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§(1): Introduction

The question of how best to quantize gravity has been the subject of many
discussions and arguments over the years. And Peter Bergmann has repeatedly
and tirelessly reminded us that gravitational quanta should not be described in
terms merely of linearized gravitation theory. I feel 1 have been rather slow at
coming around to accepting this fully myself. It is, indeed, seductive to attempt
to invoke the quantum-mechanical principle of linear superposition as an excuse
for putting off, to a second stage of consideration, the complicated nonlinear
nature of the gravitational self-interaction—and for putting off, perhaps indefi-
nitely, the daunting encounter between quantum mechanics and the principles of
curved-space geometry! If Peter Bergmann has taught us one thing above most
others, it is surely that if we remove the life from Einstein’s beautiful theory by
steam-rollering it first to flatness and linearity, then we shall learn nothing from
attempting to wave the magic wand of quantum theory over the resulting corpse.
Let me put things somewhat differently. Consider the common attitude
according to which “gravitons” are described by linearized Einstein theory
(spin-2 massless Poincaré covariant fields), a perturbative viewpoint being
adopted starting from flat Minkowski space. If one such “graviton” is added to
the vacuum (Minkowski) state the space remains flat. The null cones do not
shift. If a second such “graviton” is added, and a third and a fousth, the space
still remains flat, with null cones still locked in their original Minkowskian posi-
tions. With such a perturbative viewpoint it is only after an infinite number of
“gravitons” have been added that the space can become curved. The situation
may be compared with a power-series expansion. For example, with any finite
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NONLINEAR GRAVITON

e Holomorphic oriented Riemannian four-manifold (X, g).
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NONLINEAR GRAVITON

e Holomorphic oriented Riemannian four-manifold (X, g).

@ An a-surface is a 2D surface £ C A s. t. Vp € A, )¢ is a totally
null plane with self-dual bi-vector.
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NONLINEAR GRAVITON

e Holomorphic oriented Riemannian four-manifold (X, g).

@ An a-surface is a 2D surface £ C A s. t. Vp € A, )¢ is a totally
null plane with self-dual bi-vector.

e Nonlinear Graviton Theorem (Penrose 1976). There exists a three
parameter family )} (a twistor space) of « surfaces iff Weyl, = 0.

Point p € A +— Curve L, = CP'cy
a-surface +— Point.
p1, p2 null separated <— Ly, Lo intersect at one point

X o s

-
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NONLINEAR GRAVITON

e Holomorphic oriented Riemannian four-manifold (X, g).

@ An a-surface is a 2D surface £ C A s. t. Vp € A, )¢ is a totally
null plane with self-dual bi-vector.

e Nonlinear Graviton Theorem (Penrose 1976). There exists a three
parameter family )} (a twistor space) of « surfaces iff Weyl, = 0.

Point p € A +— Curve L, = CP'cy

a-surface +— Point.
p1, p2 null separated <— Ly, Lo intersect at one point

X o s

-

@ More structures on ) if g Einstein. Reality conditions (4,0) or (2,2).
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TWISTOR SPACES

e Penrose/Sparling: ) as a deformation of CP3 — CPL

RN RN <~
L §] Vs
\_ N / % [N
B cp! — = —

Kodaira theorems: Normal bundle N(L,) = T'(V.)|z,/T Ly

Hl(Lp’ N(Lyp)) =0, HO(Lm N(Lp)) = TpXc.
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e Penrose/Sparling: ) as a deformation of CP3 — CPL

RN RN <~
L §] Vs
\_ N / % [N
B cp! — = —

Kodaira theorems: Normal bundle N(L,) = T'(V.)|z,/T Ly
Hl(Lp’ N(Lp)) =0, HO(LP7 N(Lp)) = TpXc.

e Hitchin/Kronheimer: ) as a hypersurface in the total space of
(’)(ml) D O(mQ) D O(mg) — CP!.
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TWISTOR SPACES

e Penrose/Sparling: ) as a deformation of CP3 — CPL

. \i

Kodaira theorems: Normal bundle N (L (yc)|Lp/TL
Hl(Lp’ N(Lp)) =0, HO(LP7 N(Lp)) = TpXc.

e Hitchin/Kronheimer: ) as a hypersurface in the total space of
(’)(ml) D O(mQ) D O(mg) — CP!.
e Hard part: find the twistor lines.
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HEAVENLY EQUATIONS

o 4u:Y — CP'. Parametrise L, by its intersection with C2 = 1 =(0) (
coordinates (x!,?)), and a direction (coordinates (y',%?)).

b

7. y2)

r
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HEAVENLY EQUATIONS

o 4u:Y — CP'. Parametrise L, by its intersection with C2 = 1 =(0) (
coordinates (x!,?)), and a direction (coordinates (y',%?)).

b

>7. 32)

! I

o O(2)-valued symplectic form on fibres of p: 30 = O(x!, 22, y', 4?)
w' o= 2+ Ayt N0, - N0+,
w' = 224+ MNP N0, + N0+, where O, =09.0.
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HEAVENLY EQUATIONS

o 4u:Y — CP'. Parametrise L, by its intersection with C2 = 1 =(0) (
coordinates (x!,?)), and a direction (coordinates (y',%?)).

b
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o O(2)-valued symplectic form on fibres of p: 30 = O(x!, 22, y', 4?)
w' o= 2+ Ayt N0, - N0+,
w' = 224+ MNP N0, + N0+, where O, =09.0.

e ASD Ricci—flat (complex hyper—Kahler) metric
g =dy'da® — dy’da’ + ©,1,1(da')? + 20,1,0dz da® + O 2,2 (d2?)?,

where @w1y2 — @nyl + @y1y1@y2y2 — (@y1y2)2 = 0.
Heavenly equation (Plebanski 1975, MD+Lionel Mason 2001).
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PARALLEL REAL SPINOR

e Forget ASD, and Ricci flat. What is special about (2,2) metrics of
the form

g = dy'dz’—dy*dz' +0 1,1 (dz')*+20 1, 2dx' dz?+0 0,2 (dz®)* (%)
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PARALLEL REAL SPINOR

e Forget ASD, and Ricci flat. What is special about (2,2) metrics of
the form

g = dy'dz’—dy*dz' +0 1,1 (dz')*+20 1, 2dx' dz?+0 0,2 (dz®)* (%)

e Theorem A (MD 2002) Let (X, g) be a (2,2) signature Riemannian
metric which admits a parallel section of S, where TX 2 S, ® S_.
Then

@ Locally there exist coordinates (z%,%%), and a function © such that g is
of the form (%) , and conversely (x) admits a parallel spinor for any ©.
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PARALLEL REAL SPINOR

e Forget ASD, and Ricci flat. What is special about (2,2) metrics of
the form

g = dy'dz’—dy*dz' +0 1,1 (dz')*+20 1, 2dx' dz?+0 0,2 (dz®)* (%)

e Theorem A (MD 2002) Let (X, g) be a (2,2) signature Riemannian
metric which admits a parallel section of S, where TX 2 S, ® S_.
Then

@ Locally there exist coordinates (z%,%%), and a function © such that g is
of the form (%) , and conversely (x) admits a parallel spinor for any ©.
@ If g is additionally ASD, then © satisfies a 4th order integrable PDE

2
f = ®m1y2 — @Izyl + ®y1y1 @yzyz — (®y1y2)
Agf = fory2 = fa2r +Ou22 frin + 01,0 froge — 2012 fri2 =0
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PARALLEL REAL SPINOR

e Forget ASD, and Ricci flat. What is special about (2,2) metrics of
the form

g = dy'dz’—dy*dz' +0 1,1 (dz')*+20 1, 2dx' dz?+0 0,2 (dz®)* (%)

e Theorem A (MD 2002) Let (X, g) be a (2,2) signature Riemannian
metric which admits a parallel section of S, where TX 2 S, ® S_.
Then

@ Locally there exist coordinates (z%,%%), and a function © such that g is
of the form (%) , and conversely (x) admits a parallel spinor for any ©.
@ If g is additionally ASD, then © satisfies a 4th order integrable PDE

2
f = ®z1y2 — @Izyl + ®y1y1 @yzyz — (®y1y2)
Agf = fxlyZ — fmzyl + @yZnyylyl + Gylylfyzyz — 2@y1y2fy1y2 =0
@ In this case ) admits a preferred section of k14 ( where k is a

holomorphic canonical bundle of ), preserved by an anti-holomorphic
involution fixing a real equator of each rational curve.
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NULL-KAHLER STRUCTURES

e (X, g) pseudo—Riemannian manifold of dimension 4n. A null-Kahler
(NK) structure is N : TX — T'X such that
Q@ N? =0, rank(N) = 2n,
Q g(NX,Y)+g(X,NY) =0,
@ VN=0.
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NULL-KAHLER STRUCTURES

e (X, g) pseudo—Riemannian manifold of dimension 4n. A null-Kahler
(NK) structure is N : TX — T'X such that
Q@ N? =0, rank(N) = 2n,
Q g(NX,Y)+g(X,NY) =0,
@ VN=0.

e Fundamental 2—form Q(X,Y) = g(NX,Y)
O =QA--AQ#£0, QD =,
—_—

n
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NULL-KAHLER STRUCTURES

e (X, g) pseudo—Riemannian manifold of dimension 4n. A null-Kahler
(NK) structure is N : TX — T'X such that
Q@ N? =0, rank(N) = 2n,
Q g(NX,Y)+g(X,NY) =0,
@ VN=0.

e Fundamental 2—form Q(X,Y) = g(NX,Y)

O =QA--AQ#£0, QD =,

n

e Motivation
@ Signature of g is (2n,2n). Pseudo—Riemannian holonomy.
© Appearance in works of Bridgeland and Bridgeland and Strachan (in
the complexified setting, and under additional curvature assumptions).
© Take n =1, and impose anti-self—duality on Weyl. Dispersionless
integrable system, and connections with isomonodromy.
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INTERLUDE. DUAL NUMBERS

ea+ebeD, abeR, and 2 =0.

(a1 +€ bl)(ag + € bg) =ajaz + € (albg + b1a2).
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INTERLUDE. DUAL NUMBERS

ea+ebeD, abeR, and 2 =0.
(a1 + € bl)(ag + € bg) =ajaz + € (albg + b1a2).

o In geometry (Eduard Study 1903): a ruled surface in R3 is a curve in
the space of oriented lines: a unit sphere in D3

(u4ev)-(utev)=|u’+2u-v=1
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o In geometry (Eduard Study 1903): a ruled surface in R3 is a curve in
the space of oriented lines: a unit sphere in D3
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@ In nonstandard analysis: 1 £ 0.999--- .
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INTERLUDE. DUAL NUMBERS

ea+ebeD, abeR, and 2 =0.
(a1 + € bl)(az + € bz) =ajaz + € (a1b2 + b1a2).

o In geometry (Eduard Study 1903): a ruled surface in R3 is a curve in
the space of oriented lines: a unit sphere in D3

(u4ev)-(utev)=|u’+2u-v=1

@ In nonstandard analysis: 1 £ 0.999--- .

@ In algebra

a b 01
a—l—eb%(o a)—al—i—b]\/, N_<O O)'

Dunasskl (DAMTP, CAMBRIDGE) NULL-KAHLER GEOMETRY RP90 Jury 2021 8/15



NULL KAHLER POTENTIAL

e Theorem B (MD 2020) Let (X, g, N) be a 4n—dimensional
null-Kahler manifold. There exist a local coordinate system
(2% y),i=1,...,2n and a function © : X — R such that

2 . .
© dz' © d2’,

_ st J
g = Zw,]dy Odx +8yi8yj

(2]
N = dei@)aii’ where wij:(—(]]ln Hg)

Conversely (g, N) is null-Kihler for any function © = O(z%, y*).
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NULL KAHLER POTENTIAL

e Theorem B (MD 2020) Let (X, g, N) be a 4n—dimensional
null-Kahler manifold. There exist a local coordinate system

(2% y),i=1,...,2n and a function © : X — R such that

2

© dx' © da’,

— st J
g = wady Odx +6yi8yj

(2]
N = de"®;;i, where wij:(—(]]ln Hg)

Conversely (g, N) is null-Kihler for any function © = O(z%, y*).
@ Proof
ker(N) C TX is a totally null integrable distribution.
M = X /ker(N) is a symplectic manifold, with Darboux coordinatex z*.
Frobenius theorem: ker(N) = span(aiyl, e (92/%).
VN = 0 give integrability conditions for the existence of ©.
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CURVATURE

e One arbitrary function © of 4n variables. Freedom: (4n + 2)
functions of 2n variables.
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CURVATURE

e One arbitrary function © of 4n variables. Freedom: (4n + 2)
functions of 2n variables.

@ Ricci scalar vanishes. Ricci tensor

r = 22 8y’8yﬂ dz' ® dz?,  where

. 9%0 1 9’0 5
— ij ik, jl
f= E;w Dy Oxi +%lz“ " Dyidyl oyFoy’
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CURVATURE

e One arbitrary function © of 4n variables. Freedom: (4n + 2)
functions of 2n variables.

@ Ricci scalar vanishes. Ricci tensor

r = 22 8y’8yﬂ dz' ® dz?,  where

920 1 920 9%
— ij ik, jl
f= E;w Dy 07 +%lz“ " Dyidyl oyFoy’

@ Ricci flat NK: non—integrable 2nd order PDE on ©:
Cauchy—Kowalewskaya: 2 functions of 4n — 1 variables. Example

¢ h — i — const
5,-7 Where p= wijy x’, ¢ = const.
i.j

0=
P
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BRIDGELAND-STRACHAN arXiv:2006.13059

e Complexified hyper—Kahler (X¢, I, J, K). Xt = T Mc, where (Mc,w)
complex symplectic mfd of dimension 2n.
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BRIDGELAND-STRACHAN arXiv:2006.13059

e Complexified hyper—Kahler (X¢, I, J, K). Xt = T Mc, where (Mc,w)
complex symplectic mfd of dimension 2n.
e Null structure N =1 +iJ, Xt = TMc,) = 7*(w). Equations on ©

[li,lj]:(), li = 0 —|—)\( axi—i-zwjk 6 2 ), 1=1,...,2n.
J,k

dy "\d dyidyI Dy
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BRIDGELAND-STRACHAN arXiv:2006.13059

e Complexified hyper—Kahler (X¢, I, J, K). Xt = T Mc, where (Mc,w)
complex symplectic mfd of dimension 2n.
e Null structure N =1 +iJ, Xt = TMc,) = 7*(w). Equations on ©

) 2
[li,lj]:(), li = 8Z+)\( ai—i-zwjk 00 9 ), 1=1,...,2n.
Y E—

d d dyioyl Oyk

e Additional conditions (aka ‘A strong Joyce' structure)
@ O is odd in the variables y*.
@ Z =Y, 252 is a homothetic Killing vector field such that

ozt
Lzg=yg, Lz0=-06.

© The metric is invariant under the lattice transformations

v =y +2my/—1, i=1,...,2n.
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BRIDGELAND-STRACHAN arXiv:2006.13059

e Complexified hyper—Kahler (X¢, I, J, K). Xt = T Mc, where (Mc,w)
complex symplectic mfd of dimension 2n.
e Null structure N =1 +iJ, Xt = TMc,) = 7*(w). Equations on ©

0 L 0?0 0
: k Z =~ 2 ) i=1....2n.
axl—i_]zk:w ayzay] 8yk>7 2 5 , 2T

9
1,15 = 0, zi:ayiﬂ(

e Additional conditions (aka ‘A strong Joyce' structure)
@ O is odd in the variables y*.
Q7Z=), xi% is a homothetic Killing vector field such that

Lzg=9g, Lz0=-06.
© The metric is invariant under the lattice transformations
v =y +2my/—1, i=1,...,2n.

e Tom Bridgeland+MD (in progress). Lots of hyper-Lagrangian
examples: X is foliated by 2n dimensional manifolds which are
Lagrangian w.r.t. I, J, K.
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FOUur DIMENSIONS

@ x: A2 — A2, Chose an orientation s.t. *Q = Q.
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FOUur DIMENSIONS

@ x: A2 — A2, Chose an orientation s.t. *Q = Q.

@ Three ‘remarkable’ isomorphisms
O AYT*X) = A2 (T*X) @ A2 (T*X).
Q@ TX =S, ®S._
Q@ A2 = Sym*(S;7)
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FOUur DIMENSIONS

e % : A2 — A?. Chose an orientation s.t. *{) = ().
@ Three ‘remarkable’ isomorphisms

O AYT*X) = A2 (T*X) @ A2 (T*X).

Q@ TX =S, ®S._

Q@ A2 = Sym*(S;7)
@ Null-Kahler <= 3 parallel section of S,..
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FOUur DIMENSIONS

% : A2 — A2, Chose an orientation s.t. () = ().
Three ‘remarkable’ isomorphisms
O AYT*X) = A2 (T*X) @ A2 (T*X).
Q@ TX =S, ®S._
Q@ A2 = Sym*(S;7)
Null-Kahler <= 4 parallel section of S.
Theorem C (Bridgeland + MD 2021) If A is complex HK, and
foliaded by hyper-Lagrangian surfaces, then

@ O is at most quadratic in one of 2! or 22, and the heavenly equation
linearise.
@ AL admits a two—paramter family of S—surfaces.
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COHOMOGENEITY ONE

o XY =R xSL(2,R), or Xr =C x SL(2,C), and SL(2) acts
isometrically and preserves N.
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COHOMOGENEITY ONE

o XY =R xSL(2,R), or Xr =C x SL(2,C), and SL(2) acts
isometrically and preserves N.

o Left—invariant one—forms o', 02,02 on SL(2)
dol =20 No?, do? =0? Aot dod =o' AoP

and g =33 1 1 as(t)o® © 0’ +25°3_ na(t)o® © dt.
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COHOMOGENEITY ONE

o XY =R xSL(2,R), or Xr =C x SL(2,C), and SL(2) acts
isometrically and preserves N.

o Left—invariant one—forms o', 02,02 on SL(2)
dol =20 No?, do? =0? Aot dod =o' AoP

and g =32 o Yap(t)o® @ 0P + 2370 na(t)o® @ dt.
e Theorem D (MD 2020) SL(2)-invariant ASD, NK structure:

@ Either g conformal to Ricci—flat (all known explicitly: MD+Tod 2017).
@ Or ~(t),n(t) given by solutions to Painlevé I, Il, or completely solvable.
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COHOMOGENEITY ONE

o XY =R xSL(2,R), or Xr =C x SL(2,C), and SL(2) acts
isometrically and preserves N.
o Left—invariant one—forms o', 02,02 on SL(2)

dol =20 No?, do? =0? Aot dod =o' AoP

and g =32 o Yap(t)o® @ 0P + 2370 na(t)o® @ dt.
e Theorem D (MD 2020) SL(2)-invariant ASD, NK structure:

@ Either g conformal to Ricci—flat (all known explicitly: MD+Tod 2017).
@ Or ~(t),n(t) given by solutions to Painlevé I, Il, or completely solvable.

e Example

12y + 2t
g = oo <Lal + 802 — 603) + 03 ® (20° + 2zdt),
z
Q = 2080l

ASD Null-Kihler iff §j = z, 2 = 6y> +t (Painlevé I).
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ISOMONODROMY AND TWISTOR THEORY

e SL(2) action on the twistor space: vector bundle homomorphism
¢:51(2,C) x Y = TY.

(Buliding on Hitchin 1995, and Mason & Woodhouse 1993).
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ISOMONODROMY AND TWISTOR THEORY

e SL(2) action on the twistor space: vector bundle homomorphism
¢:51(2,C) x Y = TY.

(Buliding on Hitchin 1995, and Mason & Woodhouse 1993).

o 2 <> two—parameter family of a—surfaces in X¢ <> hypersurface
N C Y. The divisor N meets each twistor line to order 4.
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ISOMONODROMY AND TWISTOR THEORY

e SL(2) action on the twistor space: vector bundle homomorphism
¢:51(2,C) x Y = TY.

(Buliding on Hitchin 1995, and Mason & Woodhouse 1993).

o 2 <> two—parameter family of a—surfaces in X¢ <> hypersurface
N C Y. The divisor N meets each twistor line to order 4.

o N preserved by the SL(2) action, so 37 € sl(2) s. t. ¢(7) = 0.
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ISOMONODROMY AND TWISTOR THEORY

e SL(2) action on the twistor space: vector bundle homomorphism
¢:51(2,C) x Y = TY.

(Buliding on Hitchin 1995, and Mason & Woodhouse 1993).

o 2 <> two—parameter family of a—surfaces in X¢ <> hypersurface
N C Y. The divisor N meets each twistor line to order 4.

o N preserved by the SL(2) action, so 37 € sl(2) s. t. ¢(7) = 0.

@ The element 7 is nilpotent for PI, and semisimple for PII.
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ISOMONODROMY AND TWISTOR THEORY

e SL(2) action on the twistor space: vector bundle homomorphism
¢:51(2,C) x Y = TY.

(Buliding on Hitchin 1995, and Mason & Woodhouse 1993).

o 2 <> two—parameter family of a—surfaces in X¢ <> hypersurface
N C Y. The divisor N meets each twistor line to order 4.

o N preserved by the SL(2) action, so 37 € sl(2) s. t. ¢(7) = 0.
@ The element 7 is nilpotent for PI, and semisimple for PII.

@ The inverse of ¢ is the SL(2,C) connection with a pole of order 4 on
the divisor, underlying the isomonodromy problem for Painlevé I, Il.
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