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There are many technics to compute amplitudes in field theory

» On-shell (generalized) unitarity

On-shell recursion methods

twistor geometry, GraBmanian, Symbol,. ..
Dual conformal invariance

Infra-red behaviour (inverse soft-factors, ...)
amplitude relations,

String theory,. ..

v

v

v

v

v

v

These methods indicate that amplitudes have simpler structures than
the diagrammatic from Feynman rules suggest

The questions are:
what are the basic building blocks of the amplitudes?
Can the amplitudes be expressed in a basis of integrals functions?
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Part |

One-loop amplitudes

Pierre Vanhove (IPhT & IHES) Elliptic polylogarithms 23/09/2014 3/37



The one-loop amplitude

» In four dimensions any one-loop amplitude can be expressed on a
basis of integral functions [Bern, Dixon,Kosower]

L

= Z Cr Integral, 4 Rational terms
E
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The one-loop amplitude

» The integral functions are the box, triangle, bubble, tadpole

» The integrals functions are given by dilogarithms and logarithms

V4
Boxes, Triangles ~ Lis (Z) = —J log(1 —t)dlogt
0

V4
Bubble ~ log(1 — 2) :J dlog(1—1)
0
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The one-loop amplitude

This allows to characterize in a simple way one-loop amplitudes in
various gauge theory

» Only boxes for N = 4 SYM for one-loop graph
» No triangle property of N = 8 SUGRA [Bern, Carrasco, Forde, Ita, Johansson;

Arkani-hamed, Cachazo, Kaplan; Bjerrum-Bohr, Vanhove]

» Only box for QED multi-photon amplitudes with n > 8 photons

[Badger, Bjerrum-Bohr, Vanhove]
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Monodromies, periods

» Amplitudes are multivalued quantities in the complex energy plane
with monodromies around the branch cuts for particle production

A

» They satisfy differential equation with respect to its parameters :
kinematic invariants s, internal masses 1, ...

» monodromies with differential equations : typical of periods
integrals

Pierre Vanhove (IPhT & IHES) Elliptic polylogarithms 23/09/2014 5/37



A one-loop example |

P1

D2

p3

We consider the 3-mass triangle p; + p> + p3 = 0 and p? # 0

d*t
L+ py)2(0— p3)?

2 2 oy
I (p3, P53, P3) JIR13 @

Which can be represented as

| J axdy
T e (PR + PRy + PB) (xy + X + y)

Pierre Vanhove (IPhT & IHES) Elliptic polylogarithms 23/09/2014 6/37



A one-loop example Il

and evaluated as
D(z)

1
(P + P35 + P§ — (P%P5 + P53 + P5p3))

IDZ

zand Z roots of (1 — x)(p5 — xp5) + p5x =0
» Single-valued Bloch-Wigner dilogarithm for z ¢ C\{0, 1}
D(z) = Jm(Lib(z)) + arg(1 — z) log |z|

» The permutation of the 3 masses: {z,1 — Z,
this set is left invariant by the D(Zz)

1

NI =
N[=
—
-
N
| ‘NI
NI
—

» The integral has branch cuts arising from the square root since
D(z) is analytic

Pierre Vanhove (IPhT & IHES) Elliptic polylogarithms 23/09/2014 7137



The triangle graph motive |

J axdy
b=1_, 2 2 2
20 (PIXx +poy +p3)(xy + X+ )

The integral is defined over the domain A = {[x, y, z| € P? x, y,z > 0}
and the denominator is the quadric

Co == (PiX + P5y + P52) (XY + X2 + y2)

LetL={x=0lu{y=0lu{z=0land D={x+y+z=0}UC,

axdy
2 2 2 €
(PTX + p5y + P3)(xy + X+ )

H:= H?>(P> - D, [\(LUC,)NL,Q)

We need to consider the relative cohomology because the domain A is
not in H-(IP? — D) because 0AMN # ()
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The triangle graph motive Il

Since 0AN C. ={[1,0,0],[0,1,0],[0,0, 1]} one needs to perform a
blow-up these 3 points.

One can define a mixed Tate Hodge structure [z1och, kreimer] with
weight WoH < WoH < WyH and grading

g?H=0Q(0), gr'H=0Q(-1)°  grl'H=0Q(-2)

% 0 0
1 0 0 |
(ng (z) 2in 0 ) O O 0

—Lip(z) 2imlogz (2im)? ]> j> j>

» The construction is valid for all one-loop amplitudes in four
dimensions
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Part Il

Loop amplitudes
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Feynman parametrization

» Typically form of the Feynman parametrization of a graph I

» A Feynman graph with L loops and 1 propagators

un—(L+1)3

Ir xrjém - x)

0 = (U mPx — F)n-Lz

n
H dX,'
i=1

» 1L and J are the Symanzik polynomials (1t zykson, zuber]

» 1l is of degree L and J of degree L + 1
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Feynman parametrization and world-line formalism

» Rewrite the integral as

/ JOO 6(1 — ZI 1 X;) H?:1 ax;
r & D D
0 (X ;mPx— F)-Lz Uz

» U = det Q is the determinant of the period matrix of the graph

‘ QT4 ‘

(b)
» The period matrix of integral of homology vectors v; on oriented
loops C;
Qjj = jg vj
Ci
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Feynman parametrization and world-line formalism

» Rewrite the integral as

I o r’ 5(1 —Z,n:j X;) ) [T ax

o (X, mix;—F)"t2 uz

» U = det Q is the determinant of the period matrix of the graph

(a) (b) (c)

0 B T+ T5 T3
2007\ T3 To+Ts
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Feynman parametrization and world-line formalism

» Rewrite the integral as

Ik o JOO S(1—=XLyx) TILdx
o (X, mPx _Fyn-Ltyoyz

» U = det Q is the determinant of the period matrix of the graph

Tl‘ @ ) ‘

(b)

i+ 715 I 0
-O-S(b) = T To+ T3+ Ts+ Tg T3
0 T3 T3+ Ty
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Feynman parametrization and world-line formalism

» Rewrite the integral as

Ik o JOO S(1—=XLyx) TILdx
o (X, mPx _Fyn-Ltyoyz

» U = det Q is the determinant of the period matrix of the graph

‘ @T4 ‘

(0)
Ti+Ta+ Ts Ts Ty
_0.3(0) = Ts To+T5+ Tg Ts
Ty Ts T3+ T4+ Tg
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Feynman parametrization and world-line formalism

» Rewrite the integral as

0 (X ;mPx; —F)n-Lz Yz

- F = Y t<rs<nkr - ksGlxr, xs; Q) sum of Green’s function

Dr

Pn
G109 x5 L) = — [xg — x4+ K260
rr ASy - 2 S r 2 T .
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Feynman parametrization and world-line formalism

» Rewrite the integral as

0 (X ;mPx; —F)n-Lz Yz

- F = Y t<rs<nkr - ksGlxr, xs; Q) sum of Green’s function

=

1 L+ T Xs — Xr)?
(Xr,Xs;Qz):—é\Xs—x,H_ 2 3 (Xs — Xr)

2 (TiTo+ T4 T3 + ToT3)

2—loop
Gsame line

2 P 2
2—loop - 0,) — _1 T3(Xr + Xs)° + Tox;y + Ty X3
Gt ine Xr: Xs: 2] 2 (Xr +x5) + 2T+ Ti T3+ ToT3)
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» A Feynman graph with L loops and n propagators

D
—(L+1)3

/FCXJ 1—ZX,
0

i=1 uZIITIZXI

= 0 de,

» [Kontsevich, zagier] define periods are follows.

P e Cis the ring of periods, is z € P if Re(z) and Tm(z) are of the

forms
J f(x;)
A€ER” g(x;)

with f, g € Z[xq,- -+, x5 and A is algebraically defined by polynomial
inequalities and equalities.

j < 00
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» [Kontsevich, zagier] define periods are follows.

P e Cis the ring of periods, is z ¢ P if 9%ie(z) and Jm(z) are of the
forms

f(x;)
! dx; < oo
JAGIR" g(x;) /1—! :

with 7, g € Z[xq,-- -, x,] and A is algebraically defined by polynomial
inequalities and equalities.

» Problem for Feynman graphs 0A N {g(x;) = 0} # ()
» Generally the domain of integration is not closed 0A # ()

» Need to consider the relative cohomology and perform blow-ups

[Bloch, Esnault,Kreimer]
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Part IlI

The banana graphs
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the two-loop sunset integral

m
K meo K‘
w
We consider the two-loop sunset integral in two Euclidean dimensions

given by

2 O‘J a2, 020,
© 7 Jre (2 + m2) (G + m3) (84 + tp — K)2 + mB)

> Related tO D — 4 by dimenSion Sh|ft|ng formula [Tarasov; Baikov; Lee]

» Expression given in term of elliptic function (Laporta, remiddi; Adams, Boger,

Weinzeirl]
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the two-loop sunset integral

If you are interested by the value of the sunset integral in four
dimensions: use the relation between Feynman integral in various
dimensions [Laportal

1-2¢
m? a a
JE2¢ (K2, mP) = 16n* 2T (1 + ¢)? <u2 ) (5+ ~tapt O(e))

€2
2 - 3
2 7 8
o 18—t
o (t321)(t 9) d 13t — 72
. — _ g2 -
a = > (1+(t+3)dt)J@(t)+ 58

Pierre Vanhove (IPhT & IHES) Elliptic polylogarithms 23/09/2014 17 /37



the two-loop sunset integral

The Feynman parametrisation is given by

o dxdy
6= 1.0 72 > > Koy | ¢
20 (mix +myy + m3)(x +y+xy) —Kexy  Jo
» One has the remarkable representation
o 3
2 =22 Jo X Ip(Vtx) H Ko (m;ix) dx

i=1
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the two-loop sunset integral

The Feynman parametrisation is given by

52 _J dxdy _J o
° oo (mEx +mgy + mi)(x +y +xy) —K32xy o

» The sunset integral is the integration of the 2-form w

zdx N\ dy + xdy N\ dz + ydz /\ dx
w = €
As(x,y.2)

H?(IP? — & 42) J

» The graph is based on the elliptic curve €2 : Ac(x,y,z) =0

As(x,y,z) == (mix + may + m5z)(xz + xy + yz) — K®xyz. J
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the two-loop sunset integral

The Feynman parametrisation is given by

72 J dxdy J .
o e (m$x+m§Y+m§)(X+y+Xy)—K2xy7 o

» The sunset integral is the integration of the 2-form w

o zdx A\ dy + xdy /\ dz + ydz /\ dx € H2(P? — & 42)
Ao(X,y.2)
» The domain of integration D is
D::{[x:y:z}ell’2|x20,y>0,z>0} J
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the sunset graph mixed Hodge structure

» The elliptic curve intersects the domain of integration D

DN{As(x,y,z)=0}={[1:0:0],[0:1:0],[0:0:1]}

» We need to blow-up work in I’ — ¢ .
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the sunset graph mixed Hodge structure

» The domain of integration D ¢ H.(IP? — € .2) because 0D # ()

v

Need to pass to the relative cohomology

\{

If P — 1P? is the blow-up and & - is the strict transform of €,

\4

Then in P we have resolved the two problems

DNEe=0; DeHo(P—Epe,h—(hNExe)) J

v

We have a variation (with respect to K?) of Hodge structures
H2, .= H3(P— &2, b — (h N Ex2))

v

The sunset integral is a period of the mixed Hodge structure H}2<2 J

[Bloch, Esnault, Kreimer; Mller-Stach, Weinzeirl, Zayadeh]

Pierre Vanhove (IPhT & IHES) Elliptic polylogarithms 23/09/2014 20/37



Special values

R o

>
dxdy
:]2“,(2v m2) _ J
; I 20 (MeXx + m3y + mg) (X + y + xy) — K2xy

» Branch cut at the 3-particle threshold K2 = (m + m» + m3)? so
K? e C\[(my + mp + m3)?, ool
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N,

12

K*=0 m my 0 ms3

m3

» At the special fibers K = 0 the sunset equal a massive one-loop
triangle graph (dual graph transformation)

72(0, m?) ,71725(2)2 (1 —x)(m§ —mix) —max = m3(x —z)(x — 2)
1
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Special values

12

K?2=0 m my 0 ms

m3

» At the special fibers K = 0 the sunset equal a massive one-loop
triangle graph (dual graph transformation)

» For equal masses /m; = mthen z = (5 such that ((5)® = 1

1 D(Ce) J

m2 Jm(Ce)

92(0)
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the elliptic curve of the sunset integral

» With all mass equal m; = m and t = K2/m? the integral reduces to

= [ ey
VT m o Jo Xy DX +y+xy)—txy

Et: (X+y+1)x+y+xy)—txy=0. J

» Special values
e Att=0,t=1and = +oo the elliptic curve factorizes.
o At { =9 we have the 3-particle the threshold i € C\[9, +ool.

LS
e D
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the elliptic curve of the sunset integral

» With all mass equal m; = m and t — K?/m? the integral reduces to

Io(8) 1 JOOJOO axdy J

TRy Jo xry+ X +yFxy)—txy

Et: (X+y+1)x+y+xy)—txy=0. J

» Family of elliptic curve surface with 4 singular fibers leads to a K3
pencil

Et e gt

|

X1(6) —— Xi(6) U{cusps}

~I

» This is a universal family of X (6) modular curves with a point of
order 6
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The sunset integral and the motive

Et E— gt

d

X1(6) —— Xi(6) U{cusps}

~l

» Elliptic local system V/ on X, (6) with fibre ©?

» For 51,50 € h N &; then the divisor s; — s> on €; is of torsion of
order 6

> therefore H? — Q(0)° & H?

0 —— Q0 H? H'(&;,Q(—1)) = 0
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the picard-fuchs equation of the sunset integral

Et:x+y+1)x+y+xy)—txy=0 J

» The picard-fuchs operator is

<t(t1)(t9)gt>+(t3) J

» Acting on the integral we have

d

L[:E

Lg2(t) = LD dp = —LD B+0

» We find using the Bessel integral representation
I Xlo(Vtx) Ko (x)3dx

d dJo(t)

di <t(t—1)(t—9)dt)—%(t—B)%(t)—6 J
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the sunset integral as an elliptic dilogarithm

» The Hauptmodul i is given by [zagier; stienstral

{91 7oN20 <n(6T)>5 J

n(3t) \ n(7)

» The period @, and @, with g := exp(2i7tt(t)) are given by
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the sunset integral as an elliptic dilogarithm

This leads to the solutions of the PF equation (s1och, vanhove]
B(1) = ina (1)1 —20) - 22 gy,

D(gs) 1
Im(Ge) 20

Eo(t) = > (Lip (q"Ce)+Liz (q"¢3)—Liz (9"c¢) —Liz (4"C3)

n>0

» We have Lis (x) and not the Bloch-Wigner D(x)
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the sunset integral as an elliptic dilogarithm

This leads to the solutions of the PF equation [s1och, vanhove]
(1) = inw () (1 —21) — Sl Es(T),

Eo(t) = % Z Po(n) 1
n+0

P 1—qn

» 1(n) is an odd mod 6 character

Dal(n) = 1 forn=1 mod 6
2711 forn=5 mod 6
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The sunset integral and the motive

» The integral is given by

(1) Jw JOO dxdy
0 Jo X+y+1)(x+y+xy)—txy

» The 2-form has only log-pole on &; and there is a residue 1-form

jé(t) :Pef/OdS+ ®r<€1T+€2,JdT Z 1-|)2(n)(€1’t+ €2)>

3
(m,n)#(0,0) (m T nT)

» Character ) : Lattice(&;) — S'. Pairing (e, o) = —(ep, e1) = 2im

» The amplitude integral is not the regulator map which involves a
real projection r : Ko (&) — H'(&4, R)

» The amplitude is multivalued in ¢ whereas the regulator is
single-valued
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The sunset integral and the motive

» The integral is given by

(1) = r’ JOO dxdy
0 Jo X+y+1)(x+y+xy)—txy

» The 2-form has only log-pole on &; and there is a residue 1-form

| baln(ert + )

» The regulator is an Eichler integral
oo

J%(l‘):periodSJrGD,JT . Z ll)(r(nJ)r(nx) )dx
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The sunset integral and the motive

» The integral is given by

wo-["[
0 Jo X+y+1)(x+y+xy)—txy

» The 2-form has only log-pole on ¢; and there is a residue 1-form

- P2(n)(e1T + €2)
72(1) :per/ods+co,<e11+e2,JdT Z -
(m,n)#(0,0) (m+ nT)

» The regulator is an Eichler integral

2 o : 11’2(”)
J2(t) = periods + @1 Z 2im )
(m,n)#(0,0)
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three-loop banana graph: integral

We look at the 3-loop banana graph in D = 2 dimensions

» The Feynman parametrisation is given by

3

1 ax;
2 (mi k) = | o
© x>0 (m2+ Z?:1 m2x;)(1 + Z?:1 X/q) — K2 iy X
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three-loop banana graph: differential equation

» The geometry of the 3-loop banana graph is a K3 surface
(Shioda-Inose family for I (6) ) with Picard number 19 and
discriminant of Picard lattice is 6

3 3 3 3
me+> mx)1+ )Y x ) ][x—t[[x=0
i=1 i=1 i=1

i=1

» The all equal mass case with { = K2 /m° satisfies the
Picard-Fuchs equation [vanhove]

a® a?
s + 612 — 15t+32)ﬁ

d
dt

(t2(t—4)(t— 16)—_

+ (72— 681 +64) + 1 —4)J2 (1) =4I

» One miracle is that this picard-fuchs operator is the symmetric
square of the picard-fuchs operator for the sunset graph (verriii]
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three-loop banana graph: solution

» |t is immediate to use the Wronskian method to solve the
differential equation (B1och, ®err, vanhove)

m? 2 (t) = 40m® log(q) @1(7)
—484(7) (24@1'3(1, le) +21 Lis(t, B) + 8Lis(t, (&) + 7Lia (T, 1 ))

with ﬁ/g(T,Z) [Zagier; Beilinson, Levin]

Lia(t,2) :=Lig (2) + Y_(Lis (q"2) +Li (q”z*‘))

n>1

1 3 1 2 1 3
~ (~ya08(z + 5 loula)log(2)? - 73 (0(@)°)
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three-loop banana graph: solution

» Which can be written using as an Eisenstein series

.
mzlé(t(ﬂ)zah(ﬂ( logg? + 5 5 Vo “’)

3 _an
n;tO n 1 q
where 1)3(n) is an even mod 6 character

» Arising from the regulator for Sym?H' (&(t)) with dz = eyt + e
2
®; dzz'JZ dtdz=y3(n)
e (m+ nt)*

» Again this is given by the Eichler integral

period + @+ J Z ((szi)(:;() ax

T mn

oo
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Part IV

Higher-loop banana amplitudes
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Higher-order bananas |

The integral we have been discussing are given by

n
2 J e — g

They are given by the following Bessel integral representation
2(t) :2“[ X Io(Vtx)Ko(x)" dx
0

The Bessel function Ky(x) satisfies a differential equation that implies

that
n+1 r
(Z i) (x5 ) )Ko( X)" =0

This implies that the banana integral satisfies a differential equation
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Higher-order bananas Il
n+1 r
PICARETR

Because p,(x) are polynomials in x° without constant terms
‘Borwein, salvy] then one can factorizes a (fd/di)? operator and the
differential operator for the n — 1-loop banana graph is of order the
number of loops

(Z ot <t> ) R(t) = Sp+ B, log(t

Since the banana integral is regular at ¢ — 0 then S, — 0 and the
differential equation is
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Higher-order bananas Il
<Z ar(t (t) ) Bt =S,

» with [vanhove]

3]
gna(t) =t TTt— (n—2)?)
i=0
~ n—1dgp (1)
qn—Z(t) - 2 dt
Qf(t) = t—n. )

» withn(n)=0ifn=1 mod2and1ifn=0 mod 2.

» The inhomogeneous term S, = —n!
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Higher-order bananas

» one-loop banana bubble
(t—2)F(t)+tt—4)f(t) =2

» Solution are logarithms

log(z") —log(z™)
VA

B(my, mp, K?) =

» 7 and A are roots and discriminant of the equation
(Mex+m3)(1+x)—Kx=m?(x—z")(x—2z")=0
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Higher-order bananas

» four-loop banana bubble
(t—5)f(t) + (3t —5)(5t—57)f ()

+ (25 £ _518 + 18391‘—450) £2) (1)
n (10 t* — 280 £3 + 1554 2 — 900 t) F3) ()

+2(t—25)(t—1)(t—9)f*) () = —5!
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Higher-order bananas

» five-loop banana bubble

(t—6)f(t)+ (31 2516+ 1020) F (1)
+ (90 12 — 2436 12 + 12468t — 6912) f@ (1)
+ (65 t* — 2408 t3 + 19836 12 — 27648 t) (1)
+ (15 {5 — 700 t* + 7840 2 — 17280 t2) F4) (1)

+83(t—36)(t—4)(t—16)fO) (1) = —6!
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» Connection between the Feynman parametrization and the
world-line formalism : Possible treatment of field theory graph a la
string theory

» Amplitudes are multivalued functions given by motivic periods.
The Hodge matrix corresponds to unitarity (discontinuity, cut).
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» At special values = 1 the integrals are pure periods related to
values of L-functions in the critical band [Broadhurst ]

o (1) = j%L(Ks,z)

The new form for the (K3, S) [peeters, Top, van der Vlugt]

f(x) =n(xIn(@UN(ETm(157) Y_ g™ € S5(15, ()

1.3 Multiplicative modular forms and eta products

For levels N < 16, there are precisely 15 multiplicative modular forms that are products
of eta values. Here they are listed with notes on quantum field theory (QFT):

form weight level QFT
ninty 2 1
Mty 2 14
Mg 2 15
nin? 3 7 BS
MMM 3 8 BS
e 3 12 BS+BBBG+BV: Sections 3 and 4
nint 4 5 BS
mynne 4 6 BS+BB: Sections 3 and 5
A 4 8
7 4 9
s 5 4 BS
g 6 3 BS
n? 6 4 BS
s 8 2 BS
nt 12 1  BK: Section 2
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» At special values = 1 the integrals are pure periods related to

values of L-functions in the critical band [Broadhurst]
47t
I5(1) = — L(K3,2
(1) NG (K3, 2)

The new form for the L(Kg, S) [Peeters, Top, van der Vlugt]

f(x) = n(tI(3en(5eIn(151) Y_ g™ ™4 € Sy(15, (<7 )

» At higher-loop order the banana integral have interesting relation
with Fano variety as classified by [Almkvist, van Straten,
Zudilin]
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