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1. Introduction

Isoperimetric inequalities have a long history in mathematics, starting from the clas-
sical Euclidean isoperimetric inequality in R¢ that balls minimise surface area among
all sets with given volume. There is also a rich theory of isoperimetric inequalities in
the discrete setting, which has broad connections to a number of topics, including the
concentration of measure phenomena, random graph and satisfiability thresholds and
high-dimensional geometry. This theory starts with the isoperimetric inequalities for the
n-cube @, which is the graph on vertex set {0, 1}" in which vertices are adjacent if they
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differ in a single coordinate. There are two natural notions of boundary for a set A C
{0,1}": the vertex boundary 9,(A) = {z' € {0,1}"\ A: za’ € E(Q,,) for some = € A}
and the edge boundary 0.(A) = {zy € E(Qn) : x € Ay ¢ A}.

This paper will be concerned with the vertex boundary, for which the isoperimetric
inequality was obtained by Harper [23]. To state his result, we define the simplicial order
on {0,1}"™ =P[n] by A < Bif |A| > |B| or |A| = |B| and max(AAB) € B. We write Z,,
for its initial segment of size m. Harper’s theorem states that if A C {0,1}"™ with |A] =m
then |9, (A)| > |0,(Zn)|. Given this inequality, it is natural to ask for which structures
equality holds (extremal configurations) or approximate equality holds (stability). We
are not aware of any results on these questions in the previous literature (by contrast,
there are several such results [8,9,20,24,28,29] for the edge-isoperimetric inequality in the
cube).

Our first result gives a stability result for Harper’s theorem for sets that have the
same size as a Hamming ball B = B _,(C) := {A C {0,1}" : |[AAC| < n — k}; here
we note that all such balls have the same vertex-boundary (they can be identified by
automorphisms of @,,) and if m = (>"k) = Z:L:k (7;) then Z,, = (@,l) = U?:k([?]) =

ok ([n])-

Theorem 1.1. Suppose 6 € (0,1) and A C {0,1}" with |[A] = m = (E"k) and
10,(A)] < (14 £)(,",), with c =10735. Then |[AAH| < 6(::}) for some Hamming ball
H. Furthermore, if |JAAH| = 2D then |0,(A)| > |0,(T)| where T = Z—pU(Zm+0\Inm)-

Remarks.

(i) Theorem 1.1 is tight up to the value of the constant c. For example, if n = 2k — 1
is odd then a ‘projected Hamming ball A = {A C [n] : |[AN[n-2] > k- 1}
has size |A] = 2"~ = (), boundary |0,(A)| = 4(}23) = %ﬁ)’““)(,@’_‘l) =
(1+2)(,",) but [AAH| > (?7]) for any Hamming ball H.

(ii) The ‘furthermore’ statement of Theorem 1.1 is a strong ‘local stability’ result that
gives a sharp estimate for the vertex boundary in terms of the distance from a
ball; it implies that if the first statement holds with any value of ¢ then it in fact
holds with an essentially optimal value. In particular, we obtain uniqueness of the

1) then A is a Hamming ball.

(iii) It is tempting to guess that the local stability result determines the exact depen-

extremal configurations: if |9, (A)| = (

dence of ¢ on 4§, i.e. the minimum possible value of |9, (A)| over all A with |A] =m
and given |AAH| < (Zj) Somewhat surprisingly, this is not true, as the minimum
value of |9y,(A)| is not monotone in |[AAH|. For example, if n =5 and k = 3 (so
m = 16) then for D = 0,1,2,3,4 we have [8,(7)| = 10,12, 13,12, 13.

As Theorem 1.1 describes the stability of Harper’s theorem for special values of m =

|A|, one will naturally ask next about general m, say m = (>;+1) +m' with 0 <

m < (Z) Here we note that if A = (2[1211) U C where C C ([Z]) with |C] = m/ then
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10,(A)] = (1) —m + |C|, where C = {B € (")) : B ¢ A for some A € C} is the
(lower) shadow of C. By Harper’s theorem, |9,(A)| > |0,(Zn)| = () —m' + |0Z,, Wil
where If:,) is the initial segment of length m’ in the colex order on ([k]) (where A < B
if max(AAB) € B). Equivalently, |9C| > |8I7(f,) |, which is the Kruskal-Katona theorem
(see [30,26]). Thus a stability result for the Kruskal-Katona theorem is a prerequisite
for one in the general case of Harper’s theorem.

The extremal configurations in the Kruskal-Katona theorem were classified by Fiiredi
and Griggs [22] and independently by Mors [33]. In the stability context, it is more
convenient? to work with the following slightly weaker version of the Kruskal-Katona
theorem due to Lovasz [32]: regarding (}) = #(z —1)...(x — k + 1)/k! as a polynomial
inz eR,if AC ([2]) and |A| = (7) with & > k then [9(A4)| > (,”,). Keevash [27]
gave a stability® version of this result, showing that for any £ € N and § > 0 there is
e > 0 so that for A ¢ (), if [A] = (¥) with & > &k and |[9(A)| < (1 +¢)(,",) then
JAA(F)] < 6(5) for some S € (M) Our next theorem concerns sets that are somewhat

i 1) rather than (7)), for which we
give a stronger stability result with parameters that are tight up to the value of the

closer to a clique (with distance on a scale of (

constant c. Furthermore, as in Theorem 1.1, we obtain a strong ‘local stability’ result
that gives a sharp estimate for the shadow boundary in terms of the distance from a
clique, which implies an essentially optimal dependence of parameters (again with the
non-monotonicity caveat). In particular, this gives another proof for uniqueness of the
extremal examples in the Lovasz form of Kruskal-Katona, i.e. if [0(A)| = (,%,) then
r€Nand A= ( ) for some S € (["]) For S C [n] we define

(k) _ 7(k)
‘7‘ =7

S|,E1,Es * (1s)-1 U ('] \ I )) (1)

(e T

Theorem 1.2. If 6y € (0,1) and A C (”]) with |A] = (7) and [0(A)] < 1+ 2)(,%,),
with ¢ = 10798, then |AA( )| < b (|S| 1) for some S C [n] with |S| € {|z], [«]}.
Furthermore, if |[AN (k)| = (‘S‘k ) + E; and |A\ (k)| = Ey where 0 < By, By < (‘i‘__ll)

then [0(A)] > 10(J ) p, )|

)+E1

Remark. Very recently Kupavskii and Frankl [17] also proved a stability result for
Kruskal-Katona.

Now we return to the structural characterisation of Harper’s theorem for general sizes
of the family A. Given the stability results in Theorems 1.1 and 1.2, one might conjecture

2 The exact function implicit in the Kruskal-Katona theorem is rather pathological: Frankl, Matsumoto,
Ruzsa and Tokushige [19] proved that an appropriate rescaling converges to the Takagi function, which is
continuous but nowhere differentiable.

3 Our use of the term ‘stability’ in this paper refers to results that are also known as ‘99% stability’ results,
in that they describe structures that are very close to optimal. In many contexts it is also interesting to
describe some properties of structures that are only within a constant factor of optimal; such a ‘1% stability’
result for the Kruskal-Katona theorem was given by O’Donnell and Wimmer [34].
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a similar stability statement for initial segments of the simplicial order. However, this
is not true, as there is another extremal configuration! Suppose m = (>k" +1) + (Z) with
k <s<n.Let

Gi=(ht) () and = (i) u (") u (G2

Then Gy = Z,, is the initial segment of size m in the simplicial order, which is extremal by
Harper’s theorem. Also, |Ga| = |G1| = m and |9,(G2)| = (}) — (521) + (Z:;) =)-G)+
(,°1) = 104(G1)|. Furthermore, if s < n then Gy and G, are not isomorphic. We refer to Gy
and Gy as generalised Hamming balls. Our general stability result for Harper’s theorem
roughly says that any family that is close to extremal must be close to a generalised
Hamming ball. As for our stability result for Kruskal-Katona, our benchmark will be
the corresponding Lovész form of the vertex isoperimetric inequality: if A C {0,1}"™ with
Al = (zlyﬂ) + (;) then

100 (A)] = Buow (JA]) == (1) = (7) + (.%4)- (2)

A short proof of this version of Harper’s theorem was given by Frankl [14]. As above,
our parameters are essentially optimal, as we also obtain a local stability result, with
respect to the constructions

Inm,p.E =Tm-DU (Lmig \ Inm).

Theorem 1.3. Let § € (0,1), ¢ = 1079 and A C {0,1}" with [A| = (5,%,) + (})
for some k > 2. If |0,(A)] < Bioo(|A]) + Ck(jg_k) (,%,) then |[AAG| < §(373) for some

generalised Hamming ball G. Furthermore, writing m = |G|, D = |G\ A|, E = |A\ G|,
we have |0y (A)| > |0y(Tm,p,E)|-

Note that the assumption & > 2 in Theorem 1.3 is necessary, as if |A4] > (>"2) then
dy(A) = {0,1}™\ A, regardless of the structure of A, so there is no stability.

We also give several applications of the above theorems to stability versions of other
results in Extremal Combinatorics. We start with the classical Erdés-Ko-Rado theorem
[12], that if & < n/2 and A C ([Z]) is intersecting (AN B # 0 for all A,B € A)
then |A| < (Z:}), and if k¥ < n/2 then equality holds only for a star S; = {A €
([Z]) : 1 € A}. There are many stability versions of this inequality in the literature (see
[3,4,7,10,13,21,27,31]).

Here we will prove a tight stability result for intersecting families with size sufficiently
close to that of a star, which determines exactly how large such a family can be in terms
of the number FE of sets outside the star. Given E < (Z:f), we show that there is an
extremal family Fp = Fg'* U Fif, where Fg** consists of the final E sets of ("}{") in
colex order, and ]-'g" C &1 consists of all sets in the star that intersect all sets in f]%“t.

Note that as ' < (::f) all sets in Fg** contain n, so Fg is intersecting.
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Theorem 1.4. Let 6 € (0,1/4), ¢ = 107120 and n,k € N with 2k < n. Suppose A C ([Z])
is intersecting. If |A| > (1 — M)( 1) then there is a star S with E := |A\ S| <
20|S|. Furthermore, |A| < |Fg|. In particular, if E = (, _}_,) where u < n — 2 then
A< G5 = () + B

Remark. Comparable results here were obtained by Frankl [13], Das and Tran in [4] and
Kupavskii and Zakharov [31].

Next we consider a theorem of Katona [25] on families A C {0,1}" that are ¢-
intersecting (JA N B| > t for all A,B € A). For simplicity we just consider the case
that n 4+t = 2k is even, in which case Katona’s theorem gives | A| < (>”k) If ¢t > 2 then

equality holds only for the Hamming ball ([ ]) Here we prove a tight stability result
for t-intersecting families with size sufficiently close to that of a Hamming ball, which
determines exactly how large such a family can be in terms of the number F of sets

outside the ball. Given k,n € N, t =2k —n > 2, E < (Zf), we show that there is

an extremal family Gg obtained from (["}) by adding the initial E elements of ( (] ) in
colex and deleting the final E’ elements of ([k]) in colex, where E’ is minimum subject
to [T < (,",,) — E.
(5)-& ok
Theorem 1.5. Let k,n € N so that k +t even, t = 2k —n > 2, and 0 =
min{10~6tn=1e*/" 1} and § € (0,1/4). If A C {0,1}" is t-intersecting and |A| >
(") —05(} 1) then E := |A\( )| <505(771), so |AA(["])| < 1105(}~}). Furthermore,
|A| < |Ggl|. In particular, if E = (,*,) where u < n—1 then |A| < ( )+ E— (")

For our final application we consider the Erdés Matching Conjecture (see [11]) that
the maximum size of A C (I7') with no matching of size t +1 is achieved by (“*t¥=1) or
Sr={Ae (1)) :]AnT| # 0} for some T € (). Ellis, Keller and Lifshitz [10] showed
how stability for this problem can be deduced from isoperimetric stability. (We thank
Noam Lifshitz for drawing this to our attention and suggesting that we might be able to
obtain the improved bounds given here.) Frankl [15] showed that the Sr are (uniquely)
extremal for n > (2t + 1)k — ¢. We will use this to obtain the following stability result

(see also Frankl and Kupavskii [18]).

Theorem 1.6. Let § € (0,1/4), ¢ = 107°5 and r,t,k,n € N with r < k and n >
2t+1)(k+r)—t. IfAC ([n]) has no matching of size t+1 and |A| > (?) —(1+2)(". ")
then there is T € (["]) such that |AAST| < 35(". "] .

The main proof technique in our paper is a method for extracting stability results
from compression arguments (similar approaches were taken by Frankl [13] and Ellis,
Keller and Lifshitz [9]). As far as we are aware, all known proofs of Harper’s Theorem
use some form of compression, i.e. replacing any family by a sequence of successively
‘simpler’ families of the same size without increasing the vertex boundary. One can
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prove Harper’s Theorem by showing that there is such a sequence that transforms any
family into an initial segment of the simplicial order. As it applies to any family, it may
at first seem hopeless to obtain any structural information from this process. However,
for a suitably gradual sequence of transformations, we are able to use the property of
having small vertex boundary to keep track of the structure of families under the reversal
of the compressions. A key tool in this analysis is a local stability result showing that
sets with small vertex boundary that are reasonably close to an extremal example must
in fact be very close to an extremal example; thus we can rule out a possible cumulative
effect of a sequence of small adjustments from the compressions.

The organisation of this paper is as follows. In the next section we collect various
technical estimates concerning binomial coefficients that will be used throughout the
paper. We prove stability for Kruskal-Katona in section 3 and for Harper’s Theorem in
section 4. The applications are given in section 5, and the final section contains some
concluding remarks.

Notation. We write P(S) for the power set (set of subsets) of a set S. Throughout we
identify P[n] with {0,1}", where a set A corresponds to its characteristic vector. We
also write (i) ={A C S :|A| = k}. The complement of A C [n] is A° := [n]\ A. For
x € A wewrite A—xz = A\ {z}. For x € A° we write A+ 2z = AU {z}. Given integers
m < n we write [m,n] := {m,m +1,...,n} and let [n] := [1,n]. We let a £+ b denote
some unspecified real number between a — b and a + b.

2. Estimates

This section contains various properties of and estimates for binomial coefficients that
will be used throughout the paper. The reader may wish to skip ahead to Section 3 and
refer back to the estimates here when required. We start by stating some simple formulae
and inequalities for easy reference, which will henceforth be used without comment:

@=CD+6D OO == (G0 =

xTr— xT -1 r— T -1 xr— T
(k—}) (/c) = é’ (k—f) (k) = ';Em_'fi < I(z—1)°
(21) = Ge=n (00), MER(D) = MR () <2(70)) if kL

Next we give two lemmas concerning approximations of (7) by (¥). We omit the
straightforward proof of the first of these.

Lemma 2.1. For x > y > k — 1 we have (£)* < (}) (y)_l =[] z=i < (z=ktlyk,
Therefore

(i) ify>k—1and x > (14 0)y with @ > 0 then (‘z) > (1—1—9)’“(%),
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(ii) if y > (91 + a)k with o > 0 and (7)) > (1 + 0)(}) with 6 € [0,1] then >
(1+ 2k(cf+a))y'

Lemma 2.2. Suppose k > 2, z,y > k—1,0 < ¢ < 1/2 and () = (1 £¢)(¥). Then
(o) =02, (F) = £ () and (1) = A £ 5o (Y) (ify > k).

Proof. 15 () (1) = awitha > 1thens > yandso1 < () (1) = 2()() " <

and 1 < (“F1) (y'H) = (meL)(yyﬁ_l) ) (z) < @, since @(t) = L in decreasing

ont > k. If (k)( )71 < 1 then we simply interchange the roles of x and y. Lastly,
we have (" 1) = (}) = (i2) = 1 £)(}) - 1+ (1) = (%) £e(f) Fe(i2) =
1+ 220 (") o

The remainder of this section is mostly concerned with properties of the following
functions. For k € N we define f, : [0,00) — [1,00) and g : (k — 1,00) — (0, 00) by

k-1

fk((i))z(kfl) for t>k—1 and gk(x):Z(x—i)_l.

Note that fi(t) =1 for all t > 0 and (§)gk(z) is the derivative of (}) with respect to .
As (P)ge(z) > (¥)& = (1), by the Mean Value Theorem we have

(") = () +eGmy)  foralle>o0. (3)

The most important feature of fj for our purposes is that it is concave, and that we
have an effective estimate for its second derivative, as follows.

Lemma 2.3. If k> 2, 2 > k—1 and t = () then

E(gp_1(x) — gr—1(x)?)
t(x — k+1)2gg(z)? ’

kgkfl(l’) 1" _
Gkt g 0=

and if v >k — 1+« with a >0 then —f]/(t) > (2+a )2 (x —k+ 1)t)~*

fi(t) =

Proof. Differentiating the identity fx(t) = (,”,) with respect to = gives f} (t)tgi(z) =
(,",)gr—1(z), and hence the stated formula for f;(t). Substituting gr—1(z) = gi(z) —
(r — k + 1)1 and differentiating again gives

F(201(2) + (@ — K+ (g3 (2) — gr(2)*))

£ (Dtgi(w) = @kt 1)Pgx(2)

To deduce the stated formula for f;/(t) we need to show

29 (2) + (2 — k +1)(gk(2) — gr(2)*) = (2 = k + 1)(gh_1(2) — gr-1(2)?).
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Using g, () = gj,(z) + (& —k+1)"? and gi(2)? — ge-1(2)* = (gx(2) — gr—1(2)) (gx () +
gr—1(2)) = (x—k+1)"1(gr(z) + gr—1(x)) reduces this to the identity gi(z) = gr_1(z) +
(r — k + 1)1 so the formula is valid. To see the final statement, we first note that
Gy (x) = —Zi:og(x—z) “2<0sincek>2and (z—k+1)"'<(1+a ) (z—k+2)7!
so gx(z) < (24 a Hgr_1(x). Thus

—fi () > k(2 +a™ ") (z — k+1)%gr(2)t) ",
which with (z — k + 1)gi(z) < k gives the required bound. O
Next we record a simple consequence of the concavity shown in the previous lemma.

Lemma 2.4. Suppose x> (> 2 and 0 < 2z < (;f:ll) Then q(z) := f@((ﬁ) —2)+ fo-1(2) >

(")

Proof. Note that g is concave by Lemma 2.3 with q((m 1)) = (?:11) + (?:21) = (Zfl) and
q(0) = (,%,) + 1. The lemma follows. O

In the following two lemmas we show how an estimate for the second derivative of
a concave function f translates into an effective estimate for certain differences of the
form (f(y) + f(2)) — (f(a) + f(b)) where a <y < z<bwithy+2z=a+0.

Lemma 2.5. Suppose g : [a,b] — R is concave and non-negative and —g"(t) > m for
t€la,c] withc=a+w<(a+0b)/2. Then g(a +d) > dwm/4 for d € [0,c— a].

Proof. By Taylor’s theorem, we have a < t; < ¢ <ty < b with

0 < g(a) = g(c) —wg'(c) + 3w?g"(t1), and
0 < g(b) = g(c) + (b= )g'(c) + 5(b—c)’g"(t2), so
0<(b=c)(g(c) —wg'(c) + 3wg"(t1))
+w(g(e) + (b= c)g'(c) + 5(b — ©)*g"(t2))
29" (t1) < (b= a)(g(c) — w’m/4).

By concavity, g(a +d) > £g(c) > dwm/4, as required. O

Lemma 2.6. Let f : [a,b] — R be concave with —f"(t) > m for t € [a,a + w]| with
w < (b—a)/2. Suppose a <y < z < b withy+z = a+b and f(y)+ f(2) < fla)+f(b)+P
Then y — a < 49 /muw.

Proof. Define g(t) = f(t) — h(t) where h is the linear function with h(a) = f(a) and
h(b) = f(b). Then g is concave and non-negative, g(a) = g(b) = 0, ¢”(t) = f”(t) and
g(y) < g(y)+9(z) < . Also g(y) > (y—a)wm/4 by Lemma 2.5, s0 y—a < 4®/mw. 0O
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Now we state some specific instances of Lemma 2.6 (using Lemma 2.3) that will be
used later in the paper.

Lemma 2.7. Letn> x>0 > 2.

(i) Suppose y,z € N satisfy 0 <y <z < (2), with (TZ) >Syt+z=X> (2) — %(3;) and
fe@) + fo(z) < 1+ fo(X) + £(,",). Theny < 400c(5~}).

(ii) Suppose y,z € N with 0 <y < z < (}), withy+z = (},) + E, where 0 < E < 1(7),
and fo(y) + fe(2) < fo(BE) + (") + £(,%,)- Theny < E +400c(5~}).

(iii) Suppose (1+6)(}) < (Tg), (}) Sy<z< () withy+z= () + (}) and fe(y) +
fo(z) < (%) + (") + (7). Theny < (3) + 7260715 ) Furthermore, if (7) <
("2 + 3000 and foly) + ful=) < (7)) + (1) + ST theny < (5) +
250¢' (573).

Proof. For (i), let a = %, b = and note that 1+ fo(X) < fe(a) + fe(b) b

concavity, so fo(y) + fz( < fe(a) + fz(b) + @, where ® = £(7). Applying Lemma 2.6
with w = 3(7) and m = (16(z — £ + 1)(}))™" (by Lemma 2.3 with o = ) gives
y—a<4®/mw <4<(,7)) - 48(:5 — 0+ 1) <200c(;~ ). Now if 1 < 2000(’6 1) this gives
y < 4000(?:}). Otherwise y < 5 +2000( - ) <1lgivingy =0< 4000( _ ) by integrality.
The proof of (ii) is the same, using b = (”g) + E—a. Similarly, for (iii), applying Lemma 2.6
witha= (), b= (), ®=<(}), w=54(%) and m = (9(z — £+ 1)(})) " (taking oo = 1)
gives y —a < 72c67! (“3_1) For the ‘furthermore’ statement, we apply this bound with

e = <E(,7)2(7) 7 < g, noting that () > (7) +3(7)) = (1) + gy (") 2
(146)(7) with 6 = O

N [=

3(z—£) .

Next we give a similar statement to that of the previous lemma for certain sums
involving both fi and fr_1.

Lemma 2.8. Let v > k > 3, X = (Igl) and Y = (Z:}) Suppose 0 < y < Y with
feX +y)+ o1 (Y —y) < (7)) +£(,",)- Theny ¢ [600cY, (1—600c)Y]. Furthermore,

ifv>k+1 theny ¢ [107¢(~?), (1 — 600c)Y].

A

Proof. Let e, : [X,X +Y] — R and ex—1 : [0,Y] — R be the linear functions with
en(X)= (1), en(X +Y) = (7)), ex—1(0) = 0 and ex—1(Y) = (7 _3). Note that

(X +9) +era(V —y) = (T) + #((5) - G+ =9 G5) = (5

Let hy = fr —ex and hy_1 = fr_1 — ex_1. Then h; and hy_, are concave and non-
negative, with hp(X) = h(X +Y) = he1(Y) = 0, hie—1(0) = 1 and hp(X + y) +
hiea (Y =) < £(,24)-

Next note that (*~27/*) <1/4 < Y/4, so Lemma 2.3 with o = 1/4 gives —hj/_, (t) >
m = (18(z —k+1)Y)~! for t € [Y/4,Y/2]. Applying Lemma 2.5 with a =d =w =Y /4
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and b =Y gives hy_1(Y/2) > (Y/4)*>m/4 = (1152(z — k + 1))~'Y. By concavity, for
z € [600cY, (1 — 600c)Y] we have hj_1(2z) > 1200chi—1(Y/2) > £(,%,) > he—1 (Y — ),
so y ¢ [600cY,, (1 — 600c)Y].

For the ‘furthermore’ statement, we can assume z < (1 + ¥)k, with v := e79, as
otherwise ¥ = Z=L(777) < H2(773), s0 600cY < 107¢(;75). Let B = 1(;2%) and

define £ by X + F = (:c—;+§)’ so 0 < & < 1 by (3). We claim that hj(X + E) >
5=k 1/2) =k )

First we assume the claim and complete the proof. We have h} (X +2z) > h) (X +E) for
z € [0, E], so hi(E) > 12(:r7k+lz/§)(17k:+1) > 2-(,7,)- Then by concavity hi(X + z) >
(7)) > he(X +y) for all z € [107¢(;2),Y/2], so y ¢ [107¢(7~7), (1 — 600c)Y].

To prove the claim, we note that e, has gradient ((kfl) - (ij)) ((i) - (1;1))_1 <

%,H_l, so by Lemma 2.3

I / k ! i
fk(X+E)_ek(X+z)2x_k+§(l_ (x—k+€)9k(’£—1+§))_$_k+1

k(1 —¢€) k

T @kt O@—k+1) (z—kt)lgz—1+¢

S 1 ( T k )
Tx—k+E3@—k+1) (@—k+Hg(z—1+8&)/’
(4)

ask(1—¢) > ﬁ >3 Aszr>k+1lwehavex—k+&§> (z—k+1)/2and x < (14+7)k

gives log (i:—}cig) > log (HT'Y) > 8. Thus

w(@—k+Egr(x—1+8) > a(x—k+&)log (%12) > dk(z — k + 1).

In combination with (4) this proves the claim, and so the lemma. O

We conclude this section with a technical lemma needed in the next section.

Lemma 2.9. Let k > 3. Define ¢ : [1,k+1] — R by ¢(t) = k — 5 — w_’;_H, where
k<z<k+1with () =t. Then ¢(1) = ¢(k+1) =0, ¢ is concave, and $(2) > 3.

Proof. We have ¢(1) =k — 151 — k_LkH =0and ¢(k+1) =k — L= — k+1fk+1 =0.
Also, t(z) = (}) is a convex function of z, so has a concave inverse z(t), so —1/xz(t) is
concave, so ¢ is concave. To estimate ¢(2), we let 6 € (0,1) be such that (k;ge) =2, and
apply the Mean Value Theorem to get 2 = (kzg) < Q(kte)gk(k +60) < 20log W <

20log(k+1), s0 0 > 1/log(k+1). Then ¢(2) > k — § — 1+1/1fg(k+1) = 1+10gk(k+1) 32
1 3

3
T+log(4) ~ 2 >3 0
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3. Stability for the Kruskal-Katona theorem

In this section we prove Theorem 1.2. We start by recording some basic properties of
shadows that will be used throughout the paper.

Lemma 3.1. Let s,k € N with s > k, m = (Z), m = (521) and 0 < By, By < (Zj)
Then

©) 0@ o) =G uEzy ™) +5).
(i) OZX) L \NTW) =T VU <<aIE’1‘”> + (s +1)).
(iii) (T, 5,) =T, 5) U (DT V) + (s +1)).
(iv) |0(Z éﬁ_)b)| < 19(Z, ak))| + \8(Il§k))|, with strict inequality if k > 2 and a > b > 0.

Proof Statements (i) and (ii) are clear, and imply (iii), recalling from (1) the definition of
J E1 £, and noting that Igc;l) C ([s 1]) For (iv), let A be the union of copies of 7 and
Z;¥ on disjoint vertex sets. Then [9(ZS)] + (A = |0(A)| > |0(Z),)| by Kruskal-
Katona. If equality holds then the vertex sets satisfy |V(Iélj_)b)\ = |V(I¢(1k))| + \V(I,Sk))|
by [22, Corollary 2.2]. However, this is impossible for & > 2 and a > b > 0. To see
this, consider A’ obtained from A by deleting some v 6 V(I(k)), say of degree d, and

adding d sets AU {u} with A € (V,gé:))) and u € V( ) \ {v}. Then |A’| = |A| and
V) > V)] 2 VI o

Next we show local stability, i.e. a sharp estimate for the shadow of families that are
close to a clique.

Lemma 3.2. Let A C ([Z]), s €[n], A1 = AN ([Z]) and Ay = A\ A;. Suppose |A1| =
(*31) + By and |As| = Ba, with 0 < By, By < (373). Then |9(A)] > [0(T%), 1,)l-

Proof. For s <t <n let Aé = {A —te (k[f]l) : A e Ay with max A = t}. Then

A = ()] + 3 [a(A)] = o) )l + S oy

t>s t>s
k k k
> [0 )+ 10 D = 10T, 6,)l,

using Kruskal-Katona, then Lemma 3.1.iv, and finally Lemma 3.1.iii. O

Now we describe the compression operations that will be used throughout the paper.
Given disjoint sets U,V C [n], the Cyy compression of a set A C [n] is given by

Cuy (A) = (A\U)UV  fUCAand VNA=0;
o . A otherwise.
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Given a family A C {0,1}"™ the Cy,v compression of A, denoted Cy v (A), is given by
CU7v(.A) = {CUy*(A) A€ A} @] {A : CU,\/(A) S .A}

The following result, essentially due to Daykin [5] (see also [1,2,16]) shows that for any
A C ( ) there is a sequence of (U, V)-compressions which compress A to an initial
segment of colex with the property that successive compressions do not increase the
shadow (in particular this proves Kruskal-Katona).

Theorem 3.3. Let A C ([Z]) with |A| = m. Then there is a sequence {(Us, Vi) }ie[r) where
Ui, Vi C [n] are disjoint with |U;| = |V;| for all i € [L], such that defining Ay = A and
iteratively A; == Cuy, v,(Ai—1) for i € [L], we have |A;| = |A| = m, each |0(A;)] <
10(Ai_1)|, and Ay = I,Sf ,

As discussed in the introduction, our proof of Theorem 1.2 analyses the reversal of the
above compressions. To do so, in each decompression step in which we might in theory
lose control on the distance from a clique, we will apply the following lemma which shows
that this control is in fact maintained.

Lemma 3.4. Given k € N, 6 € (0,1) and ¢ = 10785, if A C ([Z]) with |A] = (3) and
O(A) < 1+ £)(,2,) then

) Al = GO < 200 for some M € {|z], [z]},
(i) 71(5) \Al< (L 3)(=2) with S| = M as in (i) then |(5) \ Al < 5(4)).
Proof. If £ = 1 then both (i) and (ii) are trivial. Next we consider the case k = 2. Let
M =|9(A)|. Thenz < M < (1+2)(?) = z+cand |4 = (M) = (M) £2(M 1), 50 (i)
holds. For (ii), let A1 = AN ( ), and note that from (i) we have |A;| > |A| — |( J\Al >
(A,f)—(l 35)(],\:[ 11) > ( '). Then 0.4; = S = 0.A by Kruskal-Katona, so |(i)\A| =0,
proving (ii) in this case. Thus we may assume k > 3. We write [A| = (}) = X +Y with

X = (%) and Y = (37).

= U

),.Az = A\ A; and

Next we assume (i) holds and prove (ii). Let Ay AN (
M M-1\ _ (M-1
k)_( k )_(kq)
) 35 (M—l

write |A;| = (M 1) + E; and |A3] = Eo. We have 0 < Fy <
snee |4d 2 M1 () \ 41 2 () = (1= )5 = () + %53 wing
and 0 < By < |())\ A+ $(2H < (1= 2)(A2D), s0 [0(A)] > 10(T31 g, )| by

Lemma 3.2. By the Lovasz version of the Kruskal-Katona theorem and Lemma 3.1.iii
we deduce fi (Y1) + E1) + fuo1(B2) < (1+ <)(,*,). With notation as in Lemma 2.8,
we have (Mk_l) +Ei=X+yand E; =Y —y, so y ¢ [600cY, (1 —600c)Y]. As (}) =
Al = () 2200 = @£, Lemma 2.2 gives oD =1 £33, and so

y=Y-B > () -(0-) () 2 (5) 0= (7)) 2 §(7) > 600ey
Thus y > (1 — 600¢)Y, giving Ey < 600¢Y, and | (5 ) \A| < B+ (0 < s(%)), as

required.

Ju
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It remains to prove (i) for k > 3. We will first consider the case k < x < k+ 1, so
1 <m:=|A| = (}) < k+ 1. We can assume m > 2, or (i) holds with M = k. Note that
W = {[k+ 1]\ {i} : i € [m]} and O(TW) = {[k + 1]\ {i, 4} : {65} N [m] # 0}, so by
Kruskal-Katona, |0(A)| > |3(I7(qf))| =mk — (). By hypothesis, [0(A)| < (1+ £)(,",),
where (,7,) = If—,:er, so mp(m) < £(,%,) with ¢ as in Lemma 2.9. By concavity, if
we had m € [2,k + 1 — k] then mo(m) > m(a(2) 252 + ¢(k + 1) 2=2) > q?éz)f)k >
‘;’g () = 1%‘; (kml) > £(,7,), contradicting the upper bound on m¢(m). It follows that
m > k—l—l— Sk — k41— —(k 1), i.e. (i) holds with M = k + 1 in this case.

Continuing Wlth the proof of (i), we may now assume k > 3 and = > k+ 1. Let My =
lz) and y = (M) = X, s0 |A| = (X +y) + (Y —y) = (*°) + (Y —y). By Kruskal-Katona,
Lemma 3.1.i and the Lovész form of Kruskal-Katona we have [0.A| > |a(IEI;V)[°)+Y )| =

A —y

(,iv_lol) + \8I(k 1)\ > fu(X +y) + fum1(Y — y). By hypothesis, [0(A)] < (1+ £)(,,), so
Lemma 2.8 gives y ¢ [107¢(¥-7), (1 — 600¢) (7_1)].

Consider the case y > (1 — 600c¢) (ij) We have (MO) X+y= ( ) + GOOC(zj) =

(1+600c) (%), so (A;C[":ll) = (1£600c)(7~;) by Lemma 2.2, so with M = M, we have

(%) = (%) % 600e(1 % 6000) ™ (37) = (7) + (6/4) (5)-

It remains to consider y < 107¢(;~2). Then (*°) = X +y = (*;') £107¢(}"?) =
(1£107¢)(*"), as @ > k + 1. By Lemma 2.2 we have (J\io:ll) = (1£107¢)(;-7), and
again by Lemma 2.2 this gives (MO) (1£107¢) (3= ) Taking M = My + 1 we have

(¥) = () + (55) = (") £107e(i2]) + A £ 1070 2y) = () £ £(55)) O
We conclude this section by proving our stability result for Kruskal-Katona.

Proof of Theorem 1.2. Suppose §; > 0, let & = rnin(%7 5—) and ¢ = 10786. Suppose
AcC ([Z]) with [A] = m = (}) and [0(A)| < (1+£)(,",). We can assume m > 1,s0z > k.
By Lemma 3.4.i there is M € {[x], [«]} with ||A] — (I,\:[ﬂ < $(YN). Let {(Ui, Vi) Yierw
be the sequence of compressions provided by Theorem 3.3, so that A; = L(n) and each
|0(A)] < 0(A)] < (1+ <)(,”,). We show by induction on i with L >4 > 0 that there
is some S; € ([J\"}) with \( D\ Al < 6( ). As Ag = A, this will prove the theorem, as
we obtain ‘(iO)AA‘ <35(}h < 60(M 1), and the “furthermore’ statement holds by
Lemma 3.2.

As A;, = ) the base case holds with Sy, = [M]. For the induction step, we suppose
the requlred statement holds for 7 and prove it for ¢ — 1, by analysing the effect of
‘decompressing’ A;, noting that A; = CU“VL (Ai—1). Let B; = ( I\ A; for j € {i—1,i}.
The induction hypothesis is |B;] < 5( ). Note that if A € A; N ( ’) and A¢ A,_1 N
(k) then V; € A C S; and so |B;_1| < |B;] + (A]fil‘&j”). In the case that (]ZI:I‘\Yll) <

(1 —28)(%/7}) this implies [B;—1| < |Bi| + (%_W%') < (1 =80)(h. As |0(Ai-0)| <
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(1+ %)(kfl), Lemma 3.4.ii improves this bound to |B;_1| < 5(1\;:11), so the induction
step holds with S;_; = S;.

It remains to consider the case that (A,f__‘%‘) > (1-26) (A,fjll). If |V;| > 2 this implies
26(M—1) > M —k. We may assume that V; C S; and U; ¢ S; as otherwise |B;_1| < |B;| <
§(Ah). Let Ty = S; and Th = (S;\ V;)UU;. We have [ (5))\ A < [(5)\ Al < 3(% )

and

N EMI = () - v =S ) = 30 (38 ()
< (14 25) (1),

using M=k < 25 if |V;| > 2. Noting that if Cy, v,(A) # A for A € ([Z}) then |A;—1 N

{4, CU (A)} = |Ai N {4, Cu, v.(A)}|, we obtain

OO\ Aia| 4+ | () Vi = | ()

< | (N 2]+ ] (57

< (14204 125) () <20 - 9) (Y3,

where the final inequality uses § < 1/8. It follows that \( N\ A1 < (1-9) (1\;[—11) for
some j € {0,1}. As before, Lemma 3.4.ii improves this to \( N\ Az < (5(M ), so the
inductive step is complete with S;_; :=1;. O

4. Stability for the cube vertex isoperimetric inequality

In this section we will prove Theorems 1.1 and 1.3. Similarly to our stability result
for Kruskal-Katona, the proofs proceed by analyzing compression operators via local
stability. We require the existence of a sequence of compressions that can transform any
family A into some C that is ‘ball-like’, meaning that (>[k+1) cCCcC ([Zn/]c) for some k.
Similarly to before, we require these compressions to maintain the size of the family
and not increase the size of its vertex boundary. We also require some further structural
properties of the sequence: we always use compressions Cy,y with |V| = |U|+1, and after
some initial set of compressions Cy (;; the family A; is always an upset, i.e. if A € A;

and A C B then B € A;. The formal statement is as follows.

Theorem 4.1. Given A C {0,1}" there are Lo, L1 € N with 0 < Ly < Ly and pairs of
sets {(Ui, Vi) }iciL,) so that, setting Ag = A and A; := Cy, v,(Ai—1) for all i € [Ly], the
following hold:

(i) Uunv,= 0 fOT alli e [Ll],‘
(i) |Vi| = |Ui| + 1 for alli € [L1];
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U;| =0 fori € [Lo] and |U;| > 1 fori € [Lo+ 1, L1];
i s an upset for all i € [Lo, L1];
|8U(Az)| < |8U(Ai_1)\ fO?” alli € [Ll],'

L, = (2[1?4]_1) U B where B C ([Z]) for some k.

—~
—
<
NSNS NN

=

It seems that Theorem 4.1 does not appear in the literature, although it is an easy ex-
tension of known results (similar statements are given in [1,2,5,16]), so rather than giving
a complete proof we will just briefly indicate why the required sequence of compressions
exists:

e Given A C {0,1}", the family Cy ;;3(A) has the same size as A and has vertex
boundary at most that of A. Repeatedly applying such compressions for different
i € [n], we obtain an upset with vertex boundary at most that of A.

o Given disjoint sets U,V C [n] with |U| < |V, the family Cy v (A) has at least as
many elements of (I}) as A. Furthermore, if A is not ball-like then there are disjoint
sets U,V C [n] with |V| = |U| + 1 so that Cy y (A) is closer to a ball-like set.

e If Cyryi(A) = A for all U’ € U with [U'] = |U| — 1 and V/ € V with [V/| = [V| — 1
then |0,(Cu,v(A))| < 10y(A)| and Cy,v(A) is closer to a ball-like set. Furthermore,
if A is an upset then so is Cy,y (A).

From the above facts, Theorem 4.1 follows by repeatedly applying compressions Cy,y to
A where |V| = |U|+1 is minimal with Cy v (A) # A. The proofs of Theorems 1.1 and 1.3
will analyze the reversal of these compressions. In the next two subsections we will prove
a local stability version of Harper’s Theorem and collect various estimates that boost the
accuracy of approximation by a generalised Hamming ball for a family with small vertex
boundary. In the third subsection we prove a stability theorem for families of size close
to a ball, which implies Theorem 1.1. The main result in the fourth subsection allows us
to reverse the compressions from Theorem 4.1 for i > Lg. In particular, this will show
that upsets with small vertex boundary are close to generalised Hamming balls of the
first type. The second type of generalised Hamming ball then appears under reversal
of the compressions for i € [0, Ly — 1]; the analysis of these steps is given in the fifth
subsection, using the local stability theorem and the stability theorem for ball-sized sets.
The final subsection contains the proof of Theorem 1.3.

4.1. Local stability for the vertex isoperimetric inequality

The main result of this subsection is our local stability result for perturbations of a
generalised Hamming ball. Recall that J,.p.g = Zym—p U (Zm+r \ Zm). For F C {0,1}"
and i > 0 we define the iterated neighbourhoods N*(F) by N°(F) = F and N*1(F) =
NH{F)Ud,(N(F)). We start with some identities for the vertex boundary and iterated
neighbourhoods of J,,,,p, k-



128 P. Keevash, E. Long / Journal of Combinatorial Theory, Series B 145 (2020) 113-144

Lemma 4.2. Letn >t > k >4, 0 < DE < (12_11) and m = (Jﬁrl) + (;;) Then
|N (ijE)‘ + ‘Nl( )| |N( m— D)| + |N( )|; s0 |8 (u7mDE)| + |8 ( )| =

|8( m— D)|+|a( m+E)‘

Proof. The statement on vertex boundaries is equivalent to that on neighbourhoods with
i =1. Writing T' = ( ) we have

IN' T )| = (s1f1m) + 10T )L,
IN' (L v )| = (Zkfl—i) + (5 + |3Z(I(k 1))‘
IN(Z)| = (o1 0) + ('), and
N ()| = () + 10/ )+ 0V

The lemma follows. O

Now we prove our local stability result. The main task of the proof is to establish
a submodularity property for (iterated) neighbourhoods that may have independent
interest.

Lemma 4.3. Suppose A,G C {0,1}". Let A~ = ANG and AT = AUG. For any i > 0
we have |N*(A)| + [N*(G)] = [N' (A7) + [N(AY)], s0 |0u(A)] + [0u(F)] = 10, (A7)] +
|0y (AT

Suppose also G is a generalised Hamming ball, namely G = (Z[gﬂl)u([ﬁ]) withf <t <n,

orG = (U)o u @) with e+1 <t <n—1 Writem = (,1,) + (),
|[A~| = |G|-D, |A"| = |G|+FE and suppose D, E < (Ej) Then IN(A)| > IN{(Tm.p.E)|,

50 [0y (A)| = 10y (T, p,E)|-

Proof. As |A|+ |G| =|A~| + |AT]|, the statement on vertex boundaries is equivalent to
that on neighbourhoods with i = 1. Let £ = N*(AT)\ (N*(A)UG). Then [N (AT)\ G| <
IN*(A)\ G|+ €], s

INT(A)\ G| = INY(AT)\ G| = [€] = IN*(AT)| - |G] - [€], ()
as G C A*. Next we observe that &€ C N%(G) \ G (as N{(AT) = Ni(A) U N(G)) and

NY(AT)NE =0 (as N'(A7) C N'(A)), so [IN*(A7)N(NY(G)\G)| < INY(G)| - 1G] — [€].
We deduce

IN'(A) NG| > [NY(AT) NG| = [N'(A7)] = [N'(AT) N (N'(G) \ G)]
> [N'(A7)| + 1G] + €] = INY(9)]- (6)
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Combining (5) with (6) gives
INY(A)| = [N'(A) NG|+ INT(A)\ G| = [NT(AT)] + [N'(AD)] = IN'(G)],

which is the first statement of the lemma. The statement concerning 0, follows imme-
diately by noting that [A| + |G| = [A~| 4+ [AT| and [N*(B)| = |B| + [0,(B)| for every
family B. Now

|0y (A)| = [0v(Zm—D)| + |00 (Zm+5)| = [00(G)| = |0u(Tm,p,5)|;
by Harper’s Theorem applied to AT and A~ and then Lemma 4.2. O

We conclude this subsection by showing how the local stability obtained in the previ-
ous lemma allows us to boost the accuracy of approximation by a generalised Hamming
ball for a family with small vertex boundary.

Lemma 4.4. Let § € (0,1), ¢ = 1077 and A C {0,1}" with |A| = (;,,) + (), and
G) = (‘S‘) (‘i‘__;’), where 2 < k < |S] < n — 1. Suppose |0,(A)] < Bioy(|A]) +
ch(z k) (k L) and |[A\ G| < (‘S‘_l) — 5(‘5‘_3) for some generalised Hamming ball G with
6l = (i) + (). Then|AnG] < 6(1F57).

Proof. We apply Lemma 4.3 to A and G, which gives |0,(A)| > |0y(Jm.p.E)|, where
m = (i) + (7), D=1\ Al and B = |4\ 6. Note that E < () ~9(35)
and [0y (Tm.p.e)l = (7) — (3) + 0(T ISI g p)|, where B/ = (5121 — D. Our assumed
upper bound on |9,(A)| implies \8( |s| o)l < (1+ Ck(x k))( 1)- By Lemma 3.4.ii,
applied with % in place of ¢, we obtain D = |(k) \ \SI =, gl < 5(|S| 3), and so
[Angl < 8(515). o

4.2. Boosting approximations

In this subsection we collect several further lemmas for boosting approximations under
the assumption of small vertex boundary. We start by quantifying the defect in (2) for
families that are somewhat close to a generalised Hamming ball.

Lemma 4.5. Let n >t > ¢ > 2, and let G be a generalised Hamming ball of size m =
(Z;-‘rl) (1). Suppose A C {0,1}" and |A| = (>Z+1) + (tzl) + Ey + By with |A\ G| = E3,
where 1 < By, Ey < (5—1)' Set Epin := max(0, Fy + Fy — (é:})) and Epqy := min(E +
Es, (470)). Then

|av(-/4)| - Blov(‘AD Z ® = (fﬁ—l(El) + f@—l(EQ)) - (f@—l(Emin) + fl—l(Emaz)>-
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Proof. Note that Fh+ Fo = Enin + Emas and Epin < E1, Es < Epa:- Lemma 4.3 gives
10y (A)| > |00(Tm,p,E,)| With D = (zj) — E;. Writing m' = (zenﬂ) + (71), we have
jm,D,Eg — Lm/+E; U (Im+E2 \Im) and

100(Tom,0,2,)] = [00(Zon)| + 10T, ) +10(Z5s; )| = (1 + Ea)
> |0y (Zonr )| + fe-1(Er) + fro1(E2) — (E1 + Es)
= |av(zm’)‘ + féfl(Emin) + f€71<EmaI) +® — (Emzn + Emaw)a

where the inequality holds by the Lovasz form of Kruskal-Katona applied to Igl_l) and
(Z V. As 10u(Zn)| = () = (*71) + fe((*}")), it remains to show

W= (Z) + fé((tzl)) + fffl(Emin) + fﬁfl(Emaw) - ((tzl) + Emin + Emaw)
Z Blov(‘AD'

We prove this inequality according to the cases E.in = 0 o1 Epae = (zj) (one of which
must hold).

First consider E,,;, = 0. Then E, ., = E1 + By < (zj) Define x > ¢ by (”lf) =
|A| — (>€+1) = (71) 4+ Fimae and note that x < n. By Lemma 2.4 we have ¥ >
(}) + fe(( ) = Emaz) + foo1(Bmaz) — (3) = (3) = (3) + (,°,) = Biow(JA]), as required.

It remains to consider Epq, = (71). Note that fo((*}") + fe—1(Bmaz) = (J7))
(i2) = fe((D), so W = (3) + fel()) + So-1(Emin) = (() + Emin). If t = n then
Al = (£) + Emin and ¥ = (,")) + fe—1(Emin) — Emin = Biov(|A]). If t < n then
(>€"+1) + (“’) with (x) = (t) + Enin < (?) Similarly to the previous case, by Lemma 2.4
wehiave 8= (1)~ ()4 2(C) o) Jes(Bin) = ()~ ()4 (51) = Bon(lAl).

+

Our next lemma boosts the accuracy of approximation in the ‘ball part’ of a family
which is not (necessarily) ball-sized.

Lemma 4.6. Let § € (0,1), ¢ = 10736 and A C {0,1}". Suppose |A| = (>k+1) + (% ) with
@) =)+ %(Z:‘;’) where 2 < k < s<n-—1and s € N. Suppose also | A\ (Zk Dl <
(") = 8(:3) and [0y (A)] < Brou(|A) + PG (7). Then |(511) \ Al < 6(;25).

Proof. Let By = ("") = |(5[1,) \ Al and Ep = [A\ (J[1))|. Then By + By = (", ")+ (7).
Bz = ("kl) and E,in = ( ) By assumption Ey < ("kl) — 5(S 3) so B > (x) +
1) (,c 2) We may also assume Fy > 1, as otherwise we are done. Then Lemma 4.5 gives
|0, (A)| — Bioo(lA]) = (fu(E1) + fk(EQ)) — (fe((D) + fu(("21)))- By Lemma 2.7.iii,
applied with k and Ck(a: k) in place of ¢ and ¢ we have min{E1, B} < (3) + 250¢(; - 3)
This bound must apply to Es, and we deduce |(>k+1) \A| = E; — (k) < 5(,‘27‘;’) O
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In the next lemma, with a proof similar to the previous one but somewhat more
involved, we boost the accuracy of approximation to a ball for sets that are approximately
ball-sized.

Lemma 4.7. Let § € (0,1), ¢ = 10736 and A C {0,1}". Suppose |A| = () £ 2(;7))
where 2 < k < z < n. If k = 2 suppose also that |A| < (>"2) Suppose |0,(A)| <
Bioo ([A)) + £(,7,) and [A\ (1) < (221 = 6(271). Then |AA () < 6(271).

k—1 k—1 >k k—1

Proof. Let By = (}°}) — \( ) \ Al and Ey = |A\ ( )| Note that By + Eo — (}~]) =
|A\(gl,]€)\—|([>",]€)\¢4\ = |A\—|([”])| The hypotheses give E1, B> < (7~1) and E; > 1. We
may also assume F5 > 1, as otherwise we are done. For £k = 2 note that this is already
contrary to the hypothesis. Indeed, taking m = () and D = (}~]) — By, Lemma 4.3
gives |0, (A)| > |0u(Tm.p,E)| = 2" — | A| > Bioy(A) + 1. Thus in this case E2 = 0 and we
are done.

We now assume k > 3. Applying Lemma 4.5 we obtain |0,(A)| — Biow(JA]) > @ :=
(fe—1(E1) + fue1(E2)) — (fr—1(Emin) + fr—1(Emaz)). We will argue according to |A|.
First consider the case |A| < (}). Then Ep;, = 0 and (”71) 2 (z*}) < Bz =
Ey+ By < (7)) Also, @ < £(,”,) and By > 4(77}). We have |AA(I])] = D+E2
where D := |([Z",]€) \Al = (Zj) —FE, <FEy+2¢ (i_}) so it suffices to show Ey < 22 (ﬁ })
Lemma 2.7.i gives min{E;, Fp} < 4000( ) <2 (i }) This upper bound is less than
our lower bound on F1, so applies to Fs.

It remains to consider |A| > (>"k) Here we have E,,,, = (k_l) and 0 < E,p =
Ey+Ey—(771) < £(571). Then |[AA ()| = D+Ey = 2E5— 4, However Lemma 2.7.ii
gives By < Epin + 400c(z*}) < L Bpin + (&5 +400¢) (271) < S(221) + L Epin, which
rearranging proves \AA( )| < (5( ) as required. 0O

Our final lemma of this subsection relates the vertex boundary of A to that of its
sections, namely the families A° and A' in {0,1}"~! defined by

Al ={z e {0,1}" 1 (z,5) € A}. (7)
We use superscripts of (n — 1) to avoid confusion between {0,1}"~! and {0, 1}".

Lemma 4.8. Let § € (0,1), ¢ = 10726, ® > 0 and A C {0,1}" with |A] = (s;,) + (3),
where (7) = (}) £ £(;73) for some s € [k,n —1]. Suppose |0,(A)| < Bioy(|A|) + @ and
AN > A > (200 + (%) Then:

(i) 105"V (A% < BV (1A°) + @ and 05"V (AY)] <
(i) If k > 2 and ® < EE( 7)) then |A°] = (1)

1 1 ot ket
(L) + () £0G20)-

D(lAY) + @.

Blov
DR 0G0 or |4 =
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Proof. Write X = |0,(A)| — Biow(]A]) and X; = 05" (A9)| — BZ(ZU Y(|A7]). Then
X, Xy and X; are non-negative by the Lovasz form of Harper’s theorem. We will show
X > X+ X1, which 1mphes (i). First we note that |9, (A)| > |875n_1)(.z40)|—|—|3(n_1)(¢41)\
DA + B (AY) 2 B (JA]. We let 2y = |47~ (Z74)

for j = 0,1 and consider two cases according to the value of Fj.

The first case is E; < ("71) Note that (}) < Ey < By < (”71) We have

lm} A = (") = E; + fu(E;) for j = 0,1. As E0+E1 ()—l—(" "), by concavity

fu(Bo)+ fr(Er) > fk((k))+fk(( k )) = (kil)—i_(kﬁl)’ so B lov (|A0|) Bl(:v 1)(‘A1|) =

R R e I T A
for (i). For (ii), first note that if s = n — 1 then (") — é(zfg) < Ep < (";1), 50
FEy = ( ) + 6(” 3) by Lemma 2.2. If s < n — 2 then the previous calculation gives
® > Xo+ X1 > fu(Eo) + fu(B1) — (F((7) + £(("1))), so Eo < (5) +6(;73) by
Lemma 2.7.iii.

The second case is F; > (";1), say B1 = (”;1) + E{ with E] > 0. Note that
Ey + E{ = (). By the lemma hypotheses, Ey > (’”;1), so B] < (fj) Adopting the
notation of Lemma 2.8, we write X = (*,'), Y = (}7]), BEo = X +y, B} =Y —y
with 0 < y < Y. By concavity we have fy(Eo) + fi—1(E1) > fu(X) + fim1(Y)
( _) We have BU D (JAY) = (571 — Bl + fro1 (B}, so BED(140) + B0 (A1)

("e") = Eo + fi(Bo) + (321) — Bt + fia(BY) = (3) = (7) + fu(Eo) + fo1(EY) >
(") = () + (%)) = Biow(JA]), as required for (i). For (ii), the same calculation gives

fe(Eo) + fro1(E}) < (,%,) + ®. For k > 3 by Lemma 2.8, applied with Ck(x k) in place
of ¢, we have Ey < (7, 1) + GOOCk(x k) (- }) < (mkl) + (5(i7§)

It remains to show (ii) when k = 2 and E; > (”;1) Note that here (7) = (3) £ £, so

(}) = (). However, if By > (°,") and E{ > 0 then applying Harper’s theorem to both .A°

and A gives |9, (A)| > (("5") —Eo+s)+(("]") —B{+1) = Biow(JA])+1 > Boy (JA]) +2,

which is a contradiction. Thus either Ey = (sgl) or Ef =0, as required. O

so it suffices to show B

lov lov

VIVl

4.8. Stability for ball-sized sets

In this subsection we will prove our first stability result for the vertex isoperimetric

inequality, which applies to families with size close to that of a Hamming ball; the case
|A| = (L) implies Theorem 1.1.
Theorem 4.9. Suppose § € (0,1/4) and A C {0,1}" with |A| = m + ¢ (kfl) where m =
() and |9,(A)| < (1+ £)(,",), with c = 10735. If k = 2 suppose also that |A| < m.
Then |AAB| < 5(3~1) for some Hamming ball B. Furthermore, |9,(A)| > |0y(Tm.p.E)|
where D = |B\ A| and E = |A\ B|.

Proof. Let {(U;, V;)}ier,) be the sequence of compressions provided by Theorem 4.1. We
show by induction on L; >4 > 0 that there is a Hamming ball B; of radius n—k such that
IBiAA;| < (5(2:}) As Ay = A this will prove the theorem (the ‘furthermore’ statement
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following from Lemma 4.3). Initially, it holds with By, = B := (g}l), as Ap, = Zj4 and
Al = (25) 2 (G20

For Ly > i > Ly we show the required statement with B; = B. Suppose i € [Lg, L1 —1]
and [(U)AAi] < 0(32)). As [Vi| = Ui + 1, if A € (B\ Ai)\ (B\ Aiy1) we have
|A| =k, V C Aand UN A = (. The number of such sets A is ("ﬂf“;l‘vl) < (373), s0
1B\ Ai|l < B\ Aisa |+ (123 < 0+ 3 (72 < (1=0)(}71) as 6 < 1. Lemma 4.7 (with
z = n) improves this to |B\ A;| < §(}7]), as required.

Now suppose i € [0, Lo — 1] and [Bi1 \ Ais1| < 8(}7}) where By = B, (Ai41) is
a Hamming ball of radius n — k, centred at A; 411 C [n]. We have U; = 0) and V; = {s}
for some s € [n]. Let BY = B;,; and B® = B, 1 A{s} = B?_, (Al ), where A} | =
Air1{s}. We claim that

BN\ Ai] + 1BEN Al = [BYDN Aia] + B\ A .

To see this, we consider the number of times that any set A is counted by each side
of the identity. If Cp s1(A) = A then interchanging A; and A;;; does not affect the
contribution of A. This remains true when Cy (53(A) # A, unless A € A; \ A;41 and
A € Aiiq \ A;. In this last case, we note that Cy 5 (BY UB®?) = B UBA3), s0 A
contributes to the left hand side of the identity iff Cy 153(A) contributes to the right
hand side. The claim follows.

As |Bi1 \ Aip| < 8(371), we deduce [BD\ A| + BN\ 4| < (R71) +20(} 1), so
1B\ Al < 302D +6(77)) < (R2)) = 6(3—) for some B; € {BW,BP} (as § < 1).
Lemma 4.7 improves this to |B;AA;| < 5(2:}), and so completes the proof. O

4.4. Decompressing upsets

Of the two extremal families in Theorem 1.3, only one (G;) is an upset. In this sub-
section we show that any upset with small vertex boundary is approximated by such a
family.

Lemma 4.10. Let § € (0,3), ¢ = 10795, k > 2 and A C {0,1}" be an upset with
Al = (o) + (7) and [0, (A)] < Biow (LA + =52 (.2, where (7) = (7) £ £(715)
for some |S| € [k,n —1].

Suppose that U,V C [n] are disjoint sets with |[U| +1 = |V| > 2 and B = Cy,v(A)

satisfies |IBAG| < 5(‘?:;’), where G = (Z[I;,il) U (i) Then |[AAG| < 5(‘?__23).

Proof. First we note that |A| = |B| = |Q|:I:5(|i|:23), so [G\A|—|G\B| < |A\G|—|B\G|+
25(';?'__23), and so |[AAG| — |BAG| < 2(]A\ G| — B\ G| +5(‘i‘__23)). It will therefore suffice
to bound A\ G| — |B\ G|, which counts sets removed from G under the decompression,
ie. Cyv(A) e (BN A)NG and A € (A\ B)\ G. Such sets must satisfy:
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(a) Cuv(A) e (B\A)N(M) and A e () (5), or

k+1

(b) CU’V(A) e (B\A)N ( )and A € (A\B)N (k 1)

We write 7T, or Ty for the families of type (a) or (b) sets as above. When bounding 7,
it will be more convenient to bound D := (>k+1) \ A, noting that

%CDCEU((MH)\B)

We divide the remainder of the proof into cases according to the size of S. We start
with the case |S| <n—3. As |U|+ 1 = |V| we have ||A| — [Cy,v(A)|| <1 for any set 4,
SO

AN GRIDT<IBN Gt L+ Clfie) < (B + 6 (350 + (:29)
< (") =75,

as § < 1. By Lemma 4.6 we deduce |7,| < |D| < 5("2'__23).

To bound type (b) sets, we define an injection from 7 to AN (([Z]) \ (i)) by A — A+s,
for some fixed s € [n] with s € SCif U C Sors e Vif U ¢ S. To see that this map
is well-defined on A € T, note that A+ s € A as A is an upset, and s ¢ A using
ACCyv(A)uU CSifUCSor ANV =0if U ¢ S. We also note that

AN (YN E)I <D+ 1B\ G,

asif A € AN (([Z}) \ (i)) we have A € B\ G or Cyy(A) € D. We deduce |Tp| <
D] + 1B\ G| < 20('7157), s0 A\ G| — B\ G| < 35(51)), giving |AAG| < 85(1F7%).
Lemma 4.4 improves this to the required bound |AAG| < 5('5 - 3) which completes the
proof if |S| <n — 3.

Henceforth we can assume |S| € {n —2,n—1}. Next we consider the case U NS¢ # {.
As UNV = 0 we have |V NS¢ < 1. We start by bounding type (a) sets according
to the two subcases |V N S¢ = 0, 1. First we consider the subcase V NS¢ = {v}, in
which case we can define an injection from 7, to (“2) \Bby A~ Cyyv_yn(A). Indeed,
as U C Aand ANV = 0 we have Cyy—,(A) € (3). Furthermore, Cyy—,(A) ¢ B, as
otherwise Cyy_,(A4) € A but Cyv(A) ¢ A, which contradicts A being an upset. We
deduce |T,| < |(g) \B| < 5(‘5‘__33) in the subcase |V NS¢ = 1.

Now consider the subcase V' NS¢ = (). The same argument as in the previous subcase
(using any v € V) bounds the number of A € T, with Cy y(A4) C S. This accounts for
all type (a) sets if |S| = n — 1. If |S| = n — 2 then any further sets A € 7, contain
S¢, so number at most (”716‘:'5"?'171) < (R73). We deduce |To| < (373) + 5(“9‘ ), so
D] < |Tal +6(5153) < (323) +26 (19153 < (321) —6(1¥15%) as 6 < L. By Lemma 4.6 we
deduce |T,| < |D| < 5(‘3‘ 3) thus bounding type (a) sets in both subcases.
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Now we can bound type (b) sets by the same argument as in the case |S| < n — 3,
using an injection 7, — AN (([Z]) \ (i)) defined by A — A + v for any fixed v € V.
To see that this is well-defined on A € Ty, note that v ¢ A as Cy v (A) # A, and that
U C A ¢ S. The remainder of the proof follows as in the previous case, so henceforth
we can assume |S| € {n —2,n—1} and U NS¢ = 0.

We can assume S¢ ¢ V, as otherwise |[AAG| = |[BAG| < 6(“2‘:11). To see this, note
that Cy v (A) = A for any A € ([Z]) \ (“2) as ANV # 0, and that no A € AN (k[f]l) has
Cuv(A) e (i), as VNS¢ # (.

Without loss of generality, n € S\ V. As in (7) we use superscripts 0 and 1 to denote
the sections of a family in direction n. Note that A and Cy,v(A) belong to the same
section for any set A, as n ¢ U U V. This gives |A'| = |B'| = ("3}) £6(57) and
A% = 1B = (1) + () £0(75) = (Z) + () =26G20) = () + (7). Note
that if k = 2 we have |A!| = ( <y ) Furthermore, as A is an upset we have A° C A!, so

|A°| < |AY|. Lemma 4.8 therefore gives 95"V (AV)| < B V(JAY) 4 <Rkl (@) <

l;} 1)(|Al\) —<-(7~1). Then Theorem 4.9 gives |[A'AH| < §(7~3) for some Hamming
ball H C {O,l}” !, and Lemma 4.7 improves this to [A'AH| < §(1715%). As A is an
upset, H = (";kl).

In particular, the number of type (a) and type (b) sets containing n are both bounded
by 5('“:'__23). As A° C A we have |A°\H| < 5(‘3‘_1) In particular, this bounds type (b)
sets in A If [S| = n — 1 then |A\ G| = |A°\ H| + |A*\ H| < 26(77), and Lemma 4.4
improves this to [AAG| < 5('2':23).

Finally, we consider |S| = n—2 and bound type (a) sets in A°. We write [n—1]\S = {v}
and define an injection A — Cp v (A) — v from T, N A to ((}3) \ B)UCyy(A°\ H). To
see that this is well-defined, first note that A € ([”;1]) and Cyv(A) # A, sov e A\U
and v € Cy v (A) € B\ A As Ais an upset, Cyyv(4) —v € (g) \NA If Cyv(A) —v ¢
(%) \ B then Cyyv (A —v) = Cyyv(A) —v € B\ A, s0 A—v € A%\ H. We deduce
1 Ta A < [(5)\ Bl + A\ H| < 26(F157). Altogether, [A\ G| — B\ G| < 55(1715%), so
[AAG| < 12(5('73'723), and Lemma 4.4 improves this to |[AAG| < 5(':'7;’). O

4.5. Decompressing general sets

In this subsection we prove that if A has small vertex boundary and Cy ;3 (A) is close
to a generalised Hamming ball then so is A. Without loss of generality we take i = n.
First we show that the size of the intersection of two Hamming balls is a non-increasing
function of the distance between their centres. At first, this may sound too obvious to
need a proof, but perhaps surprisingly, if ¢ is odd then increasing the distance from ¢ to
t + 1 makes no difference to the intersection size.

Lemma 4.11. Let fi(n, k) = |B'_,.(C) N Bl'_,.(C")| where |CAC'| = t. Let Dy(n,k) =
{Acn—1]: Al = [AA[t]] = k —1}. Then fi(n, k) = fiy1(n, k) = |Di(n, k).
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Proof. We write fu(n, k) fus1(n, K) = B ()81 (D] ~1Bp_ ()8 ()
[t+1]))] = |X'|—|X|, where X' = [{A’ C [n] : |A| =k, |AAlt]] = k, |[AA[t+1]| = k—1}]
and X = |[{A C [n] : |A| > k,|AAt + 1]| = k,|AA[t]] = k — 1}|. Every set A € X does
not contain ¢ 4+ 1, and adding ¢t + 1 gives a set A’ € X’. The map A — AU {t + 1} is
injective, so |X’/| — |X| is the number of sets in X’ not in the image, i.e. |X'| — |X| =
HA:t+1€ A Al = |AA[t]| = k}| = |Di(n,k)|. O

Now we come to the main lemma of this subsection.

Lemma 4.12. Let § € (0,1), ¢ = 10795 and A C {0,1}" with |A| = (>k+1) + (3) and
Bu(A)] < Buau (A + S (2 ), where (2) = (1) 2 (5153) for some |3] € [k,n—1
with k > 2. Suppose B := Cy 1,1 (A) satisfies [BAG| < 5(‘5‘ 3) for some generalised
Hamming ball G with |G| = (>k+1) —|—( ) Then |AAG'| < 5(‘3‘ 3) for some generalised

Hamming ball G'.

Proof. First we note that the lemma is trivial for K > n —1, so we can assume k < n — 2.

By applying an automorphism of the cube, we may assume G = Gy = (>m_1) U (i) or

G=Gy= (>]:’+1) U (5]:) U (k /1) with |S| = |S’| + 1. These two cases are in turn each split
into two subcases according to whether n belongs to S or §’, denoted by superscripts as
in (7), as follows:

() 60 = (L) U () and 6} = (87 U ("), where n ¢ 5

(b) 67 = ([>nk+11) U (b;) and G = ([>nk+1D U ([n;”) U (kbjl)’ where S = 5" U{n};

() 68 =D v u( '1) and G} = (L7) U (7Y), where n ¢ 57;

(d) 8 = ([ﬁkili U (YU () and 68 = () u () U (S U (5, where

S'=8"U{n

A family is of type (a) if it can be approximated up to ¢ (ls I- 3) elements by a family
isomorphic to (a), and similarly for type (b), (¢), (d). Some case-checking shows that
then the type and the associated set S, S’ or S” are unique (which we omit, as we do
not use this fact in the proof). We let G° and G' denote the appropriate families for the
approximation of B.

As B = Cpn}(A), we note that A and B are related by the ‘intersection-union
transformation’

BY=A°"A'" and B'=AUA.

In particular, B C B!, so B cannot be of type (c), which has |G° \ G!| = (\5\711) >
6("2'__23) > |BAG|. By possibly swapping A° and A! we can assume |A°| < | A]; indeed,

this does not affect B° and B', and any approximation for the ‘swapped’ family gives



P. Keevash, E. Long / Journal of Combinatorial Theory, Series B 145 (2020) 113-144 137

one for A, via the automorphism of the cube that swaps 0 and 1 in coordinate n. We
claim that the sections of A have just two possible types of approximate sizes, namely

W) 67, or

(i) 1A% = (Z) + () £6(5150) and |A4Y = (104) + ("%
+ () + (R (R,

(i) A = (L) + () £6(15) and |4 = (10

To see this claim, first note that
A% > 18% > 16°] = o (75) = (Z5h) + () — o (B5)

I (i) does not hold then |4%] > (2724 + (570) + 8(519) > (224 + (571) + 4G7)
(the latter by Lemma 2.2), so (i) holds by Lemma 4.8 (applied with 2 in place of 9).

We now consider separate cases according to whether the type of the sizes of the
sections of A is the same as that of B. Suppose first that |A°| = |GY| £+ 5(';3':23) (which is
the same estimate that we know for |B°|). Then |A'| = |G!| + 25(‘5‘_3) As B° c AY we
have [GO\ A% < [GO\B°| < 6(1F157), s0 [GOAA°| < 2|G0\ A°| +|A°| - |°|| < 35(17157).
Similarly, [A'\ G'] < [B'\ G'| < 6(17153), s0 [GTAAY] < 2[AY\ G| + [|AY] — |G| <
45('5'__23). We deduce |AAG]| < 75('*2'__23). Lemma 4.4 improves this to |[AAG| < 5('*:'__23),
so A has the same type as B, and the proof is complete in this case.

It remains to consider the case |A°| ¢ |G°| £ 6(|S| 5)), i.e. the sizes of the sections of
A are of the opposite type to those of B. Here we note that 5 must be of type (b) or (d).
Indeed, we have already noted that (c) is impossible, and type (a) falls into the previous
case, as |A° > 16°| =3 (757 = () + (F) - 0(5)) > () + (%) + (RS,
Thus B has section sizes of type (ii) and .4 has sections sizes of type (i).

By Lemma 4.8, \8(n_1)(Aj)| < B{"~ 1)(|.,47|) %1—3]“(,62) for j = 0,1. As |Al| =

lov

("_1) +6(1773) (giving |A'| = (")) if k = 2), by Theorem 4.9 we have [A'AH!| <

55(|S| 5) for some Hamming ball H* in {0, 1}"~ of size (", Tk '). Now we see that B cannot
be of type (d), as this would give |G\ B| > |G3 \ A'| > (|S| ) - 55('5‘_3) > 6('}3'__23),
contradiction. Thus B has type (b), i.e. |[BAG;| < 5(‘3‘ 3) with G¥ = (fkﬂ) u (“Zl) and
Gt = (L) u () U (2, where 5 = 8'U {n}.

Next we consider the subcase that (l;jl_ll) < (3- f) - 75(3" 4) We must have H! =

(I"21), as otherwise by Lemma 4.11 we get B\ G'| > [A'\ G'| > (323) — (9151 -

55('*2'__23) > 26('“2'__3) contradiction. As A%\ H! C By \ H! we have |A°\ G}| < 5(|S| ),
and as H'\A? € H'\B® we have |G)\A°| < (5(‘5'72‘3). Then with G§ = ([Z"kﬂ)u(i )U(ks!l)
as in (c) we have |A°AGY| < 55(‘?__23) (using |A° = |G9| £+ 5(‘“2‘__23)) so |AAG,| <
105(19177%). Lemma 4.4 improves this to [AAGs| < §(1715%), so A has type (c), which
completes the proof of this subcase.

It remains to consider the subcase that (¥171) > (122) — 76(173) = (1 —

76(k—1)(n—k—1) S 76(k—1)(n—k—1)\ /n—1
(n—2)(n—3) )(12%) By Lemma 2.2 we have () > (1 - (n—2)(n—3) ) (i 1) >
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(#=1)=76(373). Then |AY| = ("5,))£6(773) and |A°| = (")) £76(}~3). By Lemma 4.8,
05"V (A7) < BTV (JAT]) + W(kfl) for j = 0,1, so by Theorem 4.9 we have
JATAHY < 56(375) and |[A°AHC| < 355(775) for some Hamming balls HO, H i
{0,1}"~! both of size (";k) Note that H® # H!, as otherwise we would be in our
previous case where A and B have the same type of section sizes.

Next we claim that the centres of H? and H! cannot be at distance more than 1 apart.
To see this, first note that either centre is at distance at most 2 from [n], as otherwise
by Lemma 4.11 we get |[B!\ ([" 1])| > (P20 +2(773), s0 B\ G = (2-6)(72)),
contradiction. Furthermore, we cannot have either centre at distance exactly 2 from
[n], say H' = B"~}_,([n — 2]), as then (" 1) \ H¢ contains {A C [n—1] : |A| =
k+1,{n—1,n—2} C A} of size (}~%) > (1¥15%),50 [G°\B°| > (1-8) (1¥17}), contradiction.
It remains to rule out two centres of size n — 1, say H' = B"~, | ([n — 1]\ {x;}) for
i = 0,1. In this case H® U H! has no sets of size k — 2, which rules out B of type (d),
which has (I;jl_f) > (l;jl:;’) such sets. Also, H°NH' contains all sets of size k — 1 disjoint
from {xg, 21 }; there are (Tk‘:‘:’) > (liljj’) such sets, which rules out B of type (b), and so
proves the claim.

We conclude that the centres of H? and H! are at distance 1. Let # C {0,1}" have
sections HY, H'. Then H is isomorphic to a generalised Hamming ball G’ = (>[1?4]-1) U
([";2}) U ([Zj]). We have |AAG'| < 406(2:;1), and Lemma 4.4 improves this to the
required approximation |[AAG'| < 5(2:3). O

4.6. Stability for Harper’s theorem

We conclude this section by proving our main result on stability for vertex isoperimetry
in the cube.

Proof of Theorem 1.3. Let § € (0,1), ¢ = 1071%§ and A C {0,1}" with |A| = (>k+1) +
(7) and 9, (A)] < Bioy (JA]) + EE (= Y Let {(Uy, Vi) Yierr,) and {A;}ic(z,) be as in

Theorem 4.1. We will show for Lll > 1 > 0 that there is some generalised Hamming ball
G; with |G;:AA;| < 6(1F151). As Ay = A, the theorem will follow by taking i = 0.

We start by considering Ay,, which is ‘ball-like’, ie. Ap, = (>[ki1) U B, for some
B C ([Z]). As |AL,| = |A], we have |B| = (7). Theorem 4.1.iv gives (}) — (¢) + |0(B)| =
10,(Ar,)| < 10,(Ao)l < (1) = (1) + (14+ 52 (7)), s0 [9(B)] < (1+ ) (7). By
Theorem 1.2 (with M in place of ¢) we have |BA( < e (|£L23) for some S C [n],
so | Az, AG| < 2(1715%), where g = (L)) U (7). Note that (k) =B = (¥ £ 2(753).
If |S| = n then the theorem follows from Theorem 4.9 applied to A (with QCkS; ") in
place of ¢) so we may assume |S| <n — 1.

Next we show |A;AG| < 5(‘3‘ 3) for Ly > i > Lg. The case ¢ = L1 was proved above.

We proceed inductively for ¢ < Ly, supposing the required approximation for A;;1. As
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A; is an upset with |A;| = (>k"+1) + (3) and |9, (Ai)| < Bioo(|Ai]) + M(k ), by
Lemma 4.10 we have | A;AG| < 5(‘5‘ 3) as required.

To complete the proof, we now show for Ly > ¢ > 0 that there is a generalised
Hamming ball G; with |G;AA;| < 5(|S|_3) We showed this above for i = L. Proceeding
inductively for ¢ < Ly, given the required approximation |G;11AA; 41| < 0 (‘ - 3) for
A1, by Lemma 4.12 we have |A;AG;| < 5(‘5‘723) for some generalised Hamming ball
G;, as required. O

5. Applications

In this section we give various applications of our stability versions of Harper’s Theo-
rem and Kruskal-Katona to stability versions of other results in Extremal Combinatorics.
We start with stability for the Erdés—Ko—Rado theorem. First we recall an estimate on
shadows known as the ‘LYM inequality’ (see [1]): if n > k > 1 and A C ([Z]) with
|A| = a(}) then |8(A)| > «(,",). This estimate is weaker than those used elsewhere
in the paper but will be convenient in some calculations. We will use it in the following
form that follows from Kruskal-Katona, Lemma 3.1.i and LYM:

A= (") + a5 = 10(A)] = (51 +a(i5s)- (8)

Proof of Theorem 1.4. We apply a stability analysis to Daykin’s proof [6] of the Erdds—
Ko-Rado theorem. Suppose A C ([z]) is intersecting. Let B,_p = {A¢: A € A} and
iteratively define B; := 9(B;4+1) C ([’Z]) forn —k—12>14> k. Note that ANB, =0, as
if A e AN B then there is B € B,,_, with A C B, i.e. B¢ € A with AN B¢ =, which
contradicts A being intersecting. In particular, |A| + [By| < (7). To prove the theorem,
we will show that if |A[ is close to (7~ 1) then this inequality is only possible when A is
close to a star.

Let ¢ = 10799, ¢ = 107 3¢y and § = C(" 2) - Suppose |A| > (1 — 8) (). We may
assume n > 16, as otherwise |A| = (:_i) so A is a star by the characterisation of
equality in the Erdés-Ko-Rado theorem. Define z; > k by |B;| = (%) for alli € [k, n—k].
Note that z; > z;41 for K < i < n — k by the Lovasz form of Kruskal-Katona. Also,
(*n=F) = 1Bkl = JA] = (1= 8)("Z,) > (1+25)"2("2,). As n — k > n/2 this implies
(14 )=k (@n-k) > (1), and so by Lemma 2.1.i we deduce n — 1 < (1 + 20)z,,_; <
Tp—p + 49.

We claim that [0(By)| < (1+ <)(,™,) for some ¢ € [k, min(n — k — 1,3n/4)]. Suppose
for a contradiction that this fails. As ¢y > n—2 > ™/8 > (1 + 1/6)€ for all such
¢, by Lemma 2.1.ii applied with o = 1/6 and 6 = % we have xy > (1 + 1525 )Z¢41-
Applymg this bound iteratively, as min(n — 2k, n/4+ (n/2 — k)) > (n — 2k)/2 we obtain

> (1—1—00%4”2%))xn, CAsS T > n—1—46 > 78" this gives z, > n — 1 — 40 +
Z—OO . "_T% > n — 1+ 45. By Lemma 2.1.i we deduce |By| = (”;f) > (1 + 457’“)(";1) —
(”;1) + W (Zj) > (”;1) + 25(2:%) as k < n/2. This contradicts By, N.A = 0, so the
claim holds.
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By Theorem 1.2, there is S C [n] with |S| € {|z¢], [z¢]} C {n —2,n — 1,n} so that
1BoA(3)] < 0('517Y). We claim that S| = n— 1. To see this, first note that (%) < (1) +
9(‘?‘:11) < (|S|e+6> by (3), s0 |S| > z¢,—6 > n—2. On the other hand, 1f|( )\Bg\ <0(3-))
then |B,| > (";1) +(1 70)(;}_11), (8) gives |Bg| > ( ) +(1- 0)(2_}) ( ) |Al,
which is a contradiction. Thus |S| = n — 1, as claimed.

Now [B,1(9)] 2 () -0(517) = (57) + (1-0)(517). s0 1B ()] = (%) +(1-
9)(';3':11) = (Iil) —9(‘3‘ 1) by (8). As ANBy, = 0 this gives |.Aﬂ( <o 2) <0(x” 1)
This proves the first statement of the lemma with the star S := ( k]) \ (i)

Without loss of generality, S = S; = {4 € ([Z]) :1€ A}. As 0 < 1/2 and n > 2k
we have E = [A\ 81| < 0(}7]) < (323). Let C:={C°: C € A\ S} C (n[f]k) Noting
that 1 € C for all C € C, we take C,,_p—1 := {C : {1} UC € C} C (n[_Qk"_]l), and iter-
atively define C; = 9(C;y1) form —k —2 > 49>k —1. Then ANS; and Cr—1 + 1 are
disjoint subsets of ([2 "]) +1,s0 [ANS1] < (3~ D —[Choa| = (o D =102 (C,_jq)| <
(R=)) — 0" =T (n—k— 1))|, where the last inequality holds by Kruskal-Katona (repeat-
edly applied). Thus [A| = |ANSy| + A\ S| < (12}) = [0 =29(Zy ™) + B = | Fil,
as 0P 41 = {4° A € FotY), s0 & \ Fir = 9n=2k)(Z0F7D) 4 1. The final
statement of the theorem holds as if £ = (,,_} ;) then |8(”*2k)(l'}(3"_k_1))| > (") by
the Lovasz form of Kruskal-Katona (repeatedly applied). O

Next we prove our stability version of Katona’s Intersection Theorem.

Proof of Theorem 1.5. Suppose A C {0,1}" is t-intersecting, where t = 2k —n > 2
and |A| > () —05(7~;). Let B = {A°: A € A}. Recall that we denote iterated
neighbourhoods in the cube by N°(:). Note that |[N*(A)| = |N*(B)| for any i > 0, as
A and B are isomorphic under the automorphism of the cube that interchanges 0 and
1 in each coordinate. As A C {0,1}" is t-intersecting we have N'=1(A) N B = 0, so
N A) <20 = B < (5, ) + 03 (0.

We claim that there is i < ¢ —1 with |9, (N*(A))| < (1+ £)(,._"*_,), where ¢ = 107%6.

To see this claim, note that if it fails then (>n k+1) + 95(27}) > [Nt A)| > Al +

S+ 9,0 = (>n er1) =00 (3 N+ < P ( ".). However, if t < \/n we have
eST(",) > 10798(t — )n~3/227 > 206 (771) or if t > /i we have € 3171 (")) >
£(1- e~ /2m)gn=1 5 gge—t*/mgn—1 205(}~7). This contradiction proves the claim.

As |A| > (an) — 95(2:}) = (ZI?H) + (" 1) +(1—-06)(3" ), by Harper’s Theorem

and (8) we have |[N*(A)| > (gkfl—i) + (k z) (1- 95)(k i 1) = (>k ) 95(1: i 1)
Recalling that [N*(A)| < (' ;), by Theorem 4.9 we have |[N*(A)AH 4| < 560(," " 1)
for some Hamming ball 4. Equivalently, INY(B)AHE| < 566(,".",) for the Hamming
ball Hp = {AC A€ HA}.

Write Hp = Bj_,,.,;(C) for some C' € {0,1}",s0 Ha = Bl'_,,,(C°), and B = N*(B)N
Hp. We have |B| > (21?—') 596(k i 1) = (21«?1-;‘) + (Z_:) + (- 596)(k i 1) By
Harper’s Theorem and (8) we have [N*"1"/(B')| > (.. 1',_,) —I—(,C+1 )+(1=508) (370 =
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(sptiog) —506(3=,). As N*=1=¢(B') ¢ N*"Y(B)NB_,,_,(C) and ANN*~1(B) = ) we
deduce | A\B_ (C)| = |[ANBE_, 1,1 (C)] < 506(} ")) = 506(} 1), s0 [AABE_,(C°)| <
1106} }).

To prove the first statement of the lemma, it remains to show B}!_,(C¢) = (>"l]€) ie.
C = (). Supposing that C' # ), we will obtain a contradiction to A being ¢-intersecting, by
finding A, A’ € (") such that AAC and A’AC are in A with [(AAC)N(A'AC)| < t—1.
To do so, set A" = {4 € (["]) AAC € A} and note that |A'| > (1 —666)(}). For
each £ € [0,|C]] let (kné) = {A € ([Z]) : JAN C| = ¢}. Note that Ule[O,\C\](;@) =
([Z]) and a small calculation gives | Uss|c)/2 (I[C"i)| > 1(}), as k > n/2. It follows that

ooy AN ([n])| > Yo i01/2 |([n])| —605(3) > X psioya(l - 2495)|(1[£)|~ Therefore
AN (L"}H > (1- 2495)|(][ﬂ)| > 2|(][€n%)| > 0 for some £ > |C|/2. Now consider the graph
G on vertex set (1%) in which A; A, is an edge if A; and A, are as disjoint as possible
when restricted to both C' and [n]\ C, ie. |41 N Ay N C| = max(2¢ — |C|,0) = 2¢ — |C|
and |41 N Az N ([n] \ C)| = max(2(k — ¢) — (n —|C]),0). Clearly G is regular and non-
empty (we cannot have £ = |C| = k as this would give § € A, but A is t-intersecting).
Therefore A’'N ( ) contains an edge A1 4, € E(G). But this gives |(41AC)N(AAC)| =
[A1N AN ([n ]\C’)| = max(2(k—{)—(n—|C]),0) < t, since £ > |C|/2. This contradiction
gives C' = ().

Writing E = | A\ ([;,]C)\ and D = |([>",]€) \ Al, it remains to show D > E’. To see this,
suppose for a contradiction that D < E’. By definition of E’ we have |0?~1(I Ek) D)| >

k

(h_hs1) — E and 8" 1(1 157DY > B’ (otherwise {A° : A € 9t~ (I} (1) con-
tradicts the definition of E’). Then Lemma 4.3 gives |[N*=1(A)| > |[N*"Y(Tm.p.E)| >
(>n Yo1) —E+E' s0 |Al = [B] <2"—|N"1(A)| < () — E'+ E < | A], contradiction.
Therefore D > E’, so |A| < |Gg|. O

Our final application is a stability version of Frankl’s bound for the Erdds Matching
Conjecture.

Proof of Theorem 1.6. Suppose A C (Z]) has no matching of size ¢ + 1 and |A] >
() = (14 2=)("."). Let A’ be the set of A’ € (k[i]r) that contain some A € A. Then
A’ has no matching of size t + 1, so |A'| < (,%,) — (zZ) by [15]. Let B = (") \ A and
B = (k[i]r)\A’. Then |B'| > (;7;) and 9"(B') C B,s0 |0"(B)| < () —|Al < (1+2) (")

We now proceed similarly to the proof of Theorem 1.4. We define By, ..., B by
Biqr = B' and B; = 9(Bi11) for k+r > i > k. We define x; > k by |B;| = (%) and note
that x; > ;41 for k +r > 4 > k. Then (”“) |B'| > (Z;’f) gives Tpi, > n —t and
(“F) = |Bi| < (L4 Z¢)(". ") gives 7 < (1 + ££)(n —t) by Lemma 2.1.1.

Now we claim that |8(Bg)| < (14 2&)(,*) for some € € [k + 1,k -+ r]. Suppose for a
contradiction that this fails. As xp >n—t > (¢t + 1)¢ for £ < k + r, by Lemma 2.1.ii we
have wp > (1 + 35 )weq 1. However, this implies 7 > (1 + 15)" 2y > (14 £2)(n — 1),
which contradicts our previous upper bound, so the claim holds.
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By Theorem 1.2, there is S C [n] with |S| € {|x¢] , [z¢]} so that |BEA(‘E)| < 5(‘?‘:11).
We claim that |S| = n —t. To see this, first note that (%) < (Iil) + 6(‘?‘__11) < (lslf‘s)
by (3), so |S| > ¢ — 0 > n — ¢ — 1. On the other hand, if |S| > n — ¢t + 1 then
1Bel = (") =0 (i) = (") + (L= ) (}57), s0 (8) gives [Bi| > (") + (1= 0)(31)-
As § < 1/2 and r < k this contradicts the earlier bound |By| < (1 + Z£)("."), so the
claim holds.

Now [Ben (5)] > (51 —6(1515Y) = (57 + (1 = 6)(5151), s0 [Ben ()] > (W17 +
(1- 5)(‘}3‘__11) = (l}?) - 5(@__11) by (8). Setting T'= S¢ and using r < k, we deduce that

6. Concluding remarks

We have obtained tight stability results on various problems for families that are close
to extremal. One consequence of our stability version of Harper’s vertex isoperimetric
inequality is a characterisation of the extremal families for sets of the same size as a
generalised Hamming ball; the latter was independently obtained by Raty [36]. Our
stability result in the case of ball-sized sets applies to families with vertex boundary
that is within a factor of 1 + O(1/n) of the minimum possible. We gave an example
to show that the same accuracy of stability does not hold for larger vertex boundary,
but this still leaves open the question of establishing some stability for a wider range
of approximations to the minimum. Recently this has been achieved for ball-sized sets,
where the ball has radius o(log n), in independent work (with a different proof technique)
by Przykucki and Roberts [35].

We would be particularly interested in knowing the level of isoperimetric approxima-
tion required for stability in the dense case (families of size (2(2")); we believe that the
following may be true.

Conjecture 6.1. Given € > 0 there is § > 0 such that the following holds. Suppose
A CH{0, 13" with |A] = (5, ,) and [8,(A)] < (1+6) Bioy (|A]). Then |AAH| < e|A] for

some Hamming ball H.

If true this dependence would be tight, as shown by taking A = H x {0, 1}¢ where H
is a Hamming ball of size 2"~4~! (say) in {0, 1}"~¢ with d = O.(n).
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