Four-Twistor Particles

This note is writlen to clacify the algelbric structue
of the constraint equatious on mternal operators and the
interpretation in unttary S$pace of a rtuistor particle.

A;l The Intemal Opeator Aldebra

The internal trmnsformations of a 4-tuistor partide

l
Z'i.'»’Uil.‘ (Zk +Ak(.l§t) have the infinitesimal opemtors
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Uv(‘f-) ’ - 4ranslatious
where 1iks1,234 These satisfy the Lie-algebra commutators

[B},Bl- & Be-6iB;  ,  [dij,dw] =0 o
[, 2l & die-oide 1, 451-0,
- and.__are _subject to . the algebéi( constraintg
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which Hollow from the identities '_m=03\nd T3 7=6
cespectively.

How many independent con ditiowns ace contained in (D°
for 3 2-tuistor _Par‘bic\e, vwe have &u&t a single one_,O‘?
the form (3b), and this can ewn be eliminated by drop-

ping the tace of 1‘;:. from among the g,enemtov.s(\/ie\diw
TIRUR)). In order to answer +he Guestion,we now work uith

a 3+] decom‘aosifion: (a,b=1,2,3)
dier § temdm Bk, BEC Bep o0

Commutators (2) are thus reuritten as the ISUR) ones for
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é’,? and % (QEE(}@.LQOf preceding \ebtevi> ples .
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[n other combinations, the opevatos commute. The cowtest o{ZQa)is%Q‘{
and (3b) yields the relations

@9‘(?0, } 2 +%%f =0, },m*gc‘izg)ﬂ-pm:o%

Now (75) and Fc) follow from (7a) and from @). To show this, we
compute the commutator of ki witk $x-§"  iethe ISUG)

basis vector . (4.1.7). Consider ficst éé—g"; =iﬁ} Join hece
the vector ? feom the right and use [&)?]:%2 inthe fisst

term. of g‘t—’ - .ﬁbg' = m The result is (7{;). Use of
[’
=0
[.‘L, “.—; é..Lan iii yields (T9 in a similar way .
Thus we have establidhed +that the independent algebrmic
comstrints on the 4#-tuistor O_peratO_fS. are (&) and (7a).
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E{;}Ih’cerﬁpreﬁbgtién in vai’car:j Space

The algebraic equatiow (7a) can be satisfred by tak-
tng the tracefree part %:-—%«»é%{}. Ue £hewn have
the internal opevators %)é)%i)t)‘)? and C. Thege
represe.nt 27 Hermitian qaantiﬁu With tuo Hevrwutiau
relations 2=O dmong them. Nouw a point particle heg
owl\j {4 pamameters whereas two points have too many
paameters. We_ seek fortuwo point Par‘hdeg (in C*) with Spe'cia,(
propertzes.

Ve denote £ue momentum and €he angulav wiowentung

of the particley by % )(%) and. %;, (%) respectively.

For their center Of mass we pmt
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The angulsc momentun ei and the momentum ér have
the correct T SUQR) commutation aoro]oe_rtie&)—the_re{orQwe
dotheidentification with the 4-tuistor Opertos sugdested by
our notation, A sSimilar identification with the relative
momentum and angular momentum is Lot o Straightforvard.
If uwit‘am\‘ pace g Ral, the vector i=§}7"%7,uould)§of@=:
satisty ©). In €° we wmwt iutroduce a phase facke
ezié— * ‘_ih the definition of the relative

+ . -
momentu m ? = —L(S%& e ) % e {3)
Now ? satisfies (6) and has the commutation proprtm
cequired 2n (8).In order to retain the wiual notion
of a relative momentum in the real Limit, the

quantrty d must be Hemitian. Henc @"%,1@
the masses of +he tuo uméij particles are <gual.

Ihe orbital momentum of esch of the parhicles i
given and ‘_) respectively, constructed according to
the chipev(i.i’l) from the ﬁaarﬁc\e'\s_ operator . The celative
orbital momentum . S
(4 (b ) e
satisfies the commutators () with the exception of
[-L '”‘*é 3 B, +B,) - Z(@]vi(i ¢ 31) We obtain the
corcect result i1f we identify -C= B, +B,-B-2 whece
the B of 4he center of mass is defined in (i.i.s), and ¥
we Impose on the parcticles $4+ ,=0 (4heir Spin be
oppositeg Qqual\) Houw many conditions ace thase?

Out of the 8 Hemitian cowponewts of +the angukr

momentum the orbitel vector 4 carries &. The spin
iemorjcounms onlj 3 1nde.pmdent Hermitian data and. -
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the Hermitian scalac B contaias cne moce spin which laag
3 essential components!

A paic of unitary point pacrticles hayg, gewernlly, 24
parameters. Now 4he masses are equal (1 s pammete ) and
Lhe um‘far«d spins ace oppositely equal (3 Cass Paaw\eém).
Thus  the System has 25 . free pammeters, "Thig i¢
uwhat we wvant since 27 snternal opesfators-—-lconstraihfs[;éo
make 25, and C can be expressed algebraically from (7).
; 7:0 sum up, a ktuistor particle is picmredbypoivﬂfmassef
;‘ $'3 an the unitary Space. If we believe in an iantec-
action betuween these points then we end up with
something like a Kihlerian Hﬁdrogen atom.,

(11 Pictusing inbringic p roperties of particler, TN3 (a7g)
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