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Tree Amplitudes

11 dz
.A(kl,kg,...,k/\/): 7{ \UN(Z, k,é) - dw,
Jo ‘];/[4 fa(z, k)g(zaZaJrl)z/
O encircles the zeros of f,(z, k),
ka - kp _ _
fa(z, k) = Z =0 The Scattering Equations
Za — Zp
beA
b+#a

(Cachazo, He, Yuan 2013) ... (Fairlie, Roberts 1972)

=0, > k=0, A={1,2,...N}
acA

DG proved A(ki, ka, ... kn) are ¢3 and Yang-Mills gluon
field theory tree amplitudes , as conjectured by CHY.



Mobius Invariance 7, — 9zatB

. / 1
Alk, ko, ... k) = 7{0 Wn(z, k’e)ag\ fa(z, k) QE\ (z

H fo(z, k) k = (a1 - 2)(@ - ) - 21) g fo(z, k)
(06 — B0
—>H (vz, +52 o fa zk

a#1,2,N
Wy (z, k, €) is Mobius invariant,
Wy =1for ¢, Wy =[],ca(2za — zat1) x Pfaffian for Yang-Mills

The integrand and the Scattering Equations are Mobius invariant
(CHY).
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Massive Scattering Equations f(z, k) =0, k2 = m?

N

m

U(z, k) = H(za — zp) keko H(za — Za41)” 2 is Mdbius invariant,

a<b acA
ou ~ ~ ka : kb m2 m2
S RU, Rzk) =Y + * ’
oz, a 2(2, k) £~ 25— 2 2(za — zat1)  2(2a— 2a-1)
b#a

_ o =~ (yza+0)?

lying f(2) = fo(2) .
implying f,(z) — fi(2) (a6 — B7)

The infinitesimal transformations 0z, = e€1+€pz; + 6325,

ou ~
U(z+ dz)~ U(z) + a—z&a, so the f; satisfy the three relations
a

Y h=0, Y zfi=0 > Z2f,=0.

acA acA acA
There are N — 3 independent Scattering Equations ?a =0.
Fixing z1 = 00,20 = 1, zy = 0, there are N — 3 variables,

and generally (N — 3)! solutions z,(k). f = f when m? = 0.



Total Amplitudes
For example, N = 4,

AT (kg ko, k3, ka) = g2< fabefecd = + fbcefead © 4 Fraefobd — )
= g2((tr( Ta Tb TcTy) + tr( Td T TpT,)) A(1234)
F (tr(TaTeTaTo) + tr(To Ty T Ta)) A(1342)
 (tr(TaTaTpTe) + tr(TeTp Ty T,)) A(1423)>,

ne = (61 c€a(ki—ka)o + 261 - kpeag, — 262 - klela)
(€3 - ea(ks — ka)® + 2€3 - kaeq — 2¢4 - k3e3)
+ (61 : 6362-64 — €1 " €4€2 ¢ 63) S,
A(1234) = = + — s=(k+ k) t=(k+ k)’ u= (ki + ks)?
A(ky, ko, k3, kq) _A(1234).



A Single Scalar Field, Massless ¢3

A single massless scalar field, Wy = 1.

11 dz
A?(ki, ko, ..., ky :f 2 dw
( ) Oal;[q fa(za k) gq(za_za-&-l)Z/

1 1
A?(ky, ko, k3, ke) = §+E’

Atotal — A¢(k1, k27 k3’ k4)+A¢(k1’ k3, k27 k4) —+ A¢(k1, k47 k27 k3)
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Proof of the Formula of CHY for Massless ¢3

A2(C) = A% (kiy ko + Clo ks, k1, kn — CE),

For (> =0 - ky = (- ky = 0, these shifted, ordered field theory tree
amplitudes have simple poles in ¢, and A% w(¢) = 0as { — oo.

Z ResC A

The poles ¢; occur where (7$,)? = 0 or (7r,§,) =0, ie at
C=5m/2mm-L=CL, and ¢ = —5,,/27m-L=CR, 3<m<N-1,

with residues given by

¢ _ m cm 1
Rescr Ay = Af(ki, k3™ k3, ..., km—1, — )27_rm'£
x A? (7, k k kéﬁ)
N—m+2 7Tm, my -y KN=1, Kpp )y
Tm=—ky—ks—...—k Tm = —km — k3 — ... = kni Sp = T, S = Th,.



A% (ky, ko, - .. k) = A% (C = 0)

N—-1
2T m - b ® 27rm -f
=2 E R A R A
|: . eSCILn N eSCR :| *

m=3

which determines A?(ky,...ky) for N > 3 from A?(ky, ko, k3) = 1.

Our proof is to show A? = A? satisfies .

H N 1 N — N—-1 dZa
]{ 1—23 ZN 1 1;[1;[ _Zb)2£[3fa(z,C)

A pole at (R comes from the integration region z, — 0,
m<a<N-1. Let z; = X3Zm, Zm — 0,



N—-1 m—1 N—-1
[1,=3 dza= [[.55 dza dzm [[o= i1 dXas

m _¢R 1
Rescr Ay = A% (ki, ks™ k. ... km—1, — 7 s
‘ R !
X A%_m_i_Q(ﬁ-fn’"‘ /(,.n7 ey kN—l: k/i[m);

Similarly for RescéA,‘o\,.

So proving the formula for A?(ki,. .., ky) by induction.



Proof for Pure Gauge Theory

[ % i (= 2) 77 17 2T 92
AM ~ po, 1la a -
W) " (1—2z3)zn—1 bll g(z i g fa(z,C)

where the only difference from the scalar case is W¢,, which is
related to the Pfaffian of the antisymmetric matrix My with the
2nd and Nth rows and columns removed,

N
Vg = (—1)NPf Mpn(z; kS, GC)(ZN) H(Za — Za+1),

a=1

detM = (Pf M)?,
=T =2(C/ko - kn)kn, €5~ =6 €5,

P=0-k=0-ky=0,0-71=2.

Y|



All singularities in W%, are canceled by the numerator. W§

factorizes at the poles in the integrand, (,e;R, since the Pfaffian
does. As z,, — 0,

Pf MN(kl, ey kN; €1,.---,EN;Z3,... 7ZN—1)(2,N)
~ Z Pf, Mm(kl, ey km—l; —TTm; €1,...,€EM-1, 65; Z3, ... 7Zm—1)(2,m)

- . s .
X P MN_m2(Tm, Kms - KNG €55 €my v v €NG Xmt1s - - 5 XN-1)(1,N—m+-2).
and
N—-1 m—2 N—-1
N—m
H (Za - Za+1) — Zm—1Zm, H (Za - Za+1) H (Xa - Xa+1)
a=2 a=2 a=m

This demonstrates that A}(¢ = 0) satisfies the BCFW recurrence
relation, so that A™(k,... ky), computed from the scattering
equations, are equal to the Yang Mills field theory tree amplitudes.



Equivalence between
Twistor String Equations and the Scattering Equations

4-dimensional momenta kjog = TaaTaa, 1< a<N;a,a=1,2.
{aeA:a=ieP,rec N, m+n=N}, p,=z.

Link variables ¢j, = % satisfy:

o __ . o b — T
T = Zre/\f CirTtyy,  —Tra = ZIEP TiCir-

k,’ . kb A, /‘r u, ur] <7T,',7Tj>[77',’,7?j]
2 = + —— =0

J

Similarly >, ’kz” =

Zr

2ky - ki = (T2, T6) [Fa, Tp];  (Tay Tb) = TaaTh, [Ta, Tb] = TaaTh



Polynomial Form for the Scattering Equations

For a subset U C A,

kUEZka, ZUEHZba

acu beU
then the Scattering Equations
ki - k
e g
bea 22 4b

b#a

are equivalent to the homogeneous polynomial equations

Y kjzy=0, 2<m<N-2,

UCA
|U|l=m
where the sum is over all # subsets U C A with m elements.
ml(N—m)!



Proof of the Polynomial Form of the Scattering Equations

acA a
ks - k 1 1 ka - k
2 a " "%b b
= = — :O
P() ;(Z—Z)(Z—Zb) 222—2 bz#a(z — 2p)

20°(2) [[c—2) = D 2ka- ko [J (2= 2)

ceA a,beA cEA

c#a,b
N—-2
=2 MY ) k=0
m=0 UCA ScU
[Ul= |S|=2

where U={be A:b¢ U}. Using > 5.y k3 = k2 = k?, then
[S|=2

m—ZUCA kUZU—O

[U|=m



The Scattering Equations are
the Unique Polynomial Equations that are Mobius Invariant

L_; denotes the generator of translations,

Z 90 Lohn= ~(N=m—1)hp_1,

acA

Ly, special conformal transformations

2 d L1 i"Im = (m — 1);’m+1,

acA

Lo, scale transformations

Zza N L= N = m)B,
acA
so that [Ll, L_l] =21y, [Lo, Lil] = Flyq.

The hy, 2 < m < N —2, form an (N — 3)-dimensional multiplet of

the Mobius algebra, i.e. a representation of ‘Mobius spin’ 1N — 2.

The equations hp(z1,...,2,) = Y vca kjzy = 0 determine a
|Ul=m

discrete set of points (up to Mobius invariance).



z1 — 00, 2o fixed, zy — 0,

Amplitudes in terms of Polynomial Constraints

N—2
Z,dZ511
AN:%‘UNZI() H H (Za_zb)H%.
hm(z k) 2<a<b<N-1 =2 (za = Zat1)
. Fm+1 1
hm = leinoo 71 B m! Z klalu-amzalzaz oo Zay, L= m<N-=3,

a1,an,...,am#1L,N
aj uneq.

The N — 3 polynomial equations h,, = 0, of degree m,
linear in each z, individually,

are equivalent to the Scattering Equations.

By Bézout's theorem, they determine (N-3)! solutions for the
ratios of the zp, ..., zy_1.



Solutions to the Scattering Equations

N =4

hy = k3zo + k2,23 =0,  z3/z0 = —k% /K% = —ky - ko /ky - ks.

N=5

h1 = k12222 + k123Z3 + k12424 =0,
hy, = k12232223 + k12242224 + k1234Z3Z4 =0,

eliminating z, yields a quadratic equation for z3/z.
This can be written as

h1  ho
oh  ohy| = 0.
822 822



N=6 write (x,y, z,u) = (22, z3, 24, 75)

hy = kiyx + kisy + kiyz + kis =0,
hy = kiyaxy + kipgxz + kisayz + kiysxu + kizgyu + kiyszu = 0,
hs = kiys4xyz + kipasxyu + kipgsxzu + kisesyzu =0,

eliminating x, y yields a sextic equation for z/u.
This can be written

hh hy hs 0 0 O
W hf 0 0 0
oo R b h hs

YRy Ry Ry R RS 0,
0 0 0 K h
0 0 0 m B
A 2,
e = 8— Y 0 etc.



The one-loop Scattering Equations

_ 1 o' (V) + ¢ (va)
pH =Y Ky —va) = K Y kP AEel

where pt = k¥ + Z kb ((va).
acA
P#(v,T) is defined on the torus,
Pi(v+1,7) = PMv+7,7) = P*(r,7), when >~ _, kb = 0.
P(v,7)? has no poles when k2 = 0 and
fo=p-kat > ki kyC(va—w)=0, acA
bEA,b#£a
Then P(v,7)? = k? is a constant. For modular invariance, k? = 0.
ZaEA fa=0.

The one-loop Scattering Equations are the N equations:
f, =0, k? = 0.

see also Adamo, Casali and Skinner 1312.3828 [hep-th],
Gross and Mende, Nucl. Phys. B 303, 407 (1988).



Review of Elliptic Functions: Functions on the Torus

The Weierstrass p(v, 7) function,

p(v+1) = p(v), p+T1)=p(),
o 7 _ 00, 7)
p(y)_—c (V)v C(V)* 60/1(077_)’

(v+1)=<Cw)+2n(r); (v +7)=((v) = 2mi+ 2n(7)T

+2n(r)v, n(r) =

Modular Properties:

C(V>T+1):§(V77-)a C(;a_;):TC(V’T%
DT ) =), p(L 1) =7 g,
Gt =g, dE -t =g,



The Polynomial Form of the one-loop Scattering Equations
For a subset U C A,

kUEZkéh pUEprh

acU beU

where pp, = p(vp, 7), then the one-loop Scattering Equations

©'(va) + ¢'(vp)

o) —os) O

1
fo=k kat 5D ke ko
b#a

are equivalent to the one-loop polynomial equations

Am= Y kekgpu+ s D D ka-kuphou=0, 1<m<n-1

|Ul=m |Ul=m—1acU



Ay

Az

—Zk-kapa:O,
a

1
=Dk kapapp+ 5> ka kelhon =0,
a#b a#b

_% Z k- kapa@b@c + % Z

a,b,c unequal a,b,c unequal

etc.

ka - kpphpppe =0



Proof of the Polynomial Form of the one-loop Scattering Equations

For Mima = ju=m pu, 1<m<N-1, Moa =1,
UZa

22’:1 Mmafs =Am, 0<m<N-1, Ao= 3, k - ka,
so that f; = 0 implies A, = 0.

The inverse matrix is

Mom = (=1)"0) =" [1psa(pa — o)~ " implying

fay

N—
fa - 2 Ma_nly-Ama

=0

so that A,, = 0 implies f, = 0.



Equivalent Polynomial Form of the one-loop Scattering Equations

'D2(V’ T) H(@_ @c)
=> k- ka(p' + 05) [J (9 — 9c)

c#a
1
4 D ke ku(9/ + 000 + ) [ (0 0)
a,b c#a,b
Ny N—-1
_ @, Z pN—m—1~Am(_1)m—§—1 + Z pN—m—1lf:‘)m(_1)m
m=1 m=0

=0



where

Bo= 3. Y kkahout > Kou—2 Y Keu+ L D Kou

Ul=m 2T |U=m+2 |U[=m Uj=m—1

—% SN ke kephobous

|Ul=m—1a4 bcU
=3 Mmaplfy =0, 0<m<N-1.
a

And inverting,
N-1
afs =Y My Bm
m=0
Thus either (a) A, =0, or(b) Bn =0, implies f, =0, a € A.

Since f, =0, a € A, implies both (a) and (b),
it follows that (a) implies (b) and vice versa.



Comments

The polynomial form of the tree level Scattering Equations
facilitates computation of their solutions z,(k), due to the linearity
of the equations in the individual variables z,. Bézout's theorem
provides an explanation for the (N — 3)! solutions.

The Scattering Equations are the unique polynomial equations that
are Mobius Invariant.

The Scattering Equations can be generalized to massive particles,
enabling the description of tree amplitudes for massive ¢3 theory.

The proofs make it certain that the Scattering Equations approach
is equivalent to gauge field theory at tree level.

The polynomial form of the one-loop Scattering Equations is given.



