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a(r{w)) = w -

(3)

=

Proof: We start by describing a(r(w)) in terms of Tech cohomology. Let (L)

be an open covering of U, and {X;} be an open covering of X-S. Suppose

w = {w )
o --3q
To obtain r(w) we simply regard the o 2. @S having been restricted to
0+ +3q
S. The map « is in three pieces. (i) We construct a g-cochain w in X (with

respect to the covering (¥} U {X}) as follows:

£?

but w ... = 0 if the (q+1)-fold intersection includes any sets from (X;j}.

(ii) We take the coboundary of @:

(6&) =0 because w was a cocycle,
ag. .- ag+,
(5w)iao...aq - wao...aq - wao aq ’
(85) .. =0 whenever the (gq+2)-fold intersection contains

more than one set from (X;}.

(iii) We divide by s. This makes sense because 6w puts W, , oD all
o - -3q

sets Xj N Za and zero on all other (q+2)-fold intersections. But

o -3q
this is exactly the Gech delinition of

£
.
n|—
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where s is thought of as an element of HO({X;};0(-1)).

2. The residue map

If ¢ is a holomorphic form closed on X-S and with a pole of order 1 on § then

Leray's residue theorem [2] says that there exist forms Y and ¢ such that

¢=§EA¢+0 (4)

where wls is closed and holomorphic. ¢|S is called res(p). In terms of
mappings between cohomology groups this residue map comes in two parts.
(i) We think of y as an element of HO9(X-S;QP) and then we use the relative

cohomology exact sequence

(o]

HO(X-S;0P) 5 H'(X,X-S;QP) » H'(X;(P) (5)
to map ¢ to a pair (w,n) (representing c(yp)), where

w € QP (X), n € QP> 9(X-S),

dw =10, Oy = w|x-s
Here (w,n) ~ (0,p) ~ (éﬁA@,Bp) where § is any C® bump function identically 1

on S and with support in an arbitrary neighbourhood of S. (See [3] for the

Dolbeault description of relative cohomology). (ii) We contract the normal

bundle of S in X to a disc bundle

D-S



¥/

Then we squeeze the bump f until (w,n) is supported in D. Finally we

integrate w along the fibres of » (i.e. over the discs) to get

v (w) € QP71 0(S)

In fact this induces a map between the cohomology groups

LI H' (X, X-S;0P) 5 HQ(S;QS"‘)

It can be seen that if p were of the form (4) then r*(c(w)) = ¢|5, as

required.

We can generalise the maps ¢ and = (and specialise p to n = dimX) to

obtain the following commutative diagram (in which the top row is exact).

c forget
HA(X-S;0M) 5 HAY1(X,X-S;0N) — HAt'(X;0n)

.Qn-
HQ(S,QS )

(Here we have also used the facts that on X we have QN = O(-n-1) while on S
we have Q0g"™' = Og(-n)). In particular, therefore, agres = 0. This result
doesn't quite capture the folklore relationship between the dot product and

the residue map, however. So we start again.
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3. Cohomological Evaluation and the Residue Map
Consider

w € HO(X-S,US, U.. US,;0P)
Since X—USj is covered by Uj - X - Sj there are various interpretations of w
by wvarious Cech (Mayer-Vietoris) maps. The simplest case is when m = 2.
Now the Cech map is

HO(X-S,-S,;QP) » H'(X-S,NS,;0P) (6)
and the question (posed in section 2 of [4]) is: which contours in

Hp(X—S,—Sz) "factor through" this interpretation? The answer (see [4]) is

to consider the dual Mayer-Vietoris sequence

5]
*
Lo HP+I(X—S1052) — Hp(X—S,—Sz) — ... (7)

and look for contours in the image of this map.
In Dolbeault terms, the map (6) is

W — w A 36
where 8 ¢ C®(X-S,NS,) and

[ 0 near S,

1 near S,



o

All this is well known (and described in [4]). What was not known was its
intimate relation to the taking of residues. We use the characterisation

that

j p = J res(y)
6

Y Y

(where & is the cobord map) and the following remarkable connection between

Leray's exact sequence and Mayer-Vietoris.

Lemma
Consider the two Leray sequences

Ny 6a
R Hp+](X—S‘ﬂsz) - Hp_‘(Sl—Sz) — Hp(X-Sl) — ...

f [ 1

Ny bp
s Hpy (X=55) — Hp_,(8,-8)) — Hp(X-5,-8,) — ...

Then the composite §pN, is equal to the Mayer-Vietoris connecting

homomorphism a* in (7).

Proof

We use a description in terms of compactly supported differential forms,

whereby classes in Hy(M) are represented by closed elements of

chlmM-k(M) (see [3] for details).



In these terms,

8*(a) - aAdB

where f is C*° on X - §,NAS, and

0 near S, - S,N§,
a-[ |

1 near §, - S NS,

To describe N,, let j: §,-S, - X-§,NS, be the inclusion; then Nala) =

j*(a). The description of §p is a little more involved.

Let D be a tubular neighbourhood of §,-S, relatively compact in X-5,,

with projection map . Let §§ be C®” on X-$,1S,, chosen so that

27

0 near §, - §,N§,
B‘:[

1 in a neighbourhood of X-D
This is a specialisation of our earlier definition.
If [x] e Hp_‘(S‘—SZ), the form x*(x)AdB represents &plx].

The composite thus carries o to 7*j*(a)AdS. Because j, 7: DD is homotopic

to the identity map, there exists an operator H such that
% j*u - u = dHu + Hdu

for all forms u in D. Applying this to «, we find



3

x% j*(a)AdB = -aAdB = d(HoAdp)

and since HoAdf has compact support in D-S,, we see that =*j*¥(a)Adf and aAdf

represent the same class in Hp(X-S,—Sz).

Comment s
1. Note that S, could be replaced by a union of closed submanifolds
S,,-..,Sy without any change. It is, however, essential that S, be a

(single) closed submanifold.

2. The promised intimacy between res and a* is given by the formula
l w = [ res(w)
K P

where A e Hp, (X-$,0S,) and k = O\ = §pzx. Note that from the
commutative diagram of the lemma, we have « = a*k if x is in the

image of 4} and the image of « in HP(X—SI) is zero.

3. This explicit characterisation of which contours are 'cochomological'
appears to be new, although widely guessed at. While suggestive, it

stops short of being a complete account of the treatment of twistor

diagram ears. Work is in progress.
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Abstract

Conformal and projective structures are examples of structures on
a manifold which are modelled on the structure groups of Hermitian
symmetric spaces. We show that each such structure has associated
a distinguished vector bundle (or local twistor bundle) equipped with
a connection (local twistor transport). For projective and conformal
manifolds, this is Cartan’s connection. The curvature of the connection
provides an tensor invariant which vanishes if and only if the manifold
15 locally isomorphic to a Hermitian symmetric space.





