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Prelude

Perturbation in a topological theory:

Chern—Simons Matter Gravity+Matter

AdA+AAA R
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The suspect

Chenr-Simons Matter: ~
1. N =6 (ABJM): U(N), xU(N)_, gauge fields(A*, A*),

SU(4) bi-fundamental matter (¢, o', ¢1, 1), 1=1,2,3,4

L=Lcs+ Ly Kin+ Ly Kin+ [:44521#2 + £6¢6

1 1
o) = o' +n'vi+ EEIJKUIWJ¢K + aEIJK"?["?J"?K"/Ma
_ - - 1 - 1 -
V) = ¢ +nd+ EGIJKT]IanJK + §€IJK7]I7IJ7]K¢47
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The suspect

Chern-Simons Matter: _
1. N =6 (ABJM):  UN),xUN)_x gauge fields(A», A*),

SU(4) bi-fundamental matter (¢, ', &1, 1), 1= 1,2,3,4

L=Lcs+ Ly Kin+ Ly Kin + £4¢2¢2 + £6¢5

2. N =8 (BLG): SU(Q2),xSUQ)_x gauge fields(A*, A1),
SO(8) adjoint matter (4!, k)

[Ta, Tb7 TC] _ fabchd
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The suspect

Chern-Simons Matter: _
1. N =6 (ABIJM):  UN),xU(N)_, gauge fields(A», A*),

SU(4) bi-fundamental matter (¢!, 3%, &1, 1), 1= 1,2,3,4
2. N =8 (BLG): SUQ2)xxSUQ)_k gauge fields(A*, A*),
SO(8) adjoint matter (¢!, ')

[Ta’ Tb7 TC] _ fabchd

Super Gravity:

1. N = 16 supergravity: Marcus, Schwarz

128 scalars are in the spinor representation of SO(16) € Eg g/SO(16)
— Mp =0forodd n
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The gauge theory: ABJM
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Prelude

The known for V' = 4 SYM:

The planar theory enjoys SU(2,2|4) DSCI

The string sigma model enjoys fermionic self T-duality
The (super)amplitude is dual to a (super)Wilson-loop
The IR-divergence structure captured by BDS

The leading singularities is given by residues of Gr(k, n)
m The amplitude has uniform trancsendentality

m The amplitudehedron
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Prelude

As comparison to ABJM:

m The planar theory enjoys SU(2,2|4) DSCI — OSp(6|4)

m The IR-divergence structure captured by BDS — Remarkably yes

m The leading singularities is given by residues of Gr(k, n) — OG(k,2k)
m The amplitude has uniform trancsendentality (*) — True so far
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Known unknowns:

1. Why is the IR-divergence (Dual conformal anomaly equation) the same? Y-, W. Chen,
S. Caron-Huot

Alree
AP = (?) ; BDS,

- Agee A hifed
A2 oop _ (F) { . |:BDS(, + F{G} + ’47, {In In x1 + cyclic x 2] }

At four-point to all orders in e M. Bianchi, M. Leoni, S Penati, exponentiation verified at
three-loops M. Bianchi, M. Leoni
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Known unknowns: 2. Why is the amplitude non-analytic?

Aboor _ A\} [l'zm(3 4,5,1) + Tooa(1,2,3,4) — rae(4,5,6,1) — Im(a,l,z,A)}

Cl"'cl Toi(1,3,5) + & '2*6211,,‘,‘(2}4,5)_

- ‘ A3 () AR B 10125 (30)01.56) -+ 52945 (61) - ‘

2 3 e s
. XDQ - % +eyclic ;

AFP = (k) {Am [BDSG + Ra} A—F‘fgg‘“*d x

w log L arccos(y/u1) + cyclic X 2] }
((34)46) + (35)(36))" ™

%
[sgnc(uznsgnc(mﬁn

o
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Unknown knowns

m The string sigma model enjoys fermionic self T-duality — Unsucessful
m The (super)amplitude is dual to a (super)Wilson-loop — Unsucessful
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Prelude

Planar ./\/ =4SYM e Gr(k, n)+ Arkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A. Postnikov, J.
Trnka
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Prelude

Planar ./\/ =4SYM e Gr(k, n)+ Arkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A. Postnikov, J.
Trnka
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Prelude

Planar ./\/ =4SYM e Gr(k, n)+ Arkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A. Postnikov, J.
Trnka
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dfi caxjax
An=>_ [TI T 6% c-w)
dia i
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Conclusion

m The scattering amplitude of ABJM is given by integrals over cells in the positive
orthogonal grassmannian OGy

m Each cell in the positive orthogonal grassmannian OGy;. — cell Gr(k, 2k) +.
m The canonical form has logarithmic singularity at 090Gy
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Orthogonal Grasmmannian

Consider k-planes in n-dimensional space equipped with a symmetric bi-linear QY

The orthogonal grassmannian = QVC,;Cgj = 0
Consider n = 2k and Qi = ¥ signature (+, +, +, -+, +)

C. 1 +£icosz 0 —isinz
’ “~\ 0 Z£isinz 1 cosz
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Orthogonal Grasmmannian

Consider k-planes in n-dimensional space equipped with a symmetric bi-linear QY

The orthogonal grassmannian = QVC,;Cgj = 0
Consider n = 2k and Qi = ¥ signature (+, +, +, -+, +)

C. 1 +£icosz 0 —isinz
’ “~\ 0 Z£isinz 1 cosz

tree dc ij
Ao :Z/(1---k)-'-(k---nf1)6(QJCaiCBJ)52k(C'>\)53k(C'TI)

res

S. Lee, D. Gang, E. Koh, E. Koh, A. Lipstein, Y-t
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Orthogonal Grasmmannian

Positivity: (i,i+1,---,i+k) >0
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Orthogonal Grasmmannian

Positivity: (i,i+1,---,i+k) >0
Qij = 77” Signature (+7 +7 +7 R +)

k=1, Cai = (1, i)

Co.— 1 Z4icosz 0 —isinz
@™\ 0 4isinz 1 cosz
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Orthogonal Grasmmannian

Positivity: ordered (i, - - - ,j) > 0

Qi = i signature (+, —, 4, , —)
k=1, Cai =(1,1)
_ _ (1 cosz 0 -—sinz
k=2, Co“_<0 sinz 1 COSZ)

Positive for 0 < z < /2
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Orthogonal Grasmmannian

Positivity: ordered (i, - - - ,j) > 0

Qi = i signature (+, —, 4, , —)
k=1, Coi = (1,1)
1 cosz 0 —sinz
k=2, Cai_(o sinz 1 COSZ)

Positive for 0 < z < 7/2
Volume form w. logarithmic singularity at the boundary: z=7/2,z=0

dz

—— =dlogtanz
coszsinz

/dlog tan §*(C-A)85(C - n)
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Orthogonal Grasmmannian

Positivity: ordered (i, - - - ,j) > 0

Qi = i signature (+, —, 4, , —)
k=1, Cai =(1,1)
1 cosz 0 —sinz
k=2, Cai_(o sinz 1 COSZ)

Positive for 0 < z < 7/2
Volume form w. logarithmic singularity at the boundary: z=7/2,z=0

dz

—— =dlogtanz
coszsinz

/dlog tan §*(C-A)85(C - n)

This is not the amplitude A4 !
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Orthogonal Grasmmannian

k=2 Coi = 1 cosz 0 —sinz
0 sinz 1 cosz
k=2, Coi = 1 cosz 0 sinz
0 sinz 1 —cosz
For 0 <z < w/2 Positivity: (i, - ,j) > 0and £(i,---,2k) >0
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Orthogonal Grasmmannian

k=2 Coi = 1 cosz 0 —sinz
0 sinz 1 cosz
k=2, Coi = 1 cosz 0 sinz
0 sinz 1 —cosz
For 0 <z < w/2 Positivity: (i, - ,j) > 0and £(i,---,2k) >0

Ay :/dlogtan §*(C - X)8%(C - n) + (0Gz4)

The four-point amplitude is given by the sum of two branches in OG,.
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Orthogonal Grasmmannian

k=2 Cy= 1 cc_>52 0 -—sinz
0 sinz 1 coSsz

Al +C0Sz\y —sinzAy =0

4 .
F(C-A) = A3 +sinz)\; +coszhy =0

— (34) = (12)

1 cosz O sinz
k=2,Cai = (0 sinz 1 —003z)

Al +coSz\y +sinzAy =0

4 .
(C-A) = A3 +8inzA, —coszA\y, =0

— (34) = —(12)
There are two branches in the kinematics as well:

(34)2 = s34 = s10 = (12)2
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Orthogonal Grasmmannian

3D- kinematics is topologically a circle
pi = (1, cos 6;,sin 6;)

P

i i+1 i+l i

i+2 i+2
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On-shell diagrams in Orthogonal Grasmmannian
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On-shell diagrams in Orthogonal Grasmmannian

e
Z3 Z3
>< >( — —  Cailz)
5 Z
s .

Z

e

1. Are these diagrams related to A, ? Arkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A.
Postnikov, J. Trnka

L
e

7

1 0

54 Aj +secz)| +tanz,
>< F(C-A) = A; —tanz\| —secz),
2

/

\
N
7/

A
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On-shell diagrams in Orthogonal Grasmmannian

e
>Z'< >( — \4% Cai(z)
KU

Zg

e

1. Are these diagrams related to A, ?

Ag= > /d log tan; dlogtan; dlog tan; 62%(C - A)°¢(C - 1)

branch
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On-shell diagrams in Orthogonal Grasmmannian

1. Are these diagrams related to Ap ?

Ag= > /dlog tan; dlog tan, dlogtans 62%(C - )&% (C - n))

branch

No
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On-shell diagrams in Orthogonal Grasmmannian

1. Are these diagrams related to A, ?

As = > /dlog tan; dlogtan; dlogtan; (1 + sin; sin, sinz)8%¢(C - X)6(C - 1)

branch

Yes
Y2 Y3

6

Ag= > /dlog tan; dlogtan; dlogtan; (1 + cos; cos; cos3 )6 (C - X)§**(C - n)

branch

No new singularities 0 < z < 7/2.
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On-shell diagrams in Orthogonal Grasmmannian

In general

k
An= 37 Z/Hdlogtani TH(C - N)FH(C )

branch dia i=1

How to get 7?

Yu-tin Huang National Taiwan University



On-shell diagrams in Orthogonal Grasmmannian

Ag= > /dlogtamdlogtanzdlogtan3(1+sinlsinzsin3)52k(c-A)53k(C-n)

branch

Ag= > /dlog tan, dlogtan, dlogtans (1 + cos; cos, cos3)82X(C - A)8°5(C - n)

branch

J is naturally associated with faces!
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On-shell diagrams in Orthogonal Grasmmannian

T =14+ +T2+ T3+ J13 + Je3
m Ji:
Ti=>di+ D i+ D diddet.
single disjoint pairs disjoint triples
m J»: Two closed loops sharing a single vertex

m 73: Two closed loops sharing two vertices without sharing an edge.
m 713 and Jo3: The effect of the bigger loop from 73.

(a) (b)
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Loop-amplitude and on-shell diagrams in Orthogonal Grasmmannian

The loop-level recurssion Arkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A. Postnikov, J. Trnka

. .
. 3
- & &
I _
Ap = + /
h+l=1 i=4
1 n
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Loop-amplitude and on-shell diagrams in Orthogonal Grasmmannian

The loop-level recurssionArkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A. Postnikov, J. Trnka

fiy

N )
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Loop-amplitude and on-shell diagrams in Orthogonal Grasmmannian

The loop-level recurssionArkani-Hamed, J. Bourjaily, F. Cachazo, A. Goncharov, A. Postnikov, J. Trnka

04
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Loop-amplitude and on-shell diagrams in Orthogonal Grasmmannian
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Loop-amplitude and on-shell diagrams in Orthogonal Grasmmannian

Ai*""" = + (i —>i42)

- OPOOFIEE
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Loop-amplitude and on-shell diagrams in Orthogonal Grasmmannian

m The solution to BCFW is manifestly cylic i — i + 2
m For each cell, a single chart covers all singularities
m All loop: 4 and 6-point amplitudes is a product of independent d log
m Proved all physical sing present, spurious cancels
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Embedding OG(k, 2k) into G(k, 2k)
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Embedding OG(k, 2k) into G(k, 2k)

OGy. has an image in Gr(2,4)+
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Embedding OG(k, 2k) into G(k, 2k)

Cluster transformation:

ol=
wl—=
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Embedding OG(k, 2k) into G(k, 2k)

1

(fa, o, fe) = (ci/s1,¢3/53,¢3/53), fo =
C1C2C3

1 1 1
fi=—, fh=s15, 3=—, fy =83, 5 = —, g = 5183
Ci C3 c3

m The variable for the k new faces is simply f = ¢2/s2.

m Take a clockwise orientation on each face. The contribution from each vertex is
1/c if one first encounters the black vertex, otherwise the contribution is s.
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The combinatorics of the cells in Orthogonal Grasmmannian

1 cosz 0 —sinz
k=2, C"“*(O sinz 1 003z)

Volume form w. logarithmic singularity at the boundary: z=7/2,z=0

dz
coszsinz

3 20 U3 2\/
X=X
4 17 % 1

4

=dlogtanz
2 3

1
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The combinatorics of the cells in Orthogonal Grasmmannian
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The combinatorics of the cells in Orthogonal Grasmmannian




The combinatorics of the cells in Orthogonal Grasmmannian

A generating function for the number of cells J. kim, S. Lee

L 15 (- 2k giu-1)/2
— — B -
B = 3 T = e S () 0

| = number of vertices. For top-cells the Euler number is always 1
k(k—1)/2

Th(-1)= > Te(-1) =1
1=0

Poset is Eulerian Thomas Lam
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Momentum Twistors

In four-dimensions:
yAB — ZzA 78
i i i—1
YABQap =0, Q5 = 0~y
I 0
This also implies that the bi-twistors Z; must satisfy:
ZI'Z0 Q=04

With p; = E;(1, sin6;, cos 6;), where E; is the energy

.6

—sin % <

Aig = < 0? > ; Aia = —2EjAjg
cos %

Such that we still have p; = A\

b
1i = Y2 = ¥ A
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Momentum Twistors

The momentum-twistor space grassmannian

P (CaiGiCy,) s (C - 2)
GL(K) MaMs - My 13 :

Lok =J x 8(P)6%(Q) x

Where the metric is given as:
Gh+2 = K[j j+2]
G+ = K-1j 43
GHFkH = L it k+1]

where [i, /] = Z;“ZI.BQAB.

In momentum twistor space: an orthogonal grassmannian with kinematic dependent
metric.
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Locality

The NMHV residues in N’ = 4 SYM
/H %5‘”4(21 +CiZi).
i 1

The singularity ¢; = 0 correspond to (1, , k, /) = 0. The integral we wish to study is
now

6 6
dc; i
/l [ 70' 8(ciGlc)d*™(Z1 + > ciz). ()
=2 i=2

To analyze the singularity of this integral, set ¢, = 0. Note that since all of the ¢;s are
already fixed by the bosonic delta functions, setting co = 0 can only be allowed if there
is extra constraint on the external data. With ¢, = 0, the orthogonal constraint now
requires

[1,3]cs + c3[3, 5]cs + ca[4, 6]¢e + 5[5, 1] = 3c3[3, 5]cs
For ¢s =0, C - Z = 0 simply fixes the remaining 3 ¢;s, and the condition (3461) = 0.
The orthogonal constraint is such that only local poles are allowed!
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Locality

The NMHYV residues in N' = 4 SYM
/H %5‘”4(21 =+ C,‘Z,‘) .
i (

The singularity ¢; = 0 correspond to (1,, k, /) = 0.
6 o ) 6
JT1 D tecioy(z: + 3 o). @)
=2 ! =2

The orthogonal constraint is such that only local poles are allowed!

1241250 (c(9) . 1) [[35] ((1236) (2456) — (5612) (2346)) + sv/D([26][35] + [25][36])]

S; (1234) (5612) (1245) (3461) (2356)3 : “

with D = T8, [ii + 2]
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The gravity theory: N/ = 16 SUGRA
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The fact that M, = 0 for odd n:

m Pure 3D SUGRA amplitude is very different than closed string amplitudes.
m Unlike 4D, the duality group acts on ALL states in the theory— double soft limits

W, Chen, C. Wen, Y-t
(p1 — p2)

pi - (p1 + p2)
(1 = P2) n,g
pi - (p1+p2) " O
(pr—p2) 9 0

pi - (p1 + p2) On; On;

m Gravity=(YM)?2 is a redundant description.
m How can Gravity=(CSm)?2 work (No string theory)

Mp2l,10 ~ niniMn

n

M2 ‘173 ~

Mn+2|775 ~
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BCJ to the rescue: Bern-Carrasco-Johansson(BCJ): Duality between color and
kinematics for (super)Yang-Mills:

Alree 2 : Cinj
? I1

Qj poﬁ
5 2 :
4 >L<l ' >J{ 1 4>J< 2
3 2 3 5 3
(Cp.n) (C,.n) (Cyiny)

= (k4 -ks)(ks - e1)(e2-€3)(es-€5) + - -

¢ = f34af aSbf bIZ7 = f34af a2bf blS’ cy = f34af albfb25

‘ Cl =C —C3 <Ny =ny —n3 ‘

[T37 [Tb7 TC]] + [Tb7 [ch Ta]] + [TCv [Ta7 Tb]] =0
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Consequences

‘ Cl =C —C3<>rny =np; —n3 ‘

S24 A(1,2,4,3,5) = (S14 + S15) A(1,2,3,4,5) + 514 A(1,2,3,5,4)

Once a BCJ n; is found, one obtains gravity:

. 2
YM: A =g"" Z

Ha, pal
Gravity : MY =i ( >
" Z Hm pa,

Most importantly, the same for loops:

d Pe cjnj
P Z/HW*SH o

(71)L+1 Z / 1_[ deZ ﬁln]
(ﬁ/z n 2+2L 27r)D Sj Hai p%‘j
Proven to all order in perturbation theory:Bem, Dennen, Kiermiaer, ¥:T
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Double double copy in 3D

New color-kinematic dualities:

N=8 Chern-Simons-Matter theory
3-algebra gauge group [T, Tb, T = f“bchd Bagger, Lambert, Gustavsson

Obeys color-kinematics duality.  Bargheer, He and McLoughlin
Fundamental identity (Jacobi identity):

7
Cs =C+Cy+Cyp & Ng =Ny + Ny, +Ny

4 and 6 point checks shows that the double copy of BLG Bargheer, He
IsN = 16 Egq SG of Marcus and Schwarz and MeLoughlin

BLG N=16 61%(Q)
BLG ='square root’ of N=16 SG =~ A; "~ = /M ='° = ety
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Double double copy in 3D

Duality between Color-Kinematic Dualities: (Lie 2 Algebra)? = (Lie 3 Algebra)?

In D=3, supergravity obtained from in two different double copies:

\
X - =+ X

CSM®CSM = SYM® SYM (kinematic parts) Huang, H.J.

* The extra propagators in SYM ® SYM compensates for dimension mismatch
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Double double copy in 3D

Duality between Color-Kinematic Dualities: (Lie 2 Algebra)? =

Summary of verified double copy constructions:

(Lie 3 Algebra)?

Huang, H.J.

SG theory | CSmpxCSmg = supergravity sYmp xsYMr = supergravity coset
N =16 16° = 256 162 = 256 Es(s)/SO(16)
N=12 8+ 8 = 16x (4+4) =128 16 x 8 = 128 Er(_s)/S0(12)8S0(3)
N=10 8x4+8x1=16x(2+32) =64 16x 4 =64 Eg(—14)/S0(10)®S0(2)
N=8n=2 42 +22=8x2+8x2=32 16x2 =32 S0O(8,2)/S0(8)®S0(2)
N=8n=1 16 x 1= 16 16x1=16 50(8,1)/80(8)

Examples 4pts:

S 1. Lo DL N
M=2(1,2,3,4) = (4) 8)2—( 07723 )
@O xep! 2
MY2(1,2,3,4) = (4= (75 (%'2;<§g§‘13))

1O X)) + 1 +u?)
2 (12)%(23)°(13)°

N=8 _
an=1=

M
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checked double copy up to 6pts!



Double double copy in 3D

New amplitude relations

In principle, any partial amplitude is proportional to any other, but...
amplitude relations important to study -> gives clues to the C-K structure

-C P
— niCi Solve Jacobi
Am= 3 s, ——> Agp = Oin
(o7} g .

i1€Equartic i1
1 1 1 1 1
youts % 5 0
1 7oL i 1471 0
. _ T T 11 * 7P 2 1
Atépts(ABIM):  O;; = | & -4 “FTE wte mtata
0 -1 _1_ 1 1 —
o or TEIw K
2 86 84 86 86

5x5 matrix has rank 4, but only in D=3 and on-shell !
5
5-term amplitude relation: ~ Ker(07)-A = Z CirAy) =0

i=1

Det(@il,OiZ,. .. 7A(i)" .. 7@ip) =0
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Trouble beyond six-point

Beyond six-points: No new amplitude relations for " < 8!
Amplitude relations for BLG up to 12 points, and squares to N’ = 16 SUGRA.

Why not ABJM? General gauge invariance

NG
=0p2, =
’ i’ Z Ha, pa,

ABJM partial amplitudes are not invariant under the BLG general gauge invariance

APLG(13572; 468) = AAPIM(14365872) + AAPIM(14385672) + AP (16345872)

+ AABIM(76385479) 4+ AABIM(18345672) + AMBIM(18365472)
APLG (32578, 146) = AAPIM(12345678) + AAPIM(12365478) + A*BIM(12543678)

+ AABIM(79563478) — AABIM(18347652) — AAPIM(18367452)
ABLG(23578:146) = —AABM(12345678) — A*BIM(12365478) (
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Maximal susy is extremely special in D=3

(BLG) the only three-algebra theory that has amplitude relations.

u
m (N = 16 sugra) the only supergravity that allows a double-double copy
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Conclusion

m The scattering amplitude of ABJM is given by integrals over cells in the positive
orthogonal grassmannian OGy

m Each cell in the positive orthogonal grassmannian OGy — cell Gr(k, 2k) .
m The canonical form has logarithmic singularity at 90Gy (Not in dlog form)
m The combinatorics have the same features with positive grassmannian.

m Mysterious BCJ relations for BLG partial amplitudes.

m Color-Kinematics in three-dimensions pin-points ' = 16 SUGRA as special
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Conclusion

Yu-tin Huang National Taiwan University

Can we prove that the IR-divergences are the same ?

Can we find a polytope picture (extendable to N < 6)

Twistor string theory ? see Oluf Engelund, Radu Roiban

String theory derivation for BLG amplitudes — amplitude relations ?
Is N = 16 finite?



