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Soiving PorynomiaL EQUATIONS witw S pinoRsS

Albsyrack /Disddoimer: Almost sucely, evev&\\*n’mg in tis arkcle is
well-kaowa (for example, Yo RP) buk it seems o story woetn Velling.
The main dosesvakion is %ok spinor methods ?covic\v. solulions \o_tj
radicals Yv wdic and quachic polynomials. For golynomials o%

degree 4 7, \“\*?-5 pcov(de o Mmeoans goc rec\v.c\'.nj Sro caaoaical govm,

The quadsolic equakion

a2+ 2o +c =0
is easily solved by ‘comp\e\ing Yhe squowe’:
ax™y Qo +c = oL('x.-\-\o/oJL + (ac-v )/ a.
Equivcx\ec\\—\&, e genecic fomogeaeous quad rakic Po\ghomu&\.
a')(f‘-k Doy + cy* (%)
in e Ywo vadables 2%,y moy be thrown iake Yhe cancaical form

X4 Y = Rad VUK=Y )

\05 o suwivalle lineac c\-\omge o§ varialo\es:

KeaxeBy L, o0 o={d B-bAg 2 k0

e
7’=Y9¢+S‘5 4 ¥=0 S‘=‘/(ac—\oz)/c:} and ac# b,

Ta @ \’etmino\ong, (—%) \S oo \oino.rn quadric and mudh Qﬁ%ov\'z
was expended (\05 Coyley , Sulvester, Gordan, ... a cast of

%ousands...) A ?ir\din\g iavariaats covou:iac\\-s) and canonical

forms of binacy quadsics, culsics, quastics ..., quantics ..., Vhe
\itecakuse is vast, T caa recommead dwo excelleat Yexks ‘_E)G;V-l,
The masve\ous ‘\\’\0\&3\1 somewhnak arcane @ acraMon can oo
Ycanslared [P inko moarvelous Qo spinoc aokalon or even more

macvelous @/ @ c\'\emico-a\ge\oraic/ leis\-oc-\oug noraon (_Cl/ (PRI,




N

1a po.r\'iw\a.c)
ox+ by = ¢Fl where @ =o, # =

anx”+ 2oy + cy® = Yas where Yoo= o, ¥o = o=, pu=¢C
and then

Ba=T Hag= T = P whee ?%1 ‘T%—Z

et EHB= L) and consider ¥ne binany i e \a =1 \:FFFI
There is Yhe spinor idef\\:'\bﬂ (c(; TN\, ?n

0 == 111+ W+ WK - X1 - K - 1%

gmm which o)\ other spinor ideakikies Collow, (The cocresponding
staremeat i higher dimeasions is o second main theorem og invanaak

‘\‘\-\eo%, esseqhia\\b due o Weyu) [Wl —see also ‘_GA ) Y Quc\r(w\a(‘,

&o
| (A )
O= J = + 4+
| - 11 ]

— — et

- R

Ta othee words, Yhe binary quadedc (o covasiont called ¥he \\stian\)

? = %} aokisfies %’ = O,

Ta cassical \cem\ino\og\j, Q and t;"r—'r[ are said Yo be o.go\ox.
Mow wra'vie akceoui\,\ solved Yhe quadrakic equalion q:P = w . It

we suppose Yhese ‘wo zeroes Yo be distinct Wren ik Gollows | simely

\Q\S cou.n\r'\(B dimeﬂsfons) Yok

l%‘ s o \inear combinakion og- Tf? and ??? ,
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The coe“(cieﬁ\:s o Mis combinakon musk pe noa-3eco kassuminﬁ
Wne Wessiaa is non-vac\is\-\ing\), They may be absorbed +o yield e

canonical %cm

x3+y3 [’ XY )X+ )X+ w7) where w = ez“i/?’]

o(— Yne SQX\Q('\C cuboic. S?Qc(a\ cases (\i— <;P vaaishes ov has a

double 3ero) can be similacly thrown iake speciol canonical Focms.

Xn pav\ciw\\ar, we have sdved \’(\'\e WQQ with rad\'ca\s.

This classicdd caconicoh cedixckion argument opplies Yo all

\oinarg quar\\-&cs o‘ odd degree. Tq the case o% o quiakic ;FTT? , ?or

example , Yhe cbic covariaat = —
s apolar Yo ‘;m_'r] , 1<& ﬁ‘ﬁ
=0

and, having sdved Yhe cubic Q = W , it Sollows bhat

LT € spon {??TW??????’TTTTH

(i We rodrs ace distinck), We have therefoce wrtkea kvusinﬂ oaly reidieals)

the generic quinkic ia the gocm " ;
Xox Y7+ (X YY),

O% course this canonical gorm does not \Ese\? admit o solukion \)5 raﬂica\s.
(This is quite diffeceat from a canonical Rorm debecmiaed by the pancipal
r\u\\ direckons oﬁ— e spinoec (i.e. 3ec0es o?( Yhe Qo\dﬁomla\) - goc o\uin\'(cs
such a reduckon cannct be effected by cadicals.) Septics mow be simi\acb
canonized by radicals, the canonizing apolas \ae'ms a quarkic.

The \Jino.r5 o\uo.n\—ics oQg even degcee asfe morce d'\g%icu\v. Thece
is aq dbstreuckion ko wrlting a 2n-tic as a sum of n perfeck 2=

powess. Tk i an invariaat called

the cakalecticaak : LEI_]
= 5, ML,

| A
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Foc quackics, however, we can use the geometrc \ia\k \oehaeen 3pinoss
aad teasors Yo effect o canonization. ‘his is converse Yo the more usual
use o% spiaots i c.\otssi?sins Yeasors as ‘rspig—'\ec\ \05 the Wej\ teasor in
Yecms ok the pracipal aull direcons o?( i\rs associaked We5\ spinors {see
LPR2, Chapter 8\ Qyor o comprehensive discussion (inc\u&ing an optional
Maxwell Q—'\e\d) and o similar Yreakmeat of Yhe Ricci Veasor). Tnkroduce the

: ; A . 3
symmekrac spinoc X % as cobrdinakes x°° k%= %'% %" on €7, Thea

2

1 2 . o0 . 1) l
AB D 0o 1l on2| _ x4 x" X —1x =1 . ol
€qc€BDx x —‘2‘_7(_76-(7( )‘l’{ J-T J+[ J—T ] "‘[12176]

2:1
is evideatly presewed by SLI2,E), heace the double cover SL@ L) => So6E).

As makﬂc.es, ’/X\’OO Q?_ lq,k \:,2. ’xoo
2° a b)(x° o
AL = 29| = |ac adtbe Ld|| x| %)
2 c d v 1)
N X ¢t 2cd 4 L
esL(2,0) e 30(3,0)

Nobice thak \i?\'ing Lom 30(3,8) Y %\.('1)@) moy be eﬁ&ec\eé \93 F
A \o'\no.c5 quackic gogep moy ‘e regarded, equivaleakly, as &\‘TQCQ'%QQ
symmekric §oem Bagep 28X gq €3 (C? IPRYZ $%.31). The genecic
sbmmg\\'v\'c S%m'v\ on €3 N oy be complex o:‘C\-\osona\\B diqsona\ised——‘\hg
argumenk Sollows the real version sove Soc the possibility of aull
eigeavectors which must be kceated sepacakely, Furthecmoce, the
chacackeristic polynomial is a cuaic which we already Rnow how o
solve (it is aot a covaciaat buk is, cathec an ocdinany cubic \)o\gnomia‘
whose coeﬁ&icie«%s ace qucio.a\:s). T\'\B\'QiOfe, we caa \i§t Yo an Qx?\id\’\_'j
computable SL(%C) c\-\anse o% cogrdinakes so t\'\ok}) o the aew

coordinakes:
2

o0 [ 2 . 00 . 1] 2
?{Hmvxaexcpr_ A [’K J{: x ] - [vxﬁ; LK ] 3 v[!’i‘ixol] il f)va:O

= {}\%& ('KOOYL " K‘)-FTA-)["X.OO?C“‘\-Q(’X“),\] " %&(7{”)1

—\\'\\AS, I . Y P
Bagcp = -—iﬁ% + 3(N+p)’y +°‘_;_&34-



=
Povided thak N+, a fucther eosrdinake rescaling gives
X"L+ émX171+ 7’4,
the canonical form oetained in [EY (by a diffeceat mekhod which

assumes that e a\ua.c\'ic can be solved ). As a C\quro.\—ic, b W niad
Yl) ks eqs‘\\\\ﬁ solved. As usual, thece are some degenecake cases

whidn must be treated separabely bouk | in aay case, we have aow
solved Yne quarkic by cadicals, O% course , these procedures Tollow
Yhe @ gormu\o.e ot de Ferro, For\\-o.no) and Fecrari or, ec\u,«'\/a\er\kj)
dhe soluloas deaved S:mm G alois ‘c\-\eocn LRl

E_.g_. We caa use bthese proceduces -\—oi—iné the zecoes oﬁ—

\le"L + 632> + WBo* v Tx *\y '

” A8 ¢
—\\'\e covce,spoc\&(ng \-m.ce—gcee sgmmehnc !\?O‘M gz(agwx 2 S

\p (f)(.°°)2 + 68 ¥°°x°' + W5/q (%" + 2™ ) ) 4 T " + l#(oc")q_ (¥ ¥%)

o 1 . 00 -+ 1 ( '\ fx” 5.
— (%% 1x’-1x : O*J \qu o -3 %
; y &
( i L | I LB
o 3\/6 2 21X -1%
ry "
M- k—?)éi 2 _“5/3; ] JZix® ]

The sgmmz\:dc makixy ™ has charackedstie Qo\gr\omia.\
3
N —73/\9} + 5%408

whose Hessian is

_ 73,0, 595, | 5309 | _ (138x-515-108(34)(438x -595+108(3)
F; T #7304

and so the chacackenstic \)o\jnomm\ ™Moy be watfen as

{ (4?’87"5q5"08@i)3 t 9 (438x—5‘16+|08@i )3

for suikable ® ond 9 whidt ace easily compuled:
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_ 32, + 59503 _ 324 -595(3
Y= S.u1992145¢ 2 T 5447993145¢

This gives the roots of Yhe chasackerstic poynomial as 5/3)7/6’_‘7/6
and enalles us complex orthogonally Yo diagonalize M:

. S & @ 809 4
RMR = |o 74 o wheee R= |4 4i -1
o O -Vig 7 -8i 4
us, R a2 s .
o0 1) - Ao s )
ww - § [ BRE] [ EE] - g
w\'\em,
r/\oo Au ) &6 i
K+ L P - ] ETE
Aﬁ-‘ A - ‘{T ® —1’/2, -1 _1/2_ 8
1R RY C R ixin| de (RO =%y 4 5, %
2 2 "] | 9irg wi 25i| "
A 2 i
2 | JTix| \ U
\ \

Tacorporaking e faal rescaling gives

" -1)
X = O-ilxxry)/ 2 7 g " =iy O-1df .
Y = (\+i)(3x+53)/2[2:’ and, sure enough, 3&\_‘,1-_)/2’ 5(\_\,“/2
ok 6803y + WSac'y™ + T oey® + Viyt = X%+ auxtyta v

as predicked. The 4emes of Yne osiginal quarkic arethus: (-2¢/2)fg, (1O£7 )/7

Thaaks Yo RY. aad NMIW. (~16 eass qgo) and Viadimic Es\nm/.
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