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Ambitwistors and Yang-Mills Fields in

Self-Dual Space-Times

Claude LeBrun
“Abstract. A generalization of the Witteh/Isenberg-Yasskin—Gveen

correspondence for non-self-dual Yang-Mills fields is.proposed

for space-times with self-dual Weyl curvature.

i

§1., Ambitwistors and Twistors

¢

Let M be a complex 4-manifold with "holomorphic conformal
stru¢ture; and for the sake of simplicity, assume that M is
geoddsically convex. The ambitwistor Space N of M is .
defiﬂed to be the space ofAnull geodesics in M. If the Weyl
curvature happené to be self-dual, we may also introduce the
twistor space P of M, defined to be the space 6f'anti-self—dua1
Z-SU%faces ("twistor sufféces“) in m. Both N and P encode
theféonformal geometry of M; what is the precise relationship
betwéen éhem? The answer is, roughly, that the complex
5—maﬁifold N is the projectivized cotangent bundle of the,
3-manifold P,

‘With the end of making this more precise, recall that
to every x € M corresponds a Riemann sphere Lx c P, namely
the set of twistor surfaces through x. Ify € L, and if
¢ € T'*P is a non-zero holomorphic covector at y, then we

Yy
shall say that the projective class [¢] of ¢ is explored by

I’
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iff ¢ is orthogonal to Lo—i.e. iff (p,v} =0 Vv € T;Lx.
We shall also say that z € P(T'*p) is einored 1ff it 1is

explored by some x € M.

Theorem. The ambitwistor space N is canonicaily biholomorphically

equivalent to the space Il of explored points in P(T'*p).

Proof. Let y € P, and let Sy = M be the corresponding twistor

surfaces; thus x € Sy = Y € Lx' Kodaira's theorem identifies

T N with the space of holomorphic sections of the normal
bundle of.LX; and as this normal bundle is isomorphic to

0(l) ® 0(1), it follows that the map )

t

+ S .
¢y y —DIP(Ty. )

. 1 '
S S Tny

is of maximal rank. Let w:Ul - P be the canonical projection,

and suppose that z € ﬂ-l(y). The set y, =0 of points
exploring z is a non-singular curve; indeed, if L, < P(T;P)

is the dual line of z = [¢], so that

8,0 = {[v] € P(T;P)|<m,v> =0},

then v, = ¢;l(lz). Morecover, the curves Y, are null curves,

since each is contained. in a (totally null) twistor surface.

In any twistor surface Sy’ we may find a unique Y,

tangent to.any chosen direction, since ¢, maps these curves

b4
to lines inJPZ. Since any non-zero null vector v € T'M is
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tangent to precisely one twistor surface, it follows that
there is exactly one Y, tangent to v. Since this Y, depends
holomorphically on [v], it follows [3] that the Y, are the
null geodesics'of a torsion metric counecfignz We must now
show that the torsion may be taken to vanish.

The space of these torsion null geodesics is §I « P(T'*p).
The‘conformal torsion therefore vanishes [3] iff I admits
a holomorphic contact farm (which would necessarily be unique).

But anyprojective cotangent bundle has a contact form--namely

the projectivization of the canonical form 6 = Epjqu. llence

our "torsion'" null geodesics yé are honest-to-goodness null
geodesics, and 5 is thus identified with N.

Q‘EIDQ

" Remark. It is also useful to have an explicit description
of the quadric Qy x Py xIPy of null geodesics through x € M.
In fact Qx < 1l is preciscly the projectivized conormal bundle

ofLXc:P.

§2. Formal Neighborhoods and Yang-Mills Fields

When m is conformally flat, the ambitwistor space N is

an open subset of
R
A= {([2],[W]) € P, xIP,|<Z,W>=0]);

with the present orientation conventions, P cﬁWé = P(T), and

the reader may note that A = P(T'*PS) = P(T'ﬂpé) in accordance
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with the results of §1. Indeed, T'*PS < T* R L as the orthogonal
space of the universal (0(-1)) line bundle L « T =x P3. |
There is an immediate géneraiization of this to the

general self-d'ualpcase° Let L' » P be the universal (0(-1))

line bundle defined by

Q4 3
o(L ") =QP,
and let ©: = L-OP be its frame bundle; here OP c L is the

zero section. € 1is a holomorphic principal C,-bundle,
which is to say that for every non-zero complex number
tr € Ly we are given a bilholomorphism

i mE:'E-—»E

Z - L,

thus providing a representation of T, on € with p = T/Cy.
Taking adjoints of derivatives, we have a family of induced

maps
m2:~?'*¢ - T'*g,

and the quotient E = T'#*g/C, is naturally a rank 4 holomorphic
vector bundle over P; thus, E -» p is a pushed-down version

of T'*g - t. The pull-back
0(T'*p) & O(T"'*T)

is Ty invariant, and hence induces an inclusion T'¥*pes E.

We thus have a naturally defined imbedding
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N« P(E)

generalizing the flat-case imbedding A = WS xmé,

Definition. TFor M any self-dual space-time, the nth-order

neighborhood of the ambitwistor space N is the ringed space

N0 =, O ey /7 )

where I c QP(F) is the ideal of holomorphic functions vanishing

on IP(T'*p).

In the case of n = 1, this agrees with the alternate
definition given in [4]--though the verification involves
some quite tedious calculations; the basic ingredient is
that E @ L » P correspond to the dual of the bundle of local
twistors on M via the ﬁsﬁal Ward correspondence., It appears,
moreover, that this fact alone determines N(n) uniquely, provided
that n > 3. |

The machinery de&éloped in [1] would seem to generalize
to the present circumstances without any essential modification.

~This would then prove the following:

Conjecture. There is a natural 1-1 correspondence between
(a) Yang-Mills fields on m; and (b) holomorphic vector bundles

on N(3) which are trivial when restricted to quadrics QX < N.

Claude LeBrun
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TWISTORS AND FIELDS WITH SOURCES ON WORLDLINES

by T.N. Bailey
Mathematical Institute and Worcester College

Oxford University

ABSTRACT

T+ is shown that zero-rest-mass fields with sources
on an analytic wordline are naturally defined on a
double cover of some region of Minkowski space.

Twistor spaces are constructed which correspond
to such regions and these turn out to be non-Hausdorff
spaces obtained by jdentifying two copies of regions in
ordinary twistor space, except on a ruled surface which
corresponds to the worldline.

Tt is shown that cohomology classes on the twistor
space correspond to sourced fields on Minkowski space

thus extending the twistor description of massless fields.

T b publihed & Proc. Roy. Som.
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APPLICATIONS OF SO{B) SPINORS
by

L.p. HUGHSTON

Lincoln College, Oxford, U.K.

ABSTRACT

he purpose of this article 15 to present a brief but
relatively ocawplete and self-oontained acoount of the geametry
of S0(8) spinors. These spinors are appropriate for the
description of coopactified flat six-space. BAs an application
we construct a eonformally invariant contour integral formala
for solutions of Laplace's equation in six dimensions.
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