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Fovmo.\ W\\ic\am’\n@ og- ‘\mki\w&s\'ots ro Curved S‘,ace-kime.

e aim of dhie acte ie Yo invedigare a groviYalional
acalogue of Yhe ambirwishor descsiphion.  (due Yo Green, Lseaberg,
Yosskin, Witken, Woain, Wearin, Pool, Buchdony,...) & Yong-Wils Gie\ds.

; )é\v:g—“\'\\\s cose: Lok A denore ¥ne <pace o% t:u.\\ to.gs. W
M. \hea
| A= Fis(T) = (hW=0f ¢ ®xP*

| and. o ‘:o'\n\: x e €M CO(VQS?_D(\AS Yo o c\uadﬁc Qo = L % L,‘:' i
A. The Wasd cotrespondeace Qenefa\ises immediakely Yo this
cose : 1'? U is a nice (e.g. convex a o srandacd tootdinoke
?“\C\‘\ open  sulbsek é{ EM ond V is Ythe regen in A swept
ouk \’_‘5 Qe gof xel, Yhen Whece ig o -\ cocms?ono\!me_ :

{(F, V) : F e o ‘ﬂo\oMofp\\'\c.} \ E: € 2o \'\o\omnx?\'\ic‘
H

-

veckor bundle on U and V o vectos bundle on V
holomorghic conneckon Roc F. Yriviod on o\l Qe .

One ton afk: whak s Yhe condilion , in Yerms § &, Qoe V

Yo saks{y ¥ne Yong-Mills equatiens VY= 0 The anewer

is in Yeems &K Yeying Yo extend © Yo formal aeighboushoods &

A i PxP¥. The cohomological wadninery for YocRling this
oxrension problem is described i THIL (MGE.: non- Roelian
shea§ cohomelogy ): if £ hos been exvended as Roc a3 Viw-w

Yhen Wne obstruckion Yo exrension Yo Vimy \ies in

wv, o (EndE}(—n,—nﬂ ond \\‘(V, v (EndE)(-n,-n\) acs gtu_\ﬂ

on. the choice of extenston. This coomology  can e wnkecpcered by

Yhe Pearose Yranskorm in Yetms of Geds on U

Exteasion Yo Vin: WY, (F(EadE)\,-1) = O g0 B exrends,

WLV, LEad B, 1) = TV, FEdFIEIEY) <o § Ben s any
doice of exvension thea T(U,G(EﬂdF)[-\“:\'.\') ads on Wnis ‘o
codmce ol possitle extensions, | '

Exveasion Yo Viay: WLy, (}(EndE)L-'l,-l\)="\‘\U,(}(‘EndF\)[—\“ﬂ}') |
and daim  (rother ‘icky Yo prove ) Yhakt as T{\),(}(E\-‘\(\F\[-\“_—\Y) |
acks on T Wne cotresponding destructon ia T(U,G(E-ndﬂ[-ﬂ(-\]‘) ‘
ek moves undes Wne additive ackon. Tn postesloc, WYhnere is |
exac\'\s one chrwice 0? EL\\ w\1§0\'\ Q.AM'\\’S on v.\(\em'\oﬁ. E(g\ Yo
Viay. Since WLV, Ulead E)-2,-2) = 0, ¥wis is unique.




3.

Exbension Yo Viay: WLV, UEMdEN-3-3)= 0 so0 i an edension
‘exisks ik s unique. The obskruckon Yo extension Yo Yhird order
Nes in WV, HERAENR,RD = ReeT: T(U, 0} EndF) - TV, QH(EadE)
and turms ouk Yo be Wne cusrent V(kV?). Thus, Yang- Mills. Qie\&sf
on U are tn \-\ correspondence with vector bundles on Vis)

whidh ocre ‘vial on all quadsics Qx in V. W Mnis is well-Raown.

GrravivoMonol case: Based on Wne analogy “between Yhe
Awiekor desccipkon o} sef-dual Yong-Mils  versus  self-dual
Binstein aad on other evidence Yoo, one wight expect o
avo.v’\‘m\(ona\ analogue of %e above construcon. Tore precisely,
suppose ™\ s a holomorphie  manifol\d  with conRormal Structure (ond
Wox M ig geodestcalyy coavex %or some webde in Wae walor mal
class (die. sheink W ¢ necessasy)) and ek A be Whe space of
nul Swzodwsics o‘- M. Then A is o 5-dimensional comphex
maaifold. and ™M can be veconstrucked from it o exploined. by
CR.1LeR. in TN (1'?\0, D. Phil Phesis (\‘WO), and Vrons. AMS. 27§
(982), 204-23], Tk \s mow mnaturl Yo ask abouk Rormal ‘*’\'\C\RQ\‘\‘\Q&S
OY- A, \\ovms Yo encode gu\"\\-\vx mgocmn\-\’on on. M,

Tn TNI3 and adso Lets. Wath. Phys. 6 (\a82), 345-354
C.R. .e8. propesed an e\aacmk and naturol dtgini\-ion og Aw , a
fiest ordec foemal Yhickening  of. A, Roughly speakking, the Siest ocder
informator. of an embedding A< B is the exack sequence on A

O—>@—@—N-—0 |
where @ s dhe Yoageat bundle of A, B is Yhe Yangeat bundie
F B, and N e normal bunde of A in B, Thece is,
eseeaNaly by defiaikon , o aakural inkerprerakion o?- o Yongea¥
vackee onn A os o Joeahi g-'\v.\c\ onn. M| CR.L<B. observes YoY o
clight wao.km'\r\s og e Jacehn equotions allows oo 6-dimensional
veckor space of sduRons  rather Waon just 5 gor each null
geodesic. This is Ws definibon o} & in Yhe cusved cose and he
_preseats pleary of reasons os Yo why it is Yhe Yeorced dqﬁmi\\'on.

Since Yhe consteuciion & e extended fangent bunde & is
ooﬂ%xmalg wnvasiaant, 1. depends on\5 ont e conformol structure o%
M, There should be a metod of conshruekon inkdinsie Yo A, T
propose ‘Yhe %o\\owiqa os sucn o wmefnmod (it “(’w\s ri%\\\r aad worRs
in We flok cose). Tn his oviginal iavestigahions o A CR.L¢R.
noted Wak A corries ‘o notural "universal \ine bundle .
genecolizing  (-1,-1) Kor A. Tk s cou?ocmu\\g invosiant ond  has
'muma nice properkies  such os \ 3= 0f ("(\«\t canonical ‘sundle),

For CRVLeB0s  defimibon o} & via Joehi Fidlds, M= L¥ | Ty,




A.

® ic o distinguished elemenk o Ext (A,\_*, @)=\ (A, ®aL).
\)n%of\'u(\ou\'t\ﬂ, Wne Penrose Yranstorm o% ris group is vatner o
mess ond & iz AfKadt Yo Qind Wnis disHaguished dement
&ivec¥\5. Fortunately , Wne Penrose Yransfoem also gives

WA, O*'®elL) = kerd: M K1 >T(M,QY) = §
ond so lel gives a d&s\%nsu\s\md' w e \*\°(A,0"®® L), Now

use W a8 6 homomorphnism O'e\*—>® Yo push ouk Ve

jeb exadk sequeace or o, n
0—Q'e* —>TUWMN = 1*>0 e =0TV
{,u X ] .Q.‘QL’
oOo——@® —— O —\*>o0
Tk s ?ess'\\:\v. Yo be wore systemac as Yo Yne

4 ?m\:\em o% construcrag Rocrmal Widrenings . C.R.We® Tas

developed an olrecnodve wmetnod (Yv\Vo.\'Q. cwnmuaicokons )
whidh gives similac cesulks . The machinery descaibed here s
tnspited by Yhe corresponding  supecsymwetrre prodlem (see
MGE i TN \5), 'S.Q A is emboedded as a cosed su\ow\am.'\go\é
of B witu \deal sheal Y Ynen Yae af order %om\a.\ v\tla\\\:om\\oo&
& A in B is Yhe tinged space (A, Cmy)  where Cimy = {}é/j’m‘
TE A Was codimension \ in R Yhen \ocally Ciny & OLE] e
Thus ¥ i rokusal Yo maRe Was &o\\qw(n%:
Definiton. Bn a¥ ocdec formal Yhickening oQ( A is o ringed spoce
(A,Uim) with on augmeatakioa Oimy = 0 (0 homomorphiem oﬂ— ¢-
alge\:cosX such Wakt \oc.a\\g Cimy % OLEIL™ with ¥he obvieus
augmenkotion (setting L =0),

Heace | a %NMG.\ Tidkening s a consiekent wouy of pakching
GLeINA™ or, in otmer words, an elemenk of Yne cdnomology

ek H‘(A,A“) where A = Aul:(()’[ﬂlb""') Jhe  (non-RAbelian)
group o‘ ankomorpriams  of O Lt]/ t'f“ 05 on cu.xsmen,\'cd -
algebra over - (1. Yhe shead Wecesk). To underskand

foemal Whidrenings oae must Werefore undecsvand A

emmo. fls an C-module Ol 3 atdbt & (ﬂ')e g .
Then dlements of A, can be represented LY B
0s makaces [' 0 w\'\ere_ 56 (’”

X g Xe® .

'Yg_o_q‘-_. Qince dements oﬂ» A‘ ofe requited Yo freseve Yhe m«amm\c&(on
KPe %rs\c row wust bve (\,0), T_F a,c € Oed/E* Yew , since
demente of A, are fequired o presesve ‘multiplicodon, must have
e + Xlaodt = (ot X(@EWe + Xtor)  4e. Xlac) = aXle) + eX(a)
4% o derivakion <. X € @. Similar ceasgning gov b, dt e CLON®
chows Yok e remoiotng  matax Qn\'cﬂ ey we  mulrphicarion &3 9.




Fino..\\:s » 9 musa¥ Be nowhesre vom\s\'\“\g so Wok [‘ o ]
ovides aa laverse. "6‘X 3.‘
Tt folows Crom Mie \emwra Wnak
® ® is a nomal subgtoup & A, ond Yuere is on exact sequence
o>®—A — *>0. ¥
@ ~“’\v. ackon o‘— U* onn @ ‘oa con&us«x\-{on 13 s.X = aX
® T\\Q sequence ¥ admits a sight splitting [\ O] «“iq.
o

Tn e words, 94‘ 6 a semi-ditect produck Ox 0%
The mu,c‘ninef:s o‘ TNQ s A;esianu\ Yo dea with @ ¥ @. '33
combining Yhis wilh @, one can concmde Waok: )
Poposition. WA, A) — WA, 0*) s susjective  and, for each
Le WA, 0% dhose formal Whickeaings  whick mop Yo W con
be idenrified with W(A, ®el). 0O .
This agrees with Yhe earlier no\rionﬁo% Sorweal Wrickenings . Fecms
§ e ofended tangear bundle . Rs a line busdle L. is
We conormal bundle og A ia Ay, To creakre ® dfumc\'\s
grom Fe H\(A,?‘.) Ve A, ak on the sheaf @O U 393
D o], (P,R) _ (9,‘\1\[\ o]“ - @, %) o]
X 9 X 9" .
Thea Fe W (A,F‘.) crea¥es o qew \bca\lg gcee' s\\enﬁ- F(®e0)
(og vxv\od.c\v.& in TN \9.3 ond Yhis s eas'\\3 seen Yo be ®.
' - Tis opproadt easily oXends Yo n> 1
Lemma. @ For n?l thece is a sucjeckive  \owomocphism 5‘4“ —> 74.4-. ‘
wilu Abelian Rernel isomosphie Yo @D(F. ie. an exact sequence
o+>®ev—4d,— 4, —o0. ¥ ¥ -
® the conjugoke ockon o% Aney on @O descends Yo an odion
of A, namey L\( o]. (P, %) 3".(?,\0[)\( o]“.
J
‘Er_ogg. LY su“(ms Yo \6.?«1\'&3 A os maolrces os in Wae pravious
lemma. Think of  OTEI/E™ 4 column vedorss,

n=2 ‘Xe}(l@ X =1\ o 0 where g e o*
X 9 o X,Ye ®
).:%. + Y 3)('\-\\ 3" he U
and, wmoreovec, | 00 | 0 o
‘X,[o \ o}’)é":[o o o\
P ko '3‘? -gkX gk
whith vedfies dhe \emwmo e a=2.
n=3 %ed e X = 0 0 o)
where qeU0% X 9 0 o k.
XY, %¢® ‘?é v gXxh o* o 4
h,gel 4 XY+ aX vaY s W¥ej g¥e2gh g7,



Unike %  Uhe exack sequence #¥ % does ndt have o right sp\tking.
From THIL | i \emwma, and e mm\&m.\uﬂ. o% . and ®
?rom WA ,A.) os above, it %\\ows RN '
Mheotem, For Fe WA, ) and a>\ suppose F hos been
Widkened os far as  Feaon e WA ALL). Let L and ® deadre
We conermal buadle ond Whickened Yangear busdle on A
construcked Crom F. Thea Whe oostruckon Yo Qx\-tn&ins Finey Yo
WA, Ax) \ies in Ht(A,@@ ") and § such an edension exishs
Wen WCA, e\") oks %«.\3 on Yhe possiole choices, 0O
s foc Wre Yong-Mills cace one should inverprer Whese cohomelogy
gouwps on. M by We Pensose \-:g«a%«m .
n=2 “”(A,@’@\—t) =0 so A a\woﬁs admiks \\\-\\c‘w.enings Yo
second ocdec . To ideckiby W(A, B01™) e o} e eonformal
mekie on. M os o mebde with values ia a line bundle
g s 0 — T (ld Me Bak case = OLINY), “Then
H\(A,@G LY = _“(M) 2%%) » voughly speaRing  Ywo coafocmal
‘;o.c\ofs since if— SeT‘v(ﬂ)'i”) Yhen Sg.p is a geauine (whaece
s+ 0 ) mebdc ia Wne conformol  clasg o‘ Qo -
n=3 H'(A,@@L") =0 so 4} Ma&c\tet\'\nss exist Yuey ate unique
(Whis happeas Por higher ordec too) buk Waece is Whe possibilily o
geauine obstruckions : Yhece oce ngc\' sequences
0> K— HA, Bo1¥) — T(M,28%—0
0—~»T(M20%) — KX — T(M, 0" —0
30 Yot Wae costruckion compises primocy , Secondary and \ev‘ﬁmb
pieces as %o\\OWS'- First Wrece. 18 a Vdmafg dostcuckon in
- T(M,28%) . By analogy with the Yang-Mills cose 1 woud
oakcipore Waak Yhe Sreedom in theosing o second Ynidrening
Shows up precisey tn Whis pimary odbshauckon. Tn dher wecds:
Con’a«.\uw.. Ay odmits o canonieal Wnidkening Ay chacockeciged ’oj
Yhe vonishin o?( Whe primasy oostaueron Yo Wicd ordec
Wrickeaing. Fsur‘\\wrmom, veckor buades E o A, Yeviel on ol
quodrics Qx , odmit unigue exteasions By Yo Aw. a
Things now ger o \itle wmore speculakive. Waving diminored e
primary obstacron , Yhese is o secondary odostruekon ,namely o fwo ~form
on M. Suetly (BRI 4 KPT) ¥his must vanish (being Con%otma.\\:j
invardant), The final bertlary  dostruckon is 4wo %:u.v-%cms. n
- veasonalole guess is W (CYACY) ond ¥r(C'AC) where C¥ (resp.C)
is Yhe solf-dual (resp. anki-self-dual) Weyl curvoture. So maybe:
Cbﬁ'lec’mce, A(-n admits o k\\\'\c\nn\ns Yo Am \“ C""( C™ have eqwﬁan\\o.monic

dneipal awll directions ie. ok Yue veskees t& on ingrite regulac \\5@(\’0\'\( Yekcahedron, O

2 primory cbstauekion Yo fousth order Waickening i Ywo dosed 3-forms 17497
| “\ic\'\m\ Eostwood .
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Keﬂa?’m Cobomolog 4 ,Groog s and Defformativns of I
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n TNI6, gp910, I auggeshd that o posaibly
Rswme o ‘ OLQ".O:%Q!“ : ;
Wﬁﬁ L Wg(ﬁ ) ’W
(= the mon-@rogectioe Blown-up buwo ) can e atlacd
(glaad) to T (ot T M-I = b nallas Libtle dffpund,
(Nolo: T = §Chmo|me=03) L cconmee hat o Trlati foce
T o flot, te Mok the avaociatil spoce=Tme i aff-dul
MMWW Jamdodmoso connverting (W= 0, P 0).
Ty Recalll that I o given by the fonite sk of
'l ~ (wAWB‘ ) WA'TFB'>
aq T, —0 , Whsoa. We uedaﬂd“"taak

thaeemmﬂ&.oug o %WM
of T te T will be oMotios in dhy folwergis wbrustine
AT =Tl (ot offecting which. povnts of I ans. Topolyial
Lk Oéxqom%w«\m e T). A onflinidheaimal

& 4l up 2 o anlodioe cobrwmologn grovp (nedative 6T )
o fact am Hy of olmonplic vectn fralds i T wlid
o WW'QK oA 1. Taball cddroes tho grolilom &#
bowr @uche am HJZ' /VMg/U be obtainalle 64<rw\_ amn_ H'(...) (9(*6))
— whicdd neprsenicle a L arigod. - ol gravdadiona . falf

Conaiden the m.ciuW&
00— A= .02 = 7 — 0 0
A3
wew'cﬂ\)ov\,'ﬂ: ang @&@JMJ-T%/@Z :;_(‘: % d Ao\z)mﬂ
Cobich. ane doaed Ledng domalad dQ 5 and whon QU dinsts
W@ ZFB«Y‘\M—Q on. . Tecall t;Qva,tqrA, Pz mblmp; on T gl
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o ,Q/‘:ea & 2L ﬁ»e)wxg o, wudnh o ”"Moﬂmuwm& 0§ I Coe
porboar pork of 1) o T Neto that e meop | ohoes inded

oo om Iajlcnn ankitioa of the %al,@z (M
(;%\):;w LO«D\ CEwn /LMUS h\:ﬁv\k@:\k N/GLL//QAWO.KCL&AALOWXAW)

im/&%kéo}td 5 ! «»ﬁ;;:ﬁ)(‘fww o WY, u\,\% ao what
¢ J /A W (/Q e -1 % .
g ot A i o
dogne =6 Rumdisma | For o o{ﬂJx

% 6 oL M{)’aﬁ W VVL
H(Q«fo) W@WWW '%‘“Wﬁw‘)u :
%”t"w"/—*—”r%&* (Nota: (146)™ activg on 4. -6 Wm»o
thoak v x o Logarithau | TRe Logardthwe would meed &
o loind e T whock W wﬁwa”cb H? comon in etiod Qqnq)

> the Alalide cobowelogy
‘ ' @ww H(ZL—IIolSL)—aH(g H(Q,dﬂ)—"

| AMU{:VJ“G MWM._JW
“&i"‘ﬁw %mﬁ wolle 3o Jﬂﬁ&/«,«ﬂﬂ«tm

fev loradmeca Tho idoa i tlat G ogprapriats M,togﬂ"(gw&)

wmuma, ?)}wﬁ%@ W&%W%
wa (H" &

o Xisns cam e 4 u&m ) Nots

%3" m%% mdﬁ%ﬁaﬂ)@m . the

MMU@T, QyQu,L amgﬂmt(}]ioi‘ﬂ oo nogrined, (We
CMMMZ}?YM o le- 8% "CWW%JLL*Z T —
> BEN o ey
I A&MM j;i,og)/um M«Q/@\Ww@ \;Jmﬁe
uawhiuw a)%l[ Adlm,ue»«eq %ﬂ
%E o G examine Aaw- lwidh

%‘7\ AL 16,6538~ 3,@43 W
WO‘ G,m ag Ao M Hdgw Lﬁgj
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A Nok O The Spacling 3-dom w Thy Hemilbonian

ot a.4.
“The pfunepose o¢ The et v to she o

hoo e S'porl.‘wg) - doom ) i = |' OWA:AO'"AAO‘P(AN

Com by mkmrehd  os tle  hemilbnioa o'o,nszhaol-

Ta co?o}\:m bl cuy ob G et
e the  Spaw o tve dat, 'vamug.;-ok&.
"lgpmw'hali h e e onfiguake.  Speu gnd e
i peading  COnocicolly  Onjugek Monuals 01 gives
by symachic  knsor  demitier Wi = U3 (95 ter - Ky)
Lhea Ui & e axhingic cowrbe. ()= 12,3 ).

Tha hiw\’.‘lhw‘;o.« ‘ dm:‘kj O wivelly  givta 0r:

Hewwt = HN 1 H N | |

Whan N et Lpn funcline |, Ni e shijt
vech o feld |, HO 5o -t eram;lhn:on, 'RR v
the Supr momeatum . Wz &, 05 and M= duﬁ
Whire  Grup 0 Hae  Eimofein deasor  Gnd L denotes
He  direchion orkto.oomt o the  givtn hus{lumrq‘uu, )

I+ 32 o m«omphl-ic&“é) Het et tannok  Jwat

W Jiuhb,(d}x' 03 ¢ "ﬂq h&«m:“‘bdiovx . Tha Vuaokon
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o H b not coabia Serfra inlegne . So_‘
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! 0 2

Whea Nond Ni o osyrmphlcsty coashnt (W
Surlra kgl yields PoN < P: N wnen G )

i the A.0.M momentuae. (D).
T e tune Anll lagse « siapk, Ge N'=NN)

CHen bt con wmtt (NN )= VR doe som
Cdpver stk v oas e surbru iakg et oon
be urien  ( See (1) )

¢ idm L Fa AxtaxAY
3% .
So our  expressom  dor Hae Nemildortion H Con ler

tmben: W T \jt FA Y Gppp 4e 4 Ty TR MOAY

Heo e ver M () W et given flu Q'ty\vﬂan:
Me i Oy, Ofiap dXM = TATA Gopy A2° 4+ d (Ta OTig fAx ™)

Uhen dAdg&:- € prt .A)(AA’(,',"’AO{)“

1ee et ¢ we inkamft
a(vea by

S(’!‘O\ »U‘"dl‘( X ‘lla.

P o Tt

$o e
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sechion 0 e
V' ebhuin Hie Cootet Newa Hoaion il T sunhau
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Hal
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tnteqnl
H & skl RQW‘M

Remorms . @) ns o dwackionol
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Q5.

Higher Dimensions

In INI5 I raised the question of whether the twistor treatment of self-dual Yang-Mills
generalizes to dimensions > 4. (Readers will be aware that higher dimensions are
very fashionable at present; at the time of writing, eleven is all the rage.) I

conjectured that there are no twistor—solvable non-linear hyperbolic/elliptic equations

in dim > 4, (By "hyp/ell" I mean that there are as many equations as unknowns, and
that the characteristic surfaces are quadratic cones, The sd YM equations are hyp/ell
in this sense, if one takes gaugé freedom into account. Also, they imply the Yang-Mills

equations,) But there #s a lot one can do in higher dimensions, and I want to report
on some work in this direction, More details may be found in "Completely Solvable
Gauge-Field Equations in Dimension Greater than Four", Durham preprint 1983,

The sd YM equatidns are integrability conditions for a linear system

A'
T Dy ¥ =0, (*)

where Da.= Ba + Aa is the gauge—covariaﬁf derivative. Thinking of them in this way
leads directly to the twistor construction. So one should try to generalize (¥) to
higher dim. This can Be done in many different ways: I shall now give two examples
in dim, eight. -

Example A. Let unprimed capital indices be 4~dimensional, while primed indices remain
2~dim. So x° = xAA' are now coords on €8. Let us restrict to the Euclidean slice
R8. The metric is Bab = €ap SA'p' 2S usual, and the symmetry group of the setup is
[Sp(2) X Sp(l)J/Z!z, a subgroup of S0(8). (The Sp's occur because they are what
preserve the e's,) The integrability of (% then gives us a system of equations on
Aa‘ Thesé,(it turns out) imply the YM equations, but are not hyp/ell, being
overdetermined (18 eqns in 7 unknowns).,

The picture here is that twistor space is CP5, the lines in which correspond to
points in‘compactified ¢8. The basic equation is wA = i xAA' Tyr as usual, H!(@(-2))
corresponds to solutions of B?g BBJA, $ =0 which implies, but is stronger than, [J¢ = 0.
Vector bundles over the twistor space correspond to solutions of the system of 18

equations mentioned above.

tpiet ’
Example B.  Both sorts of indices remain 2-dimensional, but now x> = xAA B¢ (totally
I TRt
sym in A'B'C') are coords on R®, The Euclidean line-element is dxAA BC dXAA'B'C'

and the symmetry group is S0(4) C S0(8). This time take as linear system
A' B' ¢
) m 4l DAA'B'C' Y =

The integrability conditions now form a well-determined system (7 equations in 7

0.

unknowns), but the characteristic cone is-r of degree > 2 (ie. not quadratic)., The ¥M
eqns are not automatically implied.

tpt tpipt
The twistor space is CP’, with basic equation wAA BT i xAA BYC Tore Hl (5(-2))
corresponds to solutions of X¢ = 0, where EﬂisT a scalar differential operator of order

greater than 2, (The two statements marked with 1 are tentative, as I haven't worked

thrépgh the algebra.) . N
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SME TUAL EELATIONS IN TWISTCR THECRY *

Jan Tarski

intarrational Centre for Theoretical Physics, Trieste, Italy,
ard
Internaticral School for Adverceil ubadnea Trieste, Italy.

ABSTPATY

The opiion of erploying twistors ov dual twistors in integral

representaticas, etec., is considered. In perticular, dual-space anelyses

are presented vhich relate to the protlem of background electrermagnetic
fields, and to tke inverse transforoation.



Oillansled %?z@%ga,w45%mﬂw 2%

Sxladed ﬁﬁiz ﬁf%%ww Mao( Py [Ij 2 mihe e :% L eitia
pusdin iy o Rle ot Mot Ha pia T of o fadile s retagact
W seder. . (Qn%‘ ;l"z tay U moasurd. M,MJWW

j-l’é_: G(J‘+£) ) 6'=ii’ ‘.
en, iutad vf o ssal T ovss ol Fo aygos o dfirte
ms,wa o;[ ¢ _seemd B e M‘W/ whensas 747 d”/éd@‘;/ﬂ“w
mW WWW’&‘M%—WMM,jM&J}
md My/héaf M/A/L/éruy i e opplic. onns. Wereas Ao
ﬁp&i«a,;t Jrerend Mwyﬁ” ollen Bl odef o %m;dﬁ/w/hzm%
(NG W@;«%, 95 alls), The epple pinns M7K
Ao 27 olemensional gpnsccodoTor (whil cau be wlopreled as 9272
M)ﬁazf Latlr  occar mfx%, A %m—duﬁ%ﬁm el shilr,
and are Amll%«'w calld «%M L B] it s shom Yal™
Wl o asgsed |
7 e={+1 for 2
, -1 f 27
Ave 8%@/\206 »Af&?‘uj(f exfende /(.(i‘/,e ﬁ‘?m 747 /'JD/L“:«_I'—‘-O/%_/_Z.
ﬂwﬁ%,w RS Aessadecs Aere lhgecvet Q%AFW
] an the Haclin
K4 — NFp,

ot crogice gf 8§26 Gelfe , /B Gelfe  avdl Q‘@V/C. b onn e seon

Yol B o Py wth fiadly sl Dapclnes’ of fesse .



2% | |
‘mm%ﬁm%%w%w%nma/mzﬁ 117(‘@4
WW&}, yéézfcm Negerace Awafwx%ﬁf/'}&yi
iy Yot o B sl g e ol g 15
éumaﬂwmﬁmm_ww@mw
| W%OéS@MQ arl 085 SV Mape fece M;;Ua Pl
M/JM%%M;Z'%LWW W’mewe
dope o bl Mo Bgedtiis | A il cahiny merik ftec
%a¢ﬂb%mw&m%mwmﬁv
cvniple, Bk Sl maclines L A LK

4 4t
I’ ! c“ -
V) RP, GATS, TST, T. Phoc. 4 11 (938)1221.
2) TST 4 T8,
3) WE. Cletoud ot al, fud. Plys. 8124(1907)1. T
M. Raubttin etof., N, Phos. £1p3012)1.
T 4)149&77(; A b, Nudd. Bogr. Ba03(1583) p 365

€t o)

(A';)Qozo

.(/\F ) 2490



4.

On_Fonetional Integroton - Tow Hurd
I "ws\* wort fo poke o (e observotiors  about e tionnad "V\i-tjm-‘-f‘m.

Leb an oction fummerionat  Sbl4] = ’&Aq* £047] .Alé{‘w@. Hae (‘uam.mw\

Field 'ﬂ«zf:w, of a resl Scalor Fierd 4) ; The n-—po(wl' N:ij
Fuanetiens of He QRFT ove Sl’vo« by functional  devivotives of
2031 ~ [ 44 exp{ WAL#D + [ 74} (%)

with vespect do T(x), evoluoted at Tm o0 . The Runctional measure
4 lives on oo Function space 3, whel & usually doken do be
m{.p,\.‘:,) like o space of fempered distributias over M,

Rodter Hian tonsider nashy Jr\unj; ke Hrak Suppose  We Hatm e
MWP"‘“"‘(Y and @rfomally tvorviantly ard take 3 = [;t ( m* , 6(-2)),
fe. Yeal aralytic funchions on compactified Minkowsis spaca M¥, Lt
onbormal weight ~2 . Sueh fumctions are elealy L ~integuable
fome P and ¥ €3 we v Gomshruct ‘

<Hle> - L, jm* b
w\#xd-"b actually (ompact inbegrakion of o hoomophz 4 - form- (as ave
all other spoce ~time nteqrols hee.).

A tntevesting to-meq,wma of the dhotee D= [ (m¥ , 0G2) & Haat
Z[7] Coctorizes. I my thess I noted e Fouow‘.hj w—zj«;l formule
(Knoun i tee litevotve o5 Ha ' Coneley - Szego Kernel)

+ ! 21—
4:' () = i;; jW\ cb’r(j) (\7—1—9) 1 d4y , X€ emt CED)

whid wevks for oy Confovneal w-_\‘jM— ~2  function 4>+ whid. & l\O’lOvalu},
O (W\i , e dosuse o Be fdre hbe . Move. 3¢h.€.v‘o-“~’) Sivc.n
4> & Y‘R (M¢ ) (9(."7-—» one (. (DVM +‘b\c ’\V\‘Elj\fo.l

W defive 47+ ‘o Lc He ‘Puc’.HVc p‘iunﬂj port 'eﬁ ‘# T foet 4’4-
s .W,W\olrfm\[\' ho\amwpb\:e, o omf . wad\o.r\t{ Ore can define Hae
he_-jo"r{v'— G/u‘wzwu’ port of 45

(=) = v?—i—;' gwx‘* 4>(.7) [(1—\;)1]-:4“:7 X e O

-—

WAnLedn wa\o..l—fcalhi erxteddg ho\ov.«ov?w\m\{q Yo an, The vemoi~dev of



- 30.
‘F, . %= ¢ - et 47-, can be colled Hre space-like povt of $.
The spocedlke povk of & s veal analybc on M¥ o L sakisfeg
< 4%y = o Gk koK)
fov oy Cunchion YV whidh s holomorphic on efther Mt o i Thus
we Fnd Haak oy e can be Uniqualy  decomposed o5 He sunn
b= bt T 4 d ad e 3= Ste Y e 30
By waking wse of prepevty (kXx%), one Car see Hhak Gy oetion
Al4] of fhre vdinory Sort com be expressed @s o sum of two Herpes
AT = AF[ 4+, &) + 7‘:”[@"] . TRes Tneplies Pk Hee fusnctional
inkeqral (%) factorizes
2r) = | ab e[ M G G
b XD
x&. ab° up{i.&'[cp"‘] + <J°H>'>} = Z'i[:r*,:r'] °L79] |
TFQ Civsh Fockor 2T lon be rendeced tove concrebe  becainse e

Spoess . 3t Gvd 37 bote adndt o dilscrere spectrel decompositionn. The

'C\And‘lavxs —
(prqpvest! . ~(p+ +v+a+2.)
?‘lvﬁ(‘x.)-;- ) p! G\" :: ;\ E(’X- Ia') ] [(x b) T"[(x r_)] [(7_-")] [(7(.—_)] Y
Piquviszo and Hretr "OMPIQ" w"})“‘-‘j otes quv’ (X))  huwn ouk C"Vv\Pl.d-—

oud. O Ormornak beoses fov 3”' o 3 vespec\—tvclj , pmm&ea. a € cmyY , a e )
O b,b) <, & V(IC on He nberseckion of He null ones of a amd &. Thekis .
Proposthon : be gr (P60 = :ZL:#; e¥(x) ) xeon

e &= Whey e H"]‘.‘ <Kk Sf‘hvbv*s (I=F‘1"‘) (‘k***)

for some K< and S<It.
The proct of Hais vesult s o bt \enjhm, , Gud Bvolues Using Hee (V\.ttjm\

formutar (K%Y in Hwe Sowme sork of Way ohe uses Hhe one -dimensioral

CM w:,trﬁvpd, formuda 1o prove estin-aies o Taqlor’s Hheven e a dise,
One cann now express 7% a5 o funetion of tHre Findbe collection

of omplex vavtables Th = { & |T> ama TP = TE 2 (eflTS o

\ ) , R
051, 5% ] = T[ spinsel o A2 65 o T (THAZ+TH).
' :
I ot sure how muda nFomation of the . %ua,.\:hm Reld 'H«com’ is
Conralired T Hae Facter Zt' The facke Z° sSeevns Puacih Wene A:F-chul*—
o bovdle . cavbainly no discrehs. cxpansion ke E6) exits for quneral 7€ 4°.



. Ots,wy s Ha gluaf o} Aerus & Molomorphic seckions of S(s,w)‘

31.
The dndox of e 2-byislor quoﬂiéhs

Grne wants Yo Rnow SQW"‘M|$\3 odoout Hao C- dimamsion, 8¥
suberfieiad twistor shaco (see L13 for defs) on spacelke 2-
sutdoces mot mo.cn.SSariln Jriomeomorbliic to o 6\:.1\0.&. In
“Ws mote, T compuke Po inoltae It e 2-buistor q|wu'.bor~ ot

orfentolle Swooth, shacelhe 2-Aurfaces 8, oubedded tv o
.ﬂey\omﬂ Sbo\céhm M, . '

Given anch 3, with o Semse ft " owhioord” o Bim AN (a4 Jnmee
o chofte gt orndutolion for B), e nmale in M delurmmes o
padlne on & (ossumed suodth ) ad Mance o tom formal
(Qnoloworbhic ) akructise For § ~ Locally T cos0rds For A

S whfda He anabrie wducd sx A 5 ab forn  PIQY) YT

Air Mg o compock Riemani Sucoce = guus @ Jot & b

o C¥-prinapol Juandle 8t orthontimal shuier dyeuds e,

of bouds S A Suck ddt OPeA 8% ad tMahen® Jia SaHe out-
and «L’Mz&oina/ il Vieetions ofthogonod o &, $(5,(*") ba
Ko complax Lo busdley Lduced byta Aeprestudations fy, : CoC
PAVIS by ., (O3 W/IX)* Theoe are ﬂcoursle A
Agstichion To A of Ta bundls § s-shia € w- confermally waightiy
Lometions & Gtroch ool T23. Soma focts (obuiows):

@) The counection on e shin kumolls cf M testricted to & dnducws covariamt
derivolimes Daa (5,u) on A Q(S,w). One Jras )83,» = m*Dg (s,w)
oannd ’c\'s'w v W Do), (@) Bs,w)@ 3(5,,w1)='3(s.4s,,w.+w,)
\isd) Blo, ey b0 Triviad v w (¢ 7 0,0, ) L o section , £ ey nonngro
nveckor fuld on B mot povaltd Yo > (v) N'° T*(g) = B (1,6) owmd

N T 2 8 ) S, 2 BRI B%hta) by wh —?(wAlA,qu).
V1) § Jo ' sitegral, W arbibrary stal, (vii) Few) & B(-s,w).
A holowmotpwie struchuse on S(S,w) i 4irBuced by JMH{‘,\P No! T”'(})
with. 8101) ad mequiring Tt oxacknen of

0 —» (J(S,W) L $(’5,w) @—» 08(5‘4, W) —e O

@



(cfr37). @ ds a fure vesolulion of T(sw) and cam be
used Lo wmt;uh. Y whomu(oat,. T -parTo&Jar, wnolex 5;,00
s diag HOR, Olguy- ding H'& Olsm)= ¢, (Blswiki-¢, .
whete ¢, denolis First (tirfegrat ) Chietn Class, 'l:t; e Rugmann
Rochh theorem. - Sinee By 2 A" T8 4 be camouical
hundle o} &, by Reme Duolity one am show €, (Su,o))=z(g~o)
by Mw,aSihﬁ Gy, ¢, (g(S,w)\ = 25{%""), So

adex ’8,’,\, 3 (ZS—l)Ig’—l) -®
U.s{na o coujuqale nequeme te @, O cosputio

wdes ’85,.,., = (9(—s,w))4 I~¢

s (“28-!)(8'-1) -®

Now e LAwistor operalor T i givem b.j (—c- B)”‘““t”"“ﬂ
. . : | ° )
D, ) © Bl ~ J&sr @ Bt U ohas the

same  tvp order Symbol a hena Loy 0n (o ’5) o
o ’6‘ o)

dandey T = undex ’6.,“,,2 + ndexe B
4(g-1)  ($ dim TS ). -®
Swace d&uc TB) 2 4 wMen M, i Minkowski spaw, one :
com axheet that Mo odjourt 2-twistor 2quations in M will
Mave o mudtipliedh, & soludions when § >, and L 9<m.m-!l.
Yhere Meed hot be. any maon-brivial  solutions o} the Vhostor
pqualions for @1 KPT dras avawples Jt this Tor Fhe Aotus.
Thanks o RP, KPT, MGE.

@ab %oﬁro"“

[1] Penrose (1a82) Proe Roy Soc ASBI, 53
(2] Gerovn et of (1473) T Wath Phys 14,874
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2-SURFACE TWISTOR3

In trying to understand what form of angular momentum flpx law may bgraésociated
with Penrose's 2-gurface twistors (ref 1) defined on crogs-—sections of » One is ‘
led to make a comperison with the theory of fluxes given by Ashtekar and Streubel (2),
(denoted A-S.trom here on) who were able to associate fluxes with generators of the
B.M.Se group, Tne purpose of this unote 1s to exprain the relativnship of the two app—
roaches, and to show how the twistor approacn supplies an eiement missing from the
A-3 anotysis - the construction of gharge integrats for the fiuxes.

_ A-$ first construct. the phase space of raaia‘ive modes of the gravitationar field

~on .f*g. They show that the induced action of the H.n.S. group on this space preserves -

the symplectic structure thereon, and compute the Hamiltonians generating these canon-
lcal transformations. In N} , an analogous iralysis of electromagnetic theory sugzests
that the. corresponding Hamiltonians are integrals of .a Hamiltonian density which is
just the flux associated with the generators V' of the transformétions. Transferr-
ing the interpretation to full creneral relativity, one arrives at a Hamiltonian dens-
ity F regarded as a local flux, In this synplectic approach the HFV,_ arise es
primary quantities and one has to integrate then to obtain the 2-sphere charge integ~

Q. [2] 5 witn

@y [54]- QVL%] f 4

Such an integration was carried out by A~S for the case when V' is a B.n.S. supar-—
translation. The general case, for Y a rotation or boost also, was unresolved. It
turns out that one can use the théory of 2-surface twistors ‘to solve this problen,

To see what is involved, I need {;o describs the quantity "Fv 1in more detail,
H F.\, is conqtructed from quantities defined Intrinsically on f -r. Let iub denote
the pull-back ‘to of the (resc{_aled) space-time metrie au‘b , and let cza’b be any
symmetric tensor field within 3) satisfying

Mn
N
+
Let Nok denote the Kews tensor field on f » that is, the pull-back to f of
- Rap + .._@.acxh

-+

in conformal frame -in which the metric of f is a unit sphere, Let D denote the
torsion~free connection on f induced by V . For any B.!.S, generator V , then

(16T N, (4, D~ 'ng\,-)iol, v koD v:} g

~
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vwhere, if n” is the null generator of j’* , fa is any covector satisfying [»\ﬂ“=| s
and V 1s defined by - ‘ '

j’\f CZ‘,J; = lvclod:

Firstly this must be translatedinte spin-coefficients., Complete a tetrad by intro-
ducing m™,M™ with

W o= O =2 M a = M *Ma ;) M Wa = 7

and 1let (as usual) T = wmPwm* Da b 5y €= Mbﬂ‘kbm(b.

-

The News tensor is then N , Where
N = dz-T*- b

employing G.H.P. notation for simplicity, and
oc y - ; d INE G,
g g Nab = 2NW W o+ 2ANW w
Now let kQ be any self-dual B.JM.S. generator, that is,

k“ : km M=+ K n
%K kw\ = O = _E/ km
_E’.kn = %: (35‘ :2-73) km

J .

A tedioua calculation gives

"mos = N(:;* Ka ¥ w/;_s*km (ko)
%
8 C‘ *‘N(rb\ \‘( + kV\M B/ka‘?d f\/zg\(\(w\f\r\

Recall that the kinematic twistor is defined as follows. Let S be a 2-surface cross-
section of 3’ with é chosen to be orthogonal to S. Let (J,L ) be the associated
spin frame. Let wh = Bo* + YL?  define a 2-surface twistor,so that

©

'3’(}3 = Q J Feo = T
. zo( 4
on S, The kinematic twistor #t,sg of S is then given, for a pair of twistors ) and <

2
labelled by solutions OJ and Weof the above by

Adpz ZF - [cow U7 + (Q@*ww)@. —«r“)] AS
> 4ﬂ‘q ’
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o ' .
where the Xt are the usual compononts of the (appropriately rescaled) Weyl tensor. low

é
Uu and UU define a symmetric 2-index twistor with principal part whé - W(Q“U .

AB would immedlately generate a self-dual Killingz vector of ~~ ’

given, in the unrescaled space-time (denoting this by carets) by the equation

A A s A \
Dee '(JL)A_B = =1 €ca keded

In flat space-—time

The B.M.S. vector associatedawith L(J“B is the vector K gilven by the smooth extension

(7%
to f of & y Viz, k%= k » Applying the required conformal rescaling yields

. ‘ ‘ (&}
k* = Qicowm™ + (oo + w e )N
] N ) 2 ) T

-2 k W\‘L'!' knnc& Sa‘ﬂ'

We may use this to associate, at S, self-dual B.M.S. vectors with 2—surface twistors,
The kinematic twistor, as a function L [l{} of these K , is just

L*[k] = *ﬁajf[km«z‘; + an(a?é;—crm]ds

However, these vecto.s [ are not general, but are constralned by the twistor unauluﬂo ’
which imply T
L
Rk = O 3 3 kn = G’/lykw, + 3‘(0’1(.«) atk S

The '1atter equation constrains K to 1ie in a particular Poincare subgroup of the B.M.S.
group. For this particular group choice there are some interesting consequences. Dray

‘and Streubel (3) have shown that the above equations.on k imply that, for all values of

the constants a and b,

N

] (g e 36D D ]
?n*q

+ Akn (G0 - oN + aFF + b3

2 s s
In particula.r,'l_ is equivalent to L >, where L, is given by

LS [I{I = = < (@.o + 3‘(0‘5‘) + 0‘?5‘5-‘)
° 7T v L - L)
S

+Akn (wf_ N+ L

He can extend this to « ¢-—1inear function of any self-dual B.M.S. vector k .
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Consider now L.[ka as a function of gencral B.N.S. vectors l< . That 1s,|< satisfies the

B.M.3, evolution equations
Brka= O s Bke = ,;:(%wat}km
and 1is not constrained by the twistor qquations at any particular 2-surface. Then, if
S, and 5, are two 2-sphere cross-sections of\?ﬁ , a long and tedious calculation shous
that

Sa Sy

L[] = LU = f”chﬁs

. N |
It is straightforward to establish this for the easy case when S, 1is obtained from S, by
a time translation. For the general case one should note that the formulae for the maps
are given in spin frames adapted to the 2-surface, so that in evolving care is required
in keeping track of which frames are.employed. This resolves the problem of obtaining
charge integrals for the A-S flux. The corresponding formula for real B.M.S. vectors can
be obtained by taking'real parts. .

The remaining issue is now clear, If one solves the twistor equations at S, , the
gself-dual vectors so obtained are not the same as those obtained by B.M.S. propa~atlon
from vectors obtained from 2-surface twistors at 5, , unless N= O in the region between
S, and S . This is the old problem - the natural Poincare group for deflninv angular
momentum shlfts in the presence of gravitational radiation, relative to the B.M.S. group.
The tvistor equations extend the notion of "natural" from stationary space-times to
general ones. One may say, interpretating the twistor approach in conventional terms, that
the flux associated with the Penrose formula is a synthesis of the Hamiltonian flux with
the effect of a continual supertranslation of the origins of rotations., However, the bug
in this idea is the same as that noted in T.N. ]1~ . The two sets of B.M.S. vectors
at S, and S_ can be related, but not;.apparently, in a unique conformally invariant we
This corresponds to a translational freedom in identifying the origins in the natursl ¢
associated with WFté:) with the origins in the corresponding (ﬁf%ﬂ associated with \YS )
This freedom can be removed by picking conformal frames associated with the 3ondi enerzy-
momentum in which to fix various functions, but it would be satisfying to have ah alter-

native ( and conformally invariant ) procedure.

Very many thanks to T. Dray, with whom these calculations were done, and
also to R, Penrose, K.P. Tod, and G. T Horowitz,
Refs

1. R. Penrose, Proc. Roy. Soc. Lond. A 381, 53 , in 1982, and T.N. I3
2. A, Ashtekar & M. Streubel, Proc. Roy. Soc. A 376, 535. in 1981
3. T. Dray & ii, Streubel, 1983, Max Planck Institute Preprint.



3F

Dual Two-Surface Twislor Space

This paper is a short treatment of the space dual to two-surface twistor
space, and how this relates to 'norms' and conformal embeddings of the two-
~-surface in flat space-time, We assume throughout only 4 solutions exist
to the two-surface twistor equations.

Introduc tion

The two-surface twistor 2 (L)A,E') is defined as solutions to the

following eéua tions

B - ot FL ~ ow? L
et L Fe—go
Two Ederivatives may be ohbtained by applying the commutator L’ﬁ, 75'] to
0w '___“(‘r&'ﬂ';,, t-'fTrﬂ) = X&wl + X, we
—1 [T ~rc'ﬂ’0,) = KWt )<3,A)) 3.

where X, = ’w"—-cpm , X, = V;‘»“hl—‘/\ X = V;“ szl
Since thére are 4 solutions Lhe other E derivatives serve to define 8

functions s,B,C,D and their primed versions.

—1 787’—/ = ] ( ngfoﬂw—-BIml) + CIL\)’ + .D(b)o
~ a.
—1 AT = i (F T —BTs) + Co° + D'
anplying [’73 %] to [,,W rgives equations satisfied by s,8,C,D
BB + (35-F5) = X,—%, >
C + % “765339 rﬁ’g 6.
HC + oD — TP X, = — BX, ™
H0 -z #pc ~—o—’><.+(o)<5—'7§’)<2= ~-BX.. 8.

and their primed versions,.
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The Dual

R 4

There are two approaches to the dusl; the algebraic and the differential,’
Algebraically we may pick a basis for the twistor space and hence have &

a matrix of funclions over the two-surface.
-0 - N -
(A) -nl’ ‘/*) Tr()'

] 1 1 i N
o , 1
lﬂjd 8 T L 9.
VAN 3“)‘ 3 Mo

[

3
4« &Tﬂ' &LJ QJEN

L

lo obtain the dual space we simply invert the matrix, cbtaining (to

give agreement with the flat case)

_ﬁ{ NI‘ Az SNrol
[T 0 T, L .
- ~nS o «/ll /‘/(// ~ .
L f)f“ * n% (& ) ﬁ1 lu) 10..
= o~ "ﬂ' ~ N .«31'/’
VA's o
N B U
3 Tro "’)w 3.ﬂ;l 3w
With a basis dusl to our original choice.
bifferentially we note that.'k\
(‘j ‘ e .
d _ﬁ g7 W o I 1. -
c 1)
gpg o " ')T/"ITI etlc
/)U ;l») r 03 [ ‘
and may diffeentiate, obtaining
—~ et o~V { o~ ! — "VO/ . N
T = 503 %05 = sd 12.

' /
et A0 alaa! - ‘ol (/“’/./ o° '
pr:éw—pw'—ﬁ(f} ,F.; B B 13.

~ We note also that

. V3 0 { i .
_B/ = 78 lVL (gf;/ szb\)r‘ﬂ;lsnrl) 14,

and similady for B.

We 'now note that J‘EO impligs that for 2 solutions LJD= o . If we Lake
6 = p/: 0 (we may so do by making'a'conformal transformation such that

¥ =, %:5 ,Ez(ﬂ) This does not affect 056 s,5' and We see that
Ziufu_{ Jl'_
the upper L.H. corner of ,1T7“{ vanishes, and thus the bottom K.H. corner
L

»
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A
of !I(Lvanishes, implying that s’ =0, The convergse is obviously also true,

as 4s the equivalence of &~ vanishing and s vanishing.

Norms and embedding

Lemma 1

The following are ecuivalent

1. =, = Lo° Mo + (,J'Tﬁ +c.c. = constal’

> Y= s=07, s'=5"'

3+ The two-surface is embeddable in real conformally flat space

Proof

l.. implies 2, by differentiatioq. 2. implies 3. by observing that B'= B/=0
since 7B = 7§¢(1n[ﬁ§w3 = 0 and is a conformal Laplacian on the Riemann
sphere, and that ecuations 6,7,8 are ‘then precisely the Bianchi identities

in a conformally flat space-time. This tells that a conformal factor

exicts such that X,X2,X3 may be made to vanish, and that this two-surface

- may be pleced in flat space-time. 3. implies 1. becauser 1. is true in

flat space-~time and is conformally invariant. 0

o —1"!

1. 2, =% T, + ' T, +;‘B,¢o G v el = constun

2 $=0, s'=r’
3. The two-surface is embeddable in real conformally flat space-time, with

torsien introduced by a comp‘lex conformal factor. ( Sw%ﬁ‘wlfw-—ﬁe%\ﬁlflﬁb, _s,é"gﬁ;’)
Proof |
.As fér Lemma 1. []
Lenma 3

two
All spacelike Ww-surfaces of. spherical topology with#=c'= 0 are conformal

to & metric two-sphere in flat spisce-time,
Froof ) .

We have s =g ,8/=0", thus 2, in Lemma 2 is satisfied and our two-surface is

conformal to one with O=06'=0 in flat space~time., All such two-surfaces
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have scalar curvature = Ce’ constant, and our two--surface is thus a sph@te.l]

The generic embedding of the two-surface in complex conformally flat spaee-
—~time hos been introduced before ( Tod 1983 ). This can be dade explicit
by noting that in genersl ecuations 6,7,8 are the Biznchi identities in
a conformally flat complex space-time with conformal torsion generated by
] .
- iy
J2= (Dct It ) v Gar 7 Qalr , E4p = 2Ens, ‘Em,waf'bg,.w

‘The curvature on unprimed spinors is as for the two-surface in its curved

spice time, but the shears of the primed basis spinors are given by 3,5’

— e

not g ,& . ' )

{ual Anguler Momentum

Starting from the dual twistor space one may seek to define a dual
~n . /
angular-momentum twistor A«p « Writing 2« = (C:f,fﬁ,) one might

write a similar expression to the lod form of A PZ“Zp. Just as

-

Ap72’ = @B TT)L o

s NS 5 ~ A ,
we define AﬁZpr ,( J(;rpjr. it )4 16._
This may be rewritten -
G olo! ol mt ! ! ol ! :’/vl') &S
—~ ) . ~ -3 17.
/& ‘Zi;%a xijﬂ CE 57+ ¥, <PJ RS A ) + CWoo A

If one considers instead a surface for which ecuations 12,13 are the
complex conjugate angular-momentum twistor, with curvature terms defined
as if ?,E’ were the complex conjugate shears, instead of &, 6. Ihus
one might define.

,’5‘“/" 2.2 - ﬁé&%}.ﬁ"j&”' o (B3t o 50D (55 i ) S ] 5 18.
Integration by parts shows that expressions. 17 and 18 are ecual., One
may now deféne a cuantity of dimension mass by

m'/z wo o= A’“"JAJ 19.
4

Though how useful this is remains to be seen, Thanks to KPT,WiS,BP.

bTf.

Tod 1983 'Some Examples..' FProc Koy Soc A388
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MORE OR GOOGLIES

LS.

This article is (hopefully) an elucidation of some of the

points in "A Prosaic Approach to Googlies" (ADH, TN16).

The basic idea is to define a kind of twistor transform
which translates the holomorphic leg-break structure on Ip*
to holomorphic googly structure on IF, Since the leg-break
space, even if curved, is locally flat (biholomorphic to
nice regions in (D3 or flat IP*), we concentrate on the local
structure of IP* to start with, .Later, we shell investigate
the patching-together of these flat leg-break regions, and
what googly operations correspond to this.

The Twistor Transform
We first review the usual twistor transform. This is

defined on Hl's which are essentially non-local objects;
they are defined on regions large enough that they are af-
fected by the curvature of the twistor space. (Typicdly,
they are defined on the complement of 4. neighborhood of a
line.) Thus, although this twistor transform is defined on
flat twistor spaces, we do not expect it will be easy to gen-

. eralize it to the case when curvature is present.  Neverthe-
less, it is useful to review this case, because the twistor

transform we will eventually define on local functions (Ho's,
which do not see the curvature of the twistor space) will
be an analog of 1it. .
So, suppose f(wq) s a dual twistor function with. two
~ separated 51ngularities (so it represents an H ), homogeneous
of degree -2, TIts twistor transform is
L

g)_W_‘ = goanrs M
q¥$= fwo 1((%) wep @>f ' (*)

Mw:o ‘ 2z

where the contogr hasg an Sl separating the singularities
- of £f(Wq)y an S around Z%, and has boundary on §{L.W=0}u
§M.W=03 . The twistors L'M” are arbitrary (so long as they

are generic); any particular values for them yield a particular

representative for f. For example,

q' | . Coerm)
(CIL2) (P 2)




L 6.

where the contour surrounds Z® with an S,

The space-time field corresponding to this is
L
(x-p)?
independent of L™ and M%,

where po e B pp)

A though the singularities of 4 £ will vary with L~
and M* , the cohomology class determined by 7/ f remains
the same. Call a point inlP where J f is siingular indp-
endent of L* and M” an invariant singularity of 7 f.

Then (modulo some technical questions about the complex-

analytic structures of the various reglons 1nvolved),
Hf is an element of H (IP invariant singularities,® (-2)).
In the example above, the invariant singularities are those

twistors on the line CD.
If the twistor space is curved, (*) is not well-defined

on Hl‘s, because the integral does not annihilate coboundaries.
This is our previous observation that a curved-space analog of

(*) is not obvious.

(*) will not serve to define a twistor transform on

Ho‘s, since arbitrary functions do not have separated sing-
ularities and hence no contour exists for (*) in general.
There is a simple generalization of (*)ghat will serve,

though; for arbitrary f(Wd), define

Ap él fowg 2 5?635 _ (:}“_Tﬂww”4 (K #)

LWso
Howo
e 1

o

and has boudary
on {L.W=03v §M.W=0}v { N.W=0]. Again, L%, M", N" are abit~.
rary (generic) twistors, and any particular values for them
yield a particular representatlve for ﬂ £. Define the invar-
iant singularities of 4 £ as before. Then, £7f can be inter-
preted as a kind of H? on IP-invariant singularities., TFor

example,
a ALY LMy}
- = .,(_,_._~._—————-.——’
“ (A-w)* (ALMY (A2 MY (AZVL)
“ L
A . _(Anm) (-‘\i_i__. teyc. perw A2 m
[ S )
I awew (AGLEI(ABMZ) S2LM

In the first example, the invariant singularity. 1is the point
A
A® in P, and 4 f is an ordinary H2. In the second exmple,



H7

the invariant singularity consists of two points: A°%, B”
in . In this case the H° is slightly more exotic. It is
defined on IP-a cut from A” to B*, The cut must lie on the
line AB but is otherwise arbitrary, and the B2 is regquired
to be defined no matter where the cut is taken. (It.may be
interpreted as a kind of equivariant cohomology element. )
$hese cuts are a general feature of 4 when the function
has separated singularities. One can imagine starting from
(*¥) and pushing the twistor 2 between the singularities and
back to its original value; the integral will then aétire a

period, which will be the residue surrounded by the path
7% traced out. )

Finally, note that Y has an inverse:

g - $ g EE - @}-@w
s'xs'vs!

The Googly Space. |

The results above enable us to identify the strucure on
jP corresponding to the local holomorphic structure of Ip*
(xnowledge of holomorphic functions on Stein sets in %),

For each function (W« ) on a region in IP*, we have an H?)

ﬁ:% on a region in P. If the complement of the region in

P is not connected, the H® will really be defined on a

gpace with cuts running between the various omitted regions

of IP. Although these B2t g might appear a bit frightaing at

first, they are represented by not-too-unusual twistor funcw

tions with vertain singularity structures ((they must have

three separated singularitiies).

In the leg-break space, we may patch two functiorm

‘together if they agree over the intersection of their domains.

This induced & "patching" on the H%'s of the googly spmace.

(It jg possible to give an M+wﬂsu«u7 googly description of

this, even when thére is curvature present.) This will be
reported more fully in the (near, I hope) future,

‘ Note: The formula announced at the end of Bhe article

=in TN16 has been shown to be correibt to all orders; it gives
hiintrinSically googly dgigsﬁption of zrm charged fields

nimally coupled to a sd,background.

 Many thanks to Michael Atiyah, Mike Eastwood and especially

ger Penrose for discussions. — #);fww\ e e

ADH ., TN ‘63 APH A New Aﬂyreu;b bo Corved Tow e for grqut’g’

do = Flee
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ABSTRACT

Compactified Minkowski space can be embedded in

projective five-space nwm

i

(hcmogeneous coordinates
X", L =0,...,5) as a four-dimensional quadric hypersurface
given by bwuxwxu = 0. Projective twistor space
{homogeneous coordinates 2%, o = 0,...,3) arises via

the Klein representation as the space of two-planes

lying on this quadric. These two facts of projective
gecmetry form the basis for the construction of a global
space~time calculus which makes use of the coordinates

Qmﬁn axmnvno represent spinor and tensor fields

%! s x
in a manifestly conformally covariant form. This calculus
can be regarded as a synthesis of work on conformal
geometry by Veblen, Dirac, and others, with the theory

of twistors mmcmwoumm by Penrose.

We provide here a systematic review of the basic
framework: the underlying projective geometry; the
calculus of tensor mumwmmn the characterization of spinors
as twistor-valued fields % (X) which satisfy a geometrical

condition Aspxam = 0 on Q); and the introduction of nmm
conformally invariant Laplacian cperator qw = o IIWIIW
: ’ 3XT3xX

In addition a number of subsidiary topics are

discussed which illustrate the general scheme, Hﬁﬂwcaulwu

the breaking of conformal symmetry to Poincaré symmetry:

a derivation of the zero rest mass equations for all

helicities; and a new and manifestly conformally covariant

form of the twistor contour integral formulae for massless

fields.

NON-~-LINEAR CONNECTIONS FOR
CURVED TWISTOR SPACES
Adam D. Helfer
St. Cross College, Oxforé OX1 3LZ, U.K.
aad

The Mathematical Institute, Oxford OXl1 3LB, U.X.

A holomorphic comnection on (1,0)-vector fields

which is intrinsically defined on any curved twistor space

is described. Although it is a local operator, it is given

in terms of the non-local geometry of the twistor space

,nOﬂHmmvo:mHnm to the local geometry of the space~time.
The connection is represented in local coordinates by a

system of non-linear first order partial differential

operators. It has torsion butno curvature.
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