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Introduction

These are the lecture notes for Topology & Groups, which is aa@urse designed for
both third and fourth year undergraduates. It is the rst hal f of a pair of courses, the
second being Algebraic Topology, which will take place in tke Hilary Term.

Topology and group theory are strongly intertwined, in ways that are interesting
and unexpected when one rst meets them. The main interface s the concept of the
“fundamental group’, which is a recipe that assigns to eachdpological space a group.
This provides a lot of useful information about the space. Fo example, one can often
show that two spaces are not homeomorphic, by establishinghat their fundamental
groups are not isomorphic. Chapters Il and Ill are mainly dewted to de ning the
fundamental group of a space and establishing some of its bisproperties. A beautiful
application is a proof of the Fundamental Theorem of Algebra

When computing the fundamental group of a space, the answersitypically given
in terms of a list of generators, together with the relations that they satisfy. This
is a method for de ning groups that occurs in many rst courses on group theory.
However, to make the notion precise requires some work, andhiparticular necessitates
the introduction of a particularly basic type of group, known as a “free group'. Chapters
IV and V deal with these aspects of group theory.

In Chapters V and VI, the two themes of the course, topology am groups, are
brought together. At the end of Chapter V, a central result, t he Seifert - van Kampen
theorem, is proved. This theorem allows us to compute the fudamental group of almost
any topological space. In Chapter VI, covering spaces are troduced, which again form a
key interface between algebra and topology. One of the cengpieces of this chapter, and
indeed the course, is the Nielsen - Schreier theorem, whichsaerts that any subgroup
of a ( nitely generated) free group is free. This purely algdoraic result has a purely
topological proof.

The structure of the course owes a great deal to the boolClassical Topology and
Combinatorial Group Theory by John Stillwell [7]. This is one of the few books on the
subject that gives almost equal weight to both the algebra anl the topology, and comes
highly recommended. Other suggestions for further readingare included at the end of
these notes.

Marc Lackenby
October 2008



Convention

When X and Y are topological spaces, we will only considecontinuous functions
betweenX and Y, unless we explicitly state otherwise.

Notation

The composition of two mapsf:X ! Y andg:Y ! Z is denoted bygf org f.
When X and Y are spacesX = Y means that X and Y are homeomorphic.
When G and H are groups,G = H means that G and H are isomorphic.

The identity element of a group is usually denotede.

The identity map on a space X is denoted idx .

When f:X ! Y is a function and A is a subset ofX, then fjA denotes the
restriction of f to A.

A based spaceX;b) is a spaceX and a pointb2 X. Amap f:(X;b)! (X%
between based spaces is a map X ! X %such that f (b) = b

The interval [0; 1] is denoted byl , and @lis the setf0; 1g.

D" isthe setfx 2 R" :jxj 1g,andS" lisfx2 R" :jxj=1g.
We also viewS! asfx 2 C:jxj=1g.

A path in a spaceX isa mapf:I! X.

The space with one point is often denotedf g .

For spacesX and Y, and a pointy 2 Y, we denote the mapX ! Y that sends
everything to y by cy.



Chapter I: Constructing spaces

Many topological spaces are, on a local scale, quite simplé-or example, a “surface'
is a topological space with the property that each point has aneighbourhood home-
omorphic to R?. However, although these spaces are locally very simple, #ir global
topology can quite complicated.

In this introductory section, we give three di erent ways of building spaces, using
only simple building blocks. One typically starts with a collection of standard pieces,
and one glues them together to create the desired space. Mofermally, one describes
an equivalence relation on the pieces, and the new space isdlset of equivalence classes,
given the quotient topology.

In Section 1.1, we will describe graphs, where the building bbcks are vertices (which
are just points) and edges (which are intervals). We will al® introduce a way of build-
ing graphs using groups. The resulting graphs are known as Géey graphs, and they
describe many properties of the group in a topological way.

In Section 1.2, we will de ne simplicial complexes, where the building blocks are
‘simplices’, which are generalisation of triangles. Simptial complexes are technically
very useful, but are often slightly unwieldy. Therefore, in Section 1.3, we will describe
a generalisation known as a “cell complex' which is often a malh more e cient way of
building a topological space.

|.1: Cayley graphs of groups

Groups are algebraic objects de ned by a short list of axioms They arise naturally
when studying the symmetries of objects. This gives the rsthint of their strong links
with geometry. In this introductory section, we will show how any nitely generated
group can be visualised topologically. This is an initial indication of the fruitful link
between group theory, geometry and topology.

We start with the de nition of a (countable) graph. Intuitiv ely, this is a nite
or countable collection of points, known as “vertices' or ‘ndes' joined by a nite or
countable collection of arcs, known as "edges’. An examplayhich gives the general
idea, is shown in Figure 1.2. Unlike some authors, we allow aredge to have both its
endpoints in the same vertex, and also allow multiple edges dtween a pair of vertices.
The formal de nition is as follows.



De nition 1.1. A (countable) graph is speci ed by the following data:
a nite or countable set V, known as its vertices,
a nite or countable set E, known as its edges

a function which sends each edge to a subset ofV with either 1 or 2 elements.
The set (e) is known as the endpoints of e.

From this, one constructs the associated topological spa¢elso known as the graph ,
as follows. Start with a disjoint union of points, one for eat vertex, and a disjoint union
of copies of the intervall , one for each edge. For each 2 E, identify 0 in the associated
copy of I with one vertex in (e), and identify 1 in the copy of | with the other vertex
in (e).

e 7! fvy;vag
V = fvq; Vo) vag

e 7! f vog
E =fei ;e €39

e 7! f vo; vag

Figure 1.2.

De nition 1.3. An orientation on the graph is a choice of functions :E ! V and
:E ! V such that, for eache 2 E, (e) = f (e); (e)g. We say that (e) and (e)
are, respectively, theinitial and terminal vertices of the edgee, and we view the edge as

running from initial vertex to the terminal vertex.

E! V E! V
V = fvq; Vo vaQ e7'vy e 7' vy
E =fe;e; 0 & 7'V € 7' V2
es 7! v e3 7! vs

Figure 1.4.
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De nition 1.5. Let G be a group and letS be a set of generators folG. The associated
Cayley graphis an oriented graph with vertex setG and edge setG S. That is, each
edge is associated with a pair§; s), whereg2 G and s 2 S. The functions and are
speci ed by:

G S! G G S! G

(9;9 7' g (9:9) 7! gs

Thus the edge associated with the pair §; s) runs from g to gs. We say that this edge
is labelled by the generator s.

Example I.6. The Cayley graph of Z with respect to the generator 1 is shown in Figure
I.7. The Cayley graph of Z with respect to the generatorsf 2; 3g is shown in Figure 1.8.

5 5 5
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Figure 1.7.

Figure 1.8.

Example 1.9. The Cayley graph of Z Z with respect to the generatorsx = (1;0) and
y =(0;1) is given in Figure 1.10.
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Figure 1.10.



Example 1.11. The nite permutation group Ss is generated byx = (1 2 3) and
y = (1 2). Its Cayley graph with respect to fx;yg is given in Figure 1.12.

Figure 1.12.

Note from Example 1.6 that the Cayley graph of a group dependson the choice of
generators. However, the graphs in Figures |.7 and 1.8 looksimilar'. One can make this
precise, and examine geometric and topological propertiesf a Cayley graph that do
not depend on the choice of generators. This is known as geotnie group theory, which
is an important area of modern mathematical research. Herewe will merely content
ourselves with an observation: that one can read o some ald&aic properties of the
group from topological properties of the Cayley graph, andvice versa For example,
suppose that a group elementg can be written as a product s;*s,? :::s;" where each
si2Sand ; 2f 1;1g. It is always possible to expresgy in this way becauseS is a
generating set. This speci es a path, starting at the identity vertex, and running along
the edge labelleds; (in the forwards direction if ; = 1, backwards if ; = 1), then
along the edge labelleds,, and so on. Then we end at the vertex labelledy. Thus, we
have proved the following.

Proposition 1.13.  Any two points in a Cayley graph can be joined by a path.

Conversely, pick any path from the identity vertex to the g vertex. Then this
speci es a way of expressingg as a product of the generators and their inverses.

Thus, there is a correspondence between certain equationsa the group and closed
loops in the Cayley graph that start and end at the identity vertex. More speci cally, the
equality s;'s,’ :::s" = eholds, where eachs; 2 Sand ; 2f 1;1gand eis the identity
element of the group, if and only if the corresponding path sarting at the identity vertex
is in fact a closed loop. Conversely, any such loop gives an eglity of the above form.

We will return to groups later in the course, but now we introduce some important
topological concepts.



[.2: Simplicial complexes

It turns out that many spaces can be constructed using buildng blocks that are
generalisations of a triangle.

De nition 1.14. The standard n-simplex is the set

X
"= f(xe;::;Xn) 2R :1x;  08i and xi =1g:

The non-negative integern is the dimensionof this simplex. Its vertices, denotedV ( "),
are those points §o;:::;Xn) in " wherex; = 1 for somei (and hencex; = 0 for all
j 6 i). For each non-empty subsetA of f0;:::;ng there is a correspondingfaceof ",
which is

Note that " is a face of itself (settingA = f0;:::;ng). The interior of " is
int( ")= f(Xo;::5;%Xn) 2 ":ix; > 08ig:

Note that the interior of Cis ©,

AN A

Figure 1.15.

Note that V( ") is a basis forR"*! . Hence, any functionf:V( ")! R™ extends
to a unique linear mapR"** | R™. The restriction of thisto " is known as thea ne
extensionof f, or is just called a ne .

De nition [.16. A face inclusionof a standard m-simplex into a standard n-simplex
(where m < n) is the a ne extension of an injection V( ™)! V( ").

For example, there are six face inclusions * ! 2, corresponding to the six injec-
tionsf1;2g!f 1,;2;3g.

We start with the data used to build our spaces:
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De nition 1.17. An abstract simplicial complex is a pair (V; ), where V is a set
(whose elements are calledrertices) and is a set of non-empty nite subsets of V
(called simpliceg such that

(i) for each v 2 V, the 1-element setfvgis in ;
(i) if is an element of , so is any non-empty subset of .
We say that (V; ) is nite if V is a nite set.
We now give a method of constructing topological spaces:

De nition 1.18. The topological realisation jKj of an abstract simplicial complex
K =(V; ) is the space obtained by the following procedure:

(i) Foreach 2 , take a copy of the standard n-simplex, wheren + 1 is the number

of elements of . Denote this simplex by . Label its vertices with the elements
of
(i) Whenever 2 , identify with a subset of , via the face inclusion which

sends the elements of to the corresponding elements of .

Example 1.19. Let V = f1;2;3gand let be the following collection:
flg; f2g; f3g; fl,2g; f2;3g; f3;10:

Then, to build the topological realisation of (V; ), we start with three 0-simplices and

three 1-simplices. We identify the O-simplexf1g with a vertex of each of the two 1-
simplicesf 1; 2g and f 1; 3g. In this way, we glue the simplicesf 1; 2g and f 1; 3g together.
We perform a similar operation for the other two O-simplices We end with the three
edges of a triangle (but not its interior, since f 1; 2; 3g 62).

Figure 1.20.

Let K = (V; ) be an abstract simplicial complex. Note that, for each 2 , there
is a homeomorphic copy of inside jKj. Note also that jK j is the union of the interiors
of the simplices, and that the interiors of any two simplicesare disjoint.
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We introduce a quick method for referring to points in jKj. Any point x 2 jKj lies

in the interior of a unique simplex =(Vp;:::;Vy). Itis therefore expressed as
X
X = iVis
i=0
for uniquerositive numbers o;:::; n which sumto one. IfV = fwp;:::;wng, we also
write X = iwi, with the understanding that ; =0 if w; 62 f/;:::;vng

If jKj is the topological realisation of an abstract simplicial canplex K, we denote
the images of the vertices injKj by V (jK}j).

Whenever we refer to asimplicial complex, we will mean either an abstract simplicial
complex or its topological realisation.

De nition 1.21. A triangulation of a spaceX is a simplicial complexK together with
a choice of homeomorphismKj! X.

Example 1.22. The torus S* S! has a triangulation using nine vertices, as shown in
Figure 1.23. For reasons of clarity, we have omitted from themiddle diagram the edges
that are diagonal in the left diagram.

n
11

Figure 1.23.

De nition [.24. A subcomplexof a simplicial complex (V; ) is a simplicial complex
(V% 9 suchthat VO Vv and ©

De nition 1.25. A simplicial map between abstract simplicial complexes ¥1; 1) and
(V2; ) is a function f:Vy; ! Vs, such that, forall ;2 4, f( 1) = » for some
22 9. Itis a simplicial isomorphism if it has a simplicial inverse.

Note that a simplicial map need not be injective, and so may derease the dimension
of a simplex.

10



A simplicial map f between abstract simplicial complexesK; and K, induces a
continuous mapjfj:jK1j!j Kyj as follows. De ne jf j on V (jK 1j) according the recipe
given by f , and then extend over each simplex using the unique a ne extasion. Such
a map is also known as asimplicial map. Note that a simplicial map between nite
simplicial complexes is speci ed by a nite amount of data: one only needs to know the
images of the vertices, and then the map is uniquely determied.

Typically, we will not be concerned with an explicit triangu lation of a space, and
will be quite willing to change the underlying simplicial complex. One way to do this is
by “subdividing' the simplicial complex, which is de ned as follows.

De nition 1.26. A subdivision of a simplicial complex K is a simplicial complex K °
together with a homeomorphismh:jK §!j K such that, for any simplex °of K h( 9
lies entirely in a simplex of jK j and the restriction of h to %is a ne.

Example 1.27. Let K be the triangulation of I | shown on the left in Figure 1.28.
For any positive integer r, let K be the triangulation of | | obtained by dividing

| | into a lattice of r? congruent squares, and then dividing each of these along the
diagonal that runs from bottom-right to top-left, as shown i n Figure 1.28. Then K %is a
subdivision of K. We denote it by (I 1)).

Figure 1.28.

[.3: Cell complexes

Simplicial complexes are a very useful technical tool. Howeer, they are somewhat
awkward, because even simple spaces such as the torus typigarequire many simplices
in any triangulation. In this section, we introduce a useful generalisation of simplicial
complexes, which are a more e cient ways of building topologdcal spaces.

11



De nition 1.29. Let X be a space, and lef :S"” 1! X be a map. Then the space
obtained by attaching an n-cell to X alongf is de ned to be the quotient of the disjoint
union X t D", such that, for each pointx 2 X, f 1(x) and x are all identi ed to a
point. It is denoted by X [ D".

Figure 1.30.

Remark 1.31. There is a homeomorphic image oK and the interior of D" in X [ D".
There is also an induced ma" ! X [ D", but this need not be injective, since points
in the boundary of D" may be identi ed.

De nition 1.32. A (nite) cell complex is a spaceX decomposed as
KO K! ;i K"=X

where
(i) K%is a nite set of points, and
(i) K' is obtained from K' 1 by attaching a nite collection of i-cells.

Example 1.33. A nite graph is precisely a nite cell complex that consists only of
0-cells and 1-cells.

Remark 1.34.  Any nite simplicial complex is a nite cell complex, in a nat ural way,
by letting each n-simplex be ann-cell.

12



Example 1.35. The torus S S! has a cell structure, consisting of one 0-cell, two
1-cells, and a single 2-cell. ViewingK ! as a graph, give its two edges an orientation,
and label them a and b. The attaching map f:S*! K1 of the 2-cell sends the circle
along the path aba *b 1.

Figure 1.36.

Chapter II: Homotopy

[1.1: Definition and basic properties

In this section, we introduce a central concept in topology.
Let X and Y be topological spaces.

De nition I1.1. A homotopy between two mapsf:X ! Y andg: X ! Y is a map
H:X I'! Y suchthatH(x;0)= f(x)andH(x; 1) = g(x) for all x 2 X. We then say
that f and g are homotopic, and write f * gorH:f ' gorf H g.

One can viewl as specifying a ‘time' parametert 2 1. Thus, ast increases from
0 to 1, the functions x 7! H (x;t) specify a 1-parameter family of mapsX ! Y which
“interpolate’ between f and g. It can be helpful to consider the images ofX in Y, ast
varies. This resembles a moving picture.

Example 11.2.  Suppose thatY is a subset ofR" that is convex this means that for
any two points y; andy, in Y, the line between them, consisting of points (1 t)y; + ty»
fort 2 [0; 1], also lies inY. Then any two mapsf:X ! Y andg:X ! Y are homotopic,
via the homotopy

H:X 1Y
(x;t) 7' (@ t)f (x)+ tg(x):

This is known as astraight-line homotopy.

13
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Figure 11.3.

Lemma Il.4. For any two spacesX and Y, homotopy is an equivalence relation on the
set of continuous mapsX ! Y.

Proof. We check the three parts of the de nition of an equivalence réation.
Reexive: Forany mapf:X ! Y,H:f"' f,whereH(x;t)= f(x) for all t.
Symmetric: If H:f ' g, then H:g' f,whereH(x;t)= H(x;1 t).

Transitive: Suppose thatH:f ' gandK:g"' h. Then L:f ' h, where

1.
21
1

H (x; 2t) ifO t

LG = ezt 1) if Lt

To verify that L is continuous, we need the following lemman

Lemma Il.5. (Gluing lemma) If fCq;:::;Cnhgis a nite covering of a spaceX by closed
subsets andf : X ! Y is a function, whose restriction to eachC; is continuous, then f
is continuous.

Proof. The map f is continuous if and only if f 1(C) is closed for each closed subset
ofY.Butf (C)= ", f (C)\ Ci, whichisa nite union of closed sets, and hence
closed.o

A special case of 1.4 is whereX is a single point. Then continuous mapsX ! Y
“are' points of Y, and homotopies between them are paths. So, the relation of éing
connected by a path is an equivalence relation ory . Equivalence classes are known as
path-componentsof Y. If Y has a single path-component, it is known apath-connected

14



Lemma I1.6. Consider the following continuous maps:

f g k
W ! X Y ! Z
h
If g' h,then gf * hf andkg' kh.
Proof. Let H be the homotopy betweeng and h. Then k H:X 1! Y ! Zs
a homotopy betweenkg and kh. Similarly H (f id;)W 1! X 1! Yisa

homotopy betweengf and hf . o

It is very natural to study homotopies between maps. Howevey rather less natural
is the following notion.

De nition 11.7. Two spacesX and Y are homotopy equivalent, written X ' Y, if

there are maps
f

such that gf ' idx andfg ' idy.

The point here is that we are currently studying maps "up to hanotopy'. So, if gf
and fg are both homotopic to the identity, then for the present purposes we view them
as ‘almost' being the identity. Hence,f and g behave as though they are “isomorphisms'.
So, we should viewX and Y as somehow equivalent. All this is rather vague, and is
intended to motivate the de nition. The fact is, though, iti s notin general at all obvious
whether two spaces are homotopy equivalent.

Lemma I1.8. Homotopy equivalence is an equivalence relation on spaces.

Proof. Re exivity and symmetry are obvious. For transitivity, sup pose that we have

the following maps
f h

X Y z
g k
where fg, gf, hk and kh are all homotopic to the relevant identity map. Then gkhf *

g(idy)f , by Lemma I1.6, which equals gf, which is homotopic to idx . So, (@k)(hf) "
idx . Similarly, (hf)(gk) " idz. o

De nition 11.9. A space X is contractible if it is homotopy equivalent to the space
with one point.

There is a unique mapX !'fg ,andany mapfg! X sends to some point
x2 X. Notethat fg! X Ifg isalways the identity, and that X !fg! X is the
constant map c,. Hence, X is contractible if and only ifidx ' ¢, for somex 2 X.

15



Example 11.10. If X is a convex subspace oR", then, for any x 2 X, ¢, ' idx.
Hence, X is contractible. In particular, R" is contractible, as isD".

De nition 11.11. When A is a subspace of a spac¥ andi:A! X is the inclusion

map, we say that a mapr:X ! A such thatri =ida andir ' idx is a homotopy

retract. Under these circumstancesA and X are homotopy equivalent.

Example 11.12. Leti:S" ! R" f 0Og be the inclusion map, and de ne

r:R" f og! s" !

X 7! x=jXj:
(See Figure 11.13.) Thenri =idgn 1+ and H:ir ' idge ¢ og Via

H:R" f og 1! R" f Og
) 7+ (2 t)xEjxj:

This is well-de ned because the straight line betweenx and x=jxj does not go through
the origin. Hencer is a homotopy retractand S" ' R" f 0g.

N s

/ AN

Figure 11.13.

Example 11.14. Let M denote the Mebius band. Recall that this is the space obtaired
from | | by identifying (0;y) with (1;1 vy) for eachy 2 |. (See Figure 11.15.)

16
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Figure 11.15

There is an inclusion mapi:S*! M, sendinge?™ to (x; ). And there is a retraction
map r:M | i(S?), sending (x;y) 7! (x; %). Then r is a homotopy retract, since the
composition of r and the inclusion ofi(S?) into M is homotopic to idy via

H:M 1! M
Gy, 7 (x (1 t)=2+ty):

Figure 11.16.
Similarly, S* f 1gis a homotopy retract of S* I. Hence,M ' S'' S 1.
Figure 11.17.

The following is an important variant of the notion of a homot opy.

De nition 11.18. Let X and Y be spaces and letA be a subspace oK. Then two
mapsf;g:X ! Y are homotopic relative to A if fjA = gjA and there is a homotopy
H:f ' gsuchthat H(x;t)= f(x)=g(x)forall x2 Aandallt21.

Remark 11.19. There are versions of Lemmas 1.4 and 1.6 for homotopies reitive to
subspaces. We will feel free to use these as necessary.
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[1.2. The Simplicial Approximation Theorem

Almost all of the spaces considered in this course will admitthe structure of a
simplicial complex. If K and L are simplicial complexes, andf :jKj ! j Lj is some
continuous map, it will be very useful to be able to homotopef to a simplicial map. In
general, this is not always possible. But it is if we pass to asu ciently ne' subdivision
of K.

Theorem 11.20.  (Simplicial Approximation Theorem) Let K and L be simplicial com-
plexes, whereK is nite, and let f:jKj!j Lj be a continuous map. Then there is some
subdivision K ® of K and a simplicial map g: K°! L such that jgj is homotopic to f .

The remainder of this section will be devoted to proving this result. In fact, we
prove a slightly weaker version of the theorem, and will indcate how the proof may be
extended to give the above result.

We start by describing a canonical way of choosing neighbotnoods in a simplicial
complex.

De nition 11.21. Let K be a simplicial complex, and letx be a point in jKj. The star
of x in jKj is the following subset ofjK j:

st (x)= fint( ): isasimplex offKkjandx 2 g:

Figure 11.22.
Lemma 11.23. For any x 2 jKj, stk (X) is open injKj.

Proof. Consider [
JKj st (x)=fint( ): isasimplex ofjKjandx 62 g
[
= f : isasimplex ofjKjand x 62 g:
The latter equality holds because anyspoint in a simplex lies in the interior of some

face of ,andx62 ) x62. Now, f : isasimplexofjKjandx 62 gis clearly
a subcomplex ofK . Hence, it is closed, and so & (X) is open. O

18



The following gives a method for constructing simplicial maps.

Proposition 11.24. Let K and L be simplicial complexes, and letf :jKj!j Lj be a
continuous map. Suppose that, for each vertew of K, there is a vertex g(v) of L such
that f (stx (v)) st (g(v)). Then gis a simplicial map V(K)! V(L),andjgj' f.

Example 11.25.  Triangulate the interval | using a simplicial complex K with two
vertices vp and v; and a single 1-simplex between them. Consider the followinghap of
jKj into the topological realisation of a simplicial complexL:

Figure 11.26.

Then it is easy to check thatf (stk (vo)) is not contained within the star of any vertex
of L, and so there is no choice 0§(vg) for which the condition f (stk (vo)) st (g(vo))
holds. However, suppose that we subdivideK to the following simplicial complex K ©,
and (by slight abuse of terminology) considerf : jK§!j Lj.

Figure 11.27.

Then we have
f (stko(vo))  StL(wo)\ st (wy)
f(stko(v)) st (wy)
f(stko(V])) st (w)

f(stko(vi))  st(wz)\ st (wa):
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So, there are four possible choices fay:

Vo 7! Wy Vo 7! Wy Vo 7! Wo Vo 7! wq
V37w v 7! wy vy 7wy V37w
v 71w, V71w, v 71wy v 71w,
vy 7! W3 vy 7! W3 (AR vy 7! wo
Proof of 11.24. Let = (vo;:::;Vvy) be a simplex of K, and let x 2 int( ). Then

X 2 stg (Vo) \ stk (va) \ :::\ stk (vn). So, f(x) 2 f(stg (Vo)) \ :::\ f(stk (Vn))

st (9(vo)) \ i\ st (g(vn)). So, if is the simplex of L such that f (x) lies in the
interior of , then all of g(vo);:::;g(vy) must be vertices of . So, they span a simplex
which is a face of and hence a member ofL. Thus, g is a simplicial map. Now,
xis [, iv, forsome ; > O0with [, ;=1 So jgi(x)= [, ig(vi). So,
the straight line segment joining f (x) to jgj(x) lies in . Thus, there is a well-de ned
straight-line homotopy betweenf and jgj. o

Thus, to prove the Simplicial Approximation Theorem, it su ces to show that,
given a mapf:jKj!j Lj, one may subdivideK to a simplicial complex K ° such that,
for all vertices v of KO f (stxo(v)) st (g(v)), for some function g: V(K9 ! V(L). We
shall see that if we take a “su ciently ne' subdivision K °of K, then such a function g
can always be found. To make this precise, we need to introd#ca metric onK .

De nition 11.28. The standard metric d on a simplicial complexjK j is de ned to be
X X X .
d vii Moo= ji ol
i i i
It is easy to check that this is a metric onjKj.

De nition 11.29. Let K 9 be a subdivision ofK , and let d be the standard metric on
jKj. The coarsenes®f the subdivision is

supfd(x;y) : x and y belong to the star of the same vertex ofK %:

Thus, when the coarseness of a subdivision is small, the sulwikion is ~ ne'.

Example 11.30.  The subdivision (I 1)) given in Example 1.27 has coarseness=4.
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We now state a new version of the Simplicial Approximation Theorem, which is in
some ways stronger and in some ways weaker than Theorem 11.20

Theorem 11.31.  (Simplicial Approximation Theorem) Let K and L be simplicial com-
plexes, whereK is nite, and let f:jKj!j Lj be a continuous map. Then there is a
constant > 0 with the following property. If K %is a subdivision of K with coarseness
less than , then there is a simplicial mapg: K°! L such that jgj' f.

We will now start the proof of this result. Recall that the diameter of a subsetA
of a metric space is de ned to be

diam(A) =supfd(x;y): x;y 2 Ag:
We will need the following elementary fact from basic topolay.

Theorem 11.32.  (Lebesgue Covering Theorem)et X be a compact metric space, and
let U be an open covering oiX . Then there is a constant > 0 such that every subset
of X with diameter less than is entirely contained within some member ofU.

A bit later, we will need the following slightly stronger ver sion of this theorem.

Theorem 11.33. Let X be a compact metric space, and leAA be a closed subspace. Let
U be a collection of open sets inX that cover A. Then there is a constant > 0 such
that every subset of X with diameter less than and having non-empty intersection
with A is entirely contained within some member ofU.

Proof. Suppose that there is no such . This means that, for each > 0, there is a
subsetY () of X with diameter less than and having non-empty intersection with A,
but which is not contained within any U 2 U. Let x( ) be a pointin A\ Y( ). Then
Y() B(x(); ), whereB(x(); )denotes the ball in X of radius about x( ). Then
B(x(); )6 U, foreachU 2 U. Let x, = x(1=n). This is a sequence of points inA.
Since A is a closed subset o, it is compact, and so this sequence has a convergent
subsequence, converging tx; 2 A. Since U coversA, x; 2 U, for someU 2 U.
SinceU is open,B(x1 ; ) U, for some > 0. But, for all suciently large n in the
subsequenceB (Xn;1=n) B(Xxy ; ) U. This is a contradiction. O

Proof of 11.31. The setsfst, (w) : w a vertex of Lg form an open covering ofiLj, and so
the setsff (st_(w))g form an open covering ofjKj. Let > 0 be the constant from
the Lebesgue Covering Theorem for this covering, and leK ° be a subdivision ofK with

coarseness less than. Then, for any vertex v of K %, diam(stk o(v)) . So, there is a
vertex w of L such that st o(v) f (st_(w)). Hence, f (Stx o(V)) st (w). Thus, we
setg(v) = w and apply Proposition I1.24. 0
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Later, we will need the following add-on to Theorem I1.31.

Addendum 11.34. Let Ay;:::; Ay be subcomplexes oK, and let By;:::; B, be sub-
complexes ofL_, such that f (A;) B; for eachi. Then, provided the coarseness oK %is
su ciently small, we can choose the simplicial map g: V(K9 ! V(L) so that, for each
i, jgj sendsA; to B, and the homotopy betweenf and jgj sendsA; to B; throughout.

Proof. In the proof of I1.31, we showed that providedK %is a subdivision with su ciently
small coarseness, then a functiomy: V(K9 ! V(L) can be found such thatf (st o(v))
st, (g(v)) for all vertices v 2 K% We also now need to ensure that, whenevev lies in
jAij, then g(v) is a vertex of B;. As before, g is then a simplicial map andf 'j gj by
a straight-line homotopy. Sincef and jgj both send A; to B;, so does the straight-line
homotopy between them.

fst. (w): w a vertex of B; for eachi 2 Jg

form a collection of open sets which cove;ri2J Bi. Hence, their inverse images form a
collection of open sets that cover ;, ; A;. Let ; be the constant from Theorem 11.33 for
this cover. Let be the constant from the proof of 11.31, and let °=minf ; min; ;g.
Let K °be a subdivision ofK with coarseness less than®. Consider any vertexv of K °.

w be any vertex of L such that stxo(v) f _If(stL (w)). Suppose that J is non-empty.
By the de nition of 9, there is a vertexw of i3 Bi such that stg o(v) f (st (w)).
Thus, we can deneg(v) = w. O

Our original version of the Simplicial Approximation Theor em (11.20) follows im-
mediately from Theorem [1.31 and the following result.

Proposition 11.35. A nite simplicial complex K has subdivisionsK (") such that the
coarseness oK (") tends to 0 asr ! 1

The basic idea of the proof is simple, but the details are ratler technical and not
particularly enlightening. Since we will not in fact have much need for Theorem 11.20,
we only sketch its proof. We start with a recipe for subdividing a singlen-simplex.

Let " be the standard n-simplex. For each faceF of " with vertices vy;:::;Vv;,
the barycentre of F is (v4 + :::+ v,)=r. Dene a new simplicial complex K ° with

re-ordering F1;:::; Fs) there are inclusionsF;, F, ::: Fs. It is possible to show
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that this is indeed a subdivision of ", known as the barycentric subdivision.

Figure 11.36.

If one has a simplicial complexK , it is clear that one can perform this procedure on
all simplices of K simultaneously. The result is known as the “barycentric sulivision’
of K. At the level of abstract simplicial complexes, the result is as follows.

De nition 11.37. Let K =(V; ) be an abstract simplicial complex. Then its barycen-
tric subdivision K® = (V% 9 is an abstract simplicial complex K () with vertex set
Vo= and with simplices  © specied by the following rule: ( o;:::; )2 9if and
only if (after possibly re-ordering o;:::; n) there are inclusions g I h-

We de ne, for each integerr 2, the subdivisionK (") by setting K (") = (K (r D)@
The proof of 11.35 proceeds by showing that the coarseness &f (") tends to 0 asr ! 1
This is intuitively fairly obvious but the details are sligh tly messy, and are omitted.
Theorem 11.20 follows immediately.

Chapter Ill: The fundamental group

[11.1: The definition

We now introduce one of the central concepts of the course. lintertwines topology
and algebra, by assigning a group to each topological spac&nown as its fundamental

group.
De nition I11.1. Let X be a space, and leti and v be paths in X such that u(1) = v(0).
Then the composite path u:v is given by

u(2t) if 0
vt 1) ifl ot

=N

uv(t) =

Thus, u:v runs alongu, then alongv.
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De nition 111.2. A loop based at a pointb 2 X is a path :1 ! X such that
0="(1=hb

For the rest of this section, we will x a particular point b in X, known as its
basepoint We will consider loops based ath, and homotopiesrelative to @I|between
them. In other words, we may vary loops via a homotopy, but onl if we keep the
endpoints of the loops xed at b throughout the homotopy.

De nition / Theorem 111.3. The homotopy classes relative to@of loops based at
b form a group, called the fundamental group of(X;b), denoted 1(X;b). If ~ and *°
are loops based atb, and ['] and [9 are their homotopy classes relative to@| their

composition [']:['9 in the group is de ned to be [:"9.

To prove this, we need to check that composition in 1(X;b) is well-de ned and
associative, and has an identity and inverses.

Remark II1.4. A basepoint is needed to ensure that two loops can be composed

Remark I11.5. If we do not demand that homotopies are relative to @| then it is
possible to show that any two paths in the same path-componenof X are homotopic,
using the fact that | is contractible. Hence, without the restriction that homot opies are
relative to @1 the fundamental group would be uninteresting.

Well-defined

That composition is well-de ned is a consequence of the foliwing lemma. For later
applications, we state this lemma not just for loops but alsofor paths.

Lemma Ill.6. Suppose thatu and v are paths in X such that u(1) = v(0). Suppose
also that u° (respectively, v9) is a path with the same endpoints asu (respectively, v).
If u' urelative to @land v' VOrelative to @I then u:v' u®vlrelative to @1

Proof. Let H:u' u®and K:v' v®be the given homotopies. DeneL:1 1! X by
_+_ H(ts) ifo t
LES)= Kt 1) il ot 1

This is continuous by the Gluing Lemma (I11.5). So, L:u:v' u%vrelative to @1 O

The following diagram explains howL is de ned. It is a picture of I |, and the
labelling speci es where each point offt | is sent underL.
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Figure 111.7.
Associative

Note that : is not associative. This is because for pathai, v and w such that
u(l) = v(0) and v(1) = w(0), (u:v):w and u:(v:w) have the same image but traverse it
at di erent speeds.

Lemma I11.8. Let u, v and w be paths in X such that u(1) = v(0) and v(1) = w(0).
Then u:(viw) ' (u:v):w relative to @1

Proof. An explicit homotopy H:I I I X is given by
§u A ifo t % 1is
2 s 2 4
H(ts)= _v(@t 2+s) iflf is t 2 Is
Cw A 3ts if 2 1s t 1.

This is continuous by the Gluing Lemma (I1.5). However, a clearer description of H is
as follows. Dividel | into the regions shown in Figure I11.9. In each region, de neH
so that each horizontal line traversesu, then v, then w, each at a constant speed. This
speed is chosen so that, when one moves from one region of thagram to another, the
path changes fromu to v, or from v to w, as appropriate. o
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Figure 111.9.
Identity

Lemma [11.10. Let u be a path in X with u(0) = x and u(1) = y. Then cc:u' u
relative to @} and u:c, ' u relative to @1

Proof. The required homotopies are given in Figure II1.11.0

Figure 111.11.

Recall that we denote the loopl ! X that sends all of | to b by c,. Then, by the
above lemma, ] is the identity element in 1 (X; b).

Inverses

Lemma 111.12. Let u be a path in X with u(0)= x andu(1) = y, and let u * be the
path whereu (t) = u(l t). Thenuwu ' ¢ relativeto @l andu *:u' c, relative
to @I
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Proof. The required homotopy betweenu:u ! and ¢, is given by

ut(1 9))
ulz 201 9)

RN

H(ts) = !fOl t
if 5

t

The homotopy betweenu *:u and ¢, is de ned similarly. o
This completes the proof of Theorem 111.3. O

The terminology u ! in the statement of Lemma I11.12 could possibly lead to some
confusion, sinceu ! is not an inverse under composition of maps. Indeed, it is no@n
inverse for composition of paths, but it does become one whewe are are allowed to
homotope relative to @1

Examples 111.13.  Let b be the origin in R?. Then {(R?;b) is the trivial group. This
is because every loop based diis homotopic relative to @Ito the constant loop ¢, via
the straight-line homotopy.

An example of a space with non-trivial fundamental group isS'. We let 1 2 S?
be the basepoint. (Here, we are viewingS® as the unit circle in C, for notational
convenience.) In fact, 1(S%;1) = Z, with a generator represented by the loop™ which
goes once around the circle:

st
t7! et
However, the proof of this fact is distinctly non-trivial. O ne must show that any loop
based at 1 is homotopic relative to@Ito "", for somen 2 Z. And one must show that
""and "™ are homotopic relative to @lonly if n = m. It will not be until Section 111.3
that we have the tools to prove these facts.

We now investigate the dependence of 1(X;b) on the choice of basepointb. Note
that if X is the path-component of X containing the basepoint b, then (X;b) =
1(Xo; b), since any loop in X based atb must lie in Xy, and any homotopy between
two such loops must also lie inX.

Thus, moving the basepoint to another path-component ofX may have a signi -
cant e ect on the fundamental group. But the following propo sition implies that mov-
ing it within the same path-component has no major e ect. In particular, if X is
path-connected, then 1(X;b) does not depend (up to isomorphism) on the choice of
basepoint, and so we sometimes denote it by ;(X).

Proposition 111.14. If band & lie in the same path-component ofX , then 1(X;b) =
1(X; b9.
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Proof. Let w be a path frombto b°in X. If * is a loop based atb, then w *::w is a
loop based atb®, and the function

wp: 1(X;b) ! 1(X; b9
17! [w 1iw]

is well-de ned by Lemma 1ll.6. (See Figure 111.15.) We have

w (DW= [w *w]w L %w]

=[w i(ww B 0w]

=[w 1 cp%w]

[w (9w
w (109

and sow; is a homomorphism. Also,w; has an inverse  1!);, since

W DW= (w Hw wh=[ww wew =01 O

Figure I11.15.

Remark II1.16.  The isomorphismw; does depend on the choice ofv. If u is another
path from b to b, then u, Ywy is the mapping [] 7! [uw *::w:u 1], which is the
operation of conjugation by the element fv:u 1] of 1(X;b). Since 1(X;Db) need not be
abelian, this need not be the identity.
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Remark 111.17. The fundamental group deals with based loops, but it does yikl
information about unbased loops™:S*! X . This is because’ lies inside a well-de ned
conjugacy class in 1(X;b), as follows. We may pick an arbitrary path w from bto “(1).
Then the loop that traverses w, then runs around * and then returns to b alongw *
is a loop in X based atb. Applying a homotopy to ~ does not change the homotopy
class relative to @ lof this loop. Changing the choice to pathw would alter this element
of 1(X;b) by a conjugacy. Hence, we obtain a well-de ned conjugacy @ss in 1(X;b)
from any homotopy class of loop inX.

Proposition 111.18. Let (X;x) and (YY) be spaces with basepoints. Then any continu-
ous mapf: (X;x)! (Y;y)induces a homomorphismf : (X;x)! 1(Y;y). Moreover,

() (dx) =id ,xx)
@) if g:(Y;y! (Z;2) is some map, then(gf) =gf ,
(iii) if f' fOrelative to fxg, thenf = {0,

Proof. Dene f ([']) =[f °]. This is well-de ned, by the version of Lemma 11.6 for
homotopies relative to @1 Also, f ("9 =(f ):(f 9, and sof is a homomorphism.
Claims (i) and (ii) are obvious, and claim (iii) follows from the version of Lemma 1.6
for homotopies relative to a subspacen

Proposition 111.19. Let X and Y be path-connected spaces such thak ' Y. Then
1(X) = 1(Y).

Proof. Letf:X ! Y andg:Y! X be homotopy equivalences. If we knew thaf and
g respected some choice of basepoints and that the homotopigg ' idx and fg ' idy
xed these basepoints throughout, then it would follow from Proposition 111.18 that f
is an isomorphism with inverseg . However, we do not have this information about
basepoints, and so another argument is required.

Choosexp 2 X, and letyy = f (Xo) and X1 = g(Yo), So that we have homomorphisms
f
1% x0) 1 a(Yiye) 10 1(Xx0):

Let H be the homotopy betweengf and idy . Then w(t) = H (xo;t) is a path from x;
to Xg. Let ~ be a loop in X based atxg, and considerKk = H (* id;):I ! X.
Then K is a homotopy tting into the left-hand square of Figure Ill. 20. RescaleK to
t into the middle trapezium of the right-hand square. Fill i n the triangles with maps
that are constant on the rst variable. This yields a homotopy relative to @ |between
w (g f “)wand . Inother words, wig f [[1=["]. So,wjgf =id L(Xx o). In

29



particular, f is injective, and, sincew; is an isomorphism,g is surjective. By composing
f and g the other way round, we deduce thatg is injective and f is surjective. So,f
is an isomorphism. o

Figure 111.20.

Note that, as a consequence, iX is a contractible space, then ;(X) is the trivial
group. We give this property a name.

De nition 111.21. A space issimply-connectedif it is path-connected and has trivial
fundamental group.

However, it is not the case that simply-connected spaces anmgecessarily contractible.
A counter-example is the 2-sphere, although the proof of thé fact is beyond this course.

[1.2: A simplicial version

De nition 111.22. Let K be a simplicial complex. Anedge pathis a nite sequence

=(ag;:::;ay) and = (by;:::;by) are edge paths such thata, = by, we de ne :

De nition 111.23. Let be an edge path. Anelementary contraction of is an edge
path obtained from by performing one of the following moves:

(O) replacing :::;a 1;a&;:::by:::;a q;:::provideda 1= a;
(1) replacing :::;a 1@ a@i+1;:::by i a 1;:::; provided a 1= a4
(2) replacing :::;a 1;a&;@+1;::by e 1;@+1 ;0 provided fa 1;ai;a+1 g span

a 2-simplex ofK .
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(See Figure 111.24.) We say that is an elementary expansionof if is an elementary
contraction of . We say that and are equivalent, written , if we can pass from

to by a nite sequence of elementary contractions and expansiws. This is clearly
an equivalence relation on edge paths.

Figure 111.24.

Remark I11.25.  Note that if two edge paths are equivalent, then they have thesame
initial vertices and the same terminal vertices.

De nition / Theorem 111.26. Let K be a simplicial complex, and letb be a vertex of
K. The equivalence classes of edge loops ki based atb form a group denotedE (K; b),
called the edge loop group.

Proof. The product is induced by the product of edge loops. It is easyo check that this
respects the equivalence relation . It is associative because the product of edge loops is

Theorem 111.27.  For a simplicial complex K and vertex b, E (K;b) is isomorphic to
1(JKJ; D).
Proof. Let |,y be the triangulation of I =[0;1] with n 1-simplices, each of Iength%.

Then we can regard an edge path of lengtm as a simplicial mapl ) ! K. This de nes
a mapping

fedge loops inK based atbhg ' f loops injK | based atbg:

If is obtained from by an elementary contraction, itis clear that ( ) and ( ) are
homotopic relative to @1 So gives a well-de ned mappingE (K;b) !  1(jKj;b). We
must show that it is an isomorphism.

Homomorphism. For edge loops and , (: )" ( ): ( ) relativeto @| and so is
a homomorphism.
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Surjective. Let ":1 !'j Kj be any loop injKj based atb. Give | the triangulation 1 ;)
and view |,y as a subdivision. Then the coarseness df,) is 4=n, which tends to 0 as
n!l . So, by the Simplicial Approximation Theorem (I11.31) and Il .34, we can nd a

simplicialmap :1,) ! K forsomen, suchthat™ ' ( )relativeto @l So ([ ])=["].
Injective. Let = (lhg;by;:::; by 1;0,) be an edge loop based ab. Suppose that
([ D) is the identity in  ;(jKj;b). Then () "' c, relative to @} via a homotopy
H:1 1 !j Kj. Triangulate I | using the triangulation (I 1)) of Example 1.27.
The Simplicial Approximation Theorem gives, for su cientl y large r, a simplicial map
G:(I 1)¢)y! Kwith G' H. Moreover, we can ensure thalG sends@! | and| f 1g

to b, by 11.34. Also using 11.34, we can ensure thatG(i=n; 0) = b, and that G sends the 1-
simplices between i{=n; 0) and ((i +1) =n; 0) to the 1-simplex (b ; b+1 ). So, the restriction
of Gtol f Ogis an edge path which contracts to . And, by applying the sequence
of moves shown in Figure 111.28, we obtain a sequence of elemiary contractions and
expansions taking this edge path to an edge path, every verteof which is b. This is
equivalent to (b). Hence, [ ] is the identity element of E (K; b). O

Theorem 111.27 is signi cant for two reasons. Firstly, E(K;b) is a concrete object
that is often computable, and so this gives a method for compting 1(jKj; b). Secondly,
it shows that E (K; b) does not depend (up to isomorphism) on the choice of trianglation
for jK j.

N
N

Figure 111.28.

32



De nition 111.29. For a simplicial complex K and any non-negative integern, the
n-skeleton of K , denoted skel (K), is the subcomplex consisting of the simplices with
dimension at mostn.

Corollary 111.30. For any simplicial complex K and vertex b, 1(jKj;b) is isomorphic
to 1(jskeP(K)j;b).

Proof. The de nition of E (K;b) involves only the simplices of dimension at most two.
mi

Corollary 111.31. Forn 2, 1(S") is trivial.

Proof. Impose a triangulation on S", coming from the n-skeleton of "*!'. Then,
S" and "*!' have the same 2-skeleton. But "*! is contractible, and so has trivial
fundamental group. Hence, so doeS§". O

However, S does not have trivial fundamental group, as we shall prove irthe next
section.

[11.3. The fundamental group of the circle

Theorem [11.32.  The fundamental group of the circle is isomorphic to the addtive
group of integers: 1(S!) = Z.

As in Examples 111.13, we set 12 S? to be the basepoint, and let” be the loop which
goes once around the circle’ (t) = € . We will show that a generator for 1(S*;1) is
represented by".

Proof of Theorem 111.32. Impose a triangulation K on S* using three vertices and three
1-simplices. We will show that E (K; 1) is isomorphic to Z. De ne an orientation on
each 1-simplex, as shown in Figure 111.33.

Figure 111.33.
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Consider a simplicial loop = (lkp;by;:::;by 1;0) based at 1. Ifb = by, for
somei, then we may perform an elementary contraction. Similarly, if the loop traverses
some 1-simplex, and then the same 1-simplex in reverse, we sngerform an elementary
contraction. Hence, a shortest loop equivalent to traverses all the simplices with same
orientation. It is therefore " for somen 2 Z.

We must show that if *" and "™ are equivalent, thenn = m. De ne the winding
number of a simplicial path  to be the number of times it traverses (2, 2) in the forwards
direction minus the number of times it traverses it in the badkwards direction. Then
the winding number of *" is n. It is clear that an elementary contraction or expansion
leaves the winding number unchanged.

Hence, any edge loop is equivalent to", for a unique integer n. This sets up a
bijection E(K; 1)! Z. This is an isomorphism, since’":"™ = *"*M g

[11.4. The Fundamental Theorem of Algebra

A beautiful application of the above result is the following key theorem.

Theorem I111.34.  (Fundamental Theorem of Algebra). Any non-constant polynomial
with complex coe cients has at least one root in C.

Proof. Let p(x) = a,x" + :::+ ag be the polynomial, wherea, 6 0 and n > 0. Let
C, = fx 2 C:jxj = rg, wherer will be a large real number, yet to be chosen. Let
k = p(r)=r" and let q(x) = kx". Then p(r) = q(r).

Claim. If r is suciently large, then pjC, and gjC; and the straight line homotopy
between them all miss 0.

If not, then for some x 2 C, and somet 2 [0; 1],

(1 tp(x)+ tq(x) =0:
This is equivalent to

anjxj" + i+ a

1 t)(a,x"+:::+ +t — x"=0
( )(@n ao) ixj"
which is equivalent to
Xn Xn
anx"+ it a=t a, X" Y+iiivay a, 1— i

Tl apg—
1X] X"
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The left-hand side has orderx”, whereas the right-hand side has order at mosx" *.
Hence,jtj!'1 asjxj! 1 . In particular, there is no solution in the range t 2 [0; 1]
whenr is su ciently large. This proves the claim.

So, piC;:C, ! C f OgandqC,:C, ! C f Og are homotopic relative to frg.
Suppose thatp(x) has no root in C. Then pis a function C! C f 0g. Hence, the
following diagram commutes: 0

c ! C f Og
"i % pjC,
o
where i is the inclusion map. So, at the level of fundamental groups.he following
commutes: 0
0= 1(Cr) ! 1(C f Og;r)= 2
" % (piC:)

So, (pjC;) is the zero homomorphism. But jC,) =(qgiC;) which sends a generator
of 1(C;) to n times a generator of 1(C f 0g), which is a contradiction. o

Chapter 1IV: Free Groups

IV.1: Definitions

In this chapter, we will embark on the part of the course that deals with groups.
Our focus will initially be a special type of group, known as afree group.

For any setS, we will de ne a group F(S), known as thefree group onS. Informally,
one should viewS as an “alphabet’, and elements of (S) as "words' in this alphabet.
So, for example, ifS = f a; bg, then aband baare elements of- (S). The group operation
is “concatenation'; in other words, to compose two words i (S), we simply write one
down and then follow it by the other. For example, the product of aband bais abba

The above discussion is slightly oversimpli ed, because idoes not take account of
the fact that groups have inverses. So, whenevea is an element ofS, we must allow
not only a but a ! to appear in the words. But then, aa 'band b should represent the
same element of the group. So, in fact, elements d¥ (S) are not words in the alphabet
S, but are equivalence classes of words.

We are now ready to give the formal de nitions. Throughout, S is some set, known
as the alphabet. From this set, create a new setS . This is a copy of the setS, but
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for each elementx of S, we denote the corresponding element o8 * by x 1. We insist
that S\' S *=;. Whenx 12S ! wesaythat(x !) !=x.

De nition 1V.1. A word w is a nite sequenceXxy;:::;Xm, Wherem 2 Z 4 and each
Xi 2S[ S 1 We write w asxiX,:::Xm. Note that the empty sequence, wherem = 0,
is allowed as a word. We denote it by; .

De nition 1V.2. The concatenation of two words XX, :::Xm and yi1y2:::y, is the
word X1X2 1 i XmYiY2 :iiiYn.

De nition 1V.3. A word wPis an elementary contraction of a word w, written w & wo
if w=yixx 'y, and w®= yyy,, for words y; and y,, and somex 2 S[ S 1. We also
write w°% w, and say that w is an elementary expansionof w°,

De nition 1V.4. Two words w° and w are equivalent, written w  w? if there are

The equivalence class of a worav is denoted ].

De nition IV.5. The free group on the setS, denoted F (S), consists of equivalence
classes of words in the alphabeB. The composition of two elements W] and [w9 is the
class fwwY. The identity element is [;], and is denotede. The inverse of an element
[X1X2::ixn]is X TiiiX, Txq 2.

One should check that composition is well-de ned: ifw;  w? and w, w3, then
wiw,  wiw9. But this is obvious from the de nitions.

De nition IV.6. If a group G is isomorphic to F(S), for some setS, then the copy of
S in G is known as afree generating set

IV.2. Reduced representatives

De nition IV.7. A word is reducedif it does not admit an elementary contraction.

Proposition 1V.8. Any element of the free groupF(S) is represented by a unique
reduced word.

Lemma IV.9. Let wq, wo and ws be words, such thatw; % w, & ws. Then either
there is a wordw3 such that wy & w3 % w3 or wy = Wa.

Proof. Sincew; % w,, we can write w; = ab, and w, = axx b, forsomex 2 S[ S ?!
and some wordsa and b. As w, & W, wz is obtained from w, by removing yy 1,
for somey 2 S[ S 1. The letters xx * and yy ! intersect in either zero, one or two
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letters. We will consider these three possibilities in turn If they do not intersect, then
it is possible to removeyy ! from w; before inserting xx . Hence, if we denote by
w) the word obtained by removing yy * from wy, then wi & w3 % wa, as required.
Suppose now thatxx * andyy ! intersect in a single letter. Thenx = y !, and so in
Wy, there is chain of lettersxx *x or x xx ?, andw; and ws are obtained fromw, by
the two possible ways of performing an elementary contractin on these three letters. In
particular, w; = ws, as required. Finally, if xx * andyy ! intersect in two letters, then
clearly, all we have done in the sequence/; % w, & Wws is to insert a pair of letters and

then remove it again, and sow; = ws. O

Proof of Proposition IV.8. An elementary contraction to a word reduces its length by
two. Hence, a shortest representative for an element oF (S) must be reduced. We
must show that there is a unique such representative. Supp@sthat, on the contrary,
there are distinct reduced wordsw and w° that are equivalent. Then, by de nition,
there is a sequence of wordsvy;wy;:::;w, such that w = w; and w® = w, and, for
eachi, wi % wjs; or w; & wis;. Consider a shortest such sequence. This implies
that w; 6 w; for any i 6 j. This is because ifw; did equal w;, then we could miss
out all the words in the sequence between them, creating a sihter sequence of words
joining w to w®. Suppose that, at some point,w; % Wwis1 & Wis». Then, by Lemma
IV.9, there is another word w?,; , such that w; & w’%; % w;., . In this way, we may
perform all & moves before all% ones. Hence, the sequence starts witlv; & w, or
ends with w, 1 % w,. But, this implies that either w or w® was not reduced, which is
a contradiction. O

IV.3. The universal property

Given a setS, there is a functioni:S! F(S), known as the canonical inclusion
sending each element ofS to the corresponding generator ofF (S). The following is
known as the “universal property' of free groups.

Theorem IV.10. Given any setS, any group G and any function f:S! G, there is a
unique homomorphism :F(S)! G such that the following diagram commutes:

s 1" G

#i %
F(S)
wherei:S! F(S) is the canonical inclusion.
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Proof. We rst show the existence of . Consider any wordw = X;':::X,, where
eachx; 2 Sand each ; 2f 1;1g. Dene (w) to be f(xy)*:::f(x,)". We need
to show that this descends to a well-de ned function :F(S) ! G; in other words,
that if two words w and w® are equivalent, then they have the same image under. It
su ces to show this when wPis an elementary contraction ofw, wherew = wixx 1w,
or w= wix Ixw,, and w°= wy;w,. Then, in the case wherew = wixx 1w,

w)y= (w)f )F(x) > (w2)= (wy) (W)= (W9:

Similarly, when w = wix xw,, (w) = (w9. Itis clear that is a homomorphism.
Finally, is the uniqgue such homomorphism for which the diagram commugs. This is
because foreaclkk 2 S, (x) = f (x), and a homomorphism between groups is determined
by what it does to a set of generators.o

We say thatf:S! G inducesthe homomorphism :F(S)! G.
IV.4: The fundamental group of a graph

Recall the following de nition from Section 1.1:

De nition 1.1. A graph is specied by the following data:
a nite or countable set V, known as its vertices;
a nite or countable set E, known as its edges

a function which sends an edgee to a subset of V with either 1 or 2 elements.
The set (e) is known as the endpoints of e.

From this, one constructs the associated topological spa¢elso known as the graph ,
as follows. Start with a disjoint union of points, one for eat vertex, and a disjoint union
of copies ofl , one for each edge. For eack 2 E, identify 0 in the associated copy ofl
with one vertex in (€), and identify 1 in the copy of | with the other vertex in (€).

Our goal in this section is to prove the following key result.
Theorem IV.11. The fundamental group of a connected graph is a free group.
We need some terminology and basic results from graph theory

De nition 1V.12. Let be a graph with vertex set V, edge setE, and endpoint
function . A subgraphof is a graph with vertex set V° V and edge se€® E and
with endpoint function being the restriction of . For this to be de ned, it is necessary
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that, for each e 2 E® (e) VO Clearly, if is oriented, the subgraph inherits an
orientation.

De nition 1V.13. An edge pathin a graph is a concatenation u; :::u,, where each
u; is either a path running along a single edge at unit speed or aanstant path based
at a vertex. An edge loopis an edge pathu:l ! |, where u(0) = u(1). An edge path
(respectively, edge loop)u: | ! is embeddedif u is injective (respectively, the only
two points in | with the same image underu are 0 and 1).

De nition IV.14. A tree is a connected graph that contains no embedded edge loops.

Lemma IV.15. In a tree, there is a unique embedded edge path between distih
vertices.

Proof. Any two distinct vertices are certainly connected by an edgepath, since a tree
is assumed to be connected. A shortest such edge path is emigledi. We need to show
that that it is unique. Suppose that, on the contrary, there are two distinct embedded

edge pathsp= uy:::u, and p®= u?:::ul, between a distinct pair of vertices. Letu; (0)

be the point on p where the paths rst diverge. Let u; (1) be the next point on p which

lies in the image ofp®. Then the concatenation ofu; : : :u; with the sub-arc of p° between
u; (1) and u;(0) is an embedded edge loop. This contradicts the hypothesithat this is

atree.o

De nition 1V.16. A maximal tree in a connected graph is a subgraphT that is a
tree, but where the addition of any edge ofE() E(T)to T gives a graph that is not
a tree.

Lemma IV.17. Let be a connected graph and lefT be a subgraph that is a tree.
Then the following are equivalent:

i) v(T)=V(Q
(i) T is maximal.

Proof. (i) ) (ii): Let ebe anedge ofE() E(T). If the endpoints of e are the same
vertex, then adding e to T certainly results in a subgraph that is not a tree, since it
contains an embedded edge loop. So, we may assume that the gmints of e are distinct.
They lie in T, sinceV (T) = V(). They are connected by an embedded edge pathp in
T, by Lemma IV.15. Then p[ eis an embedded loop inT [ e, and so this is not a tree.

(ii) ) (i): Suppose that T is a maximal tree. Suppose that there is a vertexv of
that is not in V(T). Pick a shortest edge path fromT to v, which exists because is
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connected. The rst edge of this path starts in V(T) but cannot end in V(T). We may
therefore add it to T and create a larger tree, which contradicts maximality. O

Lemma IV.18. Any connected graph contains a maximal tree.

Proof. Recall from the de nition of a graph that we are assuming that V() is nite

or countable. We may therefore pick a total ordering onV (). We may assume that,
for each integeri 2, the i vertex shares an edge with one of the earlier vertices. We
will construct a nested sequence of subgraph3, T, ::: each of which is a tree,
and where V(T;) is the rst i vertices of the ordering. SetT; to be the rst vertex.
By assumption, there is an edgee joining the i vertex to one of the previous vertices.
Then set T; to be T; 1 [ e We have not created any embedded edge loops, and so,
inductively, each T; is a tree. We claim that T = ; T; is a tree. Suppose that it
contained an embedded edge loop. Then, since” consists of only nitely many edges,
these edges must all appear in som@&;. But T; would then not be a tree, which is a
contradiction. Since T contains all the vertices of , it is maximal, by Lemma IV.17. O

Proof of Theorem IV.11. Let T be a maximal tree in . Let b be a vertex of , which
we take as the basepoint. For any vertexv of , let (v) be the uniqgue embedded edge
path from bto v in T. This exists becauseV(T) = V(), by Lemma IV.17. Set E()
and E(T) to be the edges of and T respectively. Assign an orientation to each edge
eof E() E(T),andlet (e) and (e) be its initial and terminal vertices. We claim
that the elementsf ( (€)):e: ( () ':e2 E() E(T)gform a free generating set for

1( D).

We will use the edge loop group, de ned in 111.26. However, need not be a
simplicial complex, since graphs are allowed to have edgesitw both endpoints at the
same vertex and to have multiple edges running between two véces. But there is an
easy way to rectify this problem. Simply subdivide each edg®f into three edges. The
resulting graph Cis clearly homeomorphic to and it is a simplicial complex. For each
edgee of , we assign the label e to the middle of the three corresponding edges of °

We will set up an isomorphism :F(E() E(T)) ! E( %b). This is induced,
using Theorem 1V.10, by the function E() E(T)! E( %b) that sends each edgee
of E() E(T)to ((e):e:( (¢)

To show that this is an isomorphism, we set up an inverse . Any edge loop " in

O de nes a word in the alphabet E( 9: whenever the path traverses an edge in the
forwards direction (respectively, the backwards direction), write down e (respectively,
e 1). Remove all letters in the word that correspond to edges Iyng in T. Also, for
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each edge of , remove the letters corresponding to the outetwo of the three edges of
% Dene (') to be the resulting word in the alphabet E()  E(T). We must show
that is well-de ned, by establishing that the resulting elementof F(E() E(T))is
unchanged if the loop is modi ed by an elementary expansion pcontraction. Crucially,
9has no 2-simplices, and so we need only worry about moves (Opd (1) in De nition
11.23.

by, then the corresponding word in the alphabetE( 9 is unchanged, and hence so is
)
If move (1) is applied to *, removing an edgee followed by its reverse, this has the

e ect of an elementary contraction on the word () (if e is in the middle of an edge in
E() E(T))orno eect at all (otherwise).

Hence, is a well-de ned function E( %b) ! F(E() E(T)). Itis clearly a
homomorphism since concatenation of edge loops results ironcatenation of words in
F(E() E(T)). Itis trivial to check that and are mutual inverses.o

Remark IV.19. The above proof not only establishes that 1( ;b) is free but also
gives an explicit free generating set, as the following exapies demonstrate.

Example 1V.20. Let be the graph with a single vertex b and four edgese;, &, e;
and e;. Then a maximal tree T in consists of just the vertex b. Thus, the four edges
do not liein T, and so 1( ;b)is a free group on four generators, where thé" generator
is a loop going once around the edge, .

Figure 1V.21.

Example IV.22.  Consider the graph in the plane with a vertex at each lattice point
(x;y¥), where x;y 2 Z, and where x;y) is joined to (x 1;y), (x+1;y), (x;y 1)and
(x;y +1). For ease of reference, label the horizontal edges witla and orient them from
left to right, and label the vertical edges b and orient them upwards. The union of all
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the vertical edges and thex-axis forms a maximal treeT in . Place the basepoint b at
the origin. Then, there is a free generator of ;( ;b) for each edge running from &;y)
to (x +1;y), for eachx;y 2 Z wherey 6 0. The corresponding loop in is the path
a‘’ab Ya * 1.

Figure 1V.22.

Chapter V: Group presentations

V.1l: Generators and relations

Most undergraduates have come across groups de ned usingegerators and rela-
tions'. A common example is the dihedral groupD,,, which is "de ned' as

The idea is that and generate the group, and the ‘relations' of the group are give
by the equalities on the right-hand side. These relations sbuld be, in some sense, the
“only' ones that hold. However, very rarely is it explained precisely what this means! Of
course, one is allowed to "deduce’ relations from the givennes. For example, if " = e
and 2= e then " 2= e However, there are slightly more subtle relations that al®
follow. For example, " is also the identity, since " = e = e So, itis clear
that some more work must be done before one can specify a grougsing generations
and relation, with complete rigour. It turns out that free groups play a central réle in

this process.

De nition V.1. Let B be a subset of a groupG. The normal subgroup generated by
B is the intersection of all normal subgroups ofG that contain B. It is denoted hBi .
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Remark V.2. The intersection of a collection of normal subgroups is aga a normal
subgroup. Hence,hBi is normal in G. It is therefore the smallest normal subgroup of
G that contains B, in the sense that any other normal subgroup that containsB also
contains hBi .

It can be speci ed quite precisely, as follows.
Proposition V.3.  The subgroup hiBi consists of all expressions of the form

Y iy 1
gh'g

i=1
wheren2Z o, 2G,b2Band ;= 1, foralli.

Proof. Any normal subgroup containing B must contain all elements of the formgbg *
andgb g ! (b2 B, g2 G). Hence, it must contain all nite products of these:

¥ i 1
gb'g "
i=1
Let N be the set of all these nite products. We have therefore show that N HBi .
We will show that N is in fact a normal subgroup. It clearly contains B, and so, by
Remark V.2, we must havehtBi  N. This will prove the proposition. To show that N
is a normal subgroup, we check the various conditions:

Identity: N clearly contains e.

Inverses: The inverse oni”:1 ghig tis Qilzn ghb 'g % which also lies inN.

Closure: The product of two elements inN clearly lies in N .

Normality: For Qin:1 gh'g *inN andg2 G,
]
Y i 1. 1 Y i 1, 1 Y i 1
g gh'g ~ g "= (99)b'(g "9 )= (99)b'(99)
i=1 i=1 i=1
which liesinN. O

We can now specify what it means to de ne a group via generatas and relations.
The generators will come from a setX . The relations will be words in X, which we can
view as instructions that force these words to be the identiy in the group. The precise
de nition is as follows.

De nition V.4. Let X be a set, and letR be a collection of elements of (X ). The
group with presentation hX jRi is de ned to be F (X )=hRi .
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We sometimes slightly abuse notation by allowing relationsof the form ‘w; = wy',
where this is shorthand for the relation waw, *.

Example V.5. We can now genuinely de ne the dihedral groupD,, to be

h; j " 2% i
Note that " does indeed represent the identity element oD ,, because it lies in the
subgroup of F(f ; @) normally generated by f "; 2; g. To see this, note that in
F(f; 0,

n :( n l) 2.

which is in the form speci ed by Proposition V.3.

One can now answer the question: which relations hold is = hX jRi? Equivalently,
when do two wordsw and wP in the alphabet X represent the same element 06? The
answer is: precisely when there is an elemerny of HRi such that w° = wy, where
equality holds in the free groupF (X ). However, the following gives an alternative way
of deciding whetherw and w° represent the same element o6.

Proposition V.6. Let G = hXjRi. Then two words w and w® in the alphabet X
represent the same element ofs if and only if they di er by a nite sequence of the
following moves:

(1) perform an elementary contraction or expansion;
(2) insert somewhere into the word one of the relations inR or its inverse.

Proof. Certainly, applying moves (1) and (2) to a word does not chang the element
of G that it represents. We must show that if two words w and w° represent the same
element of G, then they di er by a sequence of moves (1) and (2). We know, tlat as
elements ofF (X ), we have the equality w®= wy, wherey 2 hRi . So, by Proposition
V.3, there is an integern 2 Z o, and elementsg; 2 F(X), and elementsr; 2 R, and

i = 1, such that
Y’l
wl=w gr'g "
i=1
We can obtain wg; g, * from w by a sequence of (1) moves, and then obtaiwg;r,'g, *
from this by move (2). Continuing in this way, we obtain w° from w by a sequence of

moves (1) and (2).O

Example V.7. We have already seen that in the dihedral groupD,,, " represents
the identity element. Hence, it can be turned into e by moves (1) and (2), as follows:

n !(2) noono N () !(2) 2 22! () e
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We now show that any group G has a presentation. LetF(G) be the free group
on the generating setG. Thus, F(G) consists of all (equivalence classes of) words in
the alphabet G. Hence, ifx; and x, are non-trivial elements of G and x3 = X1X; in G,
then X3 and x;x, representdistinct elements ofF (G), because they are non-equivalent
words in the alphabet G. There is a canonical homomorphismF (G) ! G sending each
generator of F(G) to the corresponding element ofG, which is clearly surjective. Let
R(G) be the kernel of this homomorphism. Thus, for example xsx, 'x, * lies in R(G).
Then, by the rst isomorphism theorem for groups, G is isomorphic to F(G)=R(G).
Hence, G has presentationhGjR(G)i.

De nition V.8.  The canonical presentationfor G is hGjR(G)i.

The canonical presentation of a group is extremely ine cient. As soon asG is
in nite, the canonical presentation has in nitely many gen erators. Its main réle comes
from the fact that it depends only on the group G and involves no arbitrary choices.
But we shall mostly be interested in more e cient presentations of a group, given by
the following de nition.

De nition V.9. A presentation of X jRi is nite if X and R are both nite sets. A
group is nitely presented if it has a nite presentation.

Remark V.10. We will establish in Chapter V the following nice characterisation of
nitely presented groups: a group is nitely presented if and only if it is isomorphic to
the fundamental group of a nite simplicial complex.

The following result allows us to check whether a function fom a group hX jRi to
another group is a homomorphism.

Lemma V.11. Let hXjRi and H be groups. Let a functionf:X ! H induce a
homomorphism :F(X)! H. This descends to a homomorphismhX jRi! H if and
onlyif (r)= eforallr2R.

Proof. Clearly, the condition that (r) = eis necessary for to give a homomorphism,
since anyr 2 R represents the identity element of iX jRi. Conversely, suppose that
(r)= eforall r 2 R. By Proposition V.3, any element w of HRi can be written as

Y’l
wiriw, L
i=1
wheren2 Z o, wj 2 F(X), ri2Rand = 1, foralli. Since (r)= eforall r 2 R,
(w) is alsoe. Hence, descends to a homomorphisni (X)=HRi! H, as required.o
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V.2: Tietze transformations

One can ask: when do two nite presentations represent the sae group? The
answer is: if and only if they di er by a sequence of so-calledlietze transformations.

De nition V.12. A Tietze transformation is one of the following moves applied to a

(T1) Re-order the generators or relations.
(T2) Add or remove the relation e.
(T3) Perform an elementary contraction or expansion to a rehtion r;.

(T4) Insert a relation r; or its inverse into one of the otherr;, or remove it.

1
m+1

it as a word in the old generators, or perform the reverse of tks operation.

which de nes

It is clear that none of the above transformations alters thegroup.

Example V.13. We claim that ha;bjabab i and hb; gcbbc are presentations of the
same group. We establish this via Tietze transformations:

he: iabab i ') a;b;gabab L ab ic i
"W a:rb:g(ab c !) 'abab :ab lc %
W a:rb;g(ab c !) lapab ¢ !) 'ab lab lc i
"R a:b:debbe: ablc d
"R a:b;qcbbe:ablc el
" a:b;qcbbe;ablc Li(ab ¢ 1) i
" a:b;qcbbe;ablc Y(ab ¢ 1) L:(ab lc by li
"R a:b;qcbbe;e(ab ¢ 1)l
K a:b: gebbe: chali
"R b: gcbbe
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Theorem V.14. (Tietze) Any two nite presentations of a group G are convertible
into each other by a nite sequence of Tietze transformatiors.

Proof. We rst apply move (T2), adding the relation e. Sincew is trivial in G, it can
be obtained frome by a sequence of moves (1) and (2) in Proposition V.6. So, theris a

Proof of Theorem V.14. Let hxq;: 1 Xmjra;::orai and k95000 x%60jr 20015 r%i be two
presentations of G. Since eachx? is an element of hxy;:::; Xmjr;:::;rni, it can be
written as a word ? in the generatorsxy;:::;Xy. Similarly, each x; can be written as
aword ; in the generatorsx?;:::;x%,

g Xm X9 i X i rns 2(X9) N De(Xe) it
The relation x; = ; holds in the group. Hence, by Lemma V.15, there is a sequence
of (T2), (T3) and (T4) moves taking the presentation to
*
[ I "
X130 XmsXEs i Xme 9(xD) B Do(xpo) N
1X1 Ty me
The relations r9;:::;rQ, represent trivial words in the group. Hence, by Lemma V.15,
there is a sequence of (T2), (T3) and (T4) moves taking the preentation to
* 0 0 +
P () N (e R
X130 Xm s XEs i Xme 9X9) B Do(xpo) N
1X1 e R

This presentation is symmetric with respect to primed and urprimed symbols, except
they occur in a dierent order. Hence, we can rst apply (T1) m oves, and then re-
%i, as
required. O

V.3: Push-outs

In this section, we use presentations to de ne the followingconstruction which is
important in group theory.
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De nition V.16. Let Gg, G; and G, be groups, and let 1:Gg! Giand ,:Gy! G
be homomorphisms. LethX ;jR;i and hX,jR»i be the canonical presentations of5; and
Gy, where X1\ X, = ;. Then the push-out G, ¢, G, of

G ' Go!? Gy

is the group
X[ X2jRe[ R2[f 1(9)= 2(9): 92 Gogi:

Remark V.17. The notation G; ¢, G> is ambiguous, since the resulting group depends
not just on Gg, G; and Gy, but on the homomorphisms ; and ,. However, this
terminology has become standard, at least when ; and , are injective.

The canonical presentations ofG; and G, were used to ensure that the resulting
answer was clearly independent of the choice of presentatio However, we will see later
(in Lemma V.20) that one may substitute other presentations for G; and G, in the
de nition and obtain the same group.

Remark V.18. By Lemma V.11, the inclusions X; ! X[ Xy and X, ! Xi[ X,
induce canonical homomorphisms 1:G; ! G; ¢, Gy and 2:G,! G; ¢, G2. The
following diagram commutes:

Gy !'! G
? ?
Yy . Y

G2 ! 2 Gl Go G2
This is because the relation 1(g) = 2(g), for eachg 2 Gg, holds in G; ¢, Ga.

Proposition V.19.  (Universal property of push-outs) Let G; ¢, G2 be the push-out
of
Gl ' Go ! 2 GzZ

Let H be agroup and let ;:G;! H and ,:G,! H be homomorphisms such that
the following diagram commutes:

Gy !' Gy
? ?
Yy, Yy,
G, !> H

Then there is a uniqgue homomorphism :G; ¢,G2! H such that the following diagram
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commutes:

Proof. The push-out G; ¢, G2 has generatorsG; [ G,. Dene  on these generators
by (g)= i(g), for g 2 Gj. This is forced upon us by the commutativity of the nal
diagram in V.19. Thus, if the homomorphism exists, then it is unique. But we must
check that it is well-de ned, by verifying that  (r) = e for any relation r of G; ¢, Go.
This is certainly true for the relations in G; and G, since ; and , are well-de ned.
The other type of relation is 1(g)( 2(g)) *forg2 Go. But ( (@) 2(g) t=e
by the commutativity of the square in V.19. O

Lemma V.20. Let Gg, G;, G, 1 and » be as in De nition V.16. Let hX %R$i and
hX SjR%i be any presentations forG; and G,, where XY\ X8 = ;. Then the push-out is
isomorphic to

X[ X9 RI[ RI[F 1(9)= 2(0): g2 Gogi:

Proof. Let G be the push-out, and letH be the group with presentation as in V.20.
Let G; ' h XJRYi and G, ! h XJRYi be the “identity' maps. By Lemma V.11, these
induce homomorphisms ;:G; ! H and ,:G,! H. The square of V.19 commutes
because the relations 1(g) = 2(g) hold for each g 2 Go. Thus, by VI.19, there is
a homomorphism :G ! H such that the nal diagram in V.19 commutes. We will
dene aninverse :H ! G. There is a function X°! G; sending each generator to the
corresponding element ofG;. Compose this with ; to give a function f: X[ X2! G.
This induces a homomorphism :F(X?[ X8 ! G. By Lemma V.11, this descends to
a homomorphism :H ! G because (r) = e for each relationr in the presentation of
H. It is clear that this is an inverse for . Hence,G is isomorphic toH. O

De nition V.21. When Gy is the trivial group, then the push-out G; ¢, G depends
only on G; and G». It is known as the free product G; G,.

Example V.22. The free productZ Z is isomorphic to the free group on two generators.
This is because we may take presentationbxji and hyji for the rst and second copies
of Z. Lemma V.20 gives thatZ Z has presentationhx;yji.
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De nition V.23. When 1:Gp! Gj;and 5:Gg! G, are injective, the push-out
G1 ¢, G2 is known as theamalgamated free productof G, and G, along Go.

V.4: The Seifert - Van Kampen Theorem

In this section, the two main themes of this course { topologyand group theory {
are woven together. We will prove a result, the Seifert - van Kampen theorem, which
will allow us to compute the fundamental group of any nite simplicial complex. The
answer will be given as a group presentation.

Theorem V.24. (Seifert - van Kampen) Let K be a space, which is a union of two
path-connected open setK ; and K,, where K1\ K is also path-connected. Letb be

apointin K;\ Ky,and leti;: K\ K, ! Kypandiz:Ki;\ Ko ! K, be the inclusion

maps. Then ;(K;b) is isomorphic to the push-out of

(Kb ' (Ki\ Kb 12 (Ko b):

Moreover, the homomorphisms 1(K1;b) ! 1(K;b) and 1(K2;b) ! 1(K;Db), which
are the composition of the canonical homomorphisms to the psh-out and the isomor-
phism to .(K;b), are the maps induced by inclusion.

An alternative formulation is the following.

Theorem V.25. Let K, Ky, Ky, b i; andi, be asin V.24, LethXjR;i and hX;jR5i
be presentations for ;(K1;b) and 1(Kj;b), with X;\ X, = ;. Then a presentation of
1(K; b) is given by

hX1[ X2jJR1[ Ro[f iy (g)= i, (g): foreachg2 (X1\ Xy;b)gi:

Moreover, the homomorphismhX;jR;i ! 1(K;b) (wherei =1 or 2) arising from the
inclusion of generatorsX; ! X;[ X5 is the map induced by the inclusionK; ! K.

Proof. Let G be the push-out of V.24. ThenG has a presentation as in V.25. Now, the
following diagram commutes:
1(K1\ Kz,b) !il 1(K1,b)
? ?
Yi, y
1(K2;b) ! 1(K; b)
where the unlabelled maps are the homomorphisms induced byn€lusion. Hence, the

universal property of push-outs (V.19) gives a homomorphism :G! ((K;b). We will
show that this is an isomorphism, by showing that it is surjedive and injective.
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Surjective. Suppose we are given a loop in K based atb. We need to show that "
is homotopic, relative to @1| to a composition of loops based atb, each of which lies
entirely in K, or entirely in K,. The inverse imagesf® 'Ki;" K,g form an open
covering of I . By the Lebesgue Covering Theorem (11.32) applied tol, there is some
subdivision I,y of | such that each simplex ofl ,) maps entirely into K, or K. This
then expresses as a composition of pathsu; :::u,, each of which lies entirely inK 4
or K,. Pick a path (x) for each point x in K from b to x. We may insist that if
x 2 Kj, then (x) lies in Kj, since K1, K, and K, \ K, are path-connected. We
also let (b) be the constant path ¢,. Then u;:::u, is homotopic relative to @Ito

(u1(0):ur: (us(1)) * & (u2(0)):uz: (u2(1)) * iii (Un(0)):Un: (Un(1)) * . Thisis
a composition of loops based ab, each of which lies entirely inK; or entirely in K, as
required.

Injective. Suppose thatg is an element of G such that (g) is the identity. Then g is
a composition of generators, each of which lies in;(K;b) or 1(Kz;b), and so (Q)
is represented by a corresponding composition of loops ::: . Suppose that™;:::
is homotopic in K to the constant loop relative to @1 We need to show thatg is the
identity element of G. We will do this establishing that there is a sequence of move (1)
and (2) of V.6 taking g to the trivial word in G.

Let H:1 1! K be the homotopy relative to @lbetween",::: ", and ¢,. Then
fH 'Ki;H 'K,gis an open covering ofl 1. Hence, by the Lebesgue Covering
Theorem (11.32), there is some subdivision (1)) (as in 1.27) such that each simplex
of (I 1)) maps entirely into K, or entirely into K,. We may realise the homotopy
between ", :::", and ¢, using the moves in Figure 111.28. Each of these has the e ect
of homotoping a sub-path, relative to its endpoints, in sucha way that during the
homotopy, this sub-path remains entirely in K, or K,. Let 4;:::; N be this sequence
of based loops, where ; = “1::: 7, and N = ¢,. Each ; is naturally a composition of
paths, each path arising from an edge ofl( 1)). Assign each of these paths a label
in the set f1;2g, with the restriction that if the path has label j, then it lies entirely
in Kj. We now modify each ; to give a new loop °. We have expressed ; as a
composition of paths. Replace each of these paths with the path  (u(0)):u:( (u(1)) *.
The composition of these new paths is 2. It is expressed as a composition of loops, each
based atb, and each inheriting a label inf 1; 2g. Clearly, ?is homotopic, relative to @1
to ;. Now, the homotopy from ; to ;.; induces a homotopy between ?and ?9,,.
This is relative to @land is supported entirely in K, or in K,. Now, the expression of

9as a composition of labelled loops determines a word; in the generators X1 [ X.

When we pass from %to 2, , we claim that w;,; is obtained from w; by a sequence
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of moves (1) and (2) of V.6. Suppose that the homotopy is suppreed in K;. Now, the
sub-loops may or not have the label. But if one of the loops does not have the label,
then it liesin K1\ K, and so represents an elemerg 2 ;(K1\ Ky;h). So, we may rst
apply a relation i1 (g) = i, (g), which has the e ect of making a label change. Since
the homotopy is supported inK;, the start and end loops represent the same element of

1(Kj; b), and so we can get from one to the other by applying moves (1) id (2), using
the relations R;. Thus, the element of G is unchanged in the sequence of moves taking
w; to wy . Sincew; = g and wy clearly represents the identity in G, g must also have
been the identity. Hence, is injective.

The fact that the homomorphisms (Ki;b) !  1(K;b) arising from the push-out
construction are the maps induced by inclusion, is clearo

One might wonder whether, in the Seifert - van Kampen theoren) it is necessary
to require that K, and K, are open and path-connected.

Certainly, the hypothesis that K, K, and K;\ K, be path-connected is necessary.
For example, the circle can be decomposed into two open set§; = S' f 1g and
K,=S' f 1g. So,Ki, K, and both components ofK,;\ K, are open intervals and
hence have trivial fundamental group. However, 1(S?') is non-trivial.

The assumption that K; and K, are are open also cannot be simply dropped: there
are examples of space& decomposed into path-connected closed subset§, and K,
and whereK 1\ K is path-connected, but where the conclusion of the theorem ales not
hold. However, there is a version of the theorem wher& is a path-connected simplicial
complex, andK 1, K, and K\ K, are path-connected subcomplexes (and hence closed
subsets ofK ).

V.5: Topological applications

De nition V.26.  The wedge(X; x)_(Y;y) of two spaces with basepoints is the quotient
of the disjoint union X t Y, under the identi cation x Y. Its basepoint is the image
of x and y in this quotient.

By picking an arbitrary basepoint bin S, and wedgingn copies of G; b) together,
we obtain the space " S, which is known as abouquet of circles which is shown below.
An application of the Seifert - van Kampen theorem immediatdy gives its fundamental

group.
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Figure V.27.

W,
Corollary V.28.  The fundamental group of " S* is isomorphic to the free group on
n generators

Proof. We apply induction on n. The induction starts with n = 1, where ,(S?) = Z,
by Theorem 111.32. For the inductive step, suppose that ( 1Sl) is the free group
onn 1 generators. Letbbe the vertex of the wedge, which we take to be the basepoint.
Let N be a small open neighbourhood ob. Decompose "S'asK;= N[ " 1st
andK, = N[ S Then " 'S!is a homotopy retract of K, and St is a homotopy
retract of K,. The intersection K;\ K, is N, which is clearly contractible. So, V.25
implies that (" S?) has a presentation with n generators and no relations.o

W
Note that " S is a graph, and so Corollary V.28 can also be proved using Theem
IV.11.

Another important application of the Seifert - van Kampen th eorem is that it allows
us to compute the fundamental group of any cell complex. Redathe following de nitions
from Chapter I.

De nition 1.29. Let X be a space, and lef :S"” 1! X be a map. Then the space
obtained by attaching an n-cell to X alongf is de ned to be the quotient of the disjoint
union X t D", such that, for each point x 2 X, f 1(x) and x are all identi ed to a
point. It is denoted by X [ D".

De nition 1.32. A (nite) cell complex is a spaceX decomposed as
KO K! i K"=X
where

(i) K%is a nite set of points, and

(i) K' is obtained fromK' 1 by attaching a nite collection of i-cells.
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Theorem V.29. Let K be a connected cell complex, and lef;:S* | K?! be the
attaching maps of its 2-cells, wherel i n. Let b be a basepoint inK°. Let
['i] be the conjugacy class of the loop; in (K ?*;b). Then (K;b) is isomorphic to

Remark V.30. The loops’; are not necessarily based at the basepoirt, and hence do
not give well-de ned elements of ;(K *; b). However, they do give well-de ned conjugacy
classes, by Remark 111.17. Letw; be a path from b to “;(1), and let “? be w;:";:w, L

Then “Pis a loop based atb, and M9;:::;°0i = hf'1];:::;[nli . Since 1(K1;b)is free,
by Theorem IV.11, this therefore gives a presentation for ;(K;b).

Example V.31. The cell decomposition for the torus given in Example 1.35 gves the
presentation ha; bj aba b i for its fundamental group. This is clearly isomorphic to
Z Z. An alternative method for constructing this cell structur e of the torus arises from
its description as a square with side identi cations. Its four corners are all identi ed to

a single point, giving a 0-cell. The four edges are identi edto two 1-cells. The square
itself is a 2-cell. One can also see easily why the loo@ and baare homotopic relative

to @I

Figure V.32.

Proof of Theorem V.29. We will show how the fundamental group behaves when an
n-cell is attached to a space, whem 2. Therefore, let X be a path-connected space,
and letf:S" 11 X be the attaching map of ann-cell. Let Y = X [ D". Decompose
Y into the open sets

Ki=fz2D":jzj< %g

Ko=fz2D":jzj> 1gt X=
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N N

Figure V.33.

Then K ; is homeomorphic to an opemn-ball, and K1\ K, is homeomorphic toS" *
(3: %), which is homotopy equivalent to S” . Finally, K is also path-connected, and
it is homotopy equivalent to X . This is realised by the inclusion mapi: X ! K, and
a retraction map r:K, ! X. This is de ned to be the identity map on X, and on
fz2 D" :jzj> 1g, itis the map
fz2D":jzj> 1g! sn ! X

where the rst map is radial projection from the origin. Itis clear that ri is the identity
on X and that ir is homotopic to the identity on K,. Now apply the Seifert - van Kampen
theorem (V.25). Whenn > 2, ,(K;\ Ky)and ;(K,) are both trivial, and so attaching
an n-cell has no e ect on the fundamental group. Whenn =2, ;(K;\ K;) = Z, and

1(K) is trivial, and so attaching a 2-cell has the e ect of adding a relation to  1(X)
that represents the (conjugacy class of) the loopf[]. o

Corollary V.34.  Any nitely presented group can be realised as the fundamenal group
of a nite connected cell complex. Moreover, this may be give a triangulation.

single vertex. Let K! be a bouquet ofm circles. This may be given a triangulation
in which each circle consists of three 1-simplices. Then,(K?!) is a free group onm

generators, where each generator consists of a loop that goeound one of the circles.
Now attach 2-cells along the wordsrj . The resulting space has the required fundamental
group, by Theorem V.29. Giving the 2-cells a simplicial stricture as shown in Figure
V.35 (in the case where the attaching word has length 2 in the gnerators), we give the
whole space a triangulation.o
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Figure V.35.
Corollary V.36.  The following are equivalent for a group G:
(i) G is nitely presented;
(i) G is isomorphic to the fundamental group of a nite connected smplicial complex;
(iif) G is isomorphic to the fundamental group of a nite connected eIl complex.
Proof. (i) ) (ii): This is V.34.
(i) ) (iii): This is because any nite simplicial complex is a nit e cell complex (1.34).

(i) ) (i): This follows from Remark V.30. o

Chapter VI: Covering spaces

VI.1: Definitions and basic properties

In this chapter, we will introduce an important topological construction: a covering
space of a given spac&X . Covering spaces relate to the subgroups of the fundamental
group of X . They also give an alternative method for computing fundametal groups.
In addition, they relate to Cayley graphs, which were introduced in Section 1.1 as a way
to visualise abstract nitely generated groups.

De nition VI.1. A (continuous) map p: X ! X is acovering mapif X and X are
non-empty path-connected spaces and, given any 2 X, there exists some open sety

containing x, such that p Uy is a disjoint union of open setsV, (wherej lies in some
indexing setJ) and pjV;:V; ! Uy is a homeomorphism for allj 2 J. The open setsUy

are known aselementary open sets We say that X is a covering spaceof X . Sometimes
X and X are given basepointsb and b such that p(b) = b. Then p:(X; B! (X;b)is a
based covering map
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Figure VI.2.

Remark VI.3. The indexing setJ a priori depends onx. However, we will see below
that the cardinality of J is independent ofx.

Example VI.4. The following is a covering map
R!? st
t7! et

Given x in S, take Uy to be the open semi-circle withx as its midpoint. For example,

_ 1. 1
ptUi= " ,,(n zin+3)

()

Figure VI.5.
Example VI.6. For any non-zero integern, the map
st1 st
n

z7! 72"

is a covering.
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Example VI.7. Let RP" be the set of 1-dimensional subspaces d®"*!. De ne

p:S" I RP" to be the map that sends a pointy 2 S” R"*! to the 1-dimensional
subspace throughy. For each point x in RP", p (x) is two points. We give RP" the
guotient topology from the map p. Then, provided Uy is a su ciently small open set

around x 2 RP", p 1(Uy) is two copies ofU,, and the restriction of p to each of these
copies is a homeomorphism ontdJ,. Hence, p is a covering map.

Figure VI.8.

Proposition VI.9.  Let p: X! X be a covering map. Then
1. p sends open sets to open sets;
2. for xy and x5 in X, p 1(x1) and p 1(x,) have the same cardinality;
3. p is surjective;
4. pis a quotient map.

Proof. (1) Let U be an open set inX. For eachy 2 U, we will nd an open set
containing p(y) contained in p(U). This will show that p(U) is open, as required. Let
V; be the copy ofUy) in p 1Up(y) that contains y. Since the restriction of pto V; is a
homeomorphism, p(V; \ U) is open in X. This is an open set containingp(y) lying in

p(v).

(2) The cardinality of p (x) is clearly locally constant on X . SinceX is connected,
it is therefore globally constant.

(3) Since X is non-empty, p 1(x) is non-empty for somex 2 X. By (2), p (x) is
therefore non-empty for eachx 2 X, and sop is surjective.

(4) A surjective open mapping is a quotient map. o
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De nition VI.10. The degreeof a covering mapp: X ! X is the cardinality of p (x),
forany x 2 X..

De nition VI.11. If p: X! X is acovering map andf:Y ! X is a map, then alift
off isamapfiY ! X such that pf~= f:

X
% #bp
y X
Example VI.12. Given the covering mapp:R ! S! of V1.4, the map f:1 | St

sendingt 7! €2t liftsto 21 ! R, wherefTt) = t. However, the identity map S*! S!?
does not lift. One way to see this is to suppose that a liftf:S' | R does exist. Then
f{1) = n, for somen 2 Z. From the commutative diagram in VI.11, we obtain the

following:
1(R;n)

% f~ #p
ACEEV )
However, this is clearly impossible, since 1(R) is trivial, whereas 1(S?) is non-trivial.
Theorem VI.13. (Uniqueness of lifts) Let p: X ! X be a covering map, and let

f:Y ! X be amap, whereY is connected. Suppose thag and h are lifts of f and that
9(Yo) = h(yo) for someyy 2 Y. Then g = h.

Proof. Let C = fy 2 Y : g(y) = h(y)g: By hypothesis, yo 2 C, and soC is non-empty.
We will show that C is closed, open and hence all of, sinceY is connected.

Sincep is a covering map, there is an elementary open sdf; () containing f (y), for
anyy 2 Y, and open setsV; and V, in X such that pjV; and pjV, are homeomorphisms
from Vi and V; to Ut (yy, with g(y) 2 Vi and h(y) 2 V-.

We now show that C is both closed and open.

Closed. Let y be a pointinY C. Then V;\ V, = ;. Therefore,g Y(Vi)\ h (V) is
contained inY  C. This is an open set containingy. HenceY C is open.

Open. Suppose thaty is in C. Then V; = V,. Considerg *(Vi)\ h 1(V,). On this set,
p g=p h. SincepjV; is an injection, g = h on this set. This is therefore inC. It is
an open set containingy, lying in C. So, C is open.O

Theorem VI.14.  (Path lifting) Let p: X' ! X be a covering map. Let :I ! X be a
path with  (0) = x. Given x2 p (x), hasalift ~:1 ! X such that ~(0) = x.
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Remark VI.15. By Theorem VI.13, ~ is the unique lift of  such that ~(0) = x.

Proof of Theorem VI.14. Let A be the set
A= ft21 : there exists a lift of j[0;1] starting at %g:

Then A is non-empty, since it contains 0. LetT be the supremum ofA. Pick an
elementary open setU () around (T). Pickan > Osuchthat(T ;T + )\ [0;1]
is mapped intoU (ty by . Lett=maxfO;T 5g. Let ~:[0;t]! X be a lift of j[O;1]
starting at x. Let Vj be the copy ofU () in p U (1) that contains ~(t). Then the
homeomorphismU (1) = V; speci es a way of extending ~to aliftof j([0; T+ )\ [0; 1]).
This contradicts the de nition of T unlessT = 1. Moreover it implies that A is all of | .
But ~ has then been de ned on all of [Q1] as required.o

Theorem VI.16.  (Homotopy lifting) Let p: X ! X be a covering map. LetY be a
space, and letH:Y | ! X beamap. Ifhisaliftof HjY f 0g, then H has a unique
lift H:Y 1! X suchthat HjY f Og= h.

Remark VI.17. WhenY = |, such a maph always exists, by Theorem VI.14.

Proof. Fix y2 Y. Thent 7! H(y;t) is path in X starting at H (y;0). So, by Theorems
VI.14 and VI.13, there is a unique lift to X, starting at h(y). De ne this to be H(y;t).
We must show that H is continuous. We will show this to be the case aty;t) 2 Y | for
everyt 2 |. SinceH is continuous, (y;t) has a product neighbourhoodN; (a; b) such
that H(Ny (a&;0)) Uy(y). The intervals (a;; k) cover I, and so by the Lebesgue
Covering Theorem (11.32), there is some positive integem such that [i=n; (i + 1) =n] lies
in one of these intervals &, ; by,), for each integeri between 0 andn 1. SetN to be
in:01 N¢, . We will show, by induction on i, that H is continuous onN  [i=n; (i +1) =n],
although we will feel free to shrink N to a smaller neighbourhood ofy, if necessary. Now,
for eachi, H(N [i=n; (i+1)=n]) lies inside an elementary open neighbourhootly ¢y ,).
Hence, there is an open seV, (depending oni) in X that projects homeomorphically
onto Uy (yt,) and that contains H (y;i=n). Now, by induction, HjN f i=ngis continuous.
Hence, by replacingN by a smaller neighbourhood ofy if necessary, we may assume
that HjN f i=ngliesinV;. Hence,HjN [i=n; (i + 1) =n] is the composition ofH and
the homeomorphismUy v,y = V;. In particular, it is continuous on N [i=n; (i +1) =n].
So, H is continuous onN |, and is, in particular, continuous at (y;t) as required. O

Corollary VI.18. If p:(X;0 ! (X;b) is a based covering map, therp : 1(X; D) !
1(X; b) is an injection.

Proof. If " is a loop in X based ath, then p " is a loop in X based ath. Suppose that
p[1=[p Tlistrivialin 1(X;b),andlet H:l 1! X be the homotopy relative to
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@Ilbetweenp " andc,. Now, " is alift of Hjl f Og. So, by Theorem VI.16, there is a
lift #:1 1! X ofH suchthat Hjl f Og= ". Note that Hj@! | and Hjl f 1gare
both constant maps, since the lift of a constant map is constat. They must both map

to B, since this is where®™ sends@!| Hence, H is a homotopy relative to @1 between”

and ¢,;. Thus, [']is trivial in  1(X; B) and sop is an injection. O

VI.2: The inverse image of the basepoint

Fix a based covering mapp: (X; B! (X;b).

If two loops * and “?based atb are homotopic relative to @1 they can be lifted to
paths ~and ™ starting at B. By Theorem VI.16, ~and ™ are homotopic relative to @|1
In particular, (1) = “¥1). So, we can de ne a function

1(X;b) ! p (b
(170 7):

Proposition VI.19.  For elementsg; and g, of 1(X;b), (g1) = (g) ifand only if g;
and g, belong to the same right coset ofp 1(X; D). This induces a bijection between
right cosets ofp 1(X; B and points of p 1(b).

Proof. Let "1 and ", be loops based atb such that [j] = g. Suppose that (1) =
>(1). Then 71:~ ! is a loop based ath. The map p sends this to '1:°, 1, and so
Cal2] Y=p [ 2p 1(X; D). Therefore, g; and g, belong to the same right coset
ofp (X D).

Conversely, suppose that [1] and [ ] belong to the same right coset ofo (X; D)
andso[1][2] Y2 p 1(X; B). Then 1", is homotopic relative to @Ito p °, for some
loop " in X based atb. This homotopy lifts to a homotopy relative to @ Ibetween” and
alift of 12", 1. In particular, *1:",? lifts to a loop based atB. Now, the rst half of this
loop is clearly 7. The second half is™, * because its reverse is the lift of% starting at
b. Hence, 3(1) = >(1).

So, induces an injection from right cosets ofp 1(X; B) to p *(b). We only need
to show that is surjective. SinceX is path-connected, there is a pathu from Bto any
other point x of p 1(b). Then p uis aloopinX thatliftsto u. So, ([p u])= x. O

Corollary VI1.20. A loop " in X based atb lifts to a loop based at b if and only if
[12p 1(X D).
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Proof. By de nition, " liftsto a loop based atbif and only if [']= B. But bcorresponds
to the identity coset of p 1(X; D). So, thisis equivalentto []2 p 1(X; D). O

When p (X D) is a normal subgroup of ;(X;b), the right cosets ofp 1(X; D)
form a group, namely the quotient group 1(X;b)=p :(X; D). By Proposition VI.19,
p 1(b) is in one-one correspondence with this group. Thus, one carsee' the group

1(X;b)=p 1(X: B in the points p *(b). The following procedure allows us to read o
the group structure from these points.

Procedure VI.21. Suppose thatp 1(X; D) is a normal subgroup of :(X;b). Let by
and b, be points in p (b). These correspond to elements of 1(X;b)=p 1(X: ). We
wish to nd the point p (b) (called b;:b,) corresponding to the product of these two
elements. Let™ and ™ be paths frombto b, and b, respectively. Then™; = p ™3 and
2= p T2 areloopsinX based atbsuch that ([j]) = b. To compute ([ 1]:[ 2]), we
lift 1., to a path based atb, and then by:b;, is its endpoint. Alternatively, we can note
that the second half of this path is the lift to ", that starts at b;.

De nition VI1.22. When X is simply-connected, a based covering map: (X; ) !
(X; b) is known as the universal coverof X .

In this case, p %(b) is in one-one correspondence with (X;b). This is a useful
method for computing the fundamental group of spaces. For exmple, we can compute
the fundamental group of the circle, without using the method of Chapter 1ll, which
relied on the Simplicial Approximation Theorem.

Theorem VI.23. The fundamental group of the circle is isomorphic toZ.

Proof. We know that
R1P gl

t 71 et
is a covering map, and thatR is simply-connected. So, 1(S*; 1) is in one-one correspon-
dence withp (1) = Z. We must verify that the group structure on 1(S*; 1) coincides
with the additive group structure on Z. Let n; and n, be points in Z. We wish to

compute the compositionni:n,, using Procedure VI.21. Let™ be a path from 0 to n,,

andlet ', = p 2. Then the lift of ", that starts at n, ends atn; + n,. Hence, induces

an isomorphism 1(S%;1)! Z. o

Example VI.24. The torus S' S! has universal cover
R R!” st st
(xy) 7! (™ eV ):
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Set (1;1) to be the basepointbin S* S?, and let (0;0) be the basepoint inR R.
Note that p Y(bisZ Z R R. Hence, 1(S' S%)is in one-one correspondence
with Z  Z. It is trivial to check, as in VI.23, that the additive group s tructureon Z Z
is the same as that on 1(S* S?'). This computation of the fundamental group of the
torus is an alternative to the method of V.31.

—e 2 *———

i 1 —
—e ¢ ¢ *—
DRSS

Figure VI.25.

Theorem VI.26. The fundamental group of RP" isZ=2Z if n> 1, andisZifn=1.

Proof. It is clear that RP* is homeomorphic to S?, since it is obtained by identifying

the two endpoints of the upper hemisphere ofS'. Hence, ;(RP!) = Z. So, suppose
that n > 1. By Example VI.7, there is a covering mapp:S" ! RP", which has
degree 2. Sinces" is simply-connected, the inverse image of the basepoint isiione-one
correspondence with 1(RP"). Hence, 1(RP") is the unique group of order 2, namely
Z=27. O

VI.3: Uniqueness of coverings

De nition VI.27. A spaceY is locally path-connected if, for each point y of Y and
each neighbourhoodV of y, there is an open neighbourhood of/ contained in V that is
path-connected.

Remark VI.28.  Any simplicial complex is locally path-connected.

Theorem VI1.29.  (Existence of lifts) Let p: (X; B ! (X;b) be a based covering map.
Let Y be a path-connected, locally path-connected space and ldt: (Y;y) ! (X;b) be
some map. Thenf has alift = (Y;y)! OB ifandonlyif f 1(Y;v) p 105 D).
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Proof. The necessity of the conditionf 1(Y;y) p 1(X; D) follows immediately from
the commutativity of the diagram in VI.11.

Suppose now that this condition holds. We shall construct the required lift f~ Given
apointy2Y,let beapathfromystoy. Then =f is a path in X . Lift this
to a path ~in X starting at b. De ne f{y) to be ~(1). Then, pfly)=p(1)= ()=
f (1) = f (y), and so the commutativity of VI.11 is established.

However, we must show thatf~is independent of the choice of path , and hence
well-de ned. Let 9be another path fromyp to y, and let °and ~°be the corresponding
paths in X and X. Then % !is aloop based aty,. So, f  9:(f 1) is a loop
based atb. Since [f  9:(f H=F[% P2Im(f) Imp), (f 9:(f b
lifts to a loop in X" based atb, by Corollary VI.20. This is therefore =%~ 1. In particular,
Y1) = Y1), and sofYy) is well-de ned.

We now show that f~is continuous. Lety be a point of Y, and let be a path
from yo to y. Let Ut () be an elementary open neighbourhood df (y), and let V; be the
homeomorphic copy ofUs (yy in X containing f{y). Since Y is locally path-connected,
there is a path-connected open neighbourhoodV of y that lies in f U (). Hence, for
any point y%in W, there is a path °from y to y° that lies in W. We may use : °to
de ne f{y9. Sincef (W) is contained in an elementary open set, the lift off ®is simply
f ©composed with the homeomorphismUs () = Vj. Thus, fjW is f jw composed with
the homeomorphismUs (yy = V;. It follows that f~is continuous aty. o

De nition VI.30. Two based covering space®: (X; 8 ! (X;b) and p% (X%0) !
(X; b) are equivalent if there is a homeomorphismf : (X; B ! (X% %) such that p= p%:

(X:p ! (Xon)
& »p .op°
(X;b)

Theorem VI.31. (Uniqueness of covering spaced)et X be a path-connected, locally
path-connected space, and leth be a basepoint inX. Then, for any subgroup H of

1(X; b), there is at most one based covering spage (X; B) ! (X;b), up to equivalence,
such thatp 1(X;B9=H.

Proof. Let p%(X%1) ! (X;b) be another covering such thatp® (X%%%) = H. Then,
by Theorem VI.29, p® admits a lift §% (X219 ! (X:B). Similarly, p admits a lift
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(X B ! (X%H). The following diagram therefore commutes:
xom ¥ (xp 1 (xeH)
& p® #p .o
(X;b)
Now, the composition of the mappings on the top line is a lift d p°% But id ., is also.

Hence, pp° = id y,, by VI.13. Similarly, §% = id .. Therefore, p° is a homeomorphism,
and so the coverings are equivalento

VI1.4: Construction of covering spaces

Theorem VI.32. Let K be a path-connected simplicial complex, and let be a vertex
of K. Then, for any subgroupH of ;(K;b), there is a based covering: (K; B) ! (K;b)
such that p 1(K; B = H. Moreover, K is a simplicial complex andp is a simplicial
map.

The idea behind this construction has its roots in Section VI2. There, we showed
that p %(b) is in one-one correspondence with the right cosets gbp 1(K; ). Thus,
a point of p *(b) corresponds to an equivalence class of loops based bt where two
loops ™ and “Care “equivalent' if [J[[ 12 p 1(K; B). So, if we only know the subgroup
p 1(K; B), but have no further information about p or K, we can still reconstructp *(b).
How do we reconstruct the whole ofK'? The answer is that, instead of consideringoops
based atb, we usepaths that start at b but do not necessarily end atb. The precise
construction is as follows.

Proof of VI.32. We rst de ne the vertices V(K) of K. Each such vertex will be an
equivalence class of edge paths. We will consider only edgeps that start at b, but
not necessarily ending atb. We call a path with these properties based atb. Two such
paths and areH -equivalent if there is some loop™ based atbwith ['] 2 H such that

, Where is as de ned in 1l1.23 using elementary contractions and ex@nsions.
It is straightforward to check that this is an equivalence relation. Then V(K) is de ned
to be the set ofH -equivalence classes.

We now de ne the simplices ofK". We declare that vertices inV (K) span a simplex

if and only if they have representative edge paths: (Vo;Vo); : (Vo;V1);:::; ¢ (Vo; Vn),
where is some edge path based ab and (vg;:::;Vv,) are the vertices of a simplex of
K.

De ne bto be the equivalence class of the pathlf) of length zero.
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Claim. K is an abstract simplicial complex.

We must check the two conditions in the de nition (1.17). Fir stly, if v 2 V(K'), then
v is represented by an edge path , ending at vy, say. This is equivalent to : (vo; Vo),
and so ) is a simplex of K.

Suppose that [: (Vo;Vo)l;[: (Vo;vi)l;::: [ (Vo; va)] span a simplex of K, and let
[ (vosvig)lii:o [ (vos Vi, )] be a non-empty subset of these vertices. Then, changing th
representative paths of these vertices, we may write them a$: (vo; Vi,):(Vi,; Vig)l; i1 55
[: (Vo Vi,):(Viy; Vi, )], which clearly span a simplex ofK, as required. This proves the
claim.

Claim. K is path-connected.

It su ces to show that any vertex of K is connected tob by an edge path inK". Let
[ ] be avertex of K, where = (b;h;:::;b,) is an edge path. Then [P)]; [(b;R)];:::;

Dene p:V(K)! V(K) by sending anH -equivalence class of edge paths to their
terminal point. This is well-de ned, since H -equivalent edge paths have the same ter-
minal points.

Claim. pis a simplicial map, and the restriction of p to any simplex of K is injective.

If (wo;:::wp) span a simplex of K, then, by de nition, they have representa-
tives : (Vo;Vo); @ (Vo;V1);:::; @ (Vo;Vn), Where (vo;:::;v,) span a simplex ofK. Then
has not decreased the dimension of the simplex, as required.

We need to show thatp is a covering map, and to do this, we must specify, for each
x 2 K, an elementary open setU,. We set this to be stk (x). Let cl(stk (x)) denote the
closure of the star ofx. Note that this is a subcomplex ofK.

Claim. For each vertexw 2 K, the restriction of p to cl(st, (w)) is a simplicial isomor-
phism onto cl(stk (p(w))). Hence, the restriction of p to st (w) is a homeomorphism
onto stk (p(w)).

Let v = p(w). We rst check that the restriction of p to the vertices of cl(st. (w))
is a bijection onto the vertices of cl(st (Vv)).

Injection. Let w; and w, be distinct vertices of cl(st.(w)). Then w and w; span
a simplex, and so they have representative edge paths;:(v;v) and ;:(v;v;), where
p(w;) = v; and (v;v;) span a simplex ofK. Since 1:(v;v)and ;:(v;V) both represent
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the same vertexw, they must be H -equivalent, and hence so are ; and 5. Therefore,
wy is represented by 1:(v;vy). Since we are assuming thatw; and w, are distinct,
we must havev; 6 v,. In other words, p(w;) 6 p(ws), which proves that this is an
injection.

Surjection. Let v, be a vertex in cl(stk (v)). Then, v and v, span a simplex inK . Let
be an edge path that representsv. Then : (v;v) and : (v;vi) span a simplex ofK".
Hence, : (v; V1) is a vertex in cl(st, (w)) that maps to vi.

This proves the claim.
Claim. For each pointy 2 K, pjst. (y) is @ homeomorphism onto sk (p(y)).

The previous claim established this wheny is a vertex. The point y lies in the
interior of a simplex . Let w be a vertex of . Then st (w) contains st.(y). Since
the restriction of p to cl(st, (w)) is a simplicial isomorphism onto its image, it preserves
stars. Therefore, thepjst. (y) is a homeomorphism onto sk (p(y)), as required.

We de ne, for a point x 2 X, the indexing setJ in the de nition of a covering
map to be p *(x). For y2 J = p (x), we setV, to be st.(y). We have shown that
the restriction of p to any Vy is a homeomorphism ontoU,. Thus, to verify that pis a
covering map, all we now need to do is prove the following clan.

Claim. Let y and y° be distinct points of p 1(x). Then Vy \ Vo= ;.

Suppose thatVy, and Vyo intersect in a point z. Now, by the de nition of st  (y),
there is a simplex that contains y, which also containsz in its interior. Hence, y lies
in cl(V;). The same holds fory® But the restriction of p to cl(V,) is a homeomorphism
onto its image. In particular, it is injective. It is therefo re impossible for the distinct
points y and y°in cl(V,) to have the same imagex under p.

Our nal claim, to complete the proof of the theorem, is the following.

Clam. p (KD =H.
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By Corollary VI.20, we must show that a loop = based atb lifts to a loop if and only
if [']2 H. It suces to consider the case where" is an edge loop b;h;:::; b, 1;b). The

only if the nal vertex [ '] is equal to [(b)]. This occurs if and only if * is H -equivalent
to (b), which means that []isin H. O

Theorems VI.31 and VI.32 and Remark VI.28 give the followingclassi cation of
covering spaces.

Theorem VI.33. Let K be a path-connected simplicial complex, and let be a vertex
of K. Then, there is precisely one based covering space, up to agalence, for each
subgroup of 1(K;b).

The following theorem is a very striking and beautiful conseuence. But more
striking still is the fact that, although its statement is pu rely algebraic, its proof is
topological. There do exist algebraic proofs, but none are sielegant as this.

Theorem VI.34.  (Nielsen-Schreier)Any subgroup of a nitely generated free group is
free.

Proof. Let F be the free group onn generators. LetX be the wedge ofn circles, and
let b be the central vertex. Give X some triangulation using only 0- and 1-dimensional
simplices. Then 1(X;b) = F, by Corollary V.28. Let H be any subgroup ofF. Then,

by Theorem VI.32, there is a based covering: (X; ) ! (X;b)suchthatp (X;B= H.

By Corollary VI.18, p is injective and so ((X; B = H. Theorem VI.32 states that X

is a simplicial complex, and that p is a simplicial map. Sincep is locally a simplicial

isomorphism, X can contain only 0- and 1-dimensional simplices. ThereforeX is a
graph, and so by Theorem IV.11, its fundamental group is freeno

By examining the above proof and using Remark IV.19, we can dtain an explicit
free generating set for the subgroup, as the following exame demonstrates.

Example VI.35. Let F be the free group on two generatorsx andy. Let H be the

kernel of the homomorphismF ! (Z=2Z) (Z=2Z) sendingx to (1;0) andy to (0;1).

Let X be the wedge of two circles with central vertexb. Then 1(X;b)is a free group on
two generatorsx and y, represented by loops going round one of the circles once. €h
based covering space: (X; B ! (X;b) such that p (X; B = H is shown in Figure

VI.36. Note that, in the gure, the dotted edges join up with e ach other.
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Figure VI1.36.

To see that the equalityp 1(X; B = H does indeed hold, note that a loop ] based
at b lifts to a loop in X if and only if it runs over edges labelledx an even number of
times and edges labelled/ an even number of times, if and only if []2 H. A maximal
tree T in X is shown in bold. The proof of Theorem IV.11 gives that there & a free
generator of 1(X; B) for each (oriented) edgee of E(X) E(T). It is represented by
the loop that starts at B, runs along T as far as (€), then runs over e, and then returns
to bby a path in T. For example, corresponding to oriented edge shown in the gure,
there is the loopxyx !y !. Thus, a free generating set forH is as follows:

xyx ty 1 x2: y2; yxyx 1; yx2y 1

Another interesting application of the covering space theoy we have developed is
the following algebraic result. Again, its proof is purely topological.

Theorem VI1.37. Let G be a nitely presented group, and let H be a nite index
subgroup. Then, H is nitely presented.

Proof. Let K be a nite simplicial complex, with basepoint b, such that 1(K;b) = G,
which exists by Corollary V.34. Let p:(K; D) ! (K;b) be the based covering such that
p 1(K;B = H. Then p (b) is in one-one correspondence with the right cosets dfl
in G. Since we are assumingd has nite index, p (b) is nite, and hence the degree
of p is nite. Therefore, K is also a nite simplicial complex. By Corollary V.36, its
fundamental group is nitely presented. O

Example VI.38. Let G be the group (Z=2Z) Z, which has presentationhx; yjx?i. Let
:G ! Z=2Z be the homomorphism that sendsx to O andy to 1, and let H be its kernel.
We realize G as 1(K;Db) for the 2-complex K as in V.34, and we letp: (K; D) ! (K;b)
be the based covering space corresponding téd. The 0-cells and 1-cells oK are shown
in Figure V1.39. A maximal tree is the single edge shown in bad, and there is one free
generator of the fundamental group of this graph for each of he edgesc, d and e. The
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spaceK has two 2-cells, one running overc twice, and one running overd twice. So, a
presentation for H is hc; d; §¢; d?i. Thus, H is isomorphic to (Z=2Z) (Z=2Z) Z. Note
that the generators ¢, d and e are respectivelyx, yxy ! andy? in G.

Figure VI1.39.
VI.5: The universal cover and Cayley graphs

A corollary of Theorem VI.32 is that a connected simplicial omplex K always has
a universal coverp:(K; B ! (K;b). By VI.19, the points in p *(b) are in one-one
correspondence with the elements of 1(K;b). Thus, it is possible to “see' this group
in K. This is particularly useful when G is a nitely presented group, and K is the
2-complex constructed in V.34 with 1(K;b) = G. In this section, we will investigate K
in this case.

a 2-complex with a single 0-celb, a 1-cell for each generator and a 2-cell for each relation.
Assign each 1-cell oK an orientation, so that a loop running forwards along this edye

has a universal covep: (K; D) ! (K;b). The cell structure on K induces a cell structure
on K, as follows. The inverse image obis a discrete collection of points, which we take
to be O-cells of K. Each 1-cell of K has an induced mapD! ! K. One may lift this

to D' | K, starting at any point in p (b). The union of these lifts we take to be

inherits an orientation from the corresponding 1-cell of K. Let be the 1-skeleton of
K. We will show in Proposition VI.40 that this is, in fact, the C ayley graph of G with

open disc. The inverse image of this irK is a union of open discs. These therefore yield
2-cells attached to . Hence, K inherits the structure of a cell complex. This is known

Proposition VI.40.  The 1-skeleton ofK is the Cayley graph of G with respect to the
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Proof. Recall from 1.5 that this is de ned as follows. It has a vertex for each element
of G. For each elementg 2 G and each generatorx;, there is an edge running from
the vertex labelled g to the vertex labelled gx;. We need to check that does indeed
have this form. Let b be the O-cell of K. By VI.19, the vertices p (b) are in one-one
correspondence with the groupG. Now, there are edges pointing of outb with labels

homeomorphism, we have the same picture near each pointofp *(b). Let v correspond
to the group elementg. We need to verify that the edge labelledx; starting at v ends
at the edge labelledgx;. Procedure VI.21 states that, if one lifts the loop x; in K to a
path, starting at v, the endpoint of this path is the vertex labelled gx;. Thus, the edge
labelled x; starting at g ends atgx;, as required.O

Example VI1.41. Let lx;yjxyx 'y i be a presentation ofZ Z. The resulting 2-
complex K with fundamental group Z Z is the torus. The Cayley 2-complex has
1-skeleton shown in Figure VI1.42. The 2-cells of this compbe Il in each of the squares,
and so the Cayley 2-complex is a copy of the plan® R.

Figure V1.42.

Example VI.43.  Start with the standard presentation of the free group F on two

generators, with generating setf x; yg and no relations. The associated 2-compleX is

S!S Its universal cover K is shown in Figure VI.44. The labelling on the edges
species the map K ! K, which is indeed a covering map. SinceK is a tree, its

fundamental group is trivial, by Theorem V.11 and Remark IV .19, and so it is the
universal cover ofK . It is therefore the Cayley graph of F with respect to fx;yg.
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Figure V1.44.
VI1.6: Normal subgroups and regular covering spaces

One can see that from Figures VI1.42 and VI.44 that where one faces the basepoint
in a Cayley graph seems to be somewhat arbitrary. In other wads, all points in the
inverse image of the basepoint seem to look "the same'. We canake this precise by
the following de nition.

De nition V1.45. Let p: X! X be a covering map. Then acovering transformation
is a homeomorphismt: X' ! X such that the following diagram commutes:

De nition VI1.46. A covering map p: (X; B ! (X;b) is regular if any two points of
p 1(b) dier by a covering transformation.

It is clear that the covering maps in Examples VI.41 and VI.43are regular. However,
this need not always be the case, as the following example shs.

Example VI.47. Let X be the space shown in Figure VI.48. There is a covering map
p: X! S! S! sending the vertices ofX to the basepoint of S' _ S, and mapping in
the edges ofX" using the recipe given by the edge labels. That this is a covefollows
from the fact that each vertex of X has four edges emanating from it, two labelledx
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and y pointing in, and two labelled x and y pointing out. However, it is clear that there
is no covering transformation taking the left-hand vertex of X to the central one. This
is because there is a loop labelled emanating from the former, but there is no such
loop based at the latter.

(OO

|

(X0

Figure VI1.48.

It turns out that the distinction between this example and th e earlier ones is due
to whether p  1(X; D) is a normal subgroup of 1(X;b).

Theorem VI1.49. Let p:(X; B ! (X;b) be a regular covering map. Thenp (X; b
is a normal subgroup of 1(X;b).

Proof. Let h be an element ofp 1(X; D), and let g be some element of {(X;b). We
must show that ghg * 2 p 1(X;1). There is a loop * in X based atB such that
[P 1= h. Also, there is aloop in X based atb such that[ ] = g. Then lifts to
a path ~ based ath. By assumption, there is a covering transformationt taking b to
~(1). This takes " to the loop t". Hence, : (p’): !liftsto ~ (t'):~ %, which is a loop.
Therefore,ghg *=[: (p): Yisinp 10X H. o

Theorem VI.50. Let p:(X; D) ! (X;b) be a covering map, whereX is locally path-
connected. Suppose thap (X; B) is a normal subgroup of ;(X;b). Then pis regular.

Proof. Let & be a point in p 1(b). It su ces to give a covering transformation taking b
to B°. Consider the following diagram

(X5 D
#p
x5 1 (Xb)

We claim that there is a lift t:(X: 8 ! (X;b). To prove this, we will use Theorem
VI.29. We need to know that p 1(X;8) p 1(X; 0. Let be a loop inX that
lifts to a path ~ from bto B’ Given any loop ~ based att’, <: ~ ! is a loop based
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at b So, [ L[(P)):] Y liesinp 1(X: B), by Corollary VI.20. Since p 1(X; D) is a
normal subgroup, [ 1 %[ I[Pl Y[ ] also liesinp 1(X; D). So, p]12p 1(X; D),
as required. So, the liftt exists. Repeat the argument, with the roles of &; B and
(X: B9 reversed to obtain a lift t% (X ) ! (X)) of p: (X:B) ! (X;b). We then have
a commutative diagram
xe) 1t ooy 1 (xem
& p  #p . b
(X; b)

By unigueness of lifts, the top line t% equals the identity. Similarly, tt°is the identity.
So,t is a homeomorphism, and therefore a covering transformatio. o

This is most signi cant when X is the universal cover ofX . We saw in Section VI.5
that in this case, the group 1(X;b) can be “seen' in the inverse image df. But also, as
a consequence of Theorem VI.50,1(X; b) is realised as a group of homeomorphisms of
X.

Theorems VI1.49 and VI.50 are just some initial steps in a lar@ theory which re-
lates the algebraic properties of a group with topological poperties of covering spaces,
especially the universal cover. This theory, known as geontec group theory, is a very
active and exciting eld of mathematical research. See [2]dr more information about
this subject.
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