26

Cohomology of the scalar product diagram in higher dimensions

As an example for the cohomological treatment of twistor diagrams in higher
dimensions (cf. [1]) we discuss the scalar product of helicity —(1 + %) massless
fields “based on a line £”. Essentially we can just adapt [2] to the case of
arbitrary dimensions. We also refer to [2] for notation.

Choosing homogeneous coordinates for CP™,n > 3, we let 7, be the forgetful
map 7, : CP®™ — CP* % — CP3. We write £"72 := #7}(L') U CP" * where
£! is a line in CP3. The fibration

c*3 —» cCcP*-L"% 3 [(29...,23...,2"))
Tn | l (1)
cpPi-ct > [(2°...,2%)
induces an injection

7y HY(CP3 - £Y;0(r)) — HY(CP™ — L*2,0(r)), r€Z, (2)

in the following way: (x, Uy, w, 1U;) is a Stein cover for CP™ — L*~2 if (Uy, Us)
is a Stein cover for CP3— L. If f1, is a Cech representative for f € HY{(CP3—
L'; O(r)) then f12 o, is a representative for =, f.

As in the case n = 3 we have

H¥(CP™;0(r)) =0, if0<k<n,
HO(CP™ — L™ 2%,0(r)) = HY(CP™; O(r)), (3)
H*(CP" — L"~%,0(r)) =0 for k > 2.

Let X := CP™ U := CP™ — L%, The relative cohomology exact sequence

0 —  HOYX;0(r)) 5 H(U;0(r)) —
- T - OO < ok —
- HYX,U;0(r)) - \HZ(XZ;OO(r))J - HYU;0(r)) -

then gives us
HYU;0O(r)) = H3(X,U
HOX,U;0(r)) = H}(X,

Thus, by the Kunneth formula,

HYCP™ — L}7%,0(r)) ® HYCP™ — L37,0(r)) (6)
> HYCP" x CP™ L} ™" x L37*,0(r, 7)),

as a straightforward extension of proposition 3.1. in [2].
The “higher dimensional propagator”

. (ntryDrZD*W
—-r (27”;)11-3(ZiW1_)n+1+r

€ H°(CP" x CP™ — %;Q*"(—r,~-7)) (7)
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(where n+ 1+ 7 > 0 and I is the singularity set of AZ )
together with a contour in

Hznta(CP™ x CP™ — %, L1 2 x L37% - 1;C)

hom e 2% (8)
= Hym-2)(L7 2 x L5372 - 5;C)

T
induces a continuous functional on (6) (see §3.2. in [2]) and hence via n} (and
its analogue for CP™* which we again denote by =) a continuous functional

F,: HYCP?® - £};0(r))® H'(CP* — L£}*; O(r)) — C. (9)
If £37% and £572* are in general position, i.e.

(C3~ ) ney™™ =10, (10)
then V := L7772 x £27%* — T has the topology of
{((2],W]) e CP""% x CP"* | Z*'W; # 0}
which fibres over CP"~2 with contractible fibre C*~2:

cr?2 5 | % > ([Z],[W])

l l | (11)
CcCpP™? > [Z]

so that H,(V; C) = H,(CP"~Z%; C). Therefore there is a unique contour C ~ CP"~2,
[C] € Hy(n—2)(V; C), which associates the functional F, of (9) to the kernel (7).

It remains to be seen that this functional does indeed coincide with the scalar
product: We assume that the field

fr=0"f] € HY(CP’ - £3;0(r)) (12)
1s given as image under the Mayer-Vietoris map 8* of
f? € H°(CP® — H} — H}; O(r)), (13)

where the hyperplanes HZ, H? define £ = H2 N H2, and similarly for g} based
on £3* = HZ* N H}. Then 7} f! = 827%f% (with 8’ defined in the obvious
way) and by theorem 1 of [3], carried over to higher dimensions, F(f}, g}) can

be evaluated as an integral -
[ @@ e b, (2, w) (14)
(51)4xC

~over an (S!)*-bundle. Let for example ng,z) H3", be given by

02, ={[Z]€ CP*| Z =0}, |
W2, = {(W]e cP> | W, =0}, '~ 01 (15)
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and define (S')* x C in these coordinates as

( ([2],[W]) € CP™ x CP™ | 1
[Z] = [(ee*?°, €e*®, raz, raz, V1 — r2ay, ..., V1 — 72a,)),

j [W] = [(ee'¥°, ee*¥?, ras, rds, V1 — rldy, ..., V1 — r2a,)).
a; = r,-e“”"; a2G2 + a3tz = aqd4 + ...+ apd, = 1;

(7,7 €[0,1]; 44,9 € [0, 27]. )

i

(16)

We could now just insert elementary states, based on £}, £3%for f0(Z), g° (W)
to verify agreement with the scalar product on a dense subset (cf.[4]). Alter-
natively, using the fact that =y f2, 75 g? are constant along the fibres of 7, (i.e.
they do not depend on the var iables Z4%,..., Z2"; Wy,..., W,), one can try to
reduce (14) to the familiar CP™ x CP™*-integral which is known to represent
the scalar product in the case » > —4. Integrating out the 2n — 7 variables
2, ..., 12 ¢4, ..., ¢n we are left with

(n+ )t / O(Z)g0 (W) (Z2W, + Z3W,)=D3 ZD3W t=4dt
(n— 4! J(s1)ysxcpixfo,c) (£°Wo + Z1Wi + (t + 1)(Z2W, + Z3W3))ntitr

where t = I{% and (S!)* x CP?! is the standard contour for the scalar product-
twistor diagram in CP3 x CP¥*. n -3 partial integrations w.r.t. t give the
standard integral for this diagram if » > —4. Of course it would be desirable
to establish the n-independence of the functionals F, (9) and other relations
between representatives of functionals in different dimensions (see [1]) in more
abstract terms, probably starting off from [5].

We note however that an increase in dimensions genuinely widens the possi-
bility of representing such functionals by twistor diagrams without boundaries.
Moreover, one could try to accommodate some additional space-time structure
by a more essential use of the extra dimensions.
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