 1)ef, 1.

Since we can consider the bundles F} ! and F, ! . separately, it may appear strange
to mix up the stable and antistable ﬁbres in the Slngle bundle Fj,. However, it soon
becomes clear that exterior differentiation does not necessarily map stable fibres to stable
fibres or antistable fibres to antistable fibres, so in order to obtain a double complex it
is necessary to amalgamate the stable and antistable contributions.

The definition of the operators § and 0 of Section 6.2 can now be generalised to
cover the whole of H ® A*T*M, giving rise to a double complex of quaternion-valued
forms.

Definition 7.1.4 Let 7, be theﬁnatural projection map 7, : H® AT*M — Fyr.
Define the differential operators §,d : QF(M,H) — QF1(M, H) by

0 : C%(Fyy) — C%(Fit1,41) 0 : C®(Frp) = C(Fry1,-1)
0=

and
5:7Tk’+1,r+1od Tk+1,r— 1Od
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Theorem 7.1.5 The exterior derivative d maps C®(M, Fy,) to C®(M, Fyi1,4+1 @

Fiyir-1), 80 B
d=4§+9.

It follows that o B
62 =664 60 = 0% = 0.

and the decomposition H @ A¥T*M = @f:) Fy» gives rise to a double complex.

Proof. The proof works in exactly the same way as that of Theorem 3.2.3. Let V be
the Obata connection on M, so V : C*®(M, F,) — C°(M, F},, ® T*M). Since

Fk,r & T"M = (5Z,r+2 + gzjr)‘/l & ‘/rJrl & 2”‘/17

it follows (from the Clebsch-Gordon splitting V, 1 ® 2nV; = 2n(V,4o @ V,.), followed by
the antisymmetrisation d = AoV ) that d : C*(M, Fy,,) — C®(M, Fyt1,41 D Fr1,0-1).
The rest of the theorem follows automatically. [

Figure 7.1: The Quaternion-Valued Double Complex

C®(M, F33) - etc
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C>®(M, Fs)
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C®(M,Fy; = A) C™(M, F31)
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C>®(M, Fyp = H) C>®(M, Fs )
) 0
R
C>®(M,F,_, = B) C®(M,Fs_1) - etc.

As already hinted, the operators 6 and § do not preserve stable or antistable sub-
spaces. For example, though we have ¢ : Fy, — Fii1,-1, it is not the case that
§: F ,lr — FkT +1,—1- Lhis can be observed in the simplest of cases — a quaternion-valued
function f is a section of Fyog = F&O, and unless f is g-holomorphic 0f is a nonzero
section of Fl{_l.

Much of the theory from the real-valued double complex of Chapter 3 can be adapted
to describe the quaternion-valued version as well. For example, the operators ¢ and &
can be expressed in a similar fashion to D and D, using the Casimir element technique
of Lemma 3.2.7. The Casimir operator in question is that of the diagonal Lie algebra
action given by the operators

T(w) = [ (w) — wiy J(w) = I(w) — wis K(w) = I3(w) — wis.
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of Equation (6.5). This leads to the following adaptation of Lemma 3.2.7:

Lemma 7.1.6 Let o € C*(Fy,). Then

604:—1 <T—|—

1 (I2+j2+/C2)) da

r+2

and

5 —1 L 2 2 2
5a—4((r+4)+r+2(1 +J +/C))da.

The results on ellipticity in Section 3.3 can also be adapted to the new situation. We
can infer that the operator J is elliptic except at the bottom spaces For_1,_1 and Fiy .
Again, the operator ¢ is elliptic at some of these lowest-weight spaces for low exterior
powers; in particular the leading edge of spaces [y forms a complex which is elliptic
throughout. Closer examination also reveals that the ‘second row’ of spaces Fj ;_o is
also an elliptic complex with respect to §.

Lemma 7.1.7 The complex

O — COO(FL,l) L) COO(FQ’O) L . L COO(FQn+172n,1) L 0

18 elliptic.

Proof. Ellipticity at C*°(Fy—2) for all k& > 3 follows from a generalisation of the
techniques used in the proof of Theorem 3.3.1. We need to show that the complex is
elliptic at C*®°(Fy 1) = C*(B) and C*(Fy). As in Section 3.3, it is enough to choose
some e’ € T*M and show that the symbol sequence

o o o
0— F17_1 e F270 — F371 — ... etc.

is exact, where o(w) = o5(w,€?) = mpi1,41(we’) for w € F,. (As usual we’ means
wAeb)

Since d =d on F;_; = B, we have o(3) = 3¢° for all § € B. It follows from the
expression for B in Equation (6.9) that o : B — Fyq is injective, so the complex is
elliptic at B.

Let w € Fyg. Then o(w) = 0 if and only if we® € F3_1, which is the case if and
only if Z(we®) = J(we®) = K(we®) = 0. The first of these equations is

I (we’) — we; = I (w)e® + we' — we’; = 0.

It follows by taking exterior product with € that we'® = 0. The same arguments for
J and K show that

o(w) =0 = we'’ = we* = we® =0,

0

and so we’ must be equal to zero and w = ve° for some v € H® T*M.
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It remains to show that we can choose 3 € B such that w = 3¢°. Suppose instead
that w = ae®, with a € A. Since the complex is elliptic at A it follows that ae® € Fy
if and only if o = o(q) = 1q(3¢” + ey + €?iy + €*i3) for some ¢ € H. But then
ae’ = (e, where 3 = %q(—eo + eliy + €%y + €3i3) € B. Hence we can find 8 € B such
that o(w) = 0 implies that w = o(B) for all w € Fyp, so the complex is exact at Fy .
This completes the proof. [

This is an unexpected bonus — on hypercomplex manifolds, the double complex of
quaternion-valued forms has not just one but two rows which with respect to the operator
0 are elliptic throughout, namely the top row Fy; and the second row Fj ;_s.

Example 7.1.8 Quaternion-valued forms in four dimensions

Figure 7.2: The Quaternion-Valued Double Complex in Four Dimensions
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In four dimensions the situation is particularly friendly towards quaternion-valued
forms, because the whole double complex is elliptic. To show this, choose a standard
basis of 1-forms {e",... e} for T*M so that as usual I;(e’) = e/. Explicitly, we have
H®T*M = Fy, © Fi 1, where

Fii=A={qe’ + qe' + qe® + g€’ : qo + qiiy + qoia + g3iz = 0},

Fi_1=B={qe" + qe' + @e* + g€’ : g = i1 = quis = g3iz}.
NeXt, H & A2T*M = F272 D F270, where

Foo = AZA = {q1e” T + q2e™ ! + 32 1 qriy + qoia + gsiz = 0},

By = Fy& Ffio

— <€01723, 602731’ 603712>H EB {q1601+23 + q2€02+31 + q3603+12 . qlil — q2i2 — Q3i3}-
Lastly, H® A®T*M = Fy, & Fs_y, where
Fs1 = {qoe" + q1"% + q2¢""° + q3€”' : qo + qui1 + quiz + g3iz = 0},

123 032 013

Fs 1 = {qoe'® + 1" + g2 + g3 1 qo = quiy = quia = g3iz}

It follows that the symbol map o5 is an isomorphism between F3_; and Fj, and so
in four dimensions the entire quaternion-valued double complex is elliptic.
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7.1.1 The Top Row AﬁA and Q-holomorphic k-forms

In contrast with the the role of the Cauchy-Riemann operator 0 in the Dolbeault com-
plex, the Cauchy-Riemann-Fueter operator ¢ in the quaternion-valued double complex
(Figure 7.1) does not begin a longer elliptic complex. ! On the other hand, the operator
0 on functions does extend to give the elliptic complex

0 — C®(F) -2 C®(F1y) =5 ... = C®(Fypan) — 0.

This section discusses these top row spaces [}, which are of particular interest.

In complex geometry the Hodge decomposition of forms results immediately from the
isomorphism C®T*M = AL°®A%! and the isomorphism in exterior algebra A¥(U@V) =
@p =k APU @ A7V With hypercomplex geometry we are not quite so lucky, since the
splitting A® B 2 H® T*M is not an AH-isomorphism but rather an injective AH-
morphism which is not surjective on the primed parts. Despite the fact that we can
identify H ® A*T*M with Af(H ® T*M), the induced AH-morphism

o A (A® B) — He AFT*M

is therefore not an isomorphism for k > 1. This is why we resort to our more complicated
analysis of the Sp(1)-representation on H® A*T*M to discover the quaternionic version
of the Dolbeault complex. In spite of this, the inclusion map ¢, is still of special interest,
because it describes explicitly the top row of the double complex.

Proposition 7.1.9 Let A be the g-holomorphic cotangent space of a hypercomplex man-
ifold M. The inclusion map 1y : A (A®B) — HRT*M identifies A& A with the highest
space Frp CH® AT*M.

Proof. There is a natural identification A%(A ® B) = @ (AA®uALB), and so

ptq=k
v @ ALA®uALB — He A'T*M.

pt+q=Fk

Since B’ = {0}, BouB = {0} and so AEB = {0} for k> 1; also A®xB = {0}. Thus
AS(A@® B) = ABA for k> 1, and the map ¢ : A (A @ B) — H® A*T*M is none
other than the normal inclusion map ¢ : AfA — H® (AFAT)*. Tt follows that there is
an AH-submodule of H ® A*T*M which is isomorphic to AfA.

Now, A 2 nl;, so by Theorem 5.2.1, ALA C ®FA = mU, for some m. (Recall
that Uy = aV; ® V.41 where a =1 for k even and a = 2 for k odd.) By Proposition
4.1.16, dim Ag(nUs) = 2(k +2)(%"). It follows that

1/2n 2n
AﬁA’éa(k)Uk:<k>%®Vk+l. (7.4)

Thus (A A) must be a subspace of H ® A*T*M of this form.

In 1991, Baston [Bas] succeeded in extending the Cauchy-Riemann-Fueter operator to a locally
exact complex with a different construction involving second order operators.
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From Definition 7.1.2, we see that Fjj = (2]?)‘/1 ® Viy1 as well. Since there are no
other representations of this weight in H ® A*T*M, it follows that

L (A%A) = Fk,k,

so there is a natural isomorphism ¢y : AfA = Fy 4. [ |

Just as we define the g-holomorphic cotangent space A as being a particular sub-
module of H ® T*M, so that (A")* = T*M, we identify its exterior powers with the
corresponding AH-submodules of H ® A*T*M. Thus we will omit to write the ‘¢,
writing AFA = Fj,; and (ARAD)* = B

In Section 6.2.1 we showed that the g-holomorphic cotangent space A is generated
over H by the various holomorphic cotangent spaces (Corollary 6.2.7). We generalise
this result to higher exterior powers as follows:

Theorem 7.1.10 2 Let A be the g-holomorphic cotangent space of a hypercomplex man-
ifold M*". Then
(id ®mxq) (A AREX,) = H - 14(A5").

It follows that

ASA =) H-1,(A5"),
QeSs?

i.e. the space A%A is generated over H by the spaces of (k,0)-forms Ago.

Proof. Since A%A &~ (Qk”)Vl ® Vi1, it follows that AﬁA@HXq &~ (%:”)Xq. This is AH-
isomorphic to the submodule (id ®mY,)(AfAREX,) C AfA, which by Theorem 5.3.2 is
generated over H by the weight-spaces of () with extremal weight.

Consider the weights of the action of @ € S? C sp(1). The highest-weight vectors in
C ® A*T*M are the (k,0)-forms Ago, which are mapped to C, ® A*T*M by the map

tq- Thus H- Lq(Ag’O) C (id ®@mx,) (AgA®EX,), and since dimc A]Zjo = (*") we see that

H - Lq(AISO) = (id ®qu)(AﬁA®HXq),

proving the first part of the Theorem.
Since A%A is stable, it is generated by these subspaces. The result follows. [

Just as the g-holomorphic cotangent space A is our quaternionic analogue of the
holomorphic cotangent space 17, M, the AH-bundle AE A is the quaternionic analogue
of the bundle of (k,0)-forms AF? = AfET{",OM . Both are formed in the same way using
exterior algebra over their respective fields, and both form the ‘top row’ of their double
complexes. This suggests a natural definition of a ‘gq-holomorphic k-form’:

Definition 7.1.11 Let M be a hypercomplex manifold. A quaternion-valued k-form
w € QF(M,H) is g-holomorphic if and only if w € C®°(M,A¥A) and dw = 0. The
AH-module of g-holomorphic k-forms on M will be written P%,, so the H-algebra of
g-holomorphic functions on M is Py, = Pyy;.

2This theorem is really a quaternionic version of (Salamon’s) Equation 2.10, which is essentially the
same result for complexified k-forms.
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This gives rise to what we may call the g-holomorphic de Rham complex
0— Py 22 pl, ELop2 42242 pan1 A2 pon 420 (7.5)

Just as (on a complex manifold) A¥? is a holomorphic vector bundle, it is easy to
see that (AfA,V) is a g-holomorphic AH-bundle where V is (the connection induced
by) the Obata connection on M. The g-holomorphic k-forms P%, are precisely the g-
holomorphic sections P(Af;A) of the AH-bundle (A%A, V) as introduced in Definition
6.4.7, as the following Proposition demonstrates:

Proposition 7.1.12 A quaternion-valued k-form w € C®(M,ALA) satisfies the
equation dw = 0 if and only if Vw € C* (Ak A®gA), i.e. w is a g-holomorphic section
of (AEA, V).

Proof. The “if’ part is automatic, since Vw € C®(AfA®yA) implies that dw = AoVw €
C=(AE™A) and so dw = 0.

The reverse implication is nontrivial and depends upon analysing the Sp(1)-
representation on A A ® T*M. Using Equation (7.4), we have

2
AAQTM = ( ,f) Vi @ VAL @ 20V

2n
= 2n(k)‘/1 (Vk+2 VkMG)'

The bundle AjA®yA is precisely the higher-weight subspace 2n (2,:‘) VEi® chjg . The
complementary subspace 2n(%")Vi£ ® V¢ is revealed by Proposition 7.1.1 to be none
other than the bundle Fjq;, 1 CH® A*T* M. The component of Vw taking values
in Fyy1_1 is of course dw, the vanishing of which therefore guarantees that Vw €

Co(AE AgyA). |

The g-holomorphic de Rham complex therefore inherits a a rich and interesting alge-
braic structure. We have already noted that d : Py, — P]’fjl. It follows from the theory
of g-holomorphic sections that g-holomorphic forms are closed under the tensor product.
Explicitly, let

¢A]’§HA,A]lHIA : C(M, Ay A)@uC™ (M, Ay A) — C(M x M, Az A®uAyA)

be the section product map (Definition 6.4.10). Define ¢5; to be the restriction to
C=(M, AL A), brought about by the restriction p : M x M — M to the diagonal
submanifold Mgi.e C M x M followed by the skewing map A : O%(M, AbA®yALA) —
C>(M, AEA). Tt follows (from Theorem 6.4.11 and Proposition 7.1.12) that

¢k,l . ’P]]\Z(X)H,PJZ\/[ — ’P]]\cj—l

Thus the H-algebra structure on the g-holomorphic functions P,; extends to one
on the g-holomorphic k-forms P3;, and we say that P;, forms a differential graded
H-algebra. 1t is well known that on a real or complex manifold M one can use exterior
products over R or C to give an algebraic structure to de Rham or Dolbeault cohomology;,
which is often called the cohomology algebra of M. It may be that the differential graded
H-algebra structure on Py, can be used to give a similar description of the quaternionic
cohomology of a hypercomplex manifold.
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7.2 Vector Fields and Quaternionic Lie Algebras

Quaternionic algebra can also be used to describe vector fields on a hypercomplex man-
ifold M. Using similar ideas to those of Section 6.2, we define a splitting of the quater-
nionic tangent space H ® TM = A & B. Quaternion-valued vector fields which take
values in the subspace A C H® T'M turn out to be a good hypercomplex analogue of
the ‘(1,0) vector fields’ in complex geometry. In particular, an almost hypercomplex
structure is integrable if and only if these vector fields are closed under a quaternionic
version of the Lie bracket operator. This encourages us to treat these vector fields as a
quaternionic Lie algebra, a new concept which we proceed to define and explore.

7.2.1 Vector Fields on Hypercomplex Manifolds

As so often, we take our inspiration from complex geometry. An almost complex structure
I on a manifold M defines a splitting C ® TM = T*M ¢ T M, where TYOM is
the holomorphic and T%'M the antiholomorphic tangent space of M. Let V be the
set of smooth vector fields on M. The Lie bracket is a bilinear map from V xV to
V. Let VM0 = C°(M,T'"°M) be the vector fields of type (1,0) on M. The almost
complex structure [ is integrable if and only if the Lie bracket preserves (1,0) vector
fields, which is expressed by the inclusion

VO Lo C pro, (7.6)

The obstruction to this equation is the Nijenhuis tensor N; which measures the (0, 1)
component of the Lie bracket of two (1,0) vector fields.

We present a similar theorem for quaternionic vector fields on hypercomplex mani-
folds. Let M*" be a hypercomplex manifold. We define a splitting of the quaternionic
tangent space H ® T'M, which is roughly dual to the splitting H® T*"M = A& B of
Section 6.2.

Definition 7.2.1 Let M*" be a hypercomplex manifold so that TM = 2nV; as an
Sp(1)-representation. The quaternionic tangent space H ® T'M splits according to the
equation

He®TM = Vi e VE®mVE = omVik @ (VFC g VES).

Define the AH-subbundles A = 2nViE @ VY and B= 2nVE @ VY using the natural
definitions A" = AN (I®TM) and B' = BN (I® TM) = {0}. Then A is the
g-holomorphic tangent bundle and B is the g-antiholomorphic tangent bundle of M.

This definition is perfectly natural, though not quite ideal from the point of view of
quaternionic algebra. We would like A and B to be dual to the cotangent spaces A
and B. However, whilst there are H-linear bundle isomorphisms A = A* and B = B*,
these spaces are not isomorphic as AH-bundles, nor is there any fruitful way to alter the
definitions to make them so.

The Lie bracket of vector fields is a bilinear map [, ]: V xV — V, and so defines
a natural linear map A : V®V — V. As with H-algebras, we will find it much more
meaningful to talk about linear maps on tensor products, and we can use this formulation
to obtain a quaternionic analogue of Equation (7.6).
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Definition 7.2.2 Let M be a hypercomplex manifold with g-holomorphic tangent
space A CH® TM. Let ¥V = C°(M,TM) be the vector space of smooth real vector
fields on M.

Define Vg =H® V to be the AH-module of smooth guaternion-valued vector fields
on M,so Vg=C®MH®TM). Define V4 = C®(M,A) to be the AH-submodule of
H-valued vector fields on M taking values in ACH®TM. We will refer to elements

of V4 as A-type vector fields.

The relationship between these vector fields and the map A : V® V — V is par-
ticularly interesting. Using the canonical isomorphism (H @ TM)®@yg(H @ TM) =
H® TM ® TM, the Lie bracket defines an AH-morphism (which we shall also call
A)

)\ . VH®HVH — VH,
which is effectively a Lie bracket operation on quaternionic vector fields.

Here is the quaternionic version of Equation (7.6). The formulation and proof is

similar in spirit to Theorem 6.4.11.

Theorem 7.2.3 Let M be a hypercomplex manifold with g-holomorphic tangent space
A, and let V4 denote the space of A-type vector fields on M. Then the Lie bracket \
on quaternionic vector fields preserves Va, so that

A VAR VA — Va.

Proof. To begin with, we use the section product map ¢; ; (Definition 6.4.10) to regard

elements of V,®uV4 as sections in C®(AgyA) C C*H @ TM @ TM).

Let vj,w; € V be vector fields such that . ¢; ®v;@w; € C>(A®yA), which means
that > ¢; ®v;, > q; @w; € V4. We want to find an expression for A\(>_ ¢; @ v; @ wj) =
2 q; @ [vj, wy]. R

The Obata connection V is an AH-connection on A (and in fact is anti-self-dual, so
that A is a g-holomorphic AH-bundle). Thus V(3 ¢; ® w;) is an element of C®(A®
T*M). Contracting the T™M-factor with v; € T'M, it follows that

ZQj & ijwj € Va,

and similarly
> ¢, ® Vu,v; € Va.

Since V is torsion-free, the Lie bracket [v;,w;] is given by the difference V, w; =V, v;.
It follows immediately that

A (Z GOV ® wj) = Z 7 ® (Vy,wj — Vi, v;) € Va,

proving the theorem. [ |
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The reason why the hypercomplex structure must be integrable to obtain this result
is that the integrability of I, J, and K ensures that the connection V with VI =
VJ = VK =0 is torsion-free, and otherwise we would not have [v,w] = V,w — V.

Another way to understand this result is in terms of the decomposition of tensors
with respect to different complex structures. Just as in Theorem 7.1.10, the bundle A
is generated over H by the tensors of type (1,0) with respect to the different complex
structures, and the bundle E@Hg is generated by the tensors of type (2,0). In other
words, we have

=Y H-,(Tg°M)  and  AguA =Y H-1,(T°M @ T5°M).
Qes? Qes?

If every complex structure @ € S? is integrable, we have
[Vl’o,VéjO] c Vé’O

for all Q € S?, where VCIQO denotes the vector fields which are of type (1,0) with

respect to the complex structure (). Since the fibres of A are stable, it follows that the
Lie bracket must map sections of A®HA to sections of A.

7.2.2 Quaternionic Lie Algebras

The result of the previous section encourages us to think of the vector fields V4 as a
quaternionic Lie algebra with respect to the Lie bracket map A. We describe this idea as
an abstract algebraic structure, and see how it fits in with some of Joyce’s other algebraic
structures over the quaternions.

As always, we do not talk about bilinear maps, but rather about linear maps on
tensor products. A quaternionic Lie algebra will be an AH-module A together with an
AH-morphism A : A®gA — A, whose properties reflect those of a Lie bracket on a real
or complex vector space: namely antisymmetry and the Jacobi identity. Here are the
axioms for a quaternionic Lie algebra:

Axiom QL. (i) A isan AH-module and there is an AH-morphism A = A4 : A®gA —
A called the Lie bracket.

(i) SHA C ker \. Thus ) is antisymmetric.

(7i1) The composition A o (id®yA) defines an AH-morphism from
A®yA®gA to A such that AJA C ker(\ o (id®g))). This is the
Jacobi identity for .

Definition 7.2.4 The pair (A, \) is a quaternionic Lie algebra if it satisfies Axiom QL.

We will often refer to A itself as a quaternionic Lie algebra when the map A\ is
understood. Axiom QL(iii) is probably the least familiar-looking of these axioms. By
way of explanation, let (V, ) be a real or complex Lie algebra. Then in terms of tensor
products the Jacobi identity is

Ao (i[d@N)(z@yR2+y®:02+20207y) = 0.
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Since we can identify r®y—y®x with xAy, we see that the Jacobi identity is equivalent
to the condition that Ao (id ®\)(z Ay A z) =0, so that A3V C ker(A o (id ®))).

Example 7.2.5 Let M be a hypercomplex manifold. The space of quaternion-valued
vector fields Vg is a quaternionic Lie algebra with respect to the Lie bracket operator
A Vg®RuVa — Vg, Axiom QL follows from the corresponding identities satisfied by the
Lie bracket on real vector fields.

Theorem 7.2.3 now shows that the A-type vector fields V4 form a quaternionic Lie
subalgebra of Vyg. This is the quaternionic version of the well-known fact that on a
complex manifold, the (1,0) vector fields form a complex Lie subalgebra of the complex
vector fields.

Joyce has already considered the notion of a Lie algebra over the quaternions, but in a
different fashion. In [J1, §6], he writes down axioms called Axiom L and Axiom P, which
define quaternionic analogues of Lie algebras and Poisson algebras: but instead of a Lie
bracket A : ARgA — A, Joyce’s quaternionic Lie bracket is a map £ : AQgA — A®yY,
where Y = U, is the AH-module of Example 4.1.2.

The reason for this is that Joyce’s main purpose is to describe the algebraic structure
of g-holomorphic functions on hyperkahler manifolds. Since a hyperkéahler manifold M
has three independent symplectic forms, two functions f and ¢ have three different
Poisson brackets and the H-algebra P,; of g-holomorphic functions on M has three
independent Poisson structures. Using the fact that I = R?, Joyce describes the three
Poisson brackets using a single map ¢ : Py ®@uPy — Py @ I Recalling that (Y7T)* =
Vo = 1, we have a map & : Py®uPy — tpy,(Py) @ (YT)* which is in fact an AH-
morphism whose image is contained in Py,®yY . This is why, for Joyce, quaternionic
Lie algebras and Poisson algebras are defined by an AH-morphism £ : AQgA — A®yY .

We can relate these two algebraic ideas very simply by choosing an AH-morphism
n:Y — H. The space of such AH-morphisms is of course YT = V,. Then for every
AH-module A there is a map id®gn : ARyY — A®yH = A. Suppose that & :
ARgA — A®yY satisfies Joyce’s Axiom L. Define a Lie bracket A : A®yA — A by
setting A = (id ®gn) o €. It follows immediately that the pair (A, \) is a quaternionic
Lie algebra in the sense of Axiom QL.

To go in the opposite direction, suppose that (A, \) is a quaternionic Lie algebra,
and consider the AH-module A®yY . In order to define an HL-algebra we need to form
a map from (A®yxY)Ru(A®yY) to (ARpY)®uY. Let 7 be the natural isomorphism
T ARQpY uARRY — AQyA®yY @Y which interchanges the second and third factors.
Define an AH-morphism

= (A@pid®@yid) o7 : (A®uY )®u(A®rY) — (AQuY)®nY.
Then ¢ satisfies Joyce’s Axiom L, and the pair (A®yxY,¢) forms an HL-algebra. Pre-
cisely which HL-algebras may be obtained from quaternionic Lie algebras and vice versa
using these constructions remains open to question.

7.3 Hypercomplex Lie groups

As a final example, we consider hypercomplex structures on compact Lie groups, and
show how these give rise to finite-dimensional quaternionic Lie algebras. Since the early
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1950s, the mathematical world has been aware that every compact Lie group of even
dimension is a homogeneous complex manifold.  This was first announced by Samelson,
whose proof is an extension of Borel’s celebrated result that the quotient of a compact
Lie group by its maximal torus is a homogeneous complex manifold. In 1988 and 1992
respectively, Spindel et al. [SSTP] and Joyce [J3] demonstrated independently that these
results extend to hypercomplex geometry. Joyce’s approach also gives hypercomplex
structures on more general homogeneous spaces. It relies on being able to decompose
the Lie algebra of a compact Lie group as follows:

Lemma 7.3.1 [J3, Lemma 4.1] Let G be a compact Lie group, with Lie algebra g.
Then g can be decomposed as

g=b8) %&> fi, (7.7)
k=1 k=1

where b is abelian, Oy is a subalgebra of g isomorphic to su(2), b+, 0, contains the
Lie algebra of a mazimal torus of G, and f1,...,f, are (possibly empty) vector subspaces
of @, such that for each k=1,2,...,n, fi satisfies the following two conditions:

(1) [0, fx] = {0} whenever | <k, and

(i) fr s closed under the Lie bracket with 0y, and the Lie bracket action of ¥y on
fr 1s isomorphic to the sum of m copies of the basic representation Vi of su(2) on C?,
for some integer m.

By adding an additional p (with 0 < p < Max(3,rkG)) copies of the abelian Lie
algebra u(1) to b if necessary, this decomposition allows us to define a hypercomplex
structure on pu(l) @ g as follows. For a 1-dimensional subspace by of pu(l) @ b there
is an isomorphism by ® 0 = R $ [ = H. The action of 0, on f; gives an isomorphism
f, = H™. This gives an isomorphism pu(1) @ g = H', in other words a hypercomplex
structure. Normally there are many choices to be made in such an isomorphism, which
give rise to distinct hypercomplex structures. That such a hypercomplex structure on
the vector space pu(1)@®g defines an integrable hypercomplex structure on the manifold
U(1)? x G follows from Samelson’s original work on homogeneous complex manifolds.
This leads to the following result:

Theorem 7.3.2 [J3, Theorem 4.2] Let G be a compact Lie group. Then there exists
an integer p with 0 < p < Max(3,rkG) such that U(1)? x G admits a left-invariant
homogeneous hypercomplex structure.

There is a strong link between these hypercomplex structures and the quaternionic
Lie algebras of the previous section. Suppose that g is any real Lie algebra. Then
gu = H ® g is a quaternionic Lie algebra because Axiom QL is obviously satisfied.
The quaternionic Lie algebra structure of g is much more interesting when g admits a
hypercomplex structure as described above. In this case we define the subspace

= {Uo 4+ 9101 + I9Ug + 1303 1 vy + [1v1 + Lyve + I3vg = O} C gu

which we shall call the space of A-type elements of gy. Lie groups with integrable left-
invariant hypercomplex structures then give rise to interesting quaternionic Lie algebras.

3Note that not all ‘Lie groups possessing a complex structure’ are complex Lie groups, because their
multiplication and inverse maps might not be holomorphic.
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Corollary 7.3.3 Let G be a hypercomplex Lie group with hypercomplex structure
(I, 15, 13), and let ga C gu be the subspace of A-type elements of gu. Then ga is
a quaternionic Lie subalgebra of gu.

Proof. By Theorem 7.2.3, the set of A-type vector fields on G is closed under the Lie
bracket operator \. Since A also preserves the left-invariant vector fields g, it preserves

gA. [ |

In this way, Joyce’s hypercomplex structures on compact Lie groups give rise to
many interesting finite-dimensional quaternionic Lie algebras. We can also begin to
calculate the quaternionic cohomology groups of these manifolds. On a Lie group G the
exterior differential d on G-invariant k-forms can be expressed as a formal differential
d : A¥g* — AFtlg*. The map d is induced by the dual of the Lie bracket, which is a
linear map \:g®g — g. Since ) is antisymmetric it is effectively a map X : A%g — g,
so its dual is the map d = \* : g* — A%g*. In practice, this means that

dw(u,v) = w([u,v]) wegh vweg.

The map d extends to a unique antiderivation on A®g* in the usual fashion. Questions
about the cohomology of GG as a real, complex or hypercomplex manifold can then be
rephrased in terms of the cohomology of the complex (A®g*,d). This is true at least for
G-invariant forms, which accounts for all the de Rham cohomology since it is known that
every de Rham cohomology class has a G-invariant representative. This is less obvious
for Dolbeault and quaternionic cohomology groups, whose theory is possibly more subtle
for this reason.

Example 7.3.4 Let M = U(2) be the unitary group in two dimensions, i.e. the
subgroup of GL(2,C) preserving the standard hermitian metric on C?. It is well-known
that U(2) is isomorphic to U (1) xz, SU(2), which is diffeomorphic to the Hopf surface
St x S8,

The Lie algebra u(2) appears naturally in the form of Equation (7.7), thanks to the
decomposition u(2) = u(1) @ su(2). Let u(1) = (eg) and su(2) = (ey, ez, €3), so that

leo, e;] =10 and lei, e;] = €ijnex

where 4,7,k C {1,2,3}. Let {e“} be the dual basis for g*. It follows that de®
0 and de! = e/ A eF, where {i,j,k} is an even permutation of {1,2,3}. Thus
and e'* both generate de Rham cohomology classes, and we have °(M) = b'(M)
(M) = b (M) =1, b* (M) = 0. This complex is best described using the structure
of u(2) as a representation 7 of su(2) = (ey, es, e3). This subgroup acts on u(2) via
the adjoint representation, so that 7,(w) = [v,w] for v € su(2), w € wu(2). Since
[v,€°] =0, €° generates a copy of the trivial representation Vy and (e',e? e3) is just
the adjoint representation of su(2), which is V5. Thus T*M = V, @ V3, and this induces
a representation of su(2) on A*T*M by the usual Leibniz rule 7,(w; A wy) = [v,wi] A
wy + wy A [v,ws]. This gives the following decompositions:

Q)
o

"M = (%) @ (e, e, e%) =V oV,
AQT*M — <€23, 631, 612> D <€01, 602, €O3> ] ‘/2 D ‘/'2 -
ABT*M — <€032, 6013, e021> o) <€123> ~~ ‘/2 ) ‘/0 ( . )
AT*M = (0123 ~ Y
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The benefit of this approach is that the map d is su(2)-equivariant. Thus once we
have shown that de' = €23, it follows immediately that d gives an su(2)-equivariant

isomorphism
d: <61,€2,63> N <623,€31,612>.

This allows us to read off cohomological information, including the quaternionic co-
homology groups Hp" (M) and Hy"(M). To do this we compare the decomposition of
Equation (7.8) with the decomposition of A*T*M induced by the hypercomplex struc-
ture. In other words, we have two representations of sp(1) on T*M. The first is the
representation T*M = 2V; defined by the hypercomplex structure, and the second
is the representation T*M = V, & V5 given by the adjoint action of the subalgebra
su(2) C u(2). The quaternionic cohomology of M is defined using the first action, but
the d operator is best described using the second. By collating the two we obtain a
complete picture of the situation.

In four dimensions, F, s is the space of self-dual 2-forms , where
ettted = ¢ab 4 e The image under d of T*M is (e", €% %), and the projection o
is an su(2)-equivariant surjection onto Ess. The sequence

<€01+237 602+31’ 603+12>

0— Eo,o — El,l — E2,2 —0
is therefore exact at Fyo, and we obtain the standard self-dual cohomology of S* x S3,
HY'(M)=R  HE'(M)=1(=R  HZ(M)=0. (7.9)

Moving to quaternion-valued forms, it is easy to show that non-zero d-cohomology
occurs only at Fpo, Fi1, F5_1 and Fjp, the sequence 0 — B — Fyy — F3; — 0 being
exact. Explicitly, we have

HP(M) = H Hy' (M) (3€" +ire! +ige? +ized)y = UX,
H?’A‘(M) — <€0123>H ~ Hg”*l(M) — <6123 — €032 — 013 i3€021>H ~UX,.
(7.10)
It follows from the property of ellipticity that the cohomology sequences should be
exact, as indeed they are. However, they are clearly not AH-exact, because they are
not exact on the primed parts. The quaternionic algebra of such phenonomena might be
interesting and merit closer study.

It would be desirable to extend this work to higher-dimensional groups and homo-
geneous spaces. The group SU(3) provides an interesting case. A similar analysis to
that above may provide the correct results, though because of the additional four dimen-
sions this option is difficult and complicated. The principle would nonetheless be very
much the same, and essentially involves comparing different sp(1)-actions, one defined
by Joyce’s hypercomplex structure and the other arising from the adjoint representation
of a particular subalgebra su(2) C su(3). For example, it is easy to demonstrate that
H;'(SU(3)) # 0. Quaternionic cohomology is in this case certainly not a subset of de
Rham cohomology, since b'(SU(3)) = 0.

A logical precursor to developing the quaternionic cohomology theory of hypercom-
plex Lie groups would be to understand thoroughly the Dolbeault cohomology of ho-
mogeneous complex manifolds. Surprisingly, this theory seems to be lacking or at best
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extremely obscure. The theory for complex groups and homogeneous spaces is docu-
mented in Bott’s important paper [Bot, §2], but the link between theory and results in
this paper is quite opaque and certainly contains some mistakes. Pittie’s paper [P] uses
a simpler bicomplex than Bott’s, conjecturing that the cohomology of these complexes
is the same. Certain hypercomplex nilmanifolds discussed by Dotti and Fino [DF] might
also provide fruitful rseults. This would be an interesting area for future research.
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