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an‘*’um,_ El ed"(‘on na.ngQ_’Biv‘J’}'rac_l'(S

by L owis H. Ka,u.g"g’ma.vb <K¢«.'§'§:mav\. @WUIC. QALC>
:L—:. Iw‘*’Y‘oJucf\—ioﬂ._

—l—k?s ra.Fc'r Frovides a Aiajramm&+§c vev siovt

s¥ +the Feynm«.w—'Dysow devivation of 2on -commutetive
e\ec{'mmmjne:l-ism Svome waitwre meechanical
Sorenalism Ej.j)[z—]_ Ouwr SF‘m-Vle_'{'wOfk $ovealiswt
14—ys bare the structure of +is veselt.
Heve is a statement of the wain result vt
c_ov\s/cw‘{‘ioual m.o—l‘a:‘"iovt. x = (XU xzjxg) Aew_o-t.es

& \/CC+O‘Y' O-S- now-ComM.u:L-ckVe CoorJinm+eS ) e«.c‘«,

a Al‘g‘ge’fc«:"iauc ‘g‘uwc:t-(m& ot +ime7t_. L.e,‘f—'

>.<= (5((, Xz);@) clevto‘\"e 'H&e Vector of +imee
devivatives of these -S—«m«,#;ows. Le+ H be a_

Ron—-zero scalar, ASS«.me the axioms below:

o EX,,,XC]:_]-:—O For «ll i)é{,,.
@) [:X‘i) xd'] :‘){%,

Hcfe, [:)()YJ = xy “‘7% d.JL(/

S;.‘ gl O a’-; Z%/./
.:1—- 4';{' .é:d./ .

Then there exist Yields E and H suchtid
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@ X = E + X~H
® V-H=0

© ’%—';—A—VXE =Neol

Ln -S—«.c._{_) we can “l"a,\'(e, H:’-}'Z_Xx)k wheve
'H'\is deno‘\"es +L\C now-—cammw-‘-c”rivc_ Vec.Jrov' CYosS Ffoducj{_.

Lw this peper we Swe, = new Pv‘oa‘g- o‘jt:'
+L\75 "('csa,H-. —l—‘f\cse me;‘HA.oAs a_.r‘ply ezu«./// wel/
"‘"o +Lt€. cliS C‘Yc:k’c. g"ra,M&wo-fk e.mPloje,A (e [2']-
SCC‘\'iow IO yeviews no+b+iow “-"‘rA Je:f--‘wes

+L\e no A~ comm,sc&—‘c"ivc_ \/dc:‘-a( c:a:,\ Ccc\ ws Vi&
a.lnS‘{’fv‘w"{" +¢nsor¢ Jc‘a.jra.m,s. SCC—"“..‘IZE co-z““au‘»cs ‘Htg
‘\DVom::cJ devivatiows, Section T discusses /Droé(ew_s

«.vul Zuc.s‘*’iow.s a'ri.sinj :pvrom.. '/‘h.‘s wo«k.

:ﬂ:. \/ec:l‘g'rs R A\o.s“'ra.c"("—‘zmsori awd ﬂc Epsi/o«, .

A Vector A'—‘ (AIJA;,A3> woill be /“J"c-t"lCc/
by /4 or ? where +the arc c/eqawlc;
4

"1"‘1& in ch . /"(«.H‘i— iucjcxccl ?chd‘{‘.s. have m“-/'/“}blc ~rcS,
rlms lm‘; = S*a’ a,nc‘/:’:‘—. (g;: . Camr«.v‘e, [3].
i)

WC save ovey ¢¢1>c<..+c.c1 iwclc'ceso
S“—CLL inéicc.s covve.s‘:owc‘ 4o arcs cui‘f".ow'/' :‘lrce, ewc/_(,
3

FOV‘ e&&m‘:'e) O = ,ZOL — 32&4. ::3,
<=

L=
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A.B::. ,3 AB. — ,4, E.
= Am - A

IR

——

f €k %s;}nuw i§ ik dishind
/o1

-‘—\tev‘W\-‘f’—

T—L\cm AXB prnd A

/

“F

/V;'ILC ‘f"lt&'l' v & nan.-c::mu«,-(cs(ive Cau'l‘e.x+
XA), = €. A.A-
A XAy g 4 AzAL

<A>(A)I = EAzJA;]

(AXA)X - [:As,A:]

(A KA)_; = [AUAZ__].
7—/1“5) we can neo {ouja.r' «_s.scr“f' A)(A =0, wwless
the coovdivates ot A commute with oue awothker,

We S"u-u wse ﬂ¢ X X{OKL S s+¢‘t‘ecl
+he m‘l’f‘ociw‘:(':ow. _I_Ltu.s )Qx)Q O IS
efu.lv4{¢n+ +o the First axiowo. T he
Sccaué X Xiowt 3"'&4‘65 ﬁa.—’r- E_X Xd..j ){CS‘
Thes ST LXe, X ] = OX/Gx 4,

T his
Mmeans +Lm.+’ i ~ is awy Suwctiow o-?—‘Hmc_sc

"LOH."COMM_““’]u.c‘ vq,riq,ue.f) we canne c‘e.-ﬁ e

= & [F X, ] ]

Since

;W
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T hus V.A:Z%A; o ):A .
~oX, T K JX..»] wnd
- \_/

UxF ==L ’:Tk\ (vm::?YF:kD"”"])

Wi‘Hq, 'Hrlcsc. c{e-f-;.‘:-"iow_s) we caw Froc.eeJ 4"0 wov‘"(
out the Ac"«.ils ow nor- cowmut

44’;'\/2 Vtc:‘*or ca.‘ c«.l wSs.

T he kej +o c«l cg«.[«.‘l'ious is the basic egzi\om
. . < a
'..‘L‘E:'l’ﬁl‘- %EQLLELC_A:—SJS:’FSCSJ

* X=X

F;w' e X KMF‘C )

Ax(Exc)=A BC=-ABC + ABC.
/ el

T e commutative Case, +his veduces AWCC—'H]
+o: Ax(BXCQ) = -~ (AeB)C + (A-O)B.

Tn +Hhe nou- commutative case we are le-g""{—
with | Ax®x<) = —(AB)C 4+~ A BC |,

ﬂc hc‘*cwr/( -Form-v/is»o 4"“1"('cu/47(e_g -t"/tc o — COmpmec L#ivc_
vector aualysis.
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q. /vd""COme"-a(fv‘ c+ °
AS cxv‘ain¢c§ in Scc“'ions I ~«ud I ywe x5S« €

Coo«!‘&in«-“'es x such "'—L\.d:‘-
M [ Dol Xj] =0
I

® E>)<,}<]=Kf\ )

Tu section T we showed et ) <» KXX: O J
4\4(‘ Je—g—«'wccl .Ji-S—-S-e.chig:"iom So +&1.9L.+ (z) im'hcc‘

= [ )k;’]/)(, . We wew define the

2X;
@iclés H awd = \o‘y +ee -S\-ovmwla_s

E = X — XxH

Our Fiest task is +o show Hat uecither E wor H
have amy depedence on X, Siuce @) (above) helds,

t+his is e «Jv:.len'/" +o sltowi ‘Hud- E. X ‘:O= H X ,
14 3 [:/ )/] [-_7)/].

Lemmat. x H=Dx,%]

ANy
Bresd. H o= 56 =i XX +3030
et AT T X




R-c"""-"'k. Lcmma,x. imrlies ‘H\aj— E and H ave -g-quiows ou—ly
of Xi,Xe,X3. Heuce EXE = HxH=0 | siuce AKxX = 0,
s F ois & $uuction ow‘y o XlJXzJX3 3 THherD

= =D2F <, 2F. _ B ;
F =g TR =B KRR

i
’BXA:

T hus | . « o
Qe H=H +L @uﬂ

/ [/ /

L



Lcmma.? VA H — O.

Peact. VeH =L [H,x)

NG

— S LS
=< R - = U
:Azzxxx-_k;kxx
= O /

| cwmmet. BeH+ VXE =0.
f';e_e.&. ?;cH"' ﬁl* +JR‘ @)\ﬂ

'::l‘ VAN
l“‘ —;R-EX,X

= L[x,x]= %[E)k]*--';[%*ﬂ,ﬂ
VUTY Y Y

— —"VXE +-JR- [-).< H);(]

=-VxE -1 XHX +_r={xxH 44 XWX -2 QX/H
1= Loy vil B Y . . s
/H.. T(E +L X[W,x] ?7[;@]4-{,\— [x,5IH

T"Le 'Hﬂi«cl +ev~m Vauishes k:cca..:-cse V'H-'-"‘:’-



%XXH ~HH _uxd=o0
DOV

7", Discusslon

T This cutive devivetion the only appearance

oy non-a.ljcb-ra.ic_ calculus is in the +iwme devivative
).(. T his cen also be wmade dgc‘mr«.ic by c.ln.oasivta a
Sormal Jiscrete +ime —@volwtiow opevater J  so +heat™
)(I= U:')(T devotes +he next (discwrc_ﬁ> +ime valuwe
o8 KXo Then we can take ;2_—_- :r(}u-}q =D/<“’T]

danJ ,orocch «s Lcs'm‘e- I "3-1 is « c«.losw/c S (Lt

o the a.lp,prmk Faken b/ +the awthor xwd R‘grrg /V;/es
in Eﬂ:].
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