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ON THE LENGTH OF DIRECTED PATHS IN DIGRAPHS*
YANGYANG CHENG! AND PETER KEEVASHT

Abstract. Thomassé conjectured the following strengthening of the well-known Caccetta—
Haaggkvist conjecture: any digraph with minimum out-degree § and girth g contains a directed
path of length 6(g — 1). Bai and Manoussakis [SIAM J. Discrete Math., 33 (2019), pp. 2444-2451]
gave counterexamples to Thomassé’s conjecture for every even g > 4. In this note, we first generalize
their counterexamples to show that Thomassé’s conjecture is false for every g > 4. We also obtain
the positive result that any digraph with minimum out-degree § and girth g contains a directed path
of 2(1 — %). For small g we obtain better bounds; e.g., for g = 3 we show that oriented graph with
minimum out-degree & contains a directed path of length 1.55. Furthermore, we show that each
d-regular digraph with girth g contains a directed path of length Q(dg/logd). Our results give the
first nontrivial bounds for these problems.
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1. Introduction. The Caccetta—Haggkvist conjecture [5] states that any di-
graph on n vertices with minimum out-degree § contains a directed cycle of length
at most [n/d]; it remains largely open (see the survey [9]). A stronger conjecture
proposed by Thomassé (see [3, 9]) states that any digraph with minimum out-degree
0 and girth g contains a directed path of length §(g — 1). Bai and Manoussakis [2]
gave counterexamples to Thomassé’s conjecture for every even g > 4. The conjecture
remains open for g = 3, which in itself was highlighted as an unsolved problem in the
textbook [4].

CONJECTURE 1. Any oriented graph with minimum out-degree 0 contains a di-
rected path of length 20.

In this note, we first generalize the counterexamples to show that Thomassé’s
conjecture is false for every g > 4.

PROPOSITION 2. For every g > 2 and § > 1 there exists a digraph D with girth g
and 5% (D) > 6 such that any directed path has length at most % if g is even or
@m# if g is odd.

In the positive direction, when g is large we can find a directed path of length
close to 24.

THEOREM 3. Ewvery digraph D with girth g and 5t (D) > § contains a directed
path of length 25(1 — é)

For the cases g =3 or g =4, we have the following better bounds.
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THEOREM 4. Every oriented graph D with §¥ (D) > § contains a directed path of
length 1.56. Ewvery digraph D with 67 (D) > 6 and girth g > 4 contains a directed path
of length 1.65354.

Finally, we consider the additional assumption of approximate regularity, under
which a standard application of the Lovész local lemma gives much better bounds.
We call a digraph (C,d)-regular if d*(v) > d and d~(v) < Cd for each vertex v.

THEOREM 5. For every C > 0 there exists ¢ >0 such that if D is a (C,d)-regular
digraph with girth g, then D contains a directed path of length at least cdg/logd.

1.1. Notation. We adopt standard notation as in [3]. A digraph D is defined
by a vertex set V(D) and arc set A(D), which is a set of ordered pairs in V(D). An
oriented graph is a digraph where we do not allow 2-cycles {(z,y), (y,z)}, i.e., it is
obtained from a simple graph by assigning directions to the edges. For each vertex
v € D and any vertex set S C V(D), let N*(v,S) be the set of out-neighbors of v
in S, and let d*(v,S) = |[N*(v,S)]. If S = V(D), then we simply denote d*(v,S)
by d*(v). If H is an induced subgraph of D, then we define d* (v, H) =d* (v,V(H))
for short. We let §*(D) = min, d*(v) be the minimum out-degree of D. In-degree
notation is similar, replacing + by —.

For every vertex set X C V(D), let NT(X) be the set of vertices that are not
in X but are out-neighbors of some vertex in X. For every two vertex sets A, B of
V(D), let E(A, B) be the set of arcs in A(D) with tail in A and head in B. A digraph
D is strongly connected if for every ordered pair of vertices u,v € V(D) there exists a
directed path from u to v.

The girth g(D) of D is the minimum length of a directed cycle in D (if D is
acyclic, we define g(D) = 00). We write ¢(D) for the maximum length of a directed
path in D.

2. Construction. We start by constructing counterexamples to Thomassé’s
conjecture for every g > 4, as stated in Proposition 2. Suppose that D is a di-
graph with d*(v) = § for each vertex v € V(D). For each k > 1, we define the k-lift
operation on some fixed vertex v as follows: we delete all arcs with tail v, add k& — 1
disjoint sets of § new vertices Uy 1,...,Uy k-1 to D, write U, o :={v}, U, := NT(v),
and add arcs so that U, ;_1 is completely directed to U, ; for 1 <i<k. (For example,
a 1-lift does not change the digraph.) We note that any lift preserves the property
that all out-degrees are 9.

Write K511 for the complete directed graph on d + 1 vertices. Our construction
is Dgyp = gﬂ(a,b,...,b) for some integer 1 < a < b, meaning that starting from

s+1, we a-lift some vertex vy and b-lift all the other vertices.
CLAIM 6. The girth of Dayp is a+b, and the longest path has length 6b+a — 1.

Proof. Let C be any directed cycle in D, ;. By construction, we can decompose
A(C) into directed paths of the form wv;u; ---uv; such that u; € U, ; for 1 < j <t,
where t =a—1ifi=1and t=0—1 if ¢ > 2; we call such paths “full segments” and
their subpaths “segments.” A directed cycle contains at least two full segments, so its
length is at least a 4 b since a <b. It is also easy to see D, does contain a directed
cycle of length a + b.

Now suppose P is a directed path in D, ; of maximum length. Similarly, we can
decompose E(P) into segments, where all but the first and the last are full, and if
there are § + 1 segments, then at most one of the first and the last is full. Each
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segment has length at most b, except that the one starting from v; has length at most
a, so P has length at most 6b+a — 1. ]

Proposition 2 follows from Claim 6 by taking a =b= § for g even or a

b= g—gl for g odd.

_g—1
=4 and

3. The key lemma. Here we show that Theorems 3 and 4 follow directly from
known results on the Caccetta—Héggkvist conjecture and the following key lemma.

LEMMA 7. If D is an oriented graph with 67 (D) > §, then D either contains a
directed path of length 25 or an induced subgraph S such that |S| < & and §7(S) >
20 — ¢(D).

We use the following bounds on the Caccetta—Haggkvist conjecture in general by
Chvétal and Szemerédi [6] and in the case of directed triangles by Hladky, Kral, and
Norin [7].

THEOREM 8. Ewvery digraph D with order n and 67 (D) > & contains a directed
cycle of length at most [ﬁr—"ﬂ

THEOREM 9. FEvery oriented graph with order n and minimum out-degree 0.3465n
contains a directed triangle.

Now we deduce Theorems 3 and 4, assuming the key lemma.

Proof of Theorem 3. Suppose that D is an oriented graph with 67 (D) > § and
girth g. By Lemma 7, D contains a directed path of length 2§ or an induced subgraph
S with |S| < § and §1(S) > 2§ — ¢(D). We assume the latter case holds. According

to Theorem 8, S contains a directed cycle of length at most W%)H' Therefore,
9< =ipyrr s0 D) >26(1— 1) +1>26(1 - 1). u|

Proof of Theorem 4. First, suppose that D is an oriented graph with §+(D) > 6.
By Lemma 7, either D contains a directed path of length 2§ or D contains an induced
subgraph S such that |S] < § and §+(S) > 2§ — ¢(D). Since D is oriented, for some
vertex b € S, we have d*(b,S) < w%, which means that §1(5) < ‘S‘% < =1 and
so (D) >26 — §+(S) > 26. Similarly, if D has girth at least 4, then substituting the
bound 67 (S) < 0.34656 from Theorem 9 we obtain (D) > 1.65350. ad

In fact, by Lemma 7, any improved bound towards the Caccetta—Héggkvist con-
jecture can be used to get a better bound for £(D) when 6T (D) > § and girth g.
For example, the main result in [8] will give the bound ¢(D) > (2 — ﬁ)é. The

Caccetta—Héggkvist conjecture itself would imply ¢(D) > (2 — %)5 .

4. Proof of the key lemma. Suppose that D is an oriented graph with (D) >
¢ and no directed path of length 2§. We can assume that D is strongly connected, as
there is a strong component of D with minimum out-degree at least §. By deleting
arcs, we can also assume that all out-degrees are exactly 6. Note that |V (D)| >20+1,
since D is oriented and (D) > 6.

CLAIM 10. D does not contain two disjoint directed cycles of length at least §+ 1.

Proof. Suppose on the contrary that C; and Cy are two such cycles. By strong
connectivity, there exists a path P from u; € Cy to ug € Cy with V(P) internally
disjoint from V(Cy) UV (Cy). Writing uju) for the out-arc of uy in C; and ujusy for
the in-arc of ug in Cy, the path {C] — uju}} + P + {Cy — ubus} has length at least
25 + 1, a contradiction. 0
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(a)

Vo

Fic. 1. lllustrations for the proofs of Claims 11 and 12.

Now let P = wvgvy -+ vg(py be a directed path of maximum length, where £(D) <
20. By maximality of P, the out-neighbors N (vyp)) of vyp) must lie on P. Let
vqa € Nt (vypy) such that the index a is minimum among all the out-neighbors of
vyp). Thus C = v,Va11---Vy(p)V, is a directed cycle; we call |C| the cycle bound of
P. For future reference, we record the consequence

(1) ¢(D) > g(D) for any digraph D.

Choose P such that the cycle bound of P is also maximum subject to that P is
a directed path of length ¢(D). Clearly a # 0; otherwise using |V (D)| > 26 + 1 and
strong connectivity, we can easily add one more vertex to C' and get a longer path, a
contradiction.

CrAaM 11. Every vertex in N (vq—1) must be on P.

Proof. Suppose on the contrary that there exists an out-neighbor w; of v,_1 such
that wy € V(D) \ V(P). Let D; be the induced graph of D on V(D) \ V(P). We
extend the vertex w; to a maximal directed path P; = wiws - - w,, in Dy. Since P; is
maximal in Dy, all the out-neighbors of w,, must be on V(P)UV (P;); see Figure 1(a).

We cannot have w € N (u,,) such that w € V(C). Indeed, writing w™ for the in-
neighbor of w in C, the directed path P’ = vy ...v4—1 Pyw+(C—w~w) would be longer
than P, a contradiction. Thus we conclude that Nt (w,,) C V(P1) U{vg,...,vq_1}
Choose a vertex z € NT(w,,) that has the largest distance to w,, on the path P, =
Vg« Vg_1W1 - . . Wy,. Then Py Uw,,z contains a cycle Cy of length at least § + 2. Now
C1 and C are two disjoint directed cycles of length at least § + 2, which contradicts
Claim 10. ]

Let A= N"(va—1) N{vo,...,v4—1} and B = NT(v,_1) NV (C). Also, let B~ =
{v:ueV(C),uv € A(C) for some v € B}.

CramMm 12. Nt(B7)CV(C).

Proof. Suppose not; then there exists a vertex w € V(D) \ V(C) such that bw €
A(D) for some b€ B~. By definition of B, there exists some vertex bt € B such that
va—1bT € A(D) and bbt € A(C). We cannot have w € V(D) \ V(P), as then the path
VU1 ... Vg—1bT 4+ (C' —bb") 4+ bw has length ¢(D) + 1, a contradiction.

It remains to show that we cannot have w € V(P)\ V(C). Suppose that we do,
with w = v; for some 0 <4 <a— 1. Then the cycle v;v;411...vq_1bT + (C — bb+) + bv;
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is longer than C. However, P; =vg...v,_1b" + (C — bb") has length ¢(D) and cycle
bound larger than P, which contradicts our choice of P; see Figure 1(b). d

Now let S be the induced digraph of D on B~. Fix x € B~ with NJ (z) =46+(S).
Then Nt (z) CV(C) by Claim 12. As [Nt (z)| =4, we deduce |C| > |S| — 6T (S) + 4.

Note that |P| > |A|+1+|C|>|A|+1+|B|—07(S)+4, as |S|=|B~|=|B| and
A C{vo,...,va—1}. But |A] +|B| =|NT(ve_1)| =6, so (D)= |P| >25+1—"(S)
and 6T (S)>26+1—¢(D).

This completes the proof of Lemma 7. O

5. Long directed paths in almost-regular digraphs. In this section, we
prove Theorem 5. We start by stating some standard probabilistic tools (see [1]). We
use the following version of Chernoff’s inequality.

LEMMA 13. Let Xq,..., X, be independent Bernoulli random variables with P[X
=1]=p; and P[X;=0]=1—p; for alli € [n]. Let X =" | X; and E[X]|=p. Then
for every 0 <a <1, we have

P[IX — p| > ap] < 2e= %43,

We will also use the following version of the Lovasz local lemma.

LEMMA 14. Let Aq,..., A, be a collection of events in some probability space.
Suppose that each P[A;] < p and each A; is mutually independent of a set of all the

other events A; but at most d, where ep(d+1) <1. Then P[N?_; A;] > 0.
Next we deduce the following useful partitioning lemma.

LEMMA 15. For every C >0 there exists ¢ >0 such that for any positive integer
d with t:= |dd/logd] > 1, for any (C,d)-regular digraph D there exists a partition of
V(D) into Vi U---UV; such that ||Vi| —|V;|| <1 and d* (v, V;) > lgg,d for each i,j € [n]
and v V.

Proof. We start with an arbitrary partition Uy U---UU; of V(D) where |Uy|=---
=|Us—1] =t and 1 < |Ug| < t, so that n/t < s <n/t+1. We add ¢ — |Us| isolated
“fake” vertices into Uy to make it a set of size t. We consider independent uniformly
random permutations o; = (0;,1,...,0,) of each U;. Now let V; ={o1;,...,0,;} for
each 1 <j <t. We will show that V3 U---UV; (with fake vertices deleted) gives the
required partition with positive probability.

We consider the random variables X (v,j) :=d*(v,V;) for each v €V and j € [t].
Note that each is a sum of independent Bernoulli random variables with E[X (v, j)] =
dt(v)/t. We let E, ; be the event that |X(v,j) — @| > %(tv). Then P[E, ;] <

dt(v)

2e~ Tt < 2eTH by Chernoff’s inequality.

Now E, ; is determined by those o; with U; N NT(v) # 0, so it is mutually
independent of all but at most C(dt)? other events E, j, using A~ (D) < Cd. For
¢’ sufficiently small, for example, ¢’ < m, we get 2e 15 TL(C(dt)2 4+ 1) < 1. By
Lemma 14 we conclude that with positive probability no F, ; occurs, and so V;U---UV;
(with fake vertices deleted) gives the required partition. d

Proof of Theorem 5. Suppose that D is a (C, d)-regular digraph with girth g. We
will show ¢(D Cdg where ¢ = ¢’ /2 with ¢ as in Lemma 15. As ¢(D) > g(D) by (1),
we can assume c d?logd >1,s0t=|cd/logd] > 1. By Lemma 15 we can partition
V(D) into V1 U---UV; such that [|Vi| = |V;]| <1 and each d*(v,V;) > logd We note
that logd > 1 for ¢ <0.1, say.
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Let P, be a maximal directed path in D[V;] starting from any vertex z;, ending
at some y;. Then |Pi| > g by (1). By choice of partition, y; has an out-neighbor
x9 inside D[V3]. Similarly, we can find a maximal directed path of length at least g
inside D[V3] starting from x5. We repeat the process until we find ¢ directed paths
Py, ..., P, of length at least g that can be connected into a directed path of length at

least tg > 251/;;9 S = l(c)(égd' This completes the proof. ]

6. Concluding remarks. We propose the following weaker version of
Thomassé’s conjecture.

CONJECTURE 16. There is some ¢ > 0 such that (D) > cg(D)d* (D) for any
digraph D.

By Proposition 2, the best possible ¢ in this conjecture satisfies ¢ < 1/2. We do
not even know whether it holds for regular digraphs, or whether ¢(D)/6(G) — oo as
g — 0.
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