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"MAXIMAL" TWISTORS & ILOCAL AND QUASI-TOCAL QUANTITIES

)]
The basis of Penrose's 2-surface twistor construction is the

generalisation to curved space-time of the right hand side of the

identity

L[k] = JT% kKbPds™ = Pobed 00 S (1)
| J e 5
where —O—ab:CJ\B%A\B‘ . VBB@CD =*l’€B(CKD)8 ' Ka\is a Kill-

ing vector of Mo and’ T'a'b and Robed  are the energy-momentumn
and curvature tensors of a weak gravitational field on M\ . Here
> is a spacelike hypersurface with boundary 0=

It is not known in general, in full general relativity, how
the r.h.s. of (1) is related to local expressions involving the
enexgy-momentum tensor. When 2. admits a four dimensional family
of 3-surface twistors, one recovers a form of (1). (see Tod( ? where
this is done explicitly for hypersurfaces in conformally flat space-
tlmes ) However, for 3-surface twistors, one requires Bav = o= Bo-’) '
where; Bab is the magnetic part of the Weyl curvature w.r.t. =
and qu i'ts normal derivative. 1Is there a construction which
generallses the whole of the identity (1) to curved space-time ?

One answer appears to arise from simply doing "the best one
can' with the .twistors. Let " be the unit normal to = (t e =1),
and let hay = 'ﬂolo ~tath be the induced 3-metric, Ded = ho\‘ovB be
the projection of the full connection onto > o Indices may be

freely converted from primed to unprimed type using t . Thus, if

O -
Vg = \/jD: p‘g AVAYY \/A-f\' = Etn‘\/*\g

. Let A rD Da, C(ab be the Einstein tensor, and Ka)»the extrinsic
A
curvature of > . ., Adjoints are defined by o{* r’t oJ.QJ so that

Apod T = QPN T > O

%

The basic identity required is that for all spinors (UA 0(:\‘ ’ <

- [at“o«c taDeswe)

ZXQL) + — t -tf\t<}ﬁt:0¥igJ
= 5 KD(AB o Cj}tb(;\g(:()q J"L D( !

-*hrl \< an's :\(DM (/L}

LY
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“Doing the best one can" means considering the following var-
iational problem :~ Let S( %) -be the set of all spinor fields oh

[4)
with (LY specified to have some form ond% . Minimise, over w € S(3%)

(3)

. .1, 3
) ’
<j [CL)] = JLDCA&Q)CDJ ®(A$ (.L}c_') “‘j Q’l :):4
= :
Using (2), the Euler-Lagrange equations for &)A are

, . «
ACA)C’*‘ E KAR'DC_’BP‘AWDC 47TC,%2 \D‘BEE‘tEElQL_)B (4)
: f
where Gala = - 3G T;L 'e With CUAspecified on D2 , since (3) is
finite (if ©Z is finite) and positive definite, one expects (4) to
have solutions in 2. . Attenetion will be restricted to 2-surface
twistor boundary conditions on ‘@27 . Then the &olutions to {4)
are Maximal twistor fields on > . and by design, reduce to
ordinary twistor fields wherever possible. |

The Tial part of the MTF is defined by

TN = QL(DA}\(C{)A (5)
= .

Then a short calculation using (4) shows that

{ o A',,___‘ [} B
(Dhn"ﬂ—‘\ = - L4Trq't/q lAsCC’tCCCUB (6)

. . . e . . a'
Note that in vacuum 7la satisfies Witten's equation ’Z)M“n:om
By introducing a potential

' )
V(ew) =~ Ganen t4008 08 | (8)
2

e

imto}% one can arrange that (7) is always satisfied. The coupled
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system (5) and (7) is of some interest in its own right and has also
been considered by G.T. Horowitz. Here attention will be restricted to
the system (4), (5), (6).
v AB — ('\ MB) o (—Q-)AB'
Now, if LU = W W’ , the vector determined by is

o f Al ~ A

KN‘\' - ') -—[T s («()AW (9)

a
The charge associated with K is

R -
' =

Usihg (6). and (9) this is 5ust

yo(&““ £ Tra e

2TrC| (11)
The system (4), (5), (9), (10) & (11) could be said to constitute an
alternative curved space-time generalisation of (1). (41) is strik-.
ingly similar to Tod's expression for the 2-surface kinematic twistor
but now [la' is not defined by the 2-surface twistor equation, but by

the 3-surface contraction (5). The two types of Th'agree iff
AR 2
N Deeloy = O on 0% - (12)

a - o , —
- where 11 is normal to both tf and 97 . Putting XQ\=<Uc(in (2) shows
A
that if & satisfies (4), if (12) holds then

Doy = O on 2 (13)

Thus (11) defines an ‘expression which one knows will give good answers
in several of the examples computed by Tod, but which may be useful in
more general situations. Much work 1s needed to see whether the constr-

uction described here is really any use.

Mavy  dhaks b RP, KPT and GT
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Three-Surface Twistors and Conformal Embedding

o
- K.P. Tog,
Mathematical Institute,
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Abstract

v

The three-surface twistor equation is defined for

an arbitrary three-surface Xein an arbitrary cugved'space M,
It is proved’tﬂ;t.three~surface twistors exist on I

if and only if I can be embedded in a conformally flat

space-time with the same first and second fundamental

forms.
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On_ the Density ot Elementory Shake

Inkroduckion: Recoll thak an dlemenkary srake (o, more
precisely , a Tirde ordec ‘g\img,n\mg <Yake ) o} homoaene'\‘c\\s ]
is o chomology dass  represented os o Cech cocycle by the
twistor Quaction 1/ (AZNBZ) Cor Cixed dual Awichrs A and B,
Rs o twishr diagram this s wrten os Py® “the costesponding
massless  Cie\d i defined owoy from Bhe auwl cone of e poink
A8 and hos \he aimplest possible singulacity on this cone, A
singularily of Yhe aexk order up (o second order ddementary skake )
cotresponds Yo o kwiskor. Juackion of ¥he forw (C2)/@AZV(BZ)
ie. a Ywistor c\.(asmm“‘ -2c. The genecal  palesa (Roc o¥ner
homogeneities too) g explained in T11  where & is oleo
poinked ouk thok aay conomdogy cess on P - A% can be
exponded os o series Zien where eq is an n® order
dementasy srove bosed on the \ine FE. The sense in which
Wis expansion is valid is \eft rodher vogue in T11, We wil
show how ko woke Yhis precise buk, wore imporroatly , we will
show Wak o similar expansion e possite Qor aay cdass ia
(v provided. thok the \ine X1 is conkained in P77 This
\“us‘c'\?'\!s Yhe %o\‘a\ore Yok Yo prove Yrings  odouk co\wuo\og;j
dosses in general ik su??(cws Yo consider only eewmentasy crares
(Whidht can be woanipuldked using twistor diagroms). WNoke dhat
there is also “he possibilihy of considesing just Whe Slest ordec
deweutany stakes bur olowing e Lne RE Yo vary. The
methods *o be exglained dhnottdly olso apply Yo Whis possibility
showing thak Yhey koo ace dense (buk aa expansion s not
\Sossi\:\t).

Mokivakion : Tk i possitle to give [27, in terms of Ywistor
theory, a vabher notucal definition. of Whe scalac produde £ \'Y
of woss\ess Teds. Tn pactieular, this dkinition ig monieskly
SV(2,2) - invariaak. Uafertunorely, ik is aot ak ol clear
why <17 is positive dekinike. Even on Minkowski spoce
Yis is mysterious for invegral \"\Q\ic'\’c\n\ Ke.ga Moxwell ) ond Whe
usual asguwmeak is to expand using plane waves., Once
Yhere s o precise weaning o Wne density of elewenkars
srakes it is pessible Yo Prove directly Vhat the scalac
produmck s pesivive, Rn advaatage of WYnis approadh is Yok
it is not limked Yo 2U(2,2). Wn enologuous constructon
£L31 provides uci¥ary cepresentokions of SV ($,9) Cor all P
and, 9.
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Mﬂ%z fls an example @? ¥ae genem,\ cose of SV (,?92‘3
ond olse as a gwiding analogy for SUL(2,2) ik s o
good. idea Yo Reep in mind the cose ok SULLY) =
S1.(2,R) adhing on hWomogeneous Cunckons on “¥ne
northesn hemisphere of Yne Riemann sphere or,
cquivalenkly , the disc izl € 5. This displays ol (eotures
& Wne kwistor case . There is o sealas produck coastrucked
éfom e spinet  Lraasfosw (aiven by o integral Qoemuloe os
or the twistor bransforwn (buk rigovously in dnis cose as we
ate dealing with functione saier Ynan comomology closses D)
whidh gives rise Yo o secies of univary regeesenkakions
Rnown as “he discreve sees, For ¥omogeneous gux\c\f{ons o%
degree zero (%o be compared with anki-se\G-dumal  Maoxwel
Q&e\ds\) e spinorc veonsborma  coimeides wilh extesior desivokive
ond We Hormula Sor ¥ne inner prodmde pecowes

Srg” = 2.8, ¢ %

which is Hermiban Yy iabegrokion by pasts. Fdualy, Wnere
is o (eokure disploged. by dhis example whitn is dosenk in
¥re usual Ywistor cose (buk see L4 1), This featuce is
Yhak Yhe spinos ransform is ndc on isowerphism.  since

it has Yhe coasvant Ym\ chons as Rermel . Consequeatriy
¥he consvank SuackKons are ortnogonal Yo o\l o¥ner Suackons
wilh tespeck Yo Yhe inner product above. Wowever, it we
Qockor  ouk Yne space ok ol \olowmerghic %unc&im\s on ‘Yne
dise by e conshank Gunckons (of, in o¥her woeds
consider < | 7 as defined on thoomorghic \-Torms in
which cose Ye funckons should be Yhoughb ok os
boveatials"  for Wne 1-Rorwms as "Cields" (which wokes

a \oF of sense because Yhe Penrose ‘ransSoews s degenerare
i ¥hig cose D) Hher k& busws ouk Mok e scolac
produmck is  positive definite. To see Whak dnis s Wne
cose expand € as & Toylor series in =" %3%' oy,
Tk s easy ‘o veﬁQﬁ Yok the scalos produack te |
positive oru eoch =™

nghy = 31% AL
<2 = S50

= A wdz = w
At J ==y &
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and Ythak they ase wmubually oethogonol. Nove Yhok %
% s impockank ¥nak § is Vpositive Qmo‘wme.ﬂw (e
defined. on ¥he northern hemisghere ca¥her Yhan Yhe
soubhernt ), For § = 1/= , Gor exomple, <GVED> = -\, We
0dd. homogeneities (= “"Fermions™ ) ‘this s itearelevank  jusk
os in Yae kwistor case. “The ideo is Yo imivare Ywis prook
of posifivily in ¥e twishor case \’\‘j using <\ewrenfary |
craves insreod. of 2", T Tinal rewark Kor SW(2,R) is
¥rok Yhe discreve series is usually construcked on L
holomorphic  Qunckions (w.ek, e hyperbolic measure and
witn cuitoble weightings and. iransformolion suves Sor

Yhese Qunckions” (¥hey are +eoly seckons of o powes o%

Yre Woph dbundie ). A ancloguous possibility , de. usiag

LT conomology , exisks in Yhe kwister cose buk Yae

conskruckion givernt in L2 1 geems o \ob simgpler,

Jooologies ont conomdogy oad wossiess fieds : \'—\\*\\\ous\\; from

Yhe poink ot view ot Whe scalar oroduek, it is _Yne
eonomology W OPY) ie. woseless %t}é\_s. ot ™Y (&.@.
holowmorghic  in o aelghbousheod of MY Je. posikive
Prequency and veo) analgkic } Yhak is celevank, it is
cosier first to discuss Yhe lopdegies on W IPY) aad

ot mossless fie\ds onn. WY, Ta general, Ror ony  complex
manifold X and any -olomorghic vedror buadle V' over
X, ¥nece are vasious naturod ‘opolegies on We (K , V).
Perhaps Whe easiest o describe (s Yo vealize WYX, )
4\»& means of “Yhe Dolbeanle cesoludion o V) and to
eadow (,,?ur dekails see UH 3) eocht’ space o% Qorw\s
TOGEY2(VY) with Yhe Yopology of unifeswm coavergence
wit ol derivatives (with respect ‘o some (irrelevout) choie
‘u% local Yrivialigation ) ow cowpatk seks. e %vo?etou‘cof s
Yaen o tockiauous \iaear opecaler between Feodehed spoces.
Tes wemel s %ere%ovq cdosed. and Wug o Fedcher space.
The imoge i not necessarily dosed. (¥nere is an exame\e
in T51). Wence, § we eadow WX, 0LV) with Wne
quotient topdlogy , Yhen it e not necessadly Wousderff buk
WP, V) /To8 is Frechek. Tk is also pessible Yo eadew
We O, (V) with o “opalogy 3»\\3 using ‘Ye Ceothn delinition
with cespeck 4o o Leroy cover and giving Yhe cocydles o
Fedehek Yopology derived from Yue ‘opology of uniforma
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on compadt seks i Yhe inkerseddons  (gee T Sor
devailg). Tk s shown inn L 61 Wok Waese Awe
definitions give Wne same answer on conomolegy (ond
heace WMok Wae dholce ok cover e ircelevaak ). There is
asoter ‘:o:si\a\\’\’ts , ‘Yhe corresponding weaR ‘opolegy ,
Lk ¥nis is unnecessany here. here is olwoms o poiring

WX, 0Lv) @ Wi (6, 0MV*) > &

where i We dimeaston of X and Wy dendres
cohomology with compact supposts. Tk way be given,
Loc example, by eup produck of TDolbeault cepreseatolives
Collowed. by inkegration over X. Serre 151 shows dhak
¢ WK, BV s Wousdoc§ff ‘Whea Whis pairing
ideatifies WGP IX, Q™(V¥)) as Wne ‘topologicol dwol of
WPCK, V), Loufer L6 shows (wore ¥tnon) e converse,
ie. % e paicing idenwles WP (%, QM VH) as Wee
Vopolegical dual of WPOX, (V) then WEY'(X, 04V s
Vausdosfh +e. is Fredchek, Vemed with ¥is iafoewradion
\og'e*‘_r_\g_t with %he vanishing o?- second cohomology o% wt
aad PE (wWhich cont be deduced. (rom tesulss of Prndreotti and
Gramert T771) it is <rraightfocwacd o show Yuak

H( ?", O(R) is o Feédnee apoce with dual

WL (PY Q2R = W(F, Q3(-%)

For example, WP ) s Frédnek because

WP o) = WP, 6e) hos  HPCP, 03(-R) = W (P, PR
os dual. P choice of Ywistor € corcesponds Yo o Shoice

P OCh) ond so it folows  Wwab WI(PY, O(-w-2)

& o Frdehek spaw wila “opslogical dumal  H'(FT, (}(w—i\))
‘e paicing being Yhe dok produck L21. For o Sived ‘ne\Ld.ﬁ
ik is dear Waok Wae woloworghic  waosshess Ge\ds foewm o
Fedehek space wnder Yae %?9\083 o% \M\i%t“& convecgence o\
compatk sors. Tk is olso clear Waak Wae Tenrose kransforua
i€ conkinuous  Hecause Yo condtol o wasdess %e\é[ M o compartk
skt ¥ e MY b sulfices Yo conkrol Whe coowology class ew
Ye corresponding cownpock set K e P Vence, by We
open wapping Yueotew (whitk s vaid Sor  Frddner spaces)

e Pearose Yransfoeewn is oo Yopolegieal isowerphisw also.
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Thue : Yhe Ywicor \mos?\uw; s o ‘me\Q%‘\cuk '\sowotp\-\'\sW\
(Wmere are o¥ner pcoo%s ot Mis). B similar  discussion can
e given Sor W (P, 0-w-2) wit gimilar  eonclusions,
e only difference is Yhok W (PY, G(-m-2)) Mas e

Yo pology o% We skrong dwal oﬁ— Yue FTrdcher space cofrer
Yom o Frédnet space. The isowmorphism WH(PY) = WL(P")
s an \soworphiswm o% Nousdor§ Yopological veckor spaces
(gee L6 for woce debails of Wue Yopologies ) and

W (\?j; 0(““'1\3 g W ( v, Glw-2) — & ,

given by Yhe dob prwduck, i o pesfeck paising  (deakSes
eoch with e Yopologieal duial of e Muec (qiviag e
Shong Yopslogy to e duat)). Siace both Whe Iwistor

YronsKorun and We dok produck ore contauous (use Ywe
Cechr definitons of Yopslegy and dot produck) ik Tollows

Waok e scalar produce gly> = ;dﬁ;& s o
conkinwous Ruackon o W (HF) x W ( FF),

Proposition The dewewrasy svakes bosed on a line L.< P7
are dense i W (PY) and W (P,

‘Er_ogs_. Resrrick ‘o \—\owmscneiscg =2 . O¥er hZomogeneities
are similar. “Denote by We poink in M7 cotresponding
Lo WMhe liae L. Since Wae Yaha-Ranodn YWaeoteuwn s valide

Frechet spaces Yhwe ceweutory stakes will be deuwse in
W (‘P"', -(-2)) <€ every contiauous \{near %.mc_’dono.k whidh
vanishes ow all Yae Qemenkory stakes i idewvicolly zero.
Veace we would \Wre Yo show Yok :

F.e=0 gov ol dewenton stakes € voased ow -,

wheree. F e WP ¢4-2), implies Wuak F=0. T§ ¢, s
e RfResk order e\w,\eu\cm-\\s <vake (eui\-m\o\\xb V\orma.\i-st&) Suen
F.ei= F(x) where ¢ s e sdulon J} W woave
equakion corresponding o F. S’nwz\o,rk\\ﬁ , Second. ordes
 clewentagy stakes yield Wae derivalives of g. More predsey,
choosing (,'(\on-»s\-and.md\ coocdinores 90 Waok 2 is Whe

onigin , We second order elewentary shakes are Tc“,?@_, S
W
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Trkegrakiag by poses (Ywis wokes auod, coowd\ogicol sense),
Fo ““’}wﬂ 'Q,“ = o= ““'%oﬁF o €.5 = (V““in(x)o

US"% highet ocder Sewenkasy svokes imQlies ol decivakives
vonish ok ¢, Vtws, oy uﬂ%‘:{d\ﬁ , P, and hence F,is
ze0, e proo for WUPY B2 s simlan O

ﬂgg\ic.nb'ﬁm 16 ﬁ' c P dhew R ,Be P*Y and =0
TPy = V/EE > o,

Similarly , ik i s\'mia\/\\f%xwowd Yo veﬁg& Wk £ V7 s

posifive on all elewmentany drofes. By We previous propesition
Me o,\ww\rag stores are dewse i WI(PY) and earlier ik
wos ooserved Maak £ | 7 is coniaumous. Tk Golows Wuak

< V7 s wn-negakive dehinite, To show Wuak L 17 s a&uab
Posiive definite one wusk crede wteover Wok “Wae ortirogonod
complowent of Wae Slewembany srores is jusk {03 TWis Sollows
by amguing as in We ?mo% of Yue proposiion., ‘

Rewosk: he Wlbert space complevion ot W (®F) wek. VT
s called e spaw of wermalizolde srakes and \ies ‘oetween
WAPH) and B EPY) (n wud ¥he sawme woy Yok L5 \Res
bekween smodia %\k“@“@n%w and. Adiskribulions of , wote accum,\'a\ﬂ,
dbetween ceal avalytic ?u.ﬂc\{oﬁs oad \\S\scc%mc\-ions;
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The Norm on Superficial Twistor Space

B P Jeffryes

The cuasi-local angular - momentumn twbstor introduced by R.P. in
t.N 13 sti;lhhas many problems associated with it, aside from the generélly
compirttatienally difficult procedure for evaluating it. In particular no
satisfactory norm or infinity twistor have yet appearéd, aside from in
special cases, leaving as yet no reason for the 10 complex components of
A~¢to reduce to 10 real nuﬁbérs. This paper is devoted to a description
of the norms that appear to be correct in limited cases, and a suggestion
of a generic norm

Although integral expressions for a norm have been suggested - see
Penrose(1982)- these seem unsatisfactory as they provide no link with the
norm of 'ordinary' twistor space, namely

S o= W' o« w ", (1)
an expression which is conformally invariant. Any discussion on the

constancy of a norm is handicapped. by our lack of knowledge of all the

derivatives ofﬁjgu To recap, using the notation of GHP(1972), we write

L)A = WOOA + U|Lp‘ e Tr/:_ﬂ—uﬁ/\‘ - -T(;)’htﬁ' (2)

/
0% = ol B0 = opo° (3)
_.i,—i\_o, = 7o l—ow*® — My = 7500°—p o (4)
by Commuting):?&,%jonw‘and w'we have
.,_.'L(%’n’o,ﬂ,’n“,) = K%' o+ Xw® (5)
(6)

ST T) = X'+ X
where
X, = ¥ -

)QL | 2P;~—4%~’f\
Xy = Y~y

4



4.
We may wonder whether in general an expression of the form
/
| BT, = ATy + BT, +Ceo® + D! (ta)
can be- found. The following argument that one can be found is due to Paul Ted.

Consider the deteyrminant

0 o v e
by Y
i .
U .
D =% -~ - - (7
Ty
where (,57"’ (,;9", ... etc are the four independant solutions

[ —_—
Let K = ?-5—00» o Since derivatives of LJ%U‘,W-‘,, contain no wa, L)',”,/-,

terms respectivelyy we may write

Ww° oo

o ,

‘ | =0 (8)
T

FT, (FoTr .. | inplylg (6o

If our two-surface (including normals) is embedable in conformally flat real

Minkowski space we might expect that E,obeys

~n—
‘VM(’HA';, =0 for some suitablly conformally transformedQMl& TE/ °
Alternatively
Y 6 - P
AR B! PM%"") Emfw = P pAols
implying that the other ton derivatives are of the form
— [T+ £ T) = C® + O (10)
) (’575/ +o’/’7’;4> = chol + D/IJO (11)
Applying»[-;ﬁ{’S'J toTland T, leads to the relations
X:zs' Z =y w::: W: (12)
C= %, (13)
/ —
C =X, _ (14)
Do -0’ = X, — BX - (15)
/f“"
Os'—& D = BXg—2X3 (16)
BD = HK, vo X, 15 Ky —p G 03 Coan

%pt = B, roXg 5K —p Xy T’ X (1)
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However even should we have a two-surface on which¢f=éf$hen we have
no guarantee that D and D' as given by(15,16) will satisfy (17,18).
In fact since X, and X, are given by X, = 76'/6“r~7§e , Xy =750 Bp/
and we are free to choose cr}fuﬂfé>f§ﬁ, in general(l7,lé) will not be satisfied,
hence no expression like (9) can be founds It can be shown also that if tl
norm (1) is constant the (12-18) are satisfied and vice-versa, since (12-18)
are just the sonditions that X, X, ,X ;may be removed by a real conformal
transformation and we see that &he following 3 statements ars equivalent
I (10,11) are true for some C,C’,D,D’
2 tﬁe norm (1) is constant
3 the two surface is related by a real conformal factor to a surface

in real Minkowski space.

we may ask how terms such as the imaginary part of'ygjmay be mimickediz
by some form of conformal transformation on real Minkowski space. As suggested
by R.P. this may be achieved by allowing E;u and ¢fﬁb/to scale differantly
under a conformal transformation, but keeping the standard form of conformal

metric, to whit E:\g — JLE,, Calpr — Efﬂr&/
7

o~ - -— R <
VAA‘ ga' = Vw §a' _f Vglﬂz ,g,/
in this case we have

—C Vpu Ty = L(Y '“%%)m’ M PAA'aa/w& (26)

Z = L‘)A ﬁ:ﬁ + [J/A/WN *Zlyﬂw”‘%h)w/&[‘;ﬁ/r (21)
and ’am%o’is no longer Hermitien.
Putting (XMF '—;’A): @5 ,i_'fl[%’)l«* (L,.Té,c"}"[zd))-—@;tﬁ,(’5?24)”@6’”(‘}5{29}) (22)

and comparing coefficiants with (5) and (6) we see thath’ =7 =0.

In addition the two "unknown' derivatives are of the form

— (3T, ~=Ty) BT, +Ceo®+ Do  (29)

L]

~ (BT +5 ) = BT il + Plo” (29

where for the moment we do not assume B = 2(5'@ ,B/= 2{75‘6” e

Note that the toefficiant of ‘T',in (23) is constrained to be & and
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that of 'ﬂ;/in (24) is 5, Applying commutators t01E« andTCI leads to
(al .
%6 <« %'B' e f;/{:% (26)
thus implying B and B’ are of the form (25) and 5’821, ’m”l/l' (27
This eguation has only constants as kernel, which will not affect the

curvature, We are now lead to

C = .;Z; + 24\(3'75,/ + 205 B¢ (28)

— PN /
cl= ‘Xa + ZI‘P' ¥4 Z‘Ef?&ﬂ (29)
plus similar ecuations to (15,16,17,18). In fact we are-a¥so lead

to much the same conclusions, The following statements are ecuivalent
1. A'norm of the form (21) f consbink

2. T derivatives are of the form (23,24) v

3. The twé—surface is real conformally inbedable in real Minkowski

space with generated by

The fact that we do not have a general norm despite introducing torsion
to imitate Imygt can be interpreted as due to inadecuate freedom in choiced
conformal factor. In X ,X;, X,+X, we have 5 real functions. To mimic
these terms we hauve 3 real functions Jl,jiﬂ-,tﬁjl. Should we be allowed
complex conformal factors then we naively have enough freedom, ie 6 real
‘functions to use, however ther: are difficulties. We cannot arrange for
both f’ and ()'to be real simultaniously, though by fixing a complex boost
we may have one real. The amswer appears to be to reintroduce 'phase’
torsion of the form (19) and we may arrange for the conformally rescaled
C; ke’ to be real, since @ -7 @ ——[Ifl ) 0’.—7 ()’A[}Z/; plus scaling.

Although we may arrange (7:-(7, ()":{3" we cannot arrange that the rescaled

o kT will be complex conjugates. Thus what should appear as the coefficaant
of T, in (23) will not be & but what would be & , were we in a complex -
conformally rescaled real Minkowski space. The picture is still unclear

but it appears that an expression similar to (21) will be constant, but

13 — - N/ . — /\/h( *’A‘
with ’(:‘)/A replacing 3™ and T, replacing T,,. . W # W but
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rather satisfies equations such as
B = Y s L5 (30)

/

-——L‘ﬁ( = 7&’0"’;5’&7 ~T, = 503 —pd5° (31)
The basis for fj“lis chosen so as to agree with that of &0 /after sui table
complex rescaling. 1f this cloudy picture emerges as correct it provides
a correspondence between the A“‘/@ of the curved apce and A.{/, of a transformed

real Minkowski space, and should thus show that A has only 10 real components.,

Thanks are due as ever to Paul Tod and Roger Penrose for help‘and

inspiration. ﬂ&b

2'1/7/5’72

Geroch, Held, Penrose 1973 J.Math.Phys 14,7
Penrose TN 13
Penrose Proc Roy Soc A381 (1982) 53

Tod . Proc Roy Soc A, to appear

Quasi-local charges in Yang-Mills theory

. By K. P Topt
Mathemahcal Inistitute, 24-29 St Giles, Oxford OX1 3LB, UK.

(Cmnmunica'led by R. Penrose, F.R.S. - Received 6 April 1983)

A definition of quasi-local charges in Yang-Mills theory, in the spirit of
-Penrose’s quasx local momentum in general relativity, is proposed

The G(mzm\\y.&. (Pcn,vos'e. - Ward, . YeansSorm

Michael E.as\'woo&

Bbehrads -
The Poarose ‘ronstorm and Wasd cotsespondence ose.

dosely rdaked and Hotw 3~es';\e¢o.\i3e cons'\c\evo.\o\g. “This
arfide  explains  carefuly Wue  cdokionship botween Waese
3@0 tansforms and olso how Yo constmet Ywewn  Sor
move gertesal  howogeneous epoces. WWany examples

(ol Yae usual and  meve exovic) ave discussed.
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Gw&;afmml, K&M\% Vectors and Reduesd Tuattr Spocas. | .
\g‘ one Yake Yhe Hme Yeangladion . Willing veckor = on aff e !
Hmkmém. spaes  Then ‘\'?nm spaca c:s (nkegrad  asrven 0 t\cd'u-raﬂ»}
o compax affica Thew oty Euclidian,  malric B que tve
To a vechor fed on T, Wwﬁaam'"?‘w*m“?d» and. f‘*‘-""”‘a
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Some examples of Penrose’s quasi-local mass construction

' By K.P. Topt
Mathematical Institute, 24-29 St Giles, Oxford OX1 3LB, U.K.

(Communicated by R. Penrose, F.R.S. - Received 14 March 1983)

Penrose’s quasi-local mass (Penrose 1982) is calculated for a variety of
two-surfaces in particular space-times. The results are compared with
other definitions of mass where these are available.
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"The Tenrose Jjg@?&mﬂgg

Homogene ous Boundles

Complex projeckive 3-space T wom be regarded. o o

\?\O\M.OQQT\QO\AS S?Ox e

~ % ¥ %
C(LU}‘,C\)/H , where W = %io :zi) e GL(4g, \1)}
o % ¥ K )

A Sinde dimensionol cepresenkason of W gives fise Yo o
howmogeneous veckor bundle on P, Representmbions of W axe
ddrecwined. Hy teshidrdon Yo £*x L33, 8) or Rurer o

VY x V() (see e.q. 1) and Yae swedualdle  sueh WA oy be
Vigred. by wieans o Yne suwbes (alb,e, 4) For inbegess
ab,c,d wiMa b<es d. For Y20 WY ‘nomo&cwe.ous Puadie %or

His sbw,\;o\ has as Qi‘bt'ﬁ ,_.,.._.Ail-._.-—v—-x
e T T ccetcentacnon ‘n
% QQQQQQQ
L e TN A ( '“'/ L)
| v |
vazv‘\)

over eadh line L€ P (for <o modi§y with (E (W/L\))b ek, ).
The usuol Pencose \'to.us%ogm wrespraks H‘( 0,(_“”2\‘) as soluMons
o% mass\@.ssA%Q\& vo\uc&\’ous e& \\g\(d\—& w/2 . b\\-\g ““Q bundle
H-n-2) is Yhe homogeneous bumdle (wt210,0,0), Tk is

nofural Yo as'R for o similar “interprevakon of W (Flaly,e, a))
is 3¢€Lem.‘,u Such an %ﬂ\er?c:_\“n}:ion con be given 593 usia %{
methods descdbed. in T2, For example, W (G(4\-\,0,0)) 3s

isowmosphic Yo solueas of

i 8
Vm\ V“) Barelc! = O k\g\\gsicu\ s‘\g.?‘)

Qm- 9{9"'&'@” e V{ (}Za's’c')\)e giw\&\m’\3» \“\‘((}(”\\”\f\)O\) aivqs o
poventiol wwdulo gauge deseriphion (o8 in £21) o Yhe “dual”
equakion Un\etc‘nange pimed and ;\m?d\%&&\)e Thus, ¥nere i o
YwisYoc \gouusﬁosm ond scalos produck, Tn gmem&, T cor“'eo\um
Yak hE \7\\(\?*» i 4\ E\‘) = ﬁ‘(\?*“"’) O E*Y) where B deqoves
"oduced” enomology  (Gactor ouk W Y oy HRY) (. L41).
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Philosophy

A googly structure. (photon, graviton) on T sheild
be eguivalent to a leg-break structure on IP¥, I shall
start with & leg-break structure on IP¥* and attempt: to
translate it to something on 1P,

Thi's approach has the advantage that: it is deductive,,
and i's therefor<corrects('though it may be.inconvenient)..
Its. diisadvantage i:s that the natures of the structures
that one deduces on; IP are not; dways obviious. However,

It is not too much to hope that these will be undersﬂood

eventually.,
Starting points

Throughout this paper the idea will be to describe
a leg-break structure on IP* cohomologiecally, break it

up into smaller cohomologtcal pieces, translate the pieeces
into coliomological pieces on Py and then reassemble the
translated pieces.I shall consiider only the photon ex—

plicitly. The constructions glyen here have analogs
(ammetimes a bit more mysterious) for the graviiton,

The Ward space is akundle
:]X
L¥ <Y

whlch is a deformation of a region of T* according to

v

N o= woerp te fu (x)

for two patches Uyﬁ which cover X% . QW;@g&pull«back of
U,U to TI*.)

A scalar zrm field of unit charge minimally coupled to
the electromagnetic field described by thiis Ward spac e
is an element of

HUC oY oenadty), (% #)

For short, put © ¢-2)=0)e7¥ This is also meant to em-
phasize that O (-2) is to be thought of as a deformation,
of ©O(-2).
Let's analyze the cohomology group (**) with the M-V
seguence:
F-2): o — H(uY@ H(OYS Ho(und )2 ' (£ ¥)=o0
w v
(4w, F N @@ -
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I have written W to emphasize that these are abstract W's.
1iving in the patched space appropriate to O (-2). Really
W is the pair‘QW,@) subject to the relation (*) wheri
defined. To make this more expliicit, suppose that U,U are
nice sets so that we can ‘trivialize © (-2) over them
(and hence over&heir intersection). Then we have
He (U, Sean & H (v, oea) ) HT (3 Fap = HIE, oo,

!
A @

v N@’(@;)k» (g(x?‘\/)

w.
(W) € o (W)
~p

HP (und | dc-2)) = H®( upO., &¢-2))
¥} W j;‘
WY e T (w) = F(W) exp i€ (w)

whiich allows us to re-write the M-V sequence as
0= H (v, 0N @ HP (D, o)) mr H (un b, 0N 7 T/ — o

(«cw), BCd)) B wow) - FLw) expie f(w)

Here 5 stands for the zrm fields and the sqguiggly arrow
is meant. to emphasize that th#map is not merely the
diifference afiter restriction. Of course, thi's sequence
iis nothing more or less than writing out the 6ech descrip-
tion of the cohomology group reFmseh4wﬁkhe zrm fields
minimally coupled to the Ward background.

The. point. of all this iis that we can describe the
various H°'s in the above sequence in terms of various
coliomological goodies on; P, ~ Consider the case whee the

zrm field in question is an elementary state. (One has

to be a liittle bit careful about what an elementaryg{}ate

is, in this curved twistor space, in fact, but that is

not important just here.) Then we can take Uﬂ}*—A,

ﬁ:IP*—]‘B, where 1‘1,}‘3 are. IPZ'S in IP*. For our elementary
state we take (A.W B.W)_l, It is important to remember

thab when we think of the state as an Hl, we only know

where the line K% is, the indiviidual planes A:B heing allowed
to flap around to express the colomological freedom; but

when we think of ‘the state as an H° we know where the

o
particular planes A,B are.

Proposition., FP(IP*~/A 0kTﬂQzH1(rP~A)€WQﬂ.
J
a W:\:"W, a‘:d‘.-\“f in (P
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Sketch of proof, We can get this by doing integfals‘f

of the form L
L
M
A — . “
' vy o= 2 -72_, A — <8 N
Z A 2
7
T ) 2-'
3 (ALM/V)
= %

L —,~—,r—7—'r‘1
2A iTTh ferw Azt

The freedom in choosimg L,M,N is the cohomological
freedom of the HZ,
Remark., MNore generally, there seems to be a correspondance.
betweenm HEE-L( i k). ang gE( P * —p Bk-1 ),
This proposition enables us to identify the groips
we will £ actor out by. In order to identify the googly
version of the elementary state in HQQIP*—A-BQ, we com-—

pute
L , o) L
A\‘:&f/“ g
(K] ,—-—-——l9 MN = oH3 A.;-LB—'—"‘ ‘ N
o %

5
e ST Yy
v pervh
- A B LA o + Cﬁirﬁf N e M
favl ¢ Ach Beea (X4 %)
h v (Z-G'WQ)S)

c p)
bro\V\¢~L‘ FJ[S

Here we are interested in the equiivalence class generated

by allowing thepoints L,M,N to movez any fixed set of

values for them defines only a particular representative.
Note that this contains the right amount of informa-

tion: it knows where A,B are, but no more. The cohomo-
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logiéal interpretation of this equivalence class is as
an element of the dot product; ‘
— T

(P~ AE, ©c-a))s HO (P - cut frow MALA Lo [FLH , O)
b"? Ha (P -cut -from A to IES o,lov\g /ﬁs“, ‘@(’Q))

(thanks to MGE and RP).

Remarks., (1), Thils cohomological interpretation is a little.
bit glib sinee it involves simultaneously taking two
equivalence classes: +that due to cohomology and that. due
to the different possible allowed cuts. This needs fto be
worked out more carefully. (2) In the untwisted case,

the map from H?GIP—out) to the HY s a periiod integral.
(‘3). Suppose that, in: addition to the googly field we are
constructing, there were a leg-break field present; on IP.
In the above dot product, then, we could replave: Hl(]P~AB)
by HO( - (ABL- [ABN) modulo HO( - /ABL) HO( - ABH) with
a leg-break patching relation, ThHus expressions of the
form ((*%%), modulo suﬁtableéﬂUWahnw%.may represent; zrm
fields coupled to ambidextroum photons..

Space-Time

So far we have seen how to describe background-coupled
zrm fields googliily. We do not yet knyo how to evaludte
these fields at a given space-time point though. It is
important to know how 4o do this, especially in the @mse
of the graviiton, as in “that case it is the only way I
know of describing the points of the space-time |

A point in space-time describes a linear map from %
to the complex numbers. This is thus an element of fie
dual of 'Z s which may be analyzed by dualiizing individ- y
ually the spaces in the M-V sequence at the botdom of p.35.
A% present, this is a bit difficult computationally, but:
works at least to first order in charge in the electro-
magnetic case,

A {N
Thawlee Yo MEE RP, Al LPH | 7@; jfr PS5 whi el

€mo('maugl\/ 5(;265(‘5 S O AR ¢7_C Tlw c“_ cu on((ams.
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 Twistor Theory and the energy-momentum ang : Penrose’s (1982) "Quasi-local mass and angular

angular momentum of the gravitational fielg -momentum" is investigated for 2-surfaces near spatial

at spatial infinity . )infinity in both linearised theory on Minkowski space and

. full general relativity. It is shown that for space~-times. .

by ?which are radially smooth of order one in the sense of

William T, Shay jBeig and Schmidt (1982), with asymptotically electric

Mathematical Institute,
' éspace at spatial infinity. Global conservation laws for
ithe energy-momentum and angul&r momentum are obtained, and
the ten conserved quantities are shown to be invariant
under asymptotic co-ordinate transformations. The
relationship to other definiﬁ;ons is discussed briefly.
T; . .
oppear W Proc. Qox\f}. Soc.

University of Oxford fWeyl curvature, there exists a global concépt of a twistor




New ideas in twistor diagram theory
A brief resumé of recent developments

Stephen Huggett (D.Phil., 1980) showed the existence
of hitherto unknown contours for

These contours have now been identified constructively,
and then (as S.A.H. suggested) used to define a
previously unrecognised contour for the Mgller scattering
diagram. This can be evaluated explicitly ({for elementary
states.) The result shows a dependence upon the twistor
functions used, and not only upon the corresponding
fields. But this representative-dependence can be
considered as residing entirely in the forward direction
where the conventional QFT amplitude is infinite. In
other directions the result is the "right" answer.

3o we have a way of making the infinity finite, at the
cost of introducing 'states' which contain more information
than the space-time fields do.

Prom the elementary twistor diagram point of view,
this new contour is constructed by a process in which
only one external line at each vertex is surrounded by

an 81. The representative-dependence arises from the
choice that is made as to which external line, i.e.
which singularity region of the twistor function, is

so treated. We may ask for a more abstract description
of this process, i.e. ask what our amplitude is really
a functional of. It is not a functional of the standard

H1's, but on the-other hand it does not contain all the

information in the twistor functions. RP suggests that
the intermediate object that is really being used can
actually be described by relative cohomology .

This is interesting because the same phenomenon
appears in the construction of the so-called "hard" contours
for the box diagram. It suggests the germ ol & theory in
which twistor "states" are actually more general than
the spece-time fields. On the other hand, the position is
somewhat confused at present beczuse the discovery of this
new contour has also indicated quite another direction
for the devélopment of the theory, which suggests a
different way of removing the infra-red divergence,
and has implications for the treatment of mass. =



In this development we make a simple but radical
modification to the whole diagram formalism. We
change the definition of all the internal lines by
an (essentially inhomogeneous) displacement, thus

wherever W.Z appears, we replace it by
+ Wz — k

where k is some (pure number) constant. Note that for
every ‘old' diagram that could be integrated over a

(projectively defined) contour, there will exist a

(non-projective) contour for the corresponding 'new’
diagram, which yields the same result. But the converse
is not true. There are strictly more contours in the
new, inhomogeneous, spaces. In particular the 'new'’
Mgller scattering diagram has a contour which yields

4 finite functiénal ot thé fields, equal to the
conventional QFT amplitude but this time with the
infinite amplitude in the forward direction simply
subtracted entirely. The vital point here is the
inhomogeneity, which is used in an essential way. It
means that the twistor contour cannot be regarded as
the translation of a space-time integral. Thus we

have a different way in which to get something new out
of twistor geometry. . - -

If this introduction of inhomogeneity were a trick
that applied in this calculation alone, it might be of
rather limited interest, However, once we start on this .
road, further developments rather naturally suggest
themselves,

Pirstly, we can drop the "boundary" definition of
negative-integer diagram lines. We can rever? to the
logarithmic idea which, historically, came flrsﬁ anyway .
Take the example of the spin-1 inner product which in
ordinary diagram theory is

§: [ (2%) 9. (W) DwiDZ

Ww.Z2-o
The standard modification, described above, makes this

51 [-4(2*) g W) D WADZ

£ 'wz =k

without affecting the result. But we can replace this,
again leaving the result unchanged, by
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In this particular case, the boundary and the logarithm are
inte rchangeable. This is because the logarithm is éssential. .
to the contour, which means that changing the factor to

(’\Yf) (Q({‘w.lwk)) where ¢ is some constant,

would make no difference. The contour see% only the branch
point, 1.e. the boundary. . - :
- But it is not difficult to wrlte down 1ntegrals in Wthh
the logarithm is not éssential. In this case the logarithm
cannot be replaced by a boundary, and the value of the
constant ¢ does play a role. Clearly we have a more internally
consistent scheme if such integrals are allowed, since
then a (-1)-line,. like a O-line, can be either essential
or inecsential. If the boundary definition is used, a (=1)-line
nust always be essential. But how do we fix upon the right
constant c?

There is in fact a natural choice. We start with the
definition of the pole factors: :

w—2>2 = = L

and then extend in the negative direction, preserving the
relation -

'b ‘V\l__._/—\———z — KW nat Z
tmb Z
by
— | -1
K'w.z—k) ) leg(K'we—k) =Y
W=tz = L
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where ¥ 1is luler's constant, i.e. (" *(0). Clearly it is

X’ that plays the role of the constant ¢, the other terms
being fixed by the derivative relation. It is determined by -
the zondition

o | et
W U > = 2\(\/ n~ Z = O

- —02

in the sense of asymptotic series. We can write these factors
and relations in many ways, e.g. as

W jL (Kwz— )
S (’*5“'039 ES;V\.
which then holds for all n, positive and n.gative.

o
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Note that the negative terms sum to the "Euler function®:
— ' .
~ - x
= w z = E(X'wz—k)
< _ oo
—_— > .
‘ where £(x) = j
N
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e/vv

ERI1
and the :properties of this {function, in conneciion with the :

i .~ nypiversal bracket factor", have been noted before. However, -
the scherie suggested here is essentially different from that
proposed by RP (in Advances in Twistor Theory, page 249). .
The Euler function replaces not the divergent series of poles,

but the convergent series of boundary-definitions. The
divergence must be handled 1n some other way.

Now, as suggested.on pages 250-1 of AT.T., we may
try to get the Hankel function out of the Buler functions
and a rass pole. This indeed coustitutes the second natural
development of the freedom offered by the new inhonogeneous

factors. We find that
62 - § £ O ) (%) _!@;_xt k) Umiﬁiuc)

Y POy
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where U( ) represents the "universal" factor, does indeed
give us the“right”mass eigenstates out of a compact integral.
That is, there is a contour such that the Hankel function ’
arises when f and g are elementary. For this it is necessary

. that we employ the logarithmic definition of the negative-—
~integer lines and a contour in which those lines are not
essential. If we stuck to the old boundary-definitions, then
we should still get solutions of the Klein-Gordon eyuation
all right, but not the pure Hankel functicn solution, i.e. ;
not with the right asymptotic behaviow at infinity. It should
also be noted that the contour is such that only a finite
number of the "pole" terms in the universal factors can give
a non-zero contribution. ! ‘ L A

, We algo find that we can replace the mass—sﬁell
enforcing denominator by '

(2 »-m‘)(w\j —my) (‘V‘n\“"z" "71/2/>

whieh would seem to give a role to "partial masses" in a new,
surgestive way. Another very important point is that now
that the mass has been introduced in a geometrical way, it
is poseible to write down an inner-product formula which seems
. to work iff the masses coincide, (That is, a blown-up space
w0 exists in just this case. See A.T.T. pages 271,272 for an
early statement of this general idea.)
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