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HOTE ON THE ¢* SQUATION H. Buchdahl

In a recont paper entitled ﬁTwistor Description of Clagsical

Yang-Mills Fields" Henkin and Manin give a reformulation of the
¢clasglcal coupled Yang-Millg-Dirac equationé in termg of obstructidns
to extentions of bundles and cohomology classes on regions of ambi-
twistor apace PA. The purpose of this note ig to demonstrate how
the same game can be played with the ¢* equation.. (For relevant
infermation concerning PA, see Mike Eastwood's article in ™a9 .)

Let U be an open subset of compactified complexified Minkowski
space M. By the ¢% equation on U I mean the coupled system

| s . \\ =\
(a) P Py ~ e T, e PlY,OEOCD),
- () a¢ = p¢ A )
: . PV, 0E0), e T, 00N
(c) B o [ e wy } pe Y

Let VePA be the open set associated with U in the usual way. If
U ig such that its intersection with every null geodesic is connected
and has H1{$) =0 =)H2(®) » then the following isomorphisms hold:

OV, QG- o FU, O6300) & B3V, 0¢-2,-2))

Wngqa»urmgwfm) HUY, oo e MU, oET)

W, O6,-3Y) & Y, 0Ea3-r1) , WV OEs -0 2 T, GE-r-ah)

If ¢,% correspond to d':)e HW,o0m)) @e‘u‘w,m—z,o)} respectively, and p
corresponds to P e W6, and P e WV, %2 under these isomorph-
isms, “then equation (a) .above becomes |

: b
vhere v is the cup product, whilst equatidn (b) (resp. equn. (c)) is
interpretted on V as the statement

"The obstruction to the extension of $ (resp. ¢ ) to the
- firet infinitesimal neighbourhood of P®A in.!PxPﬁ ig
equal to v d (resp. fud )."

~J
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WUM' Defone Y o & )(na Ygtw°/7t°,,Lwt/m" -
MoL ga‘"‘o,/‘rr;,-, 7%; ;

o | X . ¢ ,

(A) PGy, y) = = ‘§° +O0 T > t Aclomorplic, |
o solofion of o foplase equabion, oxisymmetic
aquvu/‘t Ha 'xb,--auxis. (T oonle it Ables %Ma_Q such, .
SO'QANE\,G‘V\,)T\'\‘L Tueyse Awrishor '(\—WAOQ"LCW» «/?Fﬂ-o.rs o

fre M{’TW/LQ/J S;\I\«\‘),Qq__ M) /Q;Q«cmsn o :&L— vac/t ,
Mok Y =-23% o~ Ha 7 —owxis, so iﬁ,ak\nc X)*.—CP(O,O)‘z).:
Tor MWF&)%&«, "SQ&MSM—W% solution.

,’7’}."“"‘"_ -"2-":\‘_ E‘] ’.5 MS% S A‘D MSQ_ ’CI'GM |

(F:"— %IQC%"{:;’*"T‘..‘{'ZM .

‘p = %’/QQ% Y—Lwr ,

ol  Abs  in vove cL;u@‘ovu@ |

Noes: (b @ i aeal £ sokshes the seality

| condibion F® = £(T) . .

Giy The- Bt @A) s JA;WRA% CQA.LQ, {‘O
Nd\u‘ Y F-(U%'vam of 'FW\OLAM% SM‘G‘I\G—{\& {qu/e&_

/MUV\({FO/QQ," ;MV\S o'c ‘&aa. Y-M-H &‘1%{:‘0\'\3(3@12_ 37 v
for detids). Tidstor Mﬂoq\s %i\m‘.— (ax Least tw\‘y&u{-%)

%Mg;‘w\r\kv%’ﬁwe oae. 0P = i3I, + L(x-ty) W, w‘%t(:pwa)nb,»l-a(em%)m,,
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He ~eadiby condibion  F(¥,-T7) = conjugole Lm
pose of FOLE). This gives «lse Ao o Y-M-H
575 & VR S(FOLCQ ~tHwa bl s Si"a«ﬁdv\cu\a,«wmﬂ”
od oo solition of e field 2quakions . The
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| F Q_E"‘ -&2,—' Y M»A- F ...z_ e:-‘( ‘ HQ’Y J :
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THE INVERSE TWISTOR EUNCTION REVISITED N. Buchdahl

In [2) Penrose gave an explicit integral formula for generat-

ing homogeneous functions on parts of projective twistor space
from massless flelds defined on certain reglions of compactified,
complexified Minkowski space, such that the procedure provided an
inverse to the usual & ~transform taking the homogeneous functions
to fields. The purpose of this article ig to give a cohomological
interpretatlon of this inverse transform (the inverse twistor
funotton).

The notation used here will follow that in [1]. In particular,
P := projective twistor space, IF := projective primed spin bun-~
dle, Wﬁ t= compactified, complexified Minkowski space, and p: F-y
e ,-v!lF-wiM are the standard ‘'projections'., For a sheaf S on
a space X, a resolu“bion O0~»S ~»R°>»R'— Ry . 4 e is denoted by
X: 0-»S-sR"’ , and the groups (ker P(}(,N’)—;P(x,gws )/ {dn Py, rp) -+
™Mx,e9) ) by HP(M(X,R")) .

Before proceeding, some general definitions and results from
sheaf theory will first be collected together in the next section.

o

If X, ¥ are topological spaces, +: X—Y is a mapping and
S 1s a sheaf on Y, the topological inverse imagé of S, f''s ,

1s the sheaf on X characterised by (£7'9), = Spuy for all xeX .

If X and Y are smooth manlfolds and £ is a smooth mapping of maxi-~
mal rank (i.e. rk(df) = dlm Te dim X at every point of X), then
there existes a regolution X ;3 00— f ﬁy-aﬁ¢ (vihere £y 1is the
sheaf of germs of smooth functions on Y), Here ﬁ { is the sheaf
of germs of relative g-forms on X: locally s relative g~form 'looks

like' a g-form on a fibre of f parameterised by the variables
a-H
£

transverse to the fibre. The differentials de ¢ ﬁg% are

just differentiation along the fibres.
N ..
If B 4is a smooth bundle on Y, then because the transition
functions of f£¥B are constant along the fibres of f, one can
tensor through the aboze resoluticn by ﬁx(f*B) to obtain a rea-



dl ‘ | .
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slution X ¢ O - f“'itgg(B)»@ﬁ;(B) y Where ﬁl(}}) - %‘i‘@;ﬁ%@*ﬁ'} .
Also, in complete aralogy to the smooth case, i1f X and Y are com- ;
plex manifolds and T is holomorphic (and of maximal rank), then |
there is a resolution X : 0 -~» £7eh(V)-y S?.}(V) for any holo-
morphic vector bundle V on Y, '

Finally, the following theorem from my D. Phil, Qualifying
dipgertation will play a central role in subsequent sections of

this article:

THEOREM: Let X, Y he paracompact complex manifolds

and f: X-—»Y be a surjective holo-
morphic mapping of maximal regﬁ. Let V be a holomorphic vector
pundle on Y. If, for each ya¥ , f'(y) is connected and
gP(f (y),T) = 0 for p=1,...,8 , then the canonical mapping
gP(y, ¢vy) ——bIIp(X,f“"l’fV')) ig an isomorphism for p = 0,1,...4N ,

and a monomorphism for p = N+1 ,

(The relevant proposition in my dissertation is slightly weak-
er than this, and I am grateful to Nick Woodhouse for his assist-
ance which enables me to state this stronger version.) R

Tet B := Px P Ndiagonal, and let T: B —»P be the pro-

jection onto the first factor. An element of B is a pair of
1i‘hear f~aubspaces of W which, being non-coincidental, uniquely
"determine a linear 2-gubspace of M, i.e. an element of M let
& denote this map B - M ., Similarly, there is a mapping ‘
SIS @ -= F which is defined so that the following diagram com- i

mutes: : )
J ‘ !
B .
(20 | B l« ™
F

'tM"*/*"/ ’L\*%’ | ﬂ

If Ue M is open, let U  := oXU) , (where, as usual U' =
»wYU) and U" = tJo(U‘) ). If, moreover, Uc.i\’f'\'i , then UO = UnD,

_
- - -~ - - -
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~1ike coordinates (“*E,ﬁa: a) & Pvhere % = (tepe )

tho ppace-time
inates on MT, and my, Lg' are homogeneous

are 'homogg\neous‘ coord
coordinates on thelr respectiv
inates, the various mappings of (2 1) are

e CP'g. In terms of these ooordé

Ve = -/”"U; o o | (8, 1 ) o (U = <w'f,,:, i)
/ / ‘ i ¢ ;,
: VJ) & > -
n w, /,«’
¥ ;
\ " N / 0"’\» noo ; / £ ” ., //
SO ¥ E U ‘ xﬂa K Wy U //

1 1 - . L
A .- : . e

It will be snown subsequen’cly that the inverse twistor function
naturally F_‘.veq pige to elements of the cohomology group H' Ve 7' Chtema)),

which, under the conditions for which the & -transform is an isp- \ .

norphiamn explicitly generate repregentative cocycles for elements (;\\

of the group H’(U",C}P(vh-ﬂ) .

The sgpace &) = &ﬁ’ ﬁw\diagonal introduced above ig of consid-
erable dmportance and deserves special attention., D is a fibrat-
ion over G, with fibre ePA\fpoint} = € , and is therefore of the
motopy type as ¢i?, . Moreover, D is Stein (since it can be
d ng a closed submanifold of m‘*), so that the line bundles
bmplet@lﬁ’ determined by H (‘D y ) = . IE is not

to deduce that the restrictlon mapping H™(TRxeR,Z)

70 Z 2 is given by (m,n)+rm-n , so 1t foll-
‘n)ﬁ‘ C?’(m+1 n+1) Oﬁ . (The same isomorphism is

on U (for any topologicdlly trivial Stein Uepi*,)

e‘ Tact that every section fel'(D ,G{m,.n)) can be
' iquely) as a holomorphic function on T¥xC¥, 2
with power series shows that f may be expressed
_form %v
' \}45// . I\a
‘ﬂ)'

Jry
&

e:) g
\

N ' ' ' '
~ {r% Bt Amas Bleo Brgr
< Tar Ty .
yta) = 5'0%&({%.—*\3 7es gy Al M B" " “Bies
. & H Ky 4_;
):tiw/a
= Wt and e Ban o Al B )

;(3"\ t‘d‘; S

very s ectiovx fer'(U , s t;f*m?) can be ex-

3 1), b*‘a with c@' e BM i \«., i belonging to
: S
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, | ) | .
Suppose-now that coinhn g M(u, 4 AE3T'Y ; then

*é‘; 5 N g\l“’
’ ) Cene [ ¥
fr - \ =% C-“' QYC ﬂ::r? Qn 1\'“' ."ﬂ‘q' L’a' ‘ew LQ:, Y= Oyeee yn
L .:}\}m)ﬁ //t A A Af‘ ’l}i“w'/ /qm .

is a well-defined element of U(UO,C}(r—s,n~rms)) , and a direct
but tedious calculation gives ‘ '

-t o
LA

: 3"- 1,.00 @l
( 4.1) bv*...wm - Q 5*v" ‘CQa Am A Trg"""“'q}\ LA"“ "A'n—l ,

R
* on-s)g gt “’"“w@: “Tak baty o+ Lok
| w\ﬁ-l_ T‘ Heet Fine
where 4% 1= (88,-ix8%) and i, 1= (0,8%) . (Since U® and V*

are homogeneous cooxdinates, equation (4.1) does not really make
genge, and moreover, the equation tacitly assumes that'Uﬁth' how-
ever, there is an obvious meaning to the equation and thedwonclus—
ionsg to be drawn from it will be manifestly invariant, so these
ambiguities will be ignored for the sake of transparency and
‘simplicity.)

Taking 8 = n+1 in (4.1), one sees ibat. eoch of Y espotions

R 1 :
24, | f | :
(402) e b'q'; 5.“;"3\.{ = O : I = 0,...,1‘1") :

is equivaleht to a“”"qﬂﬁj satisfying the zero-
rest-mass equations. Furthermore, (4.2) implies
i _ .

o4 _ AP
(403) . 'atﬁa\!ﬁ.s = 0 L = Ojeseyhl, )

(In fact, each of the n+1 equations (4.3) ig also equivalent to
cAl--f0  gatigfying the zero-rest-mass equations, although to see
this directly requires a very lengthy calculation.)

. The gection f e F(UO,C}(—n~1,~1)) is particularly important -
it5the null dabum fo the field eA' . Setting £ := %o/ udv*
c ﬂ(UO,SLW(~n-2)), equation (4.3) says precisely that the relative

i~form f is dgp -closed. Thus there is a mapping .
. C)(l

(4.4) . {massless fields of helicity ~in on U}, —> H(V(UO)SL(:‘('D D) .

N

)
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Tt will now be shown (briefly) thnt (4.4) is in facht an Lscmorphiemmy
Injectivity: Suppose f is dg-exact; i.e. oot = Ve fon

some we !"7(U L?'(-n~2 0)). Then —-(n-H‘)fo = Rw
) o
whére R = U*3hya = Ty Wao\"’ . However, f_  does not involve Wa
whereaq Rw does, so the uniqueness of the form (%3.1) implies i’»ow 0 .

Nj je;_g_'vi‘t,y_: suppose g = g“dV‘{ ig a d ~cloged relative {-form
I on U If Ufpy = 23 g% 8., 0.
oﬁ gd‘ s;'—:'“ Q'_ $ s Gz: erlﬁnz‘:’ﬂ“; o (G: .,,(,#3_"
then by settlng I 5 ;; /4;;5 7

5
2 q ah" QS 0~ 4 Bl b Bﬁ ‘)Taﬂ - 1145'?)'1 L&‘ Lﬁg
n o s “h-

-

and us inm the operator R defined above, it is easy to check that

s'...e“

o mugt satisfy the zero-rest-mass equations, and that

Gd = 3%‘/\;'& J- cc}a,aua, , where c, is the null dstum for the field

cﬁ/f"ﬁn . Qé

The isomorphism (4.4) is the first in a chain of such, relat-—
ing cohomology classes oanOy U' and U, and, in the appropriate
circumstances, on U", The next step relates classes on Uo and U',

N4
o
X

The mapping % U'o—aU' defines a fibration over U' with fibre
&P \fpointi w@. Thug by the theorem of Section O, one has
HP(UO "5’:‘ ’)\) o gP(ur, of ("‘a)) foor all m and all pgzo. 8
resolu-tlon Ii’“’ : 0—»;,1,"“' {ay - S‘quow “generntes a regolution
B 0 PR Opt > V6D, one may apply these isomorphismg ta
the (two) vairs of long exact cohomolopgy sequences which these
regolutions jinduce. Then a multiple application of the Five Lemma
qh\c\)\g's:w gha‘c 1}\ng VUL G} o HP(Ut,5'Gptmy)  for all pz O. But

= W , 807%H'00) = W' Opm) , and one therefore conéludes thatb

HP(UO,W Gy 2 HP(U' "Ch,(m)) for all p%» 0, me Z.

It ig a relatively simple exercise to check that the diagram

—

BP0, SUpto2))  —— R (o, W C-0-2)
. e g
(5.1) 1’ I

{haliciy ~in mossless felds *_~y 5 Wiy, P‘;'(}(-o.:,))



commutes, (again one uses the operato; R and the uniqueness of
the form (3.1)), and the efore the canonical inclusion H'( (U, "ewgb
-~ H1(Uo,m”cF(~n~2)) is actually an isomorphism.

So far, this cohomologleal interpretation of the inverse twlgt- -
or function has not related flelds on U to cohomology classes
on U"; in order to do this, it is clear from (5.1) that it will be
necessary to impose on U the conditions for which the ® ~transform
is ah isomorphism. In fact, in addition to (5.1), one has the com-
mutative diagram

H'(Ug 0" Otenea)) T

; | . v \
o | H'(U', £ EnmaY) P

which makes these restrictions obvious., However, the restrictions
may also be seen directly as follows: the fibre of ?rlU over a
point ue U" 1s the same as the inverse image under & of the

o ~plane in U corresponding to u; this sef is therefore a fibrat~-
ion over that o -plane with :flbrewﬁ?lg s0 1t follows from a spectral
sequence argument that thfw)(\II\ C) Iﬂ«{a-plane corresponding
to uinU,C) for p = 0,1, So by the theorem again, one has
H1(Uo,h”aHM)) & HT(U",C%bﬁ) under precisely the same conditiong

for which the ¥ -transform is an isomorphism; that is, when U is @ .
‘ )

The analysis of Section 5 did not require the homogeneity to

be £ -2, so0,one might expect that right-handed massless fields
can also be dealt with within this framework. This is indeed the .
cage: if - c: mOk e U, 080 M Yy then £ := ¢'yf cﬁ“""“‘?'ﬁqgmmg,d\l“

belongs to F(UO,SL“(n—z)) and satisfies : Y
/7 e £

- .
' Q#OTh:w""mawmndv*nva .

d, f = Q" Yue ch V““‘_'cg
“»lekﬂ’ th?&

Thus d,f -.6)45 Ca' Aoy is a potential for a right-handed masslesg

field on U, Iloreover, it is easy to see that f = d,g for some

gef(u, y Xe(n-2))  4if and only if P “*h—v“w'ﬂ. -ah) U for some

o fas ¢ [1(0,08 “M) Thus H(P(U,, ey tn-2)) < ihdntn'*w an P”"S/gmgc on U3

U’i jor
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ig injective, and in the sqm@ veln one can easily prove its sur-

jectivity. Hggoo the.IELeVﬁﬁt commutative didhhl is now
//7 Vg, ;, "o dn@ﬁﬁg .
/o H (1, Sbp (1-23)) ——a . H'(L, , 7' _
4 A ~ a0
7 (7 o1 ) 'YS . ‘(; . H (UV,O‘(D-'Q.,/) /
\ (;/\ helicity 10 Pdﬁhﬁak/% T N -
///// “t\\\ 30‘03:1 on u H (U; ‘Jv O’(ﬂ"J)/’
S~ .
U SURT SRR
—
8. When U tg @, (i.e. the fibreg of %JU are connected and simply~-

connooted), one can construct a representatlve cocyle on U" for
given massless field explicitly, the method being essentially the

original integral

such that
gueh that

formula given in [&l: ae¢U", chooge be UM
a,h)e U
(2,b) 0

v

; then thereo is a neighbourhood Wel” of g

Wx{b§<:UO . Given a dw~cldsed 1-=form £ on Uo' gset
‘wwf ‘
(u,v) := ne w
glu,v) jw,b) 'P

where the integral is taken over any path in ﬁ%U)nUO from (u,b)
(u,v), (path independence is gnaranteed ag U is §). By construction,
dpg = f in.?fTNN\Ub, and if one chooses a locally finite cover of

U" of this form, fai,bi,W:}

say, the cocyele is then given by

' N {u,byy )
gy 4(u) = f L we W, 0¥ .

(O,bj") . ]

I should 1ike>to thank Mike Bastwood for his critical and percept-
ive comments on this work, .
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Twistoxr Diagrams and Relative Cohomology

The purpose of this note is to describe a generalization
- of .the twistor propagators introduced in (1) and (2). The
twilstor propagators ¢n bkelong to Lﬁ(?“,@*f;obmgh.ﬁgxh and,

- for n3 0, have the exact form'(2)

e | Wb ?' wheve A® &P are
. @m-z \o )
W 8 el ar\u“fmrw.
If we define W = Py p*” n iw.2 =0}, then
w.h B2 o) - ;
e wln ey, AN &)
% B ( \w,*'( (J:‘Y
4 Mﬁ “\ -/’ *® | . .
since T ,f(UH”cS 3 is easily seen to be a line
(e -
9.“‘05! %"%‘ ’
bundle over ¥ with zero Chern class. Since ”
Weg Iy

doeé not have zero Chern class when considered as a line

bundle over P~ x P*¥—, the logarithm in (*) does not extend
to P~ P*—, a;d the dot product in the definition of the

én is therefore nonzero. |

The following is a generalization of this sort of

construction:

Theorem. Let X be a complex manifold such that the Chern

mapping-

c: W (\L ‘9*\ — “M(’!(; 12\ P
o )

is surjective for some fixed . I&#‘g be a line bundle over

)

X, and suppose AL X is the zero set“of some sectlon C;E‘( g\,

1f BV (a; Z ) =0, then for any integer n»0, there is a

7
-

. - . I
natural map e 5} Y?<M\

Pt W% A 2) = ™ (% 6('5/ .
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Proof. We have the exact segment

v ™t . e
O=W"" (A 2) = W (%0 2) = W (%, 2) — W' (A 2),

b

so that W% Aj2)2 kver pouw™ (%) 2} — IFENS i Let

Fen™ (%, 8 2) ¢ TN '8 ;&))- we have the commutative
diagram A \

z\/?’ ¥ t ' ”“\'_,""’J\}
(*x& &5)-**-» et (% 6*\ AWM Z) ~ O
,.ﬁfh{‘)‘{‘wﬁ 7 Lz} i L P L? 3,, {I‘

- l
0= 8" (s 2) = W o) 2L W, ,ox) =, uf“(k 2)

i L

'jand can. therefore find 3-:%“‘(-;\ a*“) such that c'é"ﬁq.
4, )
'cf\"(sg Fpg=0, 30 there is a unique \Wen™ ’3".9) such that
‘___::_,4,_,_ i ::‘E/,—' ‘\‘
exp h"* ?Cf
§. A’f'

T is easy to see that h is well defined on a

neighborhood of A in X, and we can consider

_,,i—m‘ \ j ‘}
p@-—(c) oh e W (x c‘@(;;“ H.
\j L

Since W™ (x.'é'\ <R er ‘: (ng] T R (k;&\ — (% 6(‘%““"'\)))
Pn(cj) is independent o; the choice of g made in defining
h, Q@

It 1s interesting that the key geometrical group in
this theorem is the relative cohomology group Hm(X,A; Z),
rather than Hm(X-A; Z), which has been more usually investi-
gated'in the analysis of twistor diagrams. As we shall
see, bhowever, this constructlon enables us to evaluate a
variety of thSLLOZ' diagrams which have previously escaped

a cohomological formulation, and this suggests that the groups

M(x, A 2) may be the more fundamental
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As an application of this construction, suppose that ¥ PR
and fxw.2 (g=0(M, S0 that~A=:dI’. It is not hard to

1
check that \ (.*A,A‘, y A RS and i /‘Ls\

e ? e Wﬁﬂ’ S (\'J T

(ot
?ﬂu (\\) & ‘\‘\ (? ,\?#’- 0(—5‘23’ "9\"7»

are the twistor propagators.

Alternatively, consider the diagram

¥y - " .
173 M‘@ED—*» C
,;’*""M\

& Y b (.i/“‘l g_

where B-C#0. Writing ®5“for the plane in P which is dual

to B, ¢ P*, etc,, it 1s not hard to see that in oxrder to

evaluate this dlagram cohomologically, we need to interpret
/ /
- . '

71 =y
o as an element of W% (Bt‘wa"‘;btu-%n-ﬂ\.

F\ Setting w=o*yv et and f=WeZ, it is clear that since

a.\.!.

“‘\.j

g{;B + A is a fiber bundle with base B“(i.e., a CPQ) and
s ‘ .
v
fiber cp'. Therefore dim H4(X;'Z) =3 and dim H4(A; z)=2,
"so that W*{x A 2)» 2 -
W ’?J' ) A L

f
Y SR
P, () entnt ek, olis wla)
Lemvy L™

.are the desired cohomology elements.

Other diagrams have been evaluated using this theorem,

" such as €55 - and the easy channel of the box diagram.

This work is currently being written up for publication
elgewhere.
K | Matk G- er/ﬁ
(1) Ginsberg, "A Cohomological Scalar Préduct Construction,"”
ATT, pp. 293-300
(2) Eastwood and Ginsberg, "Duality in Twistor Theory,”

Duke Math..J. {1981)
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‘degree of the funcnlon«/F( g

Fxtracting Tigenvalucs from Homogensoug

Twistor Functions

vhere & denotes the appropria%e projective

In the application of twis tor theory to particle physlcs, we

frequentiy requlre that homogeneous functi-ng of

where 1 = 1,2..,.n, bs in elgenstates of certain operators,

twistors, F( &7 )

Thisa

condition Pnnuxcs that the appropriate quantum nunbers are encoded in the

fielas Y7
integral forﬂulation 5

S

pr <«>\ ﬁ%/o fr] ff(z: ) a

_ | A\,l e A’
Zpdzl Az dzh A

\ an A o ¥ y . N
0" twistors passing through the spaoe~t1ne point X% and where

NOR ) generated by the functions F( Z

{orm

) via the contour

o

s namely

A Zow ngrﬂ ,  denotes the restriction

{rs

an appropriate spilnor coeffioinnt in which the nunber of ccourrences of

each of the s

Ve exe primarily interested in operators ass

pinors QJ and, ém’ is determined by the homogeneity
) in each of the twistors % e

ociated with .the n

twistor internal symmetry group IU(n) énd nany of these can be written

in o form involving Q;

given by
:-' = =:‘ - LG
g b el
/ "‘ﬁ";:,f"‘»
The eligenvalues of any cperator of the form
.~ .
N4
:\\

2 N L
O = EJ .f{ g

can be evaluated in a fairly sitraightforward wayse

of all, the following results:

Lerma i (Due to GAJS)

If we defline ﬁ? by
J

Ef =om?a - 1 &iml 2
214 n o an’

» the trace-free generators of the SU(n) subgroup

\od

then by an application of the differential chain rule we have the

following result

/§)£J F(Z:) =

gJ/f f(Zi)

where of course, 2 {:( Z:)
7

S e

A 3 &'
= f(ex A, T4 ) for some TIT
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Lemma 31
A A

5&( 2 Foa.dne /2 o 6
\?nc. ‘/’ /I' //:’:;‘

Fna

vhere F is homoéeﬁ%&us of degree ~1, The proof fo]lows by en
| applioation of Stokes' Theorem to cf("‘ F)\where we havo

i

d(n¥F) = 2 (n,“FSAn-c.

£ Fdng +n% 2. Fdil.:
) 2N

n

= Fdn® + n¥) Fdne + 129 Folng
oTle 27v’

= (2. F) ne d e
ne!
Conslder now a twistor function I( zZy ) which is in an eigenntate
of some operator O of the form given in (3) with eigenvalue e,
“Associated with F( Z} ) is a spinor coefficient (S giving rise to
- a non-vanishing contour integral. Acting on F( 21.) with the opexator

‘o~

‘C) ve have R o : o
$pinid F(z‘f)é.}» = efelmir(zta
HOWevef, we may also wrifgfw LT | :
$£MEF@ENA ~ &, 83 r(21)a
+§/[Z”}OJF(2¥)A s

Applying Lemmas i and 11 to the first term on the right hand side of (8)
we see that the term must vanish so that, comparing (3) and (8) we have

[gni,é] > ¢ {17] 9

vhere o denotes equality inside the contour integrsl.
‘ ~ We can now, by way of an example, use the above-technique to show
that the eigenvalues of the n-twistor version of the J2 operator, given by

z. .
I = sast 10
""M

vhere S, is the spin VQctor, take the form < 'ﬂ\J(J*Q where ] is an

intebTal multiple of % and where we impose the condition that all the
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. . . ’ e
.. ) ’
functions we are dealing with are mass eigenstatea. (The'maeﬁ operator

is aspociatad with the in\omcﬁnneonq part of JU(n).) Ve need to show

first of all, that J has an expression involving Lj" « We have®

.—o—-1 ! . r_'
- b g + 2 = 5 11
{Z}J z G 2 T
so that So may be written in the form

v o §
-

)

where §

%

i
e

111

-
=

+ " éﬁ | . 12
5 .

Also, making use of the fact that the spin operator is ofthogonal to the -
momentun operator, we have

Sa P° = 6‘8 = o
m* ' o 13

. Thus Sq can be

28 rﬁqulrod.

0
Consider now a fundtien F( $ ) horogeneous of degree -h,-2
~he-2, Ml in each of the n tw1gtors { ?l respectively,  Foxr

sxmplicity, we shall consider the case where all the h, are positive,
.The general case with some k. " negative (so'that the contour intesral

involves %6 term} may be dezlt with by a straignhtforwsrd extension of
the follecwing discussion.

The field generated by the function F( ) )} is given by

YA 3g/0(§ ? F(é)d 14

/—‘—\ )LQQJ ?‘5({’*&“
(s

lL»L

where T \ ;iaki \,m . Ve have not yet specified' the syrvetry
AR O e

properties of the svinor indices on LV‘"‘?K) . ILooking first at the
case of Y& D)(x) ~ we have
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S B

HNow
1‘ .
using symmetry and the fact that

[ <101 -

so that 1
(7] s - [ﬁ:ﬂ”ﬂ’?
- 18 .

+7 T.’]S z;z
Using the following commutation relation ' . ','" _
(341 - -y S T

it is straighforvard. to see that ii

- -
@

- % {7 - '3'+ ’% S &
vhere we have used the identity |

EAE S '-’i E? | B o .22‘:_‘,'

‘ 20
and ‘

wpn

Also ve have ' . \ .
L'¢, ]l?)?] o """r” | 25

- go substituting (20), (21) and (22) into (ia) we obtain

\.\ ‘V
[W,S“SJ i f’i(‘i*')\%?w 4 24

N st
e al

Thus, by our previous argurent we see that if o - 39 given by
(14) is non-vanishing, then F( Z3% ) satisfies

3* F (z:‘) : 3 4 "j(:\“)’”" F»‘(z:’i) éf’



2.4

whero § = Ei,

In the pase where m pairs of indlces are antisymietrized
(correapondinv to m texms 6f the form é % in (14)) the eigenvalues
of J° are found to be i{J4l>vn -where

) T A 26
2 . .

A ﬁiﬁilar discussion for the case where gome .of the homogeneity

degrees s arn nevative. go that we have fields of the form:

-
‘L*JA"O(X)=§/'€ {{g‘{_{{_{{g F(é)A 27
yield eigenvalues - A (aaff)'vnz vhere p is just the number

of syrmetrized spinor indices,

Clsarly, this technique can be used to evaluate eigenvalues

of various other operators such as the Cesimir operatorsa

L '
c,» E'EY C,*E, ELE ok

J ’

as well as, for examnle, in the base of functions of three tvistors,

. eigenvalues of Qy Y, I " 13, B(B=n 2w gg% t 2 )e  Also,

given momentun eigenstates we can evaluate the elgenvalues of a chosen
z~component of the spin vector Sz , It should also be mentioned
that this technlque nay be used to eva]uate transition coefflcients for
operators such as I + or J+ for uhlch the functions F( z % )

dre not eigenstates,

M. She,fapara[ .

re’gs‘ ’ e

4 GATS.  Pobepub. see abe  Quankon Gruily
', GATS, b bepub.



Non-Projective Propagators

In this note, we will present a new description of
)

the twistor propagators, based on the geometry of non-

projective twistor space. It seems possible that the tideas

involved can be extended to describe propagators coupled
to electromagnetic or self-dual Yang-Mills fields,
LetWT"r—-»i7 be the usual projection, and for

UC-P denote T~ (U) by T. Then there are always maps
ot
H" (u, om\ — W (G§,9€(r\\\ — WP (& 8,

N

where ¥ (r) is the subsheaf of & of germs of functions
homogeneous of degree f, so that we have the short exact

sheaf sequence on Ty

This sequence and the maps‘w* have been discussed by Eastwood
v ,J
in (1). We will abuse notation and also write

T w® (U o) — uP (X 0).
To evaluate twistor diagrams on P, we use the

isomorphism of Serre duality
WP, 0(-w) = C.

Similarly, we may represent non-projective integration

by a map

T W, 0)— .
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This map is given as follows: Let w be ‘the canonical (4,0)-

form on T, u.'»:éd

ovs dz" nd2% AdzVad2t, For feH(T;0) a |
(0,3)-form, wAaf is a 7-form on T which can be integrated over
an S7 surrounding the origin in C4‘ to gilve a complex

number, This procedure is desciibed by Penrose in (2),

where it is shown that the following diagram commutes:
W (P, 0l-w) » ¢

= _

. T
W3{T,6) —>» ¢

Penrose alsc shows that Iw¥: H3(P;0(n))~v&‘, is the zero

map for n# -4,

Lemma., w*¢;40€5 Hl(u’?f;@), where & = P pr niw-E‘OZ, and

(;!en‘(uz,“}a) is used to construct the twistor propagators

Pa= (0B, 4 € W (RP*T | 6(pez one2))

(see (3).or (4)). .
Proof. Suppose fe H‘{ﬁ‘f’@ (-3)) and 9e W (pk+ , O (-3))
correspond to spacetime fields with non-vanishing inner

product, so that

W

Cgd- o #0 e Mo (pno®, 00y ), |

It follows that A N
AR N
//‘ ,"/‘;A/’) L;)
ACER AR RS Y
l\j“’( \ /5

sincext* and dot product clearly commute, we see that
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T L ‘\\’*‘3 'W*(ﬁ T\"k-—-—.' £0

W-

and hence' that v*¢ +0¢e W (,\3:’~ 0). [}
Next, recall Lhat on dL 95 is defined by
exp(¢) = &'(1,-1) ' CUL“ 0’“) The key point in the definition

of ¢ is that &(1,- )\,' when restricted to W ~;_vhaus;

vanishing Chern class (3,4). Transition functions for

@ (1,-1) may be taken to be

WA &2

fiy = >

W NE [ Xy ,f"\.,‘%

ot K,

defined on Ulr\ Uz, where ‘{.;. '{w h§op #o} and
: k“!;
Uz Tw-n R %0} cover w~. Since w.a%2 &R(lL,; O"‘)

we have:

. ~ :
Lemma. ¥ exp¢ = 0& Hl(uz' ;%) . D
~~

Theorem. Given the usual short exact sequence on Vil s

i eve
D= Z w0 =% —n o,
there is a ‘& W { Q- s Z) such that
wh g wile ¢ W (A 6).

Writin.g i for the natural injection Z.a;?((o‘o) " as

well, we have
T4 =l e HY (QL- ; 3¢ (v,0))

also.
Proof. This follows'immediately from an examination of

=\ the commutative diagram:
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\ exp Y n *%
Wl o) ———> Wln,0%
, ln*
. WA Ho, o) T

\ g N J i* eMS ~ A
Wi, z) — W (", &) —————s W (0" 8 )

along with the lemma. ¢}

In fact, it is.not hard to see that L&‘LJ?’,;Q':Q?,.‘
)

and ¢ can be taken to correspond to the generator of this

group. Just as géé“‘i,h";aj does not extend to either

Py P*™ or to al;;gf JL (ambitwistor space), we also have
3&"(’:’1*1’*;, Z) =0 = W (n; z).
[ o

e

& »
i T

s

The appearance of the nonprojective space Ji'in this
construction is very sugqgestive. It seems possible that,
by investigating the topology of similar subvarieties in
the product VT™y V¥~ for V™ an arbitrary vector bundle over
P~, the propé'gators ¢'n canmbe coupled to electromaanetic

or self-dual Yang~Mills: fields.
&4a1% GQKwL{:7

(1) Eastwood, "On Non-Projective Twistor Cohomology,"

TN1O

(2) Penrose, in Quantum Gravity

(3) Eastwood and Ginsberq, "Twistor Propagators," TN9
(4) Eastwood and Ginsberqg, "Duallity in Twistor Théory,"'

Duke Math. J., 1981

AR ]
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ﬂgig{%\j %S'L% Opercdors and  Conformal Supers ey mmetry
Lone \%ujvgm QU Tom Huved

Twistors  and dual eru‘(row: have o natual interpretatron os l«e,\\.—_\b
rolcing  and lowering cperatovs acking en RRM Fleids  [see eg. Penrose
£2.13 and Eoslwood 2.4 Aﬂymh&gjgv%], In what follows
wo hape to showr thak the natural extension of e interpretakion do Hae
Second  Guondized Pictwe is just what peopla call conformal supersyametvy.

Comcider, for a stat, the Fok space o, of free M scolor
Many-partiele stodes , and tr associaked Frea fleld opevalows A EN
(orW'taw) Qnot o) = (‘_i:‘c;) Comditilation). The ackion o~ one-
portcle shahes  of tha halicdy lowaring mrero:\w porometvises by o dual
'hs)ti&w Qy is such that:

. L
s_ Gy Qu 2 > .02

@-Yvans form. I F- transorm.

e R .
[0y — A EXEY
5 o ommdutive c\'mﬁvcuw, where RY s Hhe Semvrod'ur of the “‘AMFarm‘Hm.

The action of R on siv\ﬁ\e- Poy{v'»c\v, stovtes i Hherefore given %3
(1) cwc H>w7 | g OO Vg $00 + g3 p 0>
Where G‘Cx)-r ov+n:— C‘B and Q= (Cya,c‘)> ng\

)

22,

e,
: 2

From. this we see 'H\au\‘ R will gerevate Hransformations ouwtr of
B, ontv the. Fock space F"‘/; of helictty -Ya ERM stokes.  We ave
lea | Hren, fo conside F0®sz/+os the fotad Feek Spece Wt ¥E
wivediuce the field O?e;rochovs e /TN/ - (crearion) Girnch/ \% Ck) m (‘{'A\cx% /
(mmitilation).  This is hve. rwmv\ﬁ“&l hovi-trivia) vepr.so,v&a.hov\ SPace, S
e ackion of RU

£
N

The action (1) (adh the natwal action on Moy = Scolalv- = pow-ticle
s&-m*cs) will be tndced & He commutotion relotion :
(2) La.rt, 5!‘“0)] = -q¥eo¥y oo
& assumed , togethe wm‘; the specificattion R0V mo | For exomple,
Hre action on o One-particle stoke s S follows + CDoRe TN P68
R 14y = alr AP 03 Vi 5y (e o5 14>)
i@ w[m%-] o blo>
| -u:gd? bl Sq Cx‘}q(--(x\)van\‘%\’l°> A7 R acatl

i
T,
.
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Tn flat Twistor space 0 flnnta noinl of M- is repre-

/

gented by the goomly mapxxgﬁ1~» Flv“n by

(w® TRy ey oo“ — i x My
TT Pyp (normalized by‘]ﬁﬁllp =2) represents x (via bhe Klein

: _ A '
correspondence) then the googly wmap S, can be writhen

r« My
AT R VR A

' }
(AﬁﬁI@gf;P is % in R.P.'s diosrammatic notation) where S8°
. ' - . Lo .
ig identified with I. Geometrically, A %% is the Intersection
(in P'T) of the line I with the plane (Tup %*) containineg the
o , oot . : |
line Ty, and the point Ka“ﬂ . There plancs, for a given x,
N N ] :
are of course bthe dunl twistors %G;, 1% AA@;}!, g " c‘“
o PA : . . .
The moogly map J, can algo he described in terms of
the asympbotic twistor structure of C™M, The sitnation is
depicted in the following standard diagrem of ay,
. I ‘
. e Tanaqeat ¥o null i
d<’,-"ﬂ"f\\ l c‘?nc?m?x>rg oC' (A
\‘ \ E = ns = A th
\“\,,’«——-——" rﬁ‘}\ﬂp,’-l-*f""”'%:\’(ﬁg)  Thagent 10 unViF)
! " ! : o O
: ! : ve = LA TY
' \
e [ Tonaank ¥ o«:u:’,t.u\
Tt anQen )
R A — in & LR - Plane
- )
: \\ \u{\ P <‘ _f{_h’
. -LO. -
I ®
L".\._.._ Il -
L A*‘\ —
U,
Sommcmily

RN
The function u=%(%,Ta, ), for fived x, describes the
good cuts of T . Now, the surface u=%(x,TW, W) is ruled by
the dual twistor liness corres noﬁdinﬂ to the dual twistors
KﬁgfwixAmq\ﬂ ;¢“€S°. An arbitrary twistor (wh, ) deter-

nines a twistor line u=V{f)=-iw T,.
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suppose the twistor line V(%) meets the pood cut Z(x,7,Ns)
at the point P lying‘ih_the«fz = E GAﬂ—p]ane, some G Then
the duval twistor line lying on the good cut and in the j;~
plane corresponda to the dual twistor EGA;-ixANq~ﬂ which,
as a plane in P, contains thevpoint [(wh,ma)] . Thus, fhe

projective value f - of jt(@057m)) is given by the‘ RJ%ﬁj

3
value at which the twistor line V() intersects the good
cut 7(x,%., ). |
To achieve avqomplete description of 32 a scaling for

iﬁ is required. This can be done by using local twistor
m@thoosx ‘The . 1oca1 twistor description of ALZ" at D is
{0, %aaﬂ) where A g = %;gz , thus providing a scaling for 3%
obtained above. This local twistor description can be used
to obtain the googly maps for the Sparling~Tod (=Eguchi-

Hanson, of..Burnett-Stuart in TW9)H ~space. The good cut

ati here is
equation re 1 SZ ~ ‘s
(1) DM Ty rcmw
, a } .
where T =EREER T w =« ap=a e s

a deformation parameter, The solutions can be described as

follows:

ARAR . JAal se! ~ o og'  (~h B
Define, Q =R 4 LK) B Ry KX (3‘ <
' FNn 2T
where K= (3“ zﬁ . and o= &e*(ﬁm) F
: ! N
then . Z - Q T —Vra LR rﬂ'
i A a) o .% X~ —~ LAN w X
Hith i@ ,a} as a bas jq g0 that P =T, «T =fland % = y v

then, the metric is

ds*= 2 (dudv~ axdy)K + 2 A‘K ' (wdv-xdyi{vdu = Ydx)
- (These expressions differ from thome given elsewhere, e.q.
Burnett-Stuart in'ﬂ]ﬁg b& a conféjnate transformation).

An inversion and conformal rescaling yield a finite
métrio in the neighbourhood of the vertekbof the 5ﬂ of the

1 or loecal twictors ond agymntotic twistors of,
Yenrose »nd MacCallum,
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_ o
23 ~gpace, Coordinales are chosen so tﬁqt the dual twiator
lines are given by asolutions of (1) for fixed T . The ¥~

gpace is, of coursge, left-flat and 50 the asymptotin

flnt/’thp\%w1stoL lines being solutionsg of

—— e
e B?Jmm,(x/b

—

)

twistor space 1

\‘\')

for Tixed Tw,

o
7

Tor an ar§&¢1 iy %wi ator line V(7,) and good cut
Z(k,ﬁ&,ﬁg) the value %iis caleulated by setting V-2=0.
The value Ny is then calculated (the relevent quantitjegﬁxy
Tn, &, beina obtained in terms of the cnordinates on $+. The
only subtlety in this somewhat lengthy calculation is that

the inversion reverses orientation.). By checking in the

case =0, %y can be seen to scale Jq as follows:

§0 (W) (7.30) .

After some manipulation this can be written in the form

(2) 35 hm) = (@waoe) (WA 4 QM we )
where Q”‘“ = Q"“""y T T
A

= Q" nwn — (ke d(K8) (Ueot)t (oY’

F;_rn
!

NN
= X WK

The expression (2) can be expressed in vowers of A

(using binomial expansions), . [(ur—um\u ]
& o

St m)— wh~iu” 35.1 l(w\ (' =dwTwf|t ...
The first term in this expahsion is just the flat-epace
googly map, while the second term is (up to sign) the
expression‘obtained by R.P. using his recently developed

/ contour integral formula for the linearized googly maps)in

the Tguchi-Hanson case (cf. R.P. in this issue), thus
valida tlng this formula, Also, the expression for the googly
maps given by ¥.T.T. in WNY9 (whlch on the face of 1it,
does not necessarily give the correct scaling of the googly
map) is seen, by direct calculation, in fact to give the
above answar (2) in the Teuchi-Hanson case,

Thant nre due to I',T, and ¥, 0.7, Peter Law



Some more elementary twistor integrals with bouﬁdary
AP Hodges

" The results glven by R.P. th1§5.4 of Advances in Twistor
Theorx) can easlly be extended to certain other s&ngﬁ.cases
of boundary integrals. We have

e 5% “3{:) b2
- < (2.8 (2. ®)2.C)

which is _moet easjly evaluated as

o \ : \ AN
RN : \ (
[ GSE/Y T A A Bz
\\\ ‘?/’:‘_’f_f ﬁ_;’ St L e
Thes, 1ntegratinp by parts, givesn ‘
 BEEF
uIvi
3 ARCE FW°F

This cen be\\goupht of as integrating (. A) on the line
{alz A=w2 csq} from the point Z. E(ﬁ)ﬂ;t_o the, MQQ_Ent Z«F=0

e s

Similarly = = | .,

N
%,

ﬂ}__‘ ¢ (\ gcne \ |
< 2. B i v ,fi Asce ABCE Aﬁbe A
| B B L \ :

ERSRRUEE LL*“\x_KA

cen . be thoughtwaf as integrating (%. Af- on the plane
f2]28 =0} over the triangle bounded by lines
Z . C"‘O [} Z,? D—QT\Z\OE'—'O ?

e \

We now consider \\

/ which is the same but this time with
/" the region of integration being the
" guadrilateral
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This can be evaluated as the differsnce of two
trisnglés (ODE and ©DF) ~ H.P.'s method. Or else more
analyticslly nma '
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Integrating by parte and using earlier result gives

3 ¢ BenE BDEF ReEF Beof} N
e et R S O 10 zs;wg\\ s
Aot ABBY < Taimes ~§;;;g”“ S
Lipdl lued i AN
Sindilarly -
K A

can. be thought of as integrating
; il
. (z2.w)

128

v
i e  with opposite faces given by planes
j I K,L: BE,Fy C,D. This volume can be
I , . T
T reduced to & sum of tetrahedra and

: ) T T the foermula
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cagier to write the hexaﬁedrqn integral as

over the hexadw@éran i 2i~€?ﬁa

p,_??‘u'&c}\g.
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Thought ‘of &s a function of W,, this is the twistor

transform of %&(ﬁ“} Loaf 228
AN WZe

More precisely, this is a A1-function of W, the arbitrariness
in K,L representing a cohomological freedom. The

contour used for it must surround all (four) K-poles
together, and separaie them from all {four) I-—poles.

e

‘Apprlicstion is te R P,'s inflﬂitesima-googlg\§favxten

! ! | g iﬂ(@« N(/w ( i:... DR,

i

AL B

e

/
By twistor-transforming we can et another version in

which the X-Z splitting is made explicit. It 1s easily
checked that Ahe t¥angform of

\\cx R, /’ &2

using th hiexahedron- formuTa above, iz of & form
which eplits explicitly. By cboosinb

W= A, L- PQ
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nad by uslng 2 ceriain amount of cchomolosical
Juggliag, the trausform csn be represented as
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But the eplittlng is dependent upon the moioe of
g

R and 3. The sum ﬂr»}«&'%':éa} will be *nm‘p ndent of

;.

ol
oy
po
20
oo
-
¥

Ut each of V7 and & will be updetermined

up to & constant {in X, 2) depending on R, 8.
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