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O The parposs of this aytléele 1o $o exhibli an exact gaquencs }
of gheaves on M vhich svore recontly v my D.Fnil. Oual~ fﬁf
1fying dissertation. This sequénce Ls yrx EE
. / /}/ i
\ %?-‘:/ o’ /‘ﬂ | 4y 66D
O e g e ;37 f‘r"“""“’”” Ay s
e h; v YE e T
“ '; /,/} ' i [N 'bn..ﬁé'q
({3 4 f § . ‘féé ﬂ 571\ , f [ , } ) ,‘/ / ) “') ) /( 1‘}51-” ‘,,.g ‘ [/;f’. {b
/ L% Sl “’YL df"’ii "aws gl e / b ,,i: et
/ Lot - b % ! 6‘?5 “"9’(« ;{d}{*}& ﬁ“’ Qﬁ! ﬂ "’&jiﬁ‘)—v it @
LY L o ‘..wz TTRR R ) y 5 Ay
1 ’ , i 1)/ //\

A For ve 2, thia is pre # 1y the holomorphis de Rham esguence on
4, wrltten v spivor ﬁuﬁa%anﬁ
Uging s aampliwate&\in&uatium argunent, 1t s posgidle to
(/ ghow directly that {0, 1)\ia'&z&v%' g heuristic proof of this
\ fach will bes piven in - hé ngat section, Note that conformal
\ inveariancs (4& the cense| ot ﬁhh»hﬁfg&h } de broken wherever
\ more then one derivatlve \appears in a wmap. Neveriheless, all
% the mappings are delined r;ahallj an §9. '
\ AN ' ‘
,\ \ o , S
fo x\\ To gimplify the 10@3%1@&)& 11ttle, denote by &F ' othe teth
nonecongbant gheal from the Left in {(0.1), and %y an¢gﬁ“
%ma ghagven OW-Sngray iﬁmntwgfﬁ reppectivelys alao, let
P e @ (w gl ﬁ} (éa o moamenic device, note that when

# L, en o (400 0
'ﬁ ? Aa B sl w,q itnﬁ Jé:' el 5;202: lw
%4

A Recall that a doloavrphlc lefi-handed massless Ivee field of
heliolty ~dn is by dafinition & section of F, t= ker Aﬁmm@ﬁi .

4
whilat a potentlal for sush o field is 8 sscetion of the sheat

P, e ker A fn w&‘ . (where all the waps, izncluding B oo F o, ave
induasd from tnﬁwﬁ in {D.1)). With these ﬁﬁfﬁﬁitiﬁﬂﬁg the axa b

negs of {(0.1) sutomatically implies that of

Y e T O s P s .
(1.1) 0 - T . Ay =+ B w» Bowe O o
which simply gstates that flelds ave leeally Asowmorphlie to pole

entinlafpauge, and that solutions of the dual twistor gquation
{ for arbiteanrily muny indlcees) are emgentially symmebrio dusl



@
twistore, (Note incidentally %hat {1.1) 18 the losal version of
negence (5) in Richard Word's artiele in See. o8 of Advances
in Twigtor Theory.) ) '

Next, obmerve that ihe surjectivity of [j: Guwer essily
implise that the sequence
{

&

S S
te2) by v By, - O

in exact, The exactnes 1 of (0.1}, together with thise taet, then
implies that of

(1.3} O =Ly = Ay~ Ay s A s O | '
which ile fust the definition of Lﬁ extended to & resolution,

Convervaely, 1t ia elenentary to whack that thw exactnegy of
(1et)y (1.2) and (1.7%) togethey dmply  that of (0.1) - the SRR Lo
ness of the above thres sequences chn all be rroved seperately,
the only 4i7f3cult part being that of A”“*P %~F - O . Hewever,
1% would ba nice to have n gimple proof a hha exavgﬁa&a of (0.1}
since (1.1} and {1,3) follow so enaily.,

Booause ﬁiﬁ the mape in (0.1) ars defined giaba?iyg one asn
toke wections of 1% over avbibr&ry cpen subsets Ul

thus, with Just a formal cnange of notation, one oan emulate
Mike Bestwood's analysis io Sec. 2,10 of ATT to obtaln an ewxsot
seguence

- ~ P u,r ) FHu, A% )
€2.1)  0~R'W,a) - S o 05 ) B, Y on ’ e 7
B A An P+ Tgps,)

v !
g 11

where »

- Yoy ﬁ(ﬁsﬁg)**gﬁiﬁgAﬁﬂ}

ﬁl"{ﬁ 3 3‘? ) L] - i - ,
" in !"{i‘},g? } > P(U,é_;}

The reason for this ﬁatatimn ie thaf when U 48 Jteln, (0.4) in
an aeyelic resclution of {T”*Fﬂ ‘in v 86 Lhat ﬁ”(vg } =
1P’ﬂ 3Tyt Tor B1L p by the absbract de Rham theorsm,




From (2.1) one sess that o potentlal/pavgs degoription of
helielty ~%n fields ow U dg eguivelent %o the clessicnl deserip-
blon 4f H*{Ug? } w 1% {(u,n } w0 .  Alternatively, ong ocan brssk
{1e1) into a‘pair of sharﬂ cxaet sequences and consider the e
sulting long exact ochomology sequences. Thin has the &ffect of
apiitting the conditions HAP(U, T, om0 dnte BF(U, T,) = 0 plus
a holomcrphic e@nditxgu which ia trivinllv Haﬁiﬁfi@ﬁ whww U iwm
Stein snd which ig vacuous for n=1, In my dlsgertation there
ia o proof of the ezistence of contractible domaine U= g whion
do not patlefy this helomerphic condition for any n ¥ i, therehy
demongtrating iﬁS'n&Q@$&$ty in peneral,

%’f
gt

One obtalns an intevesting result 1f one applise the ¥-trange
‘ form of Bagtwood, Penrcse & Wells' wecsnt article on cdhomolw
oy and maspless fields: the open wet Ues B is sald to be @y
(N = D,4956.0) 1f the intersection of U with every dwpland im
- connected nnd has vanishing j-th Bettd numbern for 3 2 1y2pceogl,
uimiiﬂsivgiy i defined with ‘awplane' resplaced by ’aﬂplan&”
Lénoting by U",ﬁﬂ" the submets of BT PP peapectively astooe
lated tu U by the twlstor ocorrespondence, it can be shown that

(a) U ie @ = TW,R) /s MI 850U, B3 = 7Y (0%, 0w
) .

(B} U ds @ =e  (U,F) o zx*mw, Oy}

{&) Ude & ae  PULAD gxmm,ﬁ =, A% FRLUY, Bl

(The proof of (a) snd (b) 18 in the papor mentlonsd abeve, and e
mere conpliomted proof of all three iz in wy dissspyibation,)

The last grovp on the right of (o) above csn he shown to
vanish always bocause of the form of UY; thus if, for example,
U la an open Stein submret of M which ip both &* and &, then
ingerting the above inte {(2.1) gives the exant geguenes

{(5.1) {} ~w Hrﬁfﬂ}} w1 o fOtr2Y) - 3%1;-:#::?6}{,«;»1)) - }f{{; sx’%} wp ),

a geweralization of the twistor trassform isomorphlsm W(@ﬁgﬁﬁ»%
S W(PWE, 0c0o-3) s In partieular, every point in B has %ThiLm g
?ari}y smell neighbourhoods U for which W&m Qanad) =5 WYL G Olenal)
ia an dnomorphlem for all n. The Bnd, [/§”V

it
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Some Expository Notes on affine Bundles and Googly Photons

P.8, Green.

an affine space is, roughly gpeaking, & vector space
without & choice of origin, €&imilarly an affine bundlae is
s vecstor bundle without a zero section. Since the trans-
tations of an affine space fomwa vector space of the 3ame
dimension, one may assoclate to every affine Pumile its
vector bundls of fibrewise translations. Two local cholces
of origin for an affine bundle differ hy a unigue local
tranalation. It follows that the obgeruction to a global
choize of ovigin lles in H' with coeffictents in the sheaf
of germs of local translations. Tn as nmuch as a vholce
of origin defines an isomorphism (as affins bundles) beiwgen
an affine bundle and its translation bundle, an affine
bundle iz classified by its translation bundle and the
obgtruction to a serce section.

Let D be a domaln in PT. The total space of an affine
line bundle over D admits a volume form for which the
diveraence operator annihilates infinttedimal fibrewise
translatjons if and only 1€ the associated translation
bundle is the fouxth  power of the universal bundle (not
colncidentally the bundle of volume forms on Ny . Such
affine line bundles ave parametrized by b (o, (Fi~4)) .

The volume form in guestion is unidue up to a constant
CFactor provided D containg & projective line. '

All of the foreqgoing, of courss, was written with the
nelomorphic case in mind, However, 1% 2ll makes perfect
gense in the topological catsgory and then the cbstruction
to a zero section always vanishes. Therefore one may chooge
x eontinvous {even swmeoth) origin in any holomorphic afiine
1ine bundle. The complehent ds still a holomorphlically
follated spave, each of whose leaves & & panctured comples
line. Under the conditions described in the previous
paragraph, this complément adindes a four=fold cover which
is connected over each lsaf., The pull-back 0f the speelal
volume form to the covering space glves a goodly photon.

The zero section in the foregoing nay be replecad by
an subget of the total space which meeis cach Fibre in &
pon-eupty compact contractible set, any two such subsets
are contained in a thixd; hence the particular choice ig
immaterial and onty the original affing wundle ig signiflicant,

This constructicn also works in reverse; i.e, it may be
verified that any googly photon arvises from the constructieon
describad above. ' ‘
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DEPORMATIONS OF BE = P <::,“77’">

sraes s

Intzeduction: The Wlowing up technligue (1] can be used o gensrate explie
clt deforwatlions of subspaces of Pr obtained by removing & line from it.
There nre two different approaches o generating iafinltesimal deformationy
wf such subspaces of FP. The first one coonslsts in caloudating the group

(waﬁi,@}, alements of which are infinltesimal deformations of pr-pt,
whiia the ssecond approach %nwnlv& a h&mmm&r@nian»

wt (er-pt ,0(2)) s 1t (ppept @)
arising from the non-linear graviton construction.
" The blowing up of a line of PP consists in replacing the submanifold

pf by plap? to obtain a new mmﬁifmla B M_(waﬁf}u (rlx ?g\ aguipped with s
vrodection map T B-—>P? such thset _ :

e Bt 1 (o1 ) prp! is
an lsomorphism, The blown up epace B is hetter defined as n hyvareur face of
pryp! brys ' :

B o= | (AR e prxet | eodPin ne o)

where % “ and ﬁ& are homogsnsous coordinates on PP sad pty ang whaza #t iw
defined by Lp, = O (ses [1]}..

The essantiul point hexe is the leomorphism 1), which induces inj%wtiv@
waps of sheaves
Spla, b)? gt {Pz! §- w-m«wy&m, 3443532 ffngﬂ |
Whare a and b denote the twiste of %E&mﬁntﬁ of 5 in 2%and AR | while tirwise
(adb) arises from the fact that AR~ 1Py 2% on Bpr™i (21); 5 is for the mo~
mant sgsentially an arbgtgary analv%za ghenf., Tha:aﬁmr@ wa have homomoyphisms:

u' (5,8 (8, b)) LIS g gt ipty, sa‘a 1) )it (2P B (2900) )
where ¢ is the rastricetion map.

The grﬁup_ﬁQQ?Tw?*gﬁj The stuﬁv of the group ¥ (pTwﬂﬁ 8) can be achievad by
first caleulating the groups u'(n, gpln,-n}l, where 8yln,-n) are sheaves, wf
helomorphic crosa~gactions of certain: twisted veaotor bunal%g o B, d#iiﬁ&ﬂ
by the following exast gseguences:

& £
v £ ) £y
e« 11 1L PR T ) BNt Q(n,wn) ,mwkﬁﬁin,wn}-aamgo
2 ag?
el ' e 7
14 o e JU e o
B (=g, =ned ) &{n,-n)
- 7
T ! e
i -
&%, - 1}%ﬁinm€~ﬂj ﬁg&*“ﬂ§@é%ﬁ,%”ﬁ}
,-"",/ /"'ﬁ#
& {retprrdy ?;{}{nm‘ém»‘?? ©in, -1 60 {n, -n). A
o r:;*”/ 6 (n,-n) SO FRE Y
£
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10

14

Sy 4

A1l the other sheaves of the abovs diagrum ars definad ondrxp . The sheal
@in,~n} is obtained by tengoring the ghesf B, of germs of holohorphic veg-
tor fislds on pTurt, by ®(n,-n): while %?&¢”h) is similaxly obtained frmm
tha sheaf 3 of germs of holomorphio veotor fielda,on mevg, pawallwx Lo

the hypersuayface f=0. f.¢, §¢© , and slements of & satisfy v,4f) = O.{see
{27 and (3aY Appl?&ﬂq the mag {3t the aﬁ&aw@a 2 we obtain the following
igomorohigm: '

(ﬁfwgm”}’ % §E’; ﬂ’”’{}? }fm Oy, {1, ~n)
Tharefore we have an igumarp&?&ms
ﬂﬁ(rTwp ,8) o § ﬁ (B, @y(n,~n))
caloulation of the qrﬂupm H' (8,8, (n,wnf}g vﬂlnq the abﬁve dimgran is rather
lengtlys detnile wan be found in [3]. The main results ave that #' is none
vanishing only for n2 1.{In fact for ne=o we get back to o result obtained
in {2}y that B is rigld) These resulis don't however gusrantee that the ‘
@ﬁ?ri&%iﬁn L Wwﬂ*ﬁipe) is neamwaﬁiahinq . bacanse thiw tag%r celon can
map 2 eooyele of #t {B, @g(nﬁwn)/ in a cobowndary. of gt (s (?ﬁt & ﬁfwn}ﬁ,
which happens in faot in the csze n»l.por a> 1 the groups i’ {Bwﬁ” (e,
@p(n.~n)) don't generaly vanish and this prove vhat #'(rr-»!,8) # 0.

In the case nel g reprepentative in easily obtalned for a@fB @Eiz,wzkia
The long exxet e@nﬁmml YV ESUanees 4gaeﬁamted with disgram {3} 1@&& o &
amrgwwtiw@ WA & {PPrnp ﬂ{?¥w2})nw~uw~mbﬁ (B,25(2,-2)} where the fivet
group is lsomorphic to H?(?Txg (22,21 Y Using thess facts L& Find the follo-
wing reprasentative AT e E:%Q& 2, s where Elor in trace

- (Bp A (QuABY 228
frew and astisfy L,.K gréa  =0. Then th@ r@stvi@%iwn Lo Bmﬂ“f{?{E glveg
&ﬂ“@&&iﬂq to (1) ,a raprm@&niabiv&s ‘

£8{2'9 o 2., « z
YL {czu% 35

for a subgrowy , bthat wa dentte ny H (PTmF 0L, of elements of H?{Fwwwg 63
w%iuh are gingular of ordexr 1 over @1, in fact we can wrltes %
%%gWW@a@YVQ%ed“ﬁ}ﬂ(Bﬁﬂmwﬁﬂ

The nﬁnulinsmr_ggaviegn mapy The aeocond mpproawh srisnes from the non-iinear
graviton condivions (4], ,

Wl wah o g 0 R “Wﬁ~ =1y
with det (@} uggfi )y = q

Blements of KQ{PTm?@ 9} which satisfy these conditions aré thowe fur which
o QFfMuA and  fy= Oy where ¥ is & homogensoug function of degree 2.
8o 3fyuy define A ﬂammmaxphiamz

! tepepd 0 (2)) 2400w (or-p?,0)
howording o (3) and {4) we wmust have the following {oomorphiszme

@1})’;(?}‘2@ ?QJ\ t“%»mr{ '?;?1) :‘nyé B{‘m%gemﬂ)
p'"

and ?imqw &f‘d)}ﬁ, Fel £ . }":‘?

f 4 By (P‘ }onj2 v

On B vhe ghaaf Sgine?,-n} 15 dafined by the following esact seguence:
L B *'@@Iﬁx’i“‘?ﬁ (ﬁ"ﬁ“’ ¢ ““31“”"" ) }‘A%"ﬁgd‘!ﬁ}? &3’7 ‘{ﬁé “7’3; Nww"@ﬁ il‘i"{" ”"ﬁ; cnernsndly U3

where n yefsrs to the ovdeyr of sxngalazxty -1 and the nweber 2 ©o the
helscity -2 of the fleld [4].

ﬁ (B, & {nr2, -n) )
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@D

‘\»s.oa

Fﬁam the long exack @ﬁ%ﬁmui@gy geguense associated o (12) wa nb%ain that
at (s, Op{ntd,-n}) Le non-vanishing only for ni2 and theo given by the swact
GBOVSBOS 3
s'; 8B, Gy (042, wn))«-»m’il‘»"iﬁcr’»wm?wﬂmﬂ)wﬁ*imustz" G {red , ) 2

Bwil (8,0, (642, ~0) jomn0
30 Admp atin, {n 2, eond ) m (n+%;(ﬂ+4)€2nwﬁj +10

6

et us take a g&gﬁaﬁzﬂ%lva foHr W {?Tx?i,ﬂin%&gwx‘) an follows

?ﬁ:ave “E e 50 &F éﬁn&&é\mm
TNULE A e

whleh becomes when the numerator is developed in terms of (PAh Y oond {Qp A
whe following exprasgion: P

Cui N AP T

¢4
't!.é;'? {pﬁ;&%’)m (Qpi'};ﬁ3 S
The lagt map of the segquence {12) is surijective; then slements of
ﬁ?£3¢® (ol »n} ) aglse from the resteiction of {44) to B.Yhen the homomor-
ﬁhiﬁm {11} provides an appropriaste reprasentative for the gsubgroup

(PT~?§,$I?3) of ??{PTwP?f&(ykﬁ alements of which are singular on pt
m th@ mrdﬁr n-i. Thig repregentative is whta;n@é fraﬁkfi&} by r@p%a&ing

e

M ny u ;%Wim it. aceording to (14, u'l (pr-pt, e(2))= e, H (pe~p B2
) rw? A
and a qenaral representative will be q;a,,m'aa Y e
’ .’5 " gi‘ e
I‘*ﬂ*nw %’fﬂ ."k og:a?p Emne

TPy g

Mow wa can aw§&v tne hamomorphism () and obtain a2 repras&mta?%Vﬂ for a |
aubyroup of M {pr-pt, 0}, eorresponding o left ~handed gravitons.

fome findce deformations of prep’ Finite deformations cen be obtained from
{15} as solukion of: SRR

.géﬁ 38 foy )}’3 i’ff &sg f
ax 3%, : |
where & s & pavameter on the lategral curves of the vector field 3 9 {

{}HS&‘ (%’“?:" f A

ﬁnlm%sﬁna af {46 can be i@unﬁ nnly Ear BOWES ﬁ@@ﬁifiﬂ formys of 7,
#. 4. whan it depeods on wh only through a global homogeneous polyaomial
of degras 2, pragerved ander the deformation. (see [4]) The case whore this
pelyntmial is of the form g = (ﬁgm&§ (M) ig @ary to handle, the ﬁﬁlﬁtxﬁm ;
of (16) being, _ }
B ML w{'}ﬁ + A B rn
A genexnl tﬁvhniqu&, Lo ﬁhtain the associated metrie, ig availabl% in the
ap@ﬁﬂﬁix & of [4]. The metric takesthe general forw:
Takh ™ Moy ~Kpln-¥uha .
whioh s the famlliar form of wv.p, waves, K, wo @évig a killing vector ,
w%il@ B, L& a pmt@niia? for an A,5.D. Magwell finld acising frowe
avﬁgh - &%wa }f?’A - whexe Qﬁ; - t:zf%{%%iﬁ%ﬁ.{ h{g{aw“{féf’; - %{ﬁaﬁfgﬁ}
oM : i
Lt us conalder examples, @@xr@ggﬁiéizq o deformations of pr-I, which }
gepsrate selb-dual solutions of Binstelns equations aingular” on the nulld |
cone at infiniby. & case @wﬁxéapﬂﬁﬁimw to the flest ovder of singulsrity |

(_% in *‘!ﬂ"’ ‘mm( nwvnuwdh .)}’()



iz mlx@aﬂy kaoun, having baen @bt@iﬂ@ﬁ hy oy Qpariﬁﬁq

¥ u

For this case: S pm @MA@@)
(o) (1 M) ,
rthen 3F _ g Aey i?a‘ . | h = ”%iiﬂgﬁsﬁiiﬁﬁ& Dpdy 33
6&0& { vy ?;y} { g‘g&fiﬁ'} : o wnd { z
&Ag(w‘} = wﬁz(ixﬁﬁa&g )2 q&§&
aAnd if we define ( v }r) T /t;w x*iy)-
15

27 s~y ez

The metrio ifs:  ds? = 2(qQuav w@deﬁf4x}d«“) wheve «ls a constant.

At the second opdsy of slagulsrity we can takse: Fm@u $§3 " | et wmz |
| , %wﬁi)u‘“&ﬁ? ", (e %m;
Then 2y, (4P) ~Eﬁi(x&ﬁiﬁ%§gﬁg£3 gxm%aﬁ’;«{wﬁmzws

ﬁnﬂ the metyric ig: &ﬁ Bs zgﬁudedxﬁvwﬁx¢13wa)&v3§ s Where Vies a conghtant

Aa ? differeat and last example lei us Qﬁﬂ&idar a ﬁafnrma*xan of ¥ minug
infmrﬁéetinq I, and take: ¥ o igkzﬁ} |

(O} (GVHR)

3 B ws { p“ ¢ 2 V ’ |
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