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In my talk, | will

explore cluster algebra structure of amplitudes in N=4
Yang-Mills (which we observed experimentally)

explain how to use it to compute 2-loop all-n MHV
amplitudes

Plan
Introduction
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Cluster polylogs as amplitudes building blocks
Conclusion



2-loop 6-point MHV amplitude in N=4 SYM

R 1234)(2356)\ 1 .. [ (1246)(1345)
=) Lia <_ 1236><2345>> T (_<1234><1456>)

cyclic

+ products of Lix(—x) functions of lower weight

Goncharov, Spradlin, Vergu, AV

1. Functions: only classical polylogs degree 4 appear

Liy(z) = /OZ Lip_1(t)dlogt  Lii(z) = —log(1l — 2)



2-loop 6-point MHV Amplitude
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cyclic

+ products of Lig(—x) functions of lower weight
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1. Functions: only classical polylogs appear

Liy(z) = /OZ Lip_1(t)dlogt  Lii(z) = —log(1l — 2)

2. Arguments:



Kinematics

* Kinematics of an n-point amplitude can be
described in terms of n momentum twistors

24 a Z — ()\a, Qjad)\a) Hodges

z%//
\\\ Momentum conservation
Pa = Lq — Tg—1

* Dual conformal objects are ratios of 4-brackets

<Z]kl> L det(Z-Z-ZkZl) Drummond, Henn, Korchemsky, Sokachev
0T 14 y
 Amplitudes are functions on 3(n-5) dim space

Conf,(CP?) = Gr(4,n)/(C*)"

Null momentum

plg — (pa)gg' — pg((f’u)a_d — )\g)/j\’((ia)




2-loop 6-point MHV Amplitude
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Goncharov, Spradlin, Vergu, AV
1. Functions: only classical polylogs appear

—log(1 — 2)

2. Arguments: 9 out of 45 cross-ratios appear
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Natural questions

* Why does the remainder function contain
only classical polylogs ?

 Why do these particular arguments appear ?

(abde)(acfg) — (abfg)(acde),
(acde)(bfgh) — (bede){afgh),

 How to generalize this formula? @@

(ab(cde) N (fgh))

| will focus in my talk on 2-loops all n.

For higher loops and NMHYV: see very impressive work by Dixon,
Drummond, Duhr, Pennington, von Hippel



Coproduct )

Goncharov

To every transcendental function degree 4 associate

element of
Bs AN Bs and B; ® C*

coproduct 5

This is what characterizes the degree 4 function
modulo products of lower weight functions.

The first determines function and
the second arguments.



Symbol

The symbol == an element of the k-fold tensor
product of the multiplicative group of rational
functions defined recursively

Tk%S(Tk):R1®°”®Rk
di_ZTk dlog R; — S(T}) ZS T: )®R

log R — R; logRilog Ry — R1 ® Ry + Ry ® Ry; L12(R) —(1-R)®R

Symbol trivializes polylog identities
LZQ(SB) -+ LZQ(—LB) — %LZQ(LBQ)

_(1—ZE)®£U—(1—|—:U)®(_3;):_(1_332)@3::_ (1—562)@332

N[ —



Symbol By N Ba

* Antisymmetrize symbol

a®bRXc®d— (aAb) N (cAd)

 Theorem. Function is a classical polylog iff this is
zero. [Goncharov]

This object is an element of Bloch group 55 N\ B,



Symbol Bs ® C*

* Recall operators p» which annihilate products
of lower-weight functions.

P1 :1d7
Pl @ Ray) = pp1(@1 @ - Rap_1) Ray — pr_1(a2 @ - R a,) X a.

* Given a weight 4 polylog, use this map as follows

5(&1 X a9 X a3 X a4)‘A2 B, = ,O(CL1 X CLQ) /\p(ag X a4),
d(a1 ® az ® az ® aq)|B; gcx = plar ® az @ as) ®a4 — plas ® az @ ay) ®a1



Examples

5Li4(x)‘/\232 =0, 5{x) :{(1+Sc)/\x k=2,
5 Lia(z)|B, o0 = —{—2}3® 2 Tl ®e k> 2.

Elements of Bj are finite linear combinations of {x}
(v —

z-1)Rzy+y—-1)(z-1)yz+

1)®
-1y z-1)rz—(zy—-1)0(r-1)QrQy—
) . x" y (zy—1)Qx-1)QyQzr—(ey—1) Rz (z—1) @ z+
Symbol[L’Lg,g(m,y)— Z anQ] (zy—1)@zrzRr+(zy— 1)z x ® y+
0<n<m (zy—-1)z0y—-1)y+(zy—1)zQyQz+
(zy—-1D®y-1)®z0y+(zy—- 1)@y -1)Qy®@zs—
(zy—1)Ryxz—-1)@z+(zy—1)y@zz+

(zy-Neye(y-1) vy

OLiz o (2, y)|Bonb, = {—yl2a AM{—x}2 — {—zyt2s A{—x}2 +{—2y}2 N {—y}2,

OLiz2 (7, y)Bsec = {—2j3 @y = 2{—z}3® (zy — 1) —{—yls @+ 2{—y}s ® (zy — 1)

—{;y__xl}3®x+{xly__yl}3®y—{xy—1}s®y—{1fyxy}3®x
—{x(l_y)}3®y+{M}g(@x—i—{x—l}g@x—{y—l}g@y

xy — 1




2-loop 6-point MHV

Bg ® C* Z{xf};),@x;’—k{x;}g@x;—%{U@-}g@vi,

~ (1246)(1345)

YL (1234)(1456)
. (1456)(2356)

1 = 11256)(3456)
_ (1234)(2356)

17 11236)(2345)

BQ/\BQ

. _ {1235)(2456) .. _ {1356)(2346)
C(1256)(2345) 7 (1236)(3456) These are Fock-Goncharov
_ (1346)(2345) ~ (1236)(1245) :
= (1334) (3456) 4 = (1230)(1256)" coord.mates ff)r A3 cluster .algebra
(1256)(1346) _ (1245)(3456) as | will explain momentarily.
Y2 T 11236Y(1456)° 3 T (1456)(2345)



2-loop n-point MHV Symbol

The differential of the n-point function is expressed as

dRy = 3 Cijdlog(i—1ii+13) (A.1)
i
where C2; is the sum of the four contributions Caron-Huot
Cy; = loguzi 11 X > Z Liza(1 — ui6k-1,5+1) + log ::"?J. log z_"_ ] .
F=2 k=i i+l.k J.k—1

i-2

iy =Y A, 251, 5:i-1,4),

n
Cil = 3 AR 14j-14i-1),

F=+2

L = —2Liy(1 — zl,) ~ Lig(1 — i)logu . %logsu-{- %2 log u, (A.2)

and other C,; are obtained by cyclic symmetry. In the first line, ;41 = 2 when j = 11,
and x4 -1 = r: when k = ¢, and in the last line, v = w2 ;-1¢1. The symbol of A is
SA(1,2;7-1,7;i—1,12)

1i-4-1(2 7)3{23i;
= ( SWs(i:1,2:5-1.5)] ® Of;; ji(u))gé;?)({z;ﬁl) ~ ((E+1) - (i—h‘)))

. . - 2 . = =N Jos = N
1 B B (1238 (G —1554+12) (237} (Gi+1(2)NG) E+155<1) \
( 3S[Liz(1 — uj23,i-1) — Liz(1 — u52,1:)] ® (\123;- G—177=1ipi235+1) ) 1263+ 1) (25— 13 n 255+ 1))
2 -
(124—11) (2345) < QI+ 1IND) (i 1+ 123N (j5+1))
+IS[L12(1 - Uil 2) o Ll?(l o u) -l 1) 3 (U?'iﬁ(_t»luol]}{?..’h~zlj- (2875 +134125)+1)
) £y N

+1(2)r

S[Lli’(l U -1 l]l @
2315} \ 2 + 1(2YNE)) (13( 26— 14} 255+ 1
+15[l°8 uji-142logu;2 .~~] = (\12;{;») (2:]1‘1-] gz.?s.—(.%i)‘ia 1:+1l(£3)r{)(a_uil)-
\ —(Gi+1) = (—15)) )
) o ) {12153 (23i—12)
4 S[I:,[l;'l—l, ';J_le)] = {12i——1i>{23ij)

N | (G —15+1(512) N (Gii+1)) {1234) {23i—14)
FSlog i i loB e @ S T (12i- 10 (2364 1)

(A.3)



2-loop 7-point MHV: coproduct

o, (5(17)(23)(46)) (1234)(2357) (5(17)(23)(46))
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(a(be)(de)(fg)) = (abde)(acfg) — (abfg){acde)

Is there a math structure? How to integrate this?



Now we would like to establish a
connection between

amplitudes and
cluster algebras.



Cluster Algebras

* Cluster algebras were first discovered and
developed by Fomin and Zelevinski (2002).

* Very informally: commutative algebras
constructed from distinguished generators
(cluster variables) grouped into disjoint sets of
constant cardinality (clusters) which are
constructed recursively from the initial cluster
by mutations.

* Cluster algebra portal:

http://www.math.lsa.umich.edu/~fomin/cluster.html



Ao Cluster Algebra

e cluster variables: a,, for m € Z, subject to a,,_10,,41 =1+ an,
e rank: 2

e clusters: {am, a1} for m € Z

e initial cluster: {a,as}

e mutation: {a,,_1,am} — {am, @mi1}.

Sequence with period 5 => 5 cluster variables

14+ as _1—|—CL1—|—CL2 _1+a,1

y A4 , 5
aq ai1a a9

s}

These are the arguments in Abel identity E LZQ (—a,@-) =0
1—1

ai, dz, a3 = ,dg — Q1,07 — A1.



Ao Quiver

We can represent this using quivers and mutations
at each vertex:

1 , M1 2 M2 g 2

® e ——> o o — > o ®

1 o 1—|m—1ajg o 1—;}—;132 1—|—x51311x—;x2
U m

1 2 M1 1 2 M2 1 2

° o < — o o < o ®

xo 1 1tz T1 1tzy 1tz fx2




Quivers and Mutations

 We can define cluster algebra by a quiver:
oriented graph without loops and 2-cycles.
* Given a quiver, get a new one by mutation rule:

e for each path + - k — 4, add an arrow ¢ — 7,
e reverse all arrows on the edges incident with k&,

e and remove any two-cycles that may have formed.

1 4 1

4
For vertex 1: ® ® T7T

Y ®3 ° 3




Quivers and Cluster Coordinates

We can encode a quiver by a skew-symmetric matrix

b;; = (#arrows ¢ — j) — (Farrows j — ).

To each vertex i associate variable a;
Use matrix b to define mutation relation at vertex k

/ bz —bi
axay = H a;" + H a;, ",

ilbik:>0 ’i‘bik<0

In practice: see Keller Java program



Grassmannian cluster algebras

* Scott (2003) classified all Grassmannian cluster

algebras of finite type.
fu fis fa

\ \ Quiver for
T \ Gr(k,k+1)

v

» Amplitudes are functionson G7(4,n)/(C”™)

 We have 3 x (n-5) initial quiver (k=4, I=n-4) with
initial cluster variables which we then mutate to
obtain all cluster coordinates.




Examples: n=6 & n=7

Fomin, Zelevinsky, Scott

Quivers for cluster algebras of finite type can
be turned into Dynkin diagrams by mutations

(12)

\

(13)

(14)

(15)

NN N

(23)

(34)

(45)

(56)

(167)

Gr(4,6) = Gr(2,6) — As

Gr(4,7) = Gr(3,7) — Eq

(124) =<— (247) —— (5%6,7x2,3x4) <—— (3x4,5x6,7x1) —= (157)



A and X-coordinates

In previous examples, initial clusters were
labeled by Plucker coordinates < 4 ...7, >

These are called A-coordinates.

They are not invariant under rescaling of
individual vectors.

Instead define X-coordinates for each
“unfrozen” node: b;; Fock, Goncharov
Xz' — a.- .
l l J
J

cross-ratios

Mutation at vertex k:  fx;, i =k,
T X@(l _i_ngnbikz)bik’ Z# k ’



2-loop 6-point & Ag cluster algebra

Start with quiver. Generate all coordinates by
mutations. Mutation generates 14 clusters.

(13),(14),(15),  (14),(15),(24),  (13),(15),(35),  (13),(14), {46),
(15),(24),(25),  (14),(24),{46), ~ (15),(25),(35),  (13),(35),(36),
(13),(36), (46),  (24),(25),(26),  (24),(26),(46),  (25),(26), (35),
(26), (35), (36), (26), (36), (46).

15 A-coordinates: 6 fixed <ii+1>; 9 unfixed <ij>

15 X—coordinates: v, =7(3,5,6,2) vs =7(1,3,4,6) vy =7(5,1,2,4)
. (i) (kD) zf =7r(2,3,4,1) s =1(6,1,2,5) s =1(4,5,6,3)

r(i, g, k1) = ~ Gk () 7 =1(1,4,5,6) z, =7(5,2,3,4) zy =1(3,6,1,2)

, er =1(1,2,3,5) es =1(2,3,4,6) es =1(3,4,5,1)

(i) = Jy€ishtmn (klmn) es =1(4,5,6,2) es =1(5,6,1,3) es = 1(6,1,2,4)

Note: The top 9/15 are exactly the arguments
in 2-loop 6-point amplitude!

with Golden, Goncharov, Spradlin, Vergu



Geometrically: Stasheff polytopes

* Unfrozen vertices of rank r cluster algebras =
vertices of (r-1) simplex.

 Mutating we get new (r-1)-simplex sharing (r-2)-
face of the initial one.

* Glue them together. Do all possible mutations to
obtain a polyto%e. As

o
5N

9V,21E 14F

| 14V,21E9F

9F=35+6P



Eg cluster algebra

e 49 A-coordinates: 35 Plucker (ijk)
brackets @x23xs5x6.  (1x23x45x7) 4+ cyclic =14
(1x2,3x4,5x6)=(512)(634) — (534)(612)
 Mutations generate 833 clusters

* [vg Stasheff polytope: 833 V, 2499 E, 2856
F2 (1785S+ 1071P), 1547 F3

* Analyzing all quivers: 385 X-coordinates
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Poisson bracket

e There is a natural Poisson bracket on X-coordinates
in a given cluster:  {X,, X;} =0, X, X}.

e |tisinvariant under mutations.

 Geometrically: coordinates have Poisson bracket

+1 0

{LL’l + 29 + L1, . . }

/ \ {opay,. ) —— {lfry,.. )

{xo(14 1) /21,...} {o1(14 29)/x0,...} |. 7
\ /




2-loop 7-point and L/g Cluster Algebra

All {$}2 and {$}3 in coproduct for 2-loop 7-points
amplitude are cluster X-coordinates forE6 cluster
algebra

Out of 385 only 231 appear in the amplitude.
What is the criterion?? [Note: 9/15=231/385!]

For each {z:1}2A{2:}» 21 and x2 are in the same
cluster. Appear in pairs with zero Poisson bracket.

A?B; is a sum of 42 squares of Eg Stasheff
polytope.

with Golden, Goncharov, Spradlin, Vergu



Cluster Polylogarithm

In order to find the corresponding function, we
need to find a function whose coproduct can be
expressed entirely in terms of cluster

coordinates Lia(-x) Lig(1+x) X

6Liz2(,Y)|Byrsy = {—v 2 AM{—2lg — {—2y}2 A {—2}e + {—zy}2 A {~y}2,

0Liz 2(7,y)|Bswcs = {—x}3 @y —2{—x D) —{-yhs@r+2{-y}3® (zy — 1)

11—z
—{ } KT+
xy—1])4

{5

X
®y—{£6y—1}3®y—{1_yxy} ®x
3

RQr+{r—1}30z—{y—1}3®y




From coproduct to functions

Given by € /\232 and bs; € By ® ("
function f4 with these coproduct components exists iff

6 f4 = 8(baa) + (b31) =0

/ \ S({x}2 AMyde) = {2} QU +y) Ay — {y} QU +2) Az
\ / d({z}s ®y) = {z}2 Rz Ay.
By @A2C*



Ao Cluster Polylogarithms

Make an ansatz that the coproduct is a general linear
combination of the available x-coordinates, and then solve:

5
0| > ai{mita Azt +big{zi}s@a; | =0

2,]

There is a unique solution!



Ao Cluster Polylogarithm

5
[y ZJLQ,Q(%', Titj)

1,]
1. [z 1/, (1+z . (z(1+vy)
L — “Ligs (=, —y | +2 (L L
22(x,Y) 5122 <y’ y) +6< 14( o )+ 14 (y(1+$)

1 1+ 1 1+ 1 & 1+
— | Li —Li —Lis | — |1 —
o5 (e () o (55y) )+ (5 s () - o

5%
0far(m1,22)azm, = > H{wita A {zigs}o,
i =1
5%

6 fas(21,22) By e =5 ) ({ig1}s ® 25 — {zi}s ® zit1)
1=1




As Cluster Polylogarithm

Recall that 55 /\ B5 derived from the
amplitude side only has pairs with Poisson bracket
zero, which is an additional constraint, and leads
to a particular combination of pentagon functions.

(o + 1) (x17973 + 23 + 3 + 1)
3 s T2 =1/73 v = T179

122 + 22+ 1 r3+1
x21 = (x122 + 22 + 1) 23 To9 = 2 2 vg = 5
r1 Z2T3
Tox3 + x3 + 1 Tox3 + a3+ 1
r31 = T3 = vy = (x1 +1)x2 (4.1)
X1 — T2 — I3 2 T1%273
oy  T1%203 + L2235 + T3 + 1 oy — 1 o (x1 4+ 1) zoz3
! (:1?1 —|—1) T2 2 (:U2—|—1) xs 3 3+ 1
e_$2—|—1 or — 1’1($3+1) e
4 T1T2 > T1Tox3 + Tox3 + x3 + 1 6 Z:

{zi1,2i2} =0, {ei,eirat =1, {vi,zix1a}=FL, {ei Tit14}=—1,



Cluster Polylogarithm

6
fas = %Z(—l)ifA2(ei, 1/€it2)

i=1
3
6faslnzp, = ) _{winte A{wia}o
1=1

All non-trivial degree 4 cluster functions forE6 are
linear combinations of A3 functions

D. Parker and A. Scherlis



2-loop 7-point amplitude

<1357>>
(1345)
1234 <1456>>
1246) (1345)

(1245)(1567) (1235)(1456) (1234)(1257) (1345)(1567) (1235)(3456) (1234)
1343 (1257)(1456) * (1256)(1345)° (1237)(1245) | T :f 1357 }(1456) * (1356)(2345) * (1237)
)

)

<

(

1, [ —$1234)(1256) . (1234)(1257) 1 o azsayssn) Lol (¢
_L14 <_ (1236><1245>> - L14 <_ <1237><1245>> — §L14 <_ <1237><1345>) — §L14 <—<

+ dihedral + parity conjugate + products of terms of lower weight.

with Golden, Spradlin, Paulos

Cluster polylog functions are building blocks
necessary to write down
all-n function for 2-loop MHV.



Conclusion

We have advocated the study of cluster structure of
N=4 YM amplitudes.

We can use this structure for advancing
computations.

Many questions remain: cluster structure @ loops,
other helicities, strong coupling.....

very impressive explicit results by Dixon, Drummond, Duhr,
Henn, Pennington, von Hippel & Basso, Sever Vieira

Connection to the integrands: cluster structure also
appeared in on-shell diagrams
[Arkahi-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, Trnka]



